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Abstract. The article considers some concrete solutions to the Dirac equation coupled to
a vector bundle with connection, arising in the study of Yang–Mills equations and vector
bundles on Riemann surfaces.

Key words: Dirac equation; spinor; Yang–Mills; holomorphic structure; index theorem

2020 Mathematics Subject Classification: 53C07; 14D20

Dedicated to Jean-Pierre Bourguignon
on the occasion of his 75th birthday

1 Introduction

I first got to know Jean-Pierre in Paris in the mid 1970s when I visited Berger’s group in
Riemannian geometry. At the time I was following up my thesis topic, working on the Dirac
operator in various contexts. In the years that followed (when Jean-Pierre was not occupied with
his tireless work for the international community of mathematicians) he shared my interest and,
as evidenced by [5, 6, 7] for example, he was equally intrigued by questions involving spinors –
geometrically less accessible than vectors and tensors but often quite powerful in applications.

My early focus was on index theory and Weitzenböck formulas, which provide existence
theorems for solutions of the Dirac equation. In this note we consider some concrete examples
of the Dirac operator coupled to a vector bundle with connection, and encounter situations where
the null space has bigger then the expected value given by the index theorem, cases related to
my mathematical interests over the years.

The first concerns the SU(2) Yang–Mills equations on S4. A vanishing theorem for the Dirac
equation coupled to the fundamental representation gives one of the vector spaces which plays
a fundamental role in the ADHM construction of the self-dual solutions, and in fact coupling to
any representation the index theorem determines the dimension of the space of solutions. For
many years an outstanding question was whether all Yang–Mills instantons were self-dual or
anti-self-dual (indeed the papers [8, 9] were a major contribution to the discussion) so it was
natural to look for features exhibited by any solution. We describe in Section 2 an observation
from that period showing that, using solutions to the twistor equation, a non-self-dual instanton
has at least a 4-dimensional space of solutions (of either chirality) to the Dirac equation coupled
to the adjoint representation. The existence of non-self-dual solutions has since been proved
[16, 17] and since the latter example is reasonably explicit this gives a construction.

The second case relates to the Dirac operator on a Riemann surface, which is the ∂̄-operator
acting on sections of a square root K1/2 of the canonical bundle. Coupling to a vector bundle E
with connection, the null space can be identified with holomorphic sections of E⊗K1/2. If E has
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degree zero the index theorem (here the Riemann–Roch theorem) gives no information about
existence of solutions. When E is associated to a symplectic representation of a group G then the
moment map applied to a non-zero section ψ of E ⊗K1/2, when it exists, gives a Higgs field –
a section of g ⊗ K. These are important objects and, following the suggestion of physicists,
this issue was investigated further in [13]. Here, in Section 3, we recall from that paper the
construction of ψ for an irreducible symplectic representation of SU(2), using points of finite
order in an abelian variety.

By contrast, when E arises from a representation with an orthogonal structure, and has
odd rank, the mod 2 index theorem of Atiyah and Singer guarantees the existence of such a ψ
depending on whether the spin structure is of odd or even type. We investigate in Section 4
the construction of such sections when E is the adjoint bundle for the group SU(2), using some
classical descriptions of moduli spaces of stable bundles in genus 2.

2 The Yang–Mills equations

Let E be a vector bundle on a Riemannian 4-manifold M . A connection A on E defines an
exterior covariant derivative dA : Ωp(M,E) → Ωp+1(M,E) and d2A = FA ∈ Ω2(M,EndE) is its
curvature. The Yang–Mills equation for A is dA ∗ FA = 0, where ∗ is the Hodge star operator
on 2-forms. Since ∗2 = 1 on 2-forms we have a decomposition into eigenspaces Λ2T ∗ = Λ2

+⊕Λ2
−

and accordingly FA = F+
A + F−

A so the equation is dA(F
+
A − F−

A ) = 0. The Bianchi identity
dA(F

+
A +F−

A ) = 0 implies that the Yang–Mills equation is equivalent to dAF
+
A = 0 = dAF

−
A and

so if F−
A = 0, meaning the connection is self-dual, we have automatically a solution.

When M is a spin manifold we have a spinor bundle S = S+ ⊕ S− with connection induced
from the Levi-Civita connection and the Clifford action T ∗⊗S+ → S−, T ∗⊗S− → S+. The Dirac

operator /D on S+ is then defined as the composition C∞(S+)
∇→ C∞(T ∗ ⊗ S+) → C∞(S−).

Using a connection on an auxiliary vector bundle E to define one on S+ ⊗ E we obtain the
coupled Dirac operator /DA : C∞(S+ ⊗ E) → C∞(S− ⊗ E).

The index of this operator is dimker /DA−dim coker /DA = ch(E)Â[M ]. When the connection
is self-dual, the curvature FA = F+

A acts trivially in the Weitzenböck formula for /D
∗
A leaving

just one quarter of the scalar curvature and so if M has positive scalar curvature, like M = S4,
ker /D

∗
A = 0. Then the dimension of the null space of /DA is given by the index.

There is another differential operator defined on spinors, the twistor operator D. This is
obtained from∇ : C∞(S) → C∞(T ∗⊗S) by orthogonal projection onto the kernel of T ∗⊗S → S.
In terms of a local orthonormal basis this is

Dψ =

4∑
i=1

(
ei ⊗∇iψ + 1

4ei ⊗ ei · /Dψ
)
,

where the dot denotes Clifford multiplication. This is an overdetermined system but on the
sphere S4 it has a 4-dimensional space of solutions for ψ ∈ S+ and similarly for S−. It is in
fact conformally invariant and by stereographic projection the solutions on R4 are affine linear
spinors x · ψ1 + ψ2, where ψ1, ψ2 are constant spinors.

The Dirac operator is also conformally invariant acting on spinors with weight 3/2 [12]
whereas the spinors for the twistor operator have weight −1/2. The Yang–Mills equations
are conformally invariant because the Hodge star is conformally invariant in the middle dimen-
sion. In the context of conformal invariance of operators this mean that the exterior derivative
on 2-forms has conformal weight 2. A 2-form acts on a spinor by Clifford multiplication so that
a 2-form with weight 2 acting on a spinor with weight −1/2 gives a spinor with weight 3/2. The
following proposition is thus conformally invariant:
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Proposition 1. Let F−
A be the anti-self-dual component of a non-self-dual solution to the Yang–

Mills equations on S4, and ψ ∈ C∞(S−) a solution to the twistor equation. Then F−
A · ψ ∈

C∞(S− ⊗ EndE) satisfies the coupled Dirac equation.

Proof. Let e1, . . . , e4 be a local orthonormal basis of 1-forms with volume form e1∧e2∧e3∧e4.
Then a basis of anti-self-dual 2-forms is given by e1∧e2−e3∧e4, e2∧e3−e1∧e4, e3∧e1−e2∧e4.
The Clifford algebra has relations ei ·ej+ej ·ei = −2δij and the action of F−

A on ψ is through the
elements e1 · e2 − e3 · e4 etc. in the algebra. Using this identification of the exterior forms with
the Clifford algebra (as vector spaces) we have the following identities: if ω is an anti-self-dual
2-form and a a 1-form then

a · ω = a ∧ ω − ∗(a ∧ ω),
4∑

i=1

ei · ω · ei = 0.

Now

/DA(F
−
A · ψ) =

4∑
i=1

ei · ∇iF
−
A · ψ + ei · F−

A · ∇iψ =

4∑
i=1

ei · ∇iF
−
A · ψ − 1

4ei · F
−
A · ei · /Dψ,

using the fact that ψ satisfied the twistor equation ∇iψ = −ei · /Dψ/4. But
∑4

i=1 ei · ∇iF
−
A =

dAF
−
A −∗dAF−

A from the first identity and dAF
−
A = 0 from the Yang–Mills equations so the first

term is zero. The second term vanishes using the second identity. ■

Remark 1. In [17], a non-self-dual solution was produced by a min-max argument for the trivial
bundle on S4. The index is zero here and so there is a canonical determinant section of the deter-
minant line bundle which vanishes on those connections for which there exists a solution to the
coupled Dirac equation. The proposition shows that all non-self-dual Yang–Mills connections lie
on this divisor. In fact since EndE is a real bundle and S− is quaternionic the space of solutions
is even dimensional so the determinant section is the square of a section of a Pfaffian bundle.

Remark 2. The non-self-dual solution given in [16] has a high degree of symmetry – it is
invariant by the action of SO(3) on the unit sphere in the 5-dimensional irreducible representation
on trace-free symmetric 3×3 matrices. The proof of existence reduces to analysis of the boundary
conditions for a system of ODEs. In principle we can write down the coupled spinor fields
constructed as above but the resulting formula is not particularly rewarding.

Remark 3. If the connection is anti-self-dual then the proposition still yields solutions by
applying the curvature FA = F−

A to solutions of the twistor equation. Note that the index
theorem gives in this case the dimension of the null space as 4k, where k is the Chern class
[2, Section 10]. In particular for k = 1 we see that all four solutions are produced this way.
The connection in question is here the Levi-Civita connection on S− for a standard constant
curvature metric on S4 .

3 Riemann surfaces – the symplectic case

The conformal invariance of the Dirac equation in two dimensions has a more important con-
sequence since it can be defined in terms of the holomorphic structure and so becomes part of
the algebraic geometry of a compact projective curve C of genus g. A spin structure is defined
by the holomorphic structure on a square root K1/2 of the canonical bundle K and the Dirac
operator is just /D = ∂̄ : C∞(

K1/2
)
→ C∞(

K1/2K̄
)
. In this case, the index theorem, which is

the Riemann–Roch theorem, gives dimH0
(
C,K1/2

)
− dimH1

(
C,K1/2

)
= 0. When coupled to
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a vector bundle E with connection, the (0, 1) component of the connection defines a ∂̄-operator
on E and the null space of the coupled Dirac operator is H0

(
C,E ⊗K1/2

)
and if c1(E) = 0 the

index is again zero.
Suppose we are given a holomorphic principal G-bundle over C and we take a symplectic

representation to yield a vector bundle E. The moment map for a symplectic action of G on
a vector space V is a quadratic map from V to g∗, the dual of the Lie algebra. Then, using
a bi-invariant metric, a holomorphic section of E⊗K1/2 gives a section of g⊗K. These are called
Higgs fields and the moduli space of bundles together with Higgs fields has gained importance
in various fields. The construction above of special Higgs fields was suggested by the physicist
D. Gaiotto [10] and described in [13].

We shall consider the irreducible symplectic representations of SL(2,C). These are the sym-
metric powers SmC2 for odd m of the basic representation on C2 or equivalently the polynomials
in one variable of odd degree m under the action p(z) 7→ (cz + d)mp((az + b)/(cz + d)). Set
m = 2k − 1 and write p(z) = a0z

m + a1z
m−1 + · · ·+ am, then the invariant symplectic form on

the space SmC2 is up to a constant

ω =
k−1∑
ℓ=0

(−1)ℓℓ!(m− ℓ)!dai ∧ dam−i. (1)

The even symmetric powers SmC2 are the orthogonal irreducible representations and m = 2 is
the adjoint representation. The moment map can be viewed as µ : SmC2⊗SmC2 → S2C2 given
by contraction using the symplectic form.

First consider m = 1. We start with a rank 2 holomorphic vector bundle V with Λ2V trivial.
Multiples of a holomorphic section ψ of V ⊗K1/2 generate a subbundle L∗ ⊂ V with quotient L.
Then ψ is a section of the line bundle L∗K1/2. This has degree g − 1− degL. So to construct
such a ψ we take an effective divisor D of degree < g− 1 and define L to be K1/2(−D) and the
vector bundle to be given by an extension class in H1

(
C,L−2

)
= H1(C,K(−2D)).

The moment map in this case gives an everywhere nilpotent Higgs field Φ = ψ ⊗ ψ, but for
m > 1 this is not necessarily so and we can make use of the relation to Higgs bundles and adopt
the spectral curve approach. We start with a holomorphic section q of K2 with simple zeros and
define the curve S in the total space |K| of K (i.e., the cotangent bundle of C) by the equation
x2 = π∗q. Here π : |K| → C is the projection and x is the tautological section of π∗K on the
total space |K|. Then S is a smooth curve of genus 4g − 3 and has a covering involution σ
defined by x 7→ −x. The direct image of a line bundle L on S is a rank 2 bundle V on C and if
L ∼= Uπ∗K1/2 and σ∗U ∼= U∗ then Λ2V is trivial (see for example [4]). The condition on U can
be interpreted as saying it lies in the Prym variety of the map π : S → C, an abelian variety of
dimension 4g − 3− g = 3g − 3.

Proposition 3 of [13] shows how to find a solution to the Dirac operator coupled to SmV from
a line bundle of order m on S – a point of finite order in the Prym variety. For simplicity we
consider the value m = 3. For our purposes we are not interested in the Higgs field, only its
spectral curve.

Proposition 2. Let U be a non-trivial line bundle on S such that U3 is trivial. Then the direct
image V of Uπ∗K1/2 admits a holomorphic section of S3V ⊗K1/2.

Proof. The definition of direct image V = π∗L is that for each open set W ⊂ C, H0(W,π∗L) =
H0

(
π−1(W ), L

)
so that evaluation of a local section of L expresses the pull-back π∗V as an

extension

0 → L∗ → π∗V → L→ 0. (2)

and this induces a filtration of π∗S3V into subbundles V0 ⊂ V1 ⊂ V2 ⊂ V3 with V0 ∼= L−3.
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Consider the subbundle V1. Comparing with the filtration by degree of polynomials a0z
3 +

a1z
2 + a2z + a3 it is the subspace a0 = a1 = 0, the polynomials which vanish to order 2 at ∞.

It is maximally isotropic with respect to the symplectic form (1) with m = 3. It follows that
π∗S3V is an extension

0 → V1 → π∗S3V → V ∗
1 → 0 (3)

Now π∗V is invariant by σ so from (2) we have another extension

0 → σ∗L∗ → π∗V → σ∗L→ 0

and this splits (2) outside the divisor given by x = 0. The extension class is then supported on
x = 0, the fixed point set of σ, where L ∼= σ∗L. In Dolbeault terms we have a section of Lσ∗L∗

on x = 0, extend it holomorphically to a neighbourhood and then everywhere as a C∞ section s
supported in a neighbourhood of the fixed point set. The extension class in H1

(
S,L−2

)
is then

represented by ∂̄s/x ∈ Ω0,1
(
S,L−2

)
.

The Dolbeault representative for the holomorphic structure of V as an extension gives a C∞-
splitting π∗V = L⊕L∗ and a ∂̄-operator ∂̄+α, where α ∈ Ω0,1

(
S,L−2

)
. Then π∗S3V = L3⊕L⊕

L−1⊕L−3 and a holomorphic section of π∗
(
S3V ⊗K1/2

)
can be written as a0z

3+a1z
2+a1z+a0,

where

∂̄a0 = 0, ∂̄a1 + 3αa0 = 0, ∂̄a2 + 2αa1 = 0, ∂̄a3 + αa2 = 0

and a0 ∈ Ω0
(
S,L3π∗K1/2

)
, a1 ∈ Ω0

(
S,Lπ∗K1/2

)
, etc.

The line bundle U3 is trivial. Let u be a trivialization such that σ∗u = u−1 and set a0 = ux2.
Then 3αa0 = 3u(∂̄s)x = ∂̄(3usx) so we can take a1 = −3usx and extend a0 to get a holomorphic
section v of V ∗

1 ⊗ π∗K1/2. This vanishes on x = 0 because a0 and a1 do. Any two choices of a1
differ by an element of H0

(
S,Lπ∗K1/2

)
and if they are divisible by x then this is equivalent to

sections of Lπ∗K−1/2 = U . Thus if U is non-trivial there is a unique extension divisible by x.

To extend v to a section of π∗
(
S3V ⊗K1/2

)
we observe that the vector bundle extension (3)

is defined by a class in H1
(
S,Hom(V ∗

1 , V1)
)
also of the form ∂̄a/x and since v as constructed is

divisible by x, v extends. In this case any two extensions differ by v′ ∈ H0
(
S, V1 ⊗ π∗K1/2

)
.

But we have

0 → L−3 = V0 → V1 → L−1 → 0

and L−3 ∼= π∗K−3/2, so V0 ⊗ π∗K1/2 is a line bundle of negative degree and so has no sections.
Moreover L−1π∗K1/2 ∼= U−1 has degree zero and is non-trivial so this has no holomorphic
sections either. It follows from the exact cohomology sequence that H0

(
S, V1 ⊗ π∗K1/2

)
= 0

and there is a unique extension.

This gives us a section v′′ of π∗
(
S3V ⊗K1/2

)
on S. But our choice of trivialization u implies

that σ takes ux2 to u−1x2 and by uniqueness σ∗v′′ = v′′. Since π∗V is pulled back from C,
v′′ descends to a section ψ of S3V ⊗K1/2. ■

Remark 4. Proposition 2 in [13] is the converse of this: a generic section of S3V ⊗ K1/2 is
obtained this way.

Remark 5. In the same article it is also shown that the curve S in the above construction is
in fact the spectral curve of the Higgs field µ(ψ).
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4 Riemann surfaces – the orthogonal case

4.1 Parity

If we attempt a construction like the one above for orthogonal representations of SL(2,C) then
the homomorphism for m even SmC2⊗SmC2 → S2C2 is skew-symmetric. Then we need at least
two solutions of the coupled Dirac operator to combine into a Higgs field. We shall not pursue
this here but instead focus on the parity of the dimension of the null space. The integer index
theorem via Riemann–Roch gives us no information but the mod 2 index theorem [3] does:

Proposition 3. Let E be a vector bundle over C with a non-degenerate symmetric bilinear
form. If E has odd rank and Stiefel–Whitney class w2(E) = 0 then dimH0

(
C,E ⊗ K1/2

)
=

dimH0
(
C,K1/2

)
mod 2. If w2(E) ̸= 0 then the dimension is 1 + dimH0

(
C,K1/2

)
mod 2.

Once one has established that dimH0
(
C,E⊗K1/2

)
mod 2 is a C∞ deformation invariant then

this can be proved by deforming E continuously to be a trivial bundle C2m+1 in the w2(E) = 0
case. Then dimH0

(
C,E⊗K1/2

)
mod 2 = (2m+1) dimH0

(
C,K1/2

)
mod 2 = dimH0

(
C,K1/2

)
mod 2 and similarly for the other case. This is described in [15].

In the case ofK1/2 alone (the basic Dirac operator) these square roots are classically known as
theta characteristics and of the 22g choices of square root, or spin structure, there are 2g−1(2g−1)
odd ones and 2g−1(2g +1) even ones. When the parity is odd then we know that there is a non-
zero solution to the Dirac equation.

We shall restrict ourselves to the adjoint representation of SL(2,C), or the rank 3 vector
bundle End0 V of trace free endomorphisms of a rank 2 bundle V with symmetric form trAB.
Here w2(End0 V ) = deg V mod 2.

Remark 6. It is possible to give a spectral curve description of bundles V with sections ψ of
End0 V ⊗ K1/2 by taking a covering of C branched over the zeros of a holomorphic one-form
as in [15], rather than a quadratic differential as in the previous section, but spectral curve
methods have the disadvantage of not separating the roles of bundle and section. In the case of
Higgs bundles, fixing a stable bundle and fixing a spectral curve give two different Lagrangian
submanifolds whose intersection is in general difficult to define, but is of great interest.

In what follows we shall consider the case where C has genus 2 and try and construct the
solutions which are guaranteed by parity.

4.2 Genus 2 even degree

Let C be a genus 2 curve expressed as a double covering of P1 branched over six points x1, . . . , x6.
We have 2g−1

(
2g−1

)
= 6 odd spin structures. In higher genus the odd dimension ofH0

(
C,K1/2

)
can vary with the modulus of the curve but for genus 2 it must be one. So the line bundles K1/2

have degree g − 1 = 1 with a single section s which vanishes at one point and these are the
preimages x̃i of the branch points. These then define solutions of the basic Dirac equation on C.

The rank 2 stable bundles V with Λ2V trivial have a moduli space which is three-dimensional
and (if we include S-equivalence classes of semistable bundles) can be identified with P3 [14].
The tangent space at [V ] of the moduli space is naturally isomorphic to H1(C,End0 V ) and
the cotangent space is H0(C,End0 V ⊗ K) by Serre duality. Since the rank of End0 V is odd
Proposition 3 implies that we have a section ψ of End0 V ⊗K1/2 if K1/2 is odd. Then Φ = sψ is a
section of End0 V ⊗K which vanishes at x̃i. For generic bundles E there is just a one-dimensional
space of sections and this in fact holds in this low genus case. We thus have a distinguished
one-dimensional subspace in each cotangent space of P3, at least over the open set of stable
bundles.
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To find this consider α ∈ H1
(
C,K−1

)
and the homomorphism

α : H0(C,End0 V ⊗K) → H1(C,End0 V ).

The dual space of H1
(
C,K−1

)
is H0

(
C,K2

)
and evaluation of a section of K2 at x̃i defines

up to a multiple a class αi whose kernel is the required one-dimensional space. An alternative
description is to take the Serre duality pairing

〈
α, tr Φ2

〉
to define a conic in each projective

plane P
(
H0(C,End0 V ⊗ K)

)
and for αi this is a pair of lines whose intersection defines the

one-dimensional space. Evaluation of this quadratic function was achieved in a very explicit
manner in [11] following basic work in [18].

A section of K2 may be written as
(
a0 + a1x + a2x

2
)
dx2/y2, where the equation of C is

y2 = (x − x1) · · · (x − x6). The cotangent bundle of P3 = P(U) is written as the (symplectic)
quotient {(p, q) ∈ U∗ × U : ⟨p, q⟩ = 0, q ̸= 0}/C∗, where λ ∈ C∗ acts as

(
λ−1p, λq

)
. So qi are

homogeneous coordinates in P3 = P(U) and the pi linear in the fibres of T ∗P3. Then up to
a factor the quadratic map trΦ2 is given in [11] by

h =
∑
i ̸=j

rij(q, p)

(x− xi)(x− xj)
dx2 =

∑
i ̸=j

∏
k ̸=i,j

(x− xk)rij(q, p)
dx2

y2
,

where r12(q, p) = (q1p1 + q2p2 − q3p3 − q4p4)
2 and

r13(q, p) = (q1p4 − q2p3 − q3p2 + q4p1)
2, r14(q, p) = −(q1p4 + q2p3 − q3p2 − q4p1)

2,

r15(q, p) = −(q1p3 − q2p4 − q3p1 + q4p2)
2, r16(q, p) = (q1p3 + q2p4 + q3p1 + q4p2)

2,

r23(q, p) = −(q1p4 − q2p3 + q3p2 − q4p1)
2, r24(q, p) = (q1p4 + q2p3 + q3p2 + q4p1)

2,

r25(q, p) = (q1p3 − q2p4 + q3p1 − q4p2)
2, r26(q, p) = −(q1p3 + q2p4 − q3p1 − q4p2)

2,

r34(q, p) = (q1p1 − q2p2 + q3p3 − q4p4)
2, r35(q, p) = (q1p2 + q2p1 + q3p4 + q4p3)

2,

r36(q, p) = −(q1p2 − q2p1 − q3p4 + q4p3)
2, r45(q, p) = −(q1p2 − q2p1 + q3p4 − q4p3)

2,

r46(q, p) = (q1p2 + q2p1 − q3p4 − q4p3)
2, r56(q, p) = (q1p1 − q2p2 − q3p3 + q4p4)

2.

Evaluating at x = x1 gives a linear combination of the terms r1i. Each of these is a quadratic form
ℓi ⊗ ℓi, where ℓi(p1, p2, p3, p4) is a linear form. But on examination one sees that ℓi(q2,−q1, q4,
−q3) = 0 for each i. Hence

Proposition 4. At the point [q1, q2, q3, q4] ∈ P3 representing the vector bundle V , the cotangent
vectors (p1, p2, p3, p4) = (q2,−q1, q4,−q3) define the one-dimensional space of Higgs fields which
vanish at x̃1 or equivalently the holomorphic sections of End0 V ⊗K1/2 for each V .

Remark 7. The evident symmetry in the formulae above arises from the action V 7→ V ⊗U of
the 22g = 16 line bundles U with U2 trivial.

4.3 Genus 2 odd degree

Suppose now the rank 2 bundle has odd degree. From Proposition 3, H0
(
C,End0 V ⊗ K1/2

)
has a section if K1/2 is one of the 10 = 16− 6 even spin structures. The latter have no non-zero
holomorphic sections.

We use a model of the curve C using K ⊗ K1/2 = K3/2. By Riemann–Roch K3/2 has
a two-dimensional space of holomorphic sections as does K and hence together they give a map
C → P1 × P1 so that C is a divisor of O(2, 3). The line bundle O(1, 1) embeds P1 × P1 ⊂ P3

and so a plane in P3 intersects C in a divisor of K5/2. By Riemann–Roch dimH0
(
C,K5/2

)
= 4

so all such divisors have this form.



8 N.J. Hitchin

Now we need a description of vector bundles of odd degree. Note that End0 V does not
change if we replace V by V ⊗L for a line bundle L, which means we can make use of Atiyah’s
description of projective bundles in [1].

The construction takes a representative vector bundle as an extension O → V → L, where L
has degree 1. The extension class lies in a two-dimensional space H1(C,L∗) and up to a scalar
is determined by its annihilator under Serre duality, a section s of LK. This vanishes at three
points p, q, r in general distinct. There are four degree zero subbundles and the same projective
bundle P(V ) is defined by three other triples (p, σ(q), σ(r)), (σ(p), q, σ(r)), (σ(p), σ(q), r), where
σ : C → C is the hyperelliptic involution.

Given ψ ∈ H0
(
C,End0 V ⊗K1/2

)
, its action on the trivial subbundle followed by the projec-

tion onto the quotient L gives a holomorphic section c of LK1/2. As divisor classes LK ∼ p+q+r
so LK1/2 ∼= K−1/2(p+q+r) ∼= K5/2(−σ(p)−σ(q)−σ(r)) since x+σ(x) is the divisor of a section
of K. Thus c is defined by a plane in P3 which passes through the three points σ(p), σ(q), σ(r).

Proposition 5. Let V be a vector bundle defined by three points p, q, r ∈ C ⊂ P3. If these
points are not collinear, then the plane though σ(p), σ(q), σ(r) uniquely determines a section
ψ ∈ H0

(
C,End0 V ⊗K1/2

)
.

Proof. We use the Dolbeault approach for the extension O → E → L by a C∞ splitting and
a form α ∈ Ω0,1(C,L∗) defining the extension. Then

ψ =

(
a b
c −a

)
is holomorphic if ∂̄c = 0, ∂̄a+αc = 0, ∂̄b− 2αa = 0, where c is a holomorphic section of LK1/2,
a is a C∞ section of K1/2 and b is a section of L∗K1/2.

As above, the plane defines c, a section of K5/2(−σ(p) − σ(q) − σ(r)) and since σ induces
a projective transformation of P3, σ(p), σ(q), σ(r) are not collinear by assumption. Thus there
is a unique plane passing though them, or equivalently dimH0

(
C,LK1/2

)
= 1, generated by c.

The term αc represents a class in H1
(
C,K1/2

)
which by Riemann–Roch has the same di-

mension as H0
(
C,K1/2

)
. But this is zero since K1/2 is an even spin structure. Then we can

solve ∂̄a+αc = 0 for a. Any two choices differ by a holomorphic section of K1/2 so a is unique.
To find b we need αa to define a trivial class in H1

(
C,L∗K1/2

)
. This is dual to the space

H0
(
C,LK1/2

)
which consists of multiples of c. So [αa] = 0 if αa pairs to zero with c. But since

∂̄a+ αc = 0∫
C
(αa)c =

∫
C
a(αc) = −

∫
C
a
(
∂̄a

)
= −

∫
C
∂̄
(
a2/2

)
= 0.

Then we can solve ∂̄b − 2αa = 0 for b. Since L∗K1/2 is of degree zero and non-trivial, b is
unique. ■

Remark 8. Note that if the points are collinear, LK1/2 has degree 2 and a two-dimensional
space of sections and so must be isomorphic to K, or equivalently L ∼= K1/2. There is then an
obvious section ψ given by a = c = 0, b = 1.
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