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Abstract. We review deformed quantum phase spaces and their realizations in terms
of undeformed phase space. In particular, methods of calculation for the star product,
coproduct of momenta and twist from realizations are presented, as well as their properties
and the relations between them. Lie deformed quantum phase spaces and Snyder type
spaces are considered. Examples of linear realizations of the κ-Minkowski spacetime are
elaborated. Finally, some new results on quadratic deformations of quantum phase spaces
and a generalization of Yang and triply special relativity models are presented.
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Introduction

Noncommutative NC spaces appeared in theoretical physics in the efforts to understand and
model Planck scale phenomena. The first proposed model of NC geometry was that of the Snyder
spacetime [116]. In order to obtain quantum gravity models that reconcile general relativity (GR)
and quantum mechanics (QM), one of the main ideas is to introduce noncommutative quantum
spacetimes [32, 33, 37] and also look for quantum deformations of the quantum-mechanical
relativistic phase space algebra [118]. For example, a widely studied model is the κ-Minkowski
spacetime, where the parameter κ is usually interpreted as the Planck mass or the quantum
gravity scale and the coordinates themselves close a Lie algebra [7, 30, 35, 65, 66, 72].
A successful approach to noncommutative geometry is based on the formalism of Hopf algebras [28, 71], describing the relativistic symmetries of the quantum spacetime [11, 14]. The
κ-Poincaré quantum group [38, 73, 119], as a possible quantum symmetry of the κ-Minkowski
spacetime, allows for the study of deformed relativistic spacetime symmetries and the corresponding dispersion relations [5, 8, 12, 13, 77]. It is an example of a Hopf algebra, where the
algebra sector is the same as that of the Poincaré algebra, but the coalgebra sector is deformed.
In general, in the Hopf algebra framework, it is possible to deform the Hopf algebra using a twist
element which satisfies the 2-cocycle condition, which again produces a Hopf algebra, with the
algebra sector unaltered and the coalgebra sector deformed. Deformations of relativistic symmetries play an important role in the study of phenomenologically relevant effects of quantum
gravity [2, 3, 4, 9, 54, 55, 70]. The interplay between spacetime curvature, speed of light and
quantum deformations of relativistic symmetries was presented in [15].
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A powerful tool in the study of NC spaces is that of realizations in terms of the Weyl–
Heisenberg algebra [20, 22, 34, 41, 42, 46, 77, 79, 83, 84, 95, 97, 115]. Namely, the NC coordinates
are expressed in terms of the commutative coordinates and the corresponding momenta, which
allows one to simplify the methods of calculation on the deformed spacetime. Every realization
corresponds to a specific ordering and one special example is the Weyl realization, related to
the symmetric ordering. Exponential formulas [21, 88, 89, 90, 99] are related to the deformed
coproduct of momenta in NC spaces and also appear in the computations of star products,
which are both needed for the definition of a field theory, the notion of differential calculus
and other calculations in a NC spacetime [6, 29, 43, 49, 69]. Exponential formulae, which were
used to obtain the coproducts and star products were also presented in [23, 87, 101]. A Lie
deformed phase space obtained from a twists in the Hopf algebroid approach was considered
in [47, 51, 63, 64].
A class of deformed quantum phase spaces, i.e., a deformed Heisenberg algebra, is generated
with NC coordinates x̂µ and commutative momenta pµ defined as
[x̂µ , x̂ν ] = iΘµν (l, x̂, p),

[pµ , x̂ν ] = −iφµν (l, p),

[pµ , pν ] = 0,

(1.1)

with all Jacobi identities satisfied and l a real parameter of order of the Planck length. There
are also deformed quantum phase space models with NC momenta p̂µ including the cosmological
radius R [55, 118]. The undeformed phase space is defined as
[xµ , xν ] = 0,

[pµ , pν ] = 0,

[xµ , pν ] = −iηµν ,

µ, ν = −1, . . . , n − 1,

where ηµν = diag(−1, 1, . . . , 1), xµ are coordinates and pµ are momenta.
Examples of NC spaces where Θµν (1.1) do not depend on the momenta pµ are the canonical
theta space [33, 110], with Θµν = const, Lie algebra type spaces [6, 7, 19, 29, 30, 31, 35, 36, 40,
63, 65, 66, 67, 72, 79, 102], for which Θµν = iCµνλ x̂λ , and quadratic deformations of Minkowski
space, with Θµν = Θµνρσ x̂ρ x̂σ [67, 117].
In the Snyder space [16, 17, 27, 39, 44, 61, 62, 86, 103, 104, 105, 106, 107, 108, 109, 113,
114, 116], one has [x̂µ , x̂ν ] = il2 Mµν , where Mµν are Lorentz generators, NC coordinates x̂µ
do not close an algebra between themselves, but x̂µ and Mµν close a Lie algebra. The Snyder
space and the κ deformed Snyder space [89, 90] lead to a non associative star product and
non coassociative coproduct [21, 39]. Recently, the extended Snyder model and the κ deformed
extended Snyder model with additional tensorial coordinates were proposed [91, 92, 93]. These
models are of Lie algebra type NC spaces in which star products are associative and coproducts
are coassociative [92].
Some new developements in the applications of NC geometry to physics can be found in
[24, 25, 26, 57, 59, 60, 74, 75, 111, 112].
In this review we survey the above mentioned types of deformed quantum phase spaces, their
properties and the relations between realizations of NC coordinates in terms of undeformed
phase space, star products and twists. Many technical results important for this review have
appeared previously in the literature and are cited appropriately. However this list of references
is not exhaustive. We also present some new results in Sections 3, 4, 6 and 7.
The plan of paper is as follows. In Section 2, the Lie deformed quantum phase space and
realizations are presented. In Section 3, a star product from realizations is constructed. In
Section 3.1, we present the Snyder space and its extension with tensorial coordinates. In Section 4, the coproduct of momenta and twist from star product and realizations are obtained.
In Section 5, some examples of linear realizations of the κ deformed Minkowski spacetime, specially the right covariant, left covariant and light like realizations, are revisited. In Section 6,
some aspects of quadratic deformations of quantum phase spaces are elaborated, specially in
Section 6.1, quadratic deformations of the Minkowski space from dilatation. A generalization of
Yang and triply special relativity models is given in Section 7.
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Lie deformed quantum phase space and realizations

The undeformed quantum phase space is defined with coordinates xµ and momenta pµ
[xµ , xν ] = 0,

[pµ , xν ] = −iηµν ,

[pµ , pν ] = 0,

µ, ν = 0, 1, . . . , n − 1,

where ηµν = diag(−1, 1, . . . , 1). The generalization of ηµν to a metric with arbitrary Lorentz
signature is straightforward.
We consider the deformed quantum phase space defined with noncommutative (NC) coordinates x̂µ and momenta pµ of the type
[x̂µ , x̂ν ] = ix̂α Cµνα (l, p) + idµν (l, p),

[pµ , x̂ν ] = −iφµν (l, p),

[pµ , pν ] = 0,

(2.1)

where l is a parameter of order of the Planck length and summation over repeated indices is
assumed. For l = 0, Cµνα (0, p) = 0 and dµν (0, p) = 0. Functions Cµνα and φµν depend on
momenta pα , where Cµνα are a generalization of the structure constants.
For example, the original Snyder space is defined with
[x̂µ , x̂ν ] = il2 Mµν ,

(2.2)

where Mµν are Lorentz generators. The realization Snyder proposed [116] is given by
x̂µ = xµ + l2 (x · p)pµ ,

Mµν = xµ pν − xν pµ = x̂µ pν − x̂ν pµ .

Hence
Cµνα (l, p) = l2 (ηµα pν − ηνα pµ ).
If Cµνλ are structure constants, then NC coordinates x̂µ close a Lie algebra. A perturbative
construction of φµν (l, p) corresponding to the symmetric ordering can be found in [34]. From
[pµ , x̂ν ] = −iφµν (l, p), (2.1), it follows that the realization of NC coordinates x̂µ can be written
as
x̂µ = xα φαµ (l, p) + χµ (l, p),

(2.3)

and the inverse is given by
xν = (x̂µ − χµ (l, p)) φ−1


µν

,

and
pµ = −i

∂
.
∂xµ

(2.4)

If l = 0, φµν (0, p) = ηµν . All Jacobi relations for the class of deformed quantum phase
spaces/deformed Weyl–Heisenberg algebras (2.1) (obtained from (2.3)) are satisfied.
Realizations of the type given in equation (2.3), used in physical applications, were studied
for example for κ-Minkowski spaces in [41, 42, 49, 77, 79, 84, 95, 97], for Snyder spaces in
[20, 21, 86], and for the extended Snyder model with tensorial coordinates in [91, 92, 93].
A special class of deformed quantum phase spaces/deformed Weyl–Heisenberg algebras for
which φµν (l, p) is at most linear in pα is given by
x̂µ = xµ + lKβµα xα pβ + χµ (l, p),

Kβµα ∈ R,
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where
φαµ (l, p) = ηαµ + lKβµα pβ .
For χµ (l, p) = 0, it holds
[x̂µ , x̂ν ] = il(Kµνα − Kνµα )xα + il2 (Kβµα Kανσ − Kβνα Kαµσ )xσ pβ .
For example, the linear realization for the case of the κ Snyder deformation was presented in [90].
The Lie algebra is closed in NC coordinates x̂µ if
Kβµλ Kλνα − Kβνλ Kλµα = (Kµνλ − Kνµλ )Kβλα ,
and the structure constants are
Cµνα = Kµνα − Kνµα ,
see for example [48, 63, 64, 78, 79, 100].

3

Star product from realizations

Let us define the ▷ action
xµ ▷ f (x) = xµ f (x),

pµ ▷ f (x) = −i

∂f (x)
.
∂xµ

For the realization given in equation (2.3), using ▷, it follows
pµ ▷ eiqx = qµ eiqx ,

eikα x̂α ▷ eiqβ xβ = eiJα (k,l,q)xα +ih(k,l,q) ,

kα , qα ∈ Mn ,

where x̂µ = xα φαµ (l, p) + χµ (l, p) and Mn denotes the Minkowski space, for some J, h [101]. If
kα = 0, Jµ (0, l, q) = qµ , h(0, l, q) = 0. If qα = 0, Jµ (k, l, 0) = Kµ (k, l). If l = 0, Jµ (k, 0, q) =
kµ +qµ . Jµ (k, l, q) and h(k, l, q) can be constructed perturbatively using [101, Theorems 1 and 2].
Compact results for Jµ (tk, l, p) and h(tk, l, p), where pα is the momentum operator (2.4), are
given by

 tO

e −1
tkα Oα
Jµ (tk, l, p) = e
(pµ ),
h(tk, l, p) =
(kβ χβ (l, p)),
O
where
O = kα Oα ,

Oα = ad−ixβ φβα (l,p) .

Jµ (tk, l, p) and h(tk, l, p) are unique solutions of the partial differential equations
∂Jµ (tk, l, p)
= kβ φµβ (J(tk, l, p)),
∂t

∂h(tk, l, p)
= kβ χβ (J(tk, l, p)),
∂t

(3.1)

with boundary conditions
Jµ (0, l, p) = pµ ,

h(0, l, p) = 0.

From Jµ (k, l, q) and h(k, l, q) we can obtain the star product
eikx ∗ eiqx = eiK

−1 (k)x̂−ih(K −1 (k),0)

▷ eiqx = eixD(k,l,q)+iG(k,l,q) ,

(3.2)

Deformed Quantum Phase Spaces, Realizations, Star Products and Twists

5

where




∂
Dµ (k, l, q) = Jµ Kµ−1 (k, l), l, q = exp Kβ−1 (k, l)φαβ (l, q)
(qµ ),
∂qα


G(k, l, q) = h K −1 (k, l), l, q − h K −1 (k, l), l, 0 .

(3.3)
(3.4)

K −1 is the inverse map

Kµ−1 (K(k, l)) = Kµ K −1 (k, l) = kµ .
The star product, (3.2), and the method of calculation are a generalization of the method first
proposed in [88, 89]. The method from [88, 89] was applied in [21, 23, 78, 85, 86, 87, 90, 91,
92, 93, 99, 100]. The star product, (3.2), can be associative or nonassociative. For example, the
star product for the Snyder model is nonassociative [21, 39]. If NC coordinates x̂µ , (2.3), close
a Lie algebra, then the corresponding star product is associative [83].
According to the PBW theorem, if coordinates x̂µ , µ = 0, 1, . . . , n−1 generate a Lie algebra ĝ
and xµ = x̂µ ▷ 1, µ = 0, 1, . . . , n − 1 generate a commutative algebra g, then
i) enveloping algebras U(ĝ) and U(g) are isomorphic,
ii) if fˆ ▷ 1 = f , U (ĝ) ▷ 1 = U (g), then we define the inverse map ▶
f ▶ 1 = fˆ,

g ▶ 1 = ĝ,

and the star product
f ∗ g = fˆĝ ▷ 1,

(f ∗ g) ▶ 1 = fˆĝ,

where fˆ, ĝ ∈ U(ĝ) and f, g ∈ U(g). This star product is associative
f ∗ (g ∗ h) = (f ∗ g) ∗ h,

f, g, h ∈ U(g).

Namely

f ∗ (g ∗ h) ▶ 1 = fˆ ĝ ĥ = fˆĝ ĥ,


(f ∗ g) ∗ h ▶ 1 = fˆĝ ĥ = fˆĝ ĥ.

Generally, if the star product, (3.2), is associative, i.e.,


eik1 x ∗ eik2 x ∗ eik3 x = eik1 x ∗ eik2 x ∗ eik3 x ,
then it holds
Dµ (D(k1 , l, k2 ), l, k3 ) = Dµ (k1 , l, D(k2 , l, k3 )),
and
G(k1 , l, k2 ) + G(D(k1 , l, k2 ), l, k3 ) = G(k2 , l, k3 ) + G(k1 , l, D(k2 , l, k3 )).
Addition of momenta is defined with
kµ ⊕ qµ = Dµ (k, l, q).
Note that Dµ (k, l, q) ∈ R.
For example, let the NC coordinates x̂i , i = 1, 2, 3 close the su(2) algebra
[x̂i , x̂j ] = 2ilϵijk x̂k ,

(3.5)
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and the realization of x̂i is given by
p
x̂i = xi 1 − l2 p2 + lϵijk xj pk ,

p2 = p21 + p22 + p23 .

Then
[x̂i , pj ] = i δij

p


1 − l2 p2 + lϵijk pk ,

and
ki ⊕ qi = Di (k, q) = ki

p
p
1 − l2 q 2 + 1 − l2 k 2 qi + lϵijk kj qk .

This example of the su(2) NC space appeared in connection with the 3 dimensional quantum
gravity model [36], see also [58, 99].
Note that the universal formula for Lie algebra generators as formal power series of the
corresponding structure constants with coefficients in Bernoulli numbers was given in [34, 45].
The explicit star product of the cotangent bundle of a Lie group [45] corresponds to the star
product (3.2), where x̂ is expressed in terms of the universal formula, i.e., φ(l, p) is the generating
function for Bernoulli numbers, related to the symmetric ordering [34].

3.1

Snyder space and an extension with tensorial coordinates

Examples of non associative star products are related to the following realizations of coordinates x̂µ


x̂µ = xµ φ1 l2 p2 + l2 (x · p)pµ φ2 l2 p2 .
Then the commutation relations [x̂µ , x̂ν ] lead to a generalized Snyder algebra [86]

[x̂µ , x̂ν ] = il2 Mµν ψ l2 p2 ,

where Mµν = xµ pν − xν pµ are Lorentz generators. Specially, for ψ l2 p2 = 1, it becomes the
Snyder algebra originally proposed in [116].
In the original Snyder model NC coordinates x̂µ do not close a Lie algebra and the corresponding star products are non associative. For example, the star product corresponding to the
realization
x̂µ = xµ + l2 (x · p)pµ

(3.6)

leads to
xµ ∗ xν = xµ xν ,
and
xµ ∗ (xν ∗ xρ ) = xµ xν xρ − l2 (ηµν xρ + ηµρ xν ),
(xµ ∗ xν ) ∗ xρ = xµ xν xρ −

l2
(ηµρ xν + ηνρ xµ + 2ηµν xρ ).
2

Hence, the star product is non associative
(xµ ∗ xν ) ∗ xρ − xµ ∗ (xν ∗ xρ ) =

l2
(ηµρ xν − ηνρ xµ ).
2
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Using the realization in equation (3.6), and equations (3.1), (3.3), the function Dµ (k, l, q),
defining the star product (3.2), was obtained in [21]


p
1
l2
2
2
√
Dµ (k, l, q) =
kµ −
kµ (k · q) + 1 + l k qµ ,
1 − l2 (k · q)
1 + 1 + l2 k 2
for which equation (3.5) is not satisfied, implying that the star product is non associative. The
corresponding coproduct
!
p
1
l2
α
p
∆pµ =
pµ pα ⊗ p + 1 + l2 p2 ⊗ pµ
pµ ⊗ 1 −
1 − l2 pα ⊗ pα
1 + 1 + l 2 p2
is non coassociative.
Note that in the original Snyder space NC coordinates x̂µ and Lorentz generators Mµν close
a Lie algebra, but Mµν ▷ 1 = 0. Since NC coordinates x̂µ do not close a Lie algebra between
themselves, additional tensorial coordinates x̂µν are introduced [39, 91] instead of Mµν and they
satisfy
x̂µν ▷ 1 = xµν ,
where xµν are commutative tensorial coordinates. Both the coordinates x̂µν and xµν and the
canonical momenta pµν transform as Lorentz generators Mµν . Consequently, the new star product is associative and the coproduct is coassociative [39, 91, 94].
Using the above extended Snyder space, a unification with the κ-Minkowski space is also
proposed in the form of associative realizations of the κ deformed extended Snyder model [92, 93].
A similar extension with additional commutative tensorial coordinates θµν was proposed in
the context of the DFR NC space, changing the constant θµν to tensorial coordinates θµν [1, 10].

4

Coproduct of momenta and twist from star product
and realizations

The relation between the star product and the twist operator is given by
(f ∗ g)(x) = mF −1 (▷ ⊗ 1)(f (x) ⊗ g(x)),
where m is the multiplication map, A ⊗ B → AB.
Using the star product (3.2) and the above relation for f ∗ g, a family of twist operators can
be writen as [85, 86, 87]
F −1 = : exp((i(1 − u)xα ⊗ 1 + u1 ⊗ xα )(∆ − ∆0 )pα ): exp(iG(p ⊗ 1, 1 ⊗ p)),

(4.1)

where : : denotes normal ordering, in which the xs are to the left of the p’s, u is a real parameter
and
∆pα = Dα (p ⊗ 1, 1 ⊗ p),

∆0 pα = pα ⊗ 1 + 1 ⊗ pα ,

where Dα (l, k, q) is given in (3.3) and G in (3.4). Applying [101, Theorem 1], we can find the
twist in the form without normal ordering, see for example [100, Section 4].
It is important to note that ∆pα is the coproduct of momenta and it holds
∆pα = F∆0 pα F −1 .
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This can be proved using the identity
n
X

(−1)n

k,l=0

xk pxl
= 0,
k!l!

for n ≥ 2.

Alternatively, we can obtain the twist in the following way. The coproduct ∆pµ is obtained
from ∆pα = Dα (p ⊗ 1, 1 ⊗ p) and (3.3)



∂
−1
∆pµ = exp Kβ (p) ⊗ φαβ (p)
(1 ⊗ pµ ).
∂pα
The coproduct is coassociative if and only if the star product is associative, i.e., if x̂µ close a Lie
algebra.
We can define new momenta pW
µ corresponding to the Weyl realization
−1
pW
µ = Kµ (p),

with the property
iK(k)·x
pW
= kµ eiK(k)·x ,
µ ▷e

and
 W ik·x̂ 
pµ , e
= kµ eik·x̂ .
Hence, the coproduct of momenta is
W ⊗x̂

∆pµ = e−ipα

α

W ⊗x̂

(1 ⊗ pµ )eipβ

β

.

Then we obtain the relation between ∆pµ and ∆0 pµ
W ⊗x̂

∆pµ = F∆0 pµ F −1 = e−ipα

α

W ⊗x̂

eipβ ⊗xβ (∆0 pµ )e−ipα ⊗xα eipβ

β

.

If χµ (l, p) = 0, then the twist operator for the realization x̂µ = xα φαβ (l, p) is given by
W ⊗x

F −1 = e−ipα ⊗xα eipβ

γ φγβ (l,p)

.

(4.2)

If χµ (l, p) ̸= 0, then the twist F −1 is
W ⊗x

F −1 = e−ipα ⊗xα eipβ

γ φγβ (l,p)

eiG(p⊗1,1⊗p) ,

(4.3)

and the consistency check is
x̂µ = mF −1 (▷ ⊗ 1)(xµ ⊗ 1) = xα φαµ (l, p) + χµ (l, p).
Note that the following identity holds
W ⊗x

:ei(1⊗xα )(∆−∆0 )pα : = e−ipα ⊗xα eipβ

γ φγβ (l,p)

.

The twists in this section, specially (4.1) and (4.3), are given in the Hopf algebroid approach
[47, 51, 63, 64] and generally do not satisfy the cocycle condition in the Hopf algebra sense [96].
However, in the Hopf algebroid approach, these twists satisfy a generalized cocycle condition if
and only if the star product is associative, i.e., x̂µ close a Lie algebra [98]. In the next section we
give examples for the case when these twists can be transformed into Drinfeld twists satisfying
the cocycle condition in the Hopf algebra sense.
Note that another construction of the twist for the original Snyder model (2.2) was presented
in [76].
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Linear realizations

For a linear realization
x̂µ = xµ + Kβµα xα pβ ,

(5.1)

the differential equation for Jµ (tk, q) is given by
dJµ (tk, q)
= kµ + kα Kβαµ Jβ (tk, q),
dt
The solution for Jµ (tk, q) is then
!
eK(tk) − η
Jµ (tk, q) = kα
K(k)

Jµ (0, q) = qµ .

+ qα eK(tk)


αµ

,

(5.2)

αµ

where
Kµν (k) = Kµαν kα .

(5.3)

For t = 1
Jµ (k, q) = kα

eK(k) − η
K(k)

!

eK(k) − η
K(k)

!

+ qα eK(k)


αµ

.

αµ

For qµ = 0
Jµ (k, 0) = kα

= Kµ (k).

(5.4)

αµ

The inverse of Kµ (k) is given by
Kµ−1 (k) = kµW .

(5.5)

The expansion of kµW in terms of kα was given in the appendix of [78]. Then

W 
Dµ (k, q) = Jµ K −1 (k), q = kµ + qα eK(k ) αµ ,

(5.6)

and the coproduct for pµ is
∆pµ = pµ ⊗ 1 + eK(p

W)


αµ

⊗ pα .

(5.7)

The twist in the Hopf algebroid approach corresponding to the linear realization x̂µ = xµ +
Kβµα xα pβ is



W
F = exp −ipW
⊗ xα pβ ,
(5.8)
µ ⊗ Kβµα xα pβ = exp −iKβα p
−1
−1 is identical to the equation
where pW
µ = Kµ (p). The coproduct for pµ , ∆pµ = F∆0 pµ F
above, (5.7). Note that
!
!
W
eK(p ) − η
eK(p) − η

pα
and
pµ =
pW
Kµ (p) =
α .
K(p)
K pW
αµ

pW
µ

αµ

The expression for
was given in the appendix of [78].
For κ-Minkowski and the corresponding linear realizations an explicit proof of the cocycle
codition is given in [48] and more generally in [78]. The conditions under which linear realizations (5.1) generate a Lie algebra are given in Section 2. Other examples of linear realizations
were presented in [63, 64, 79, 90, 100].
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5.1

Right covariant realization of κ-Minkowski space time

The right covariant realization of κ-Minkowski space is given by
x̂µ = xµ − aµ x · p,

[x̂µ , x̂ν ] = i(aµ x̂ν − aν x̂µ ).

Jµ (k, q) for the right covariant realization satisfies the following differential equation
dJµ (tk, q)
= kµ − a · kJµ (tk, q),
dt
(0)

with initial condition Jµ (0, q) = qµ . Jµ (tk, q) = tkµ + qµ for aµ = 0. The solution of the above
differential equation is
Jµ (tk, q) = kµ

1 − e−ta·k
+ qµ e−ta·k .
a·k

For t = 1,
1 − e−a·k
+ qµ e−a·k .
a·k
For kµ = 0, Jµ (0, q) = qµ . For qµ = 0,
Jµ (k, q) = kµ

1 − e−a·k
≡ Kµ (k).
a·k
From here it follows that
Jµ (k, 0) = kµ

a · K = 1 − e−a·k ,

a · k = − ln(1 − a · K(k)),

e−a·k = 1 − a · K.

Hence, the inverse of Kµ (k) is given by
Kµ−1 (k) = −kµ

ln(1 − a · k)
= kµW .
a·k

Furthermore,

Dµ (k, q) = Jµ K −1 (k), q = kµ + qµ (1 − a · k),
∆pµ = pµ ⊗ 1 + (1 − a · p) ⊗ pµ .
In the Hopf algebroid approach, the twist corresponding to the right covariant realization is
given by
W ⊗x̂
β

F = e−ipβ

eipα ⊗xα = eA eB ,

where
W
A = −ipW
⊗ x · p,
α ⊗ xα + ia · p

B = ipα ⊗ xα ,


[A, B] = a · pW ⊗ 1 B.

Using a special case of the BCH formula, we get (see [48, Appendix C])



a · pW ⊗ 1
F = exp A + B
1 ⊗ 1 − e−a·pW ⊗1
Using the relation
pW
µ = −pµ

ln(1 − a · p)
,
a·p

we get
F = e−i ln(1−a·p)⊗D ,

D = xα pα ,

and

∆pµ = pµ ⊗ 1 + (1 − a · p) ⊗ pµ .

(5.9)

We have shown that the twist in the Hopf algebroid approach corresponding to the right covariant
realization of κ-Minkowski is identical to the Jordanian twist leading to the same right covariant
realization and satisfying the cocycle condition in the Hopf algebra sense.
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Left covariant realization of κ-Minkowski space time

The left covariant realization of κ-Minkowski spacetime is given by
x̂µ = xµ (1 + a · p),

[x̂µ , x̂ν ] = i(aµ x̂ν − aν x̂µ ).

Jµ (k, q) for the left covariant realization satisfies the following differential equation
dJµ (tk, q)
= kµ (1 + a · J(tk, q)),
dt
(0)

with initial condition Jµ (0, q) = qµ . Jµ (tk, q) = tkµ + qµ for aµ = 0. The solution of the above
differential equation is
Jµ (tk, q) = kµ

eta·k − 1
(1 + a · q) + qµ .
a·k

For t = 1,
Jµ (k, q) = kµ

ea·k − 1
(1 + a · q) + qµ .
a·k

For qµ = 0,
ea·k − 1
≡ Kµ (k).
a·k
It follows that a · K = ea·k − 1, a · k = ln(1 + a · K(k)), and the inverse of Kµ (k) is given by
Jµ (k, 0) = kµ

Kµ−1 (k) = kµ

ln(1 + a · k)
= kµW .
a·k

Furthermore,

Dµ (k, q) = Jµ K −1 (k), q = kµ (1 + a · q) + qµ ,

∆pµ = pµ ⊗ (1 + a · p) + 1 ⊗ pµ .

The twist in the Hopf algebroid approach corresponding to the left covariant realization is
W ⊗x̂

F = e−ipβ

β

eipα ⊗xα = eA eB ,

where
W
A = −ipW
β ⊗ xβ − ipβ ⊗ xβ a · p,

B = ipα ⊗ xα ,

[A, B] = −(ln(1 + a · p) ⊗ 1)B = − a · pW ⊗ 1 B.
Using a special case of the BCH formula we get F (see [48, Appendix C])



−a · pW ⊗ 1
F = exp A + B
.
1 ⊗ 1 − ea·pW ⊗1
Using
ln(1 + a · p)
pW
,
a · pW = ln(1 + a · p),
µ = pµ
a·p
we get
W ⊗x a·p
β

F = e−ipβ

W ⊗L
βα

= e−iaα pβ

,

Lβα = xβ pα ,

∆pµ = pµ ⊗ (1 + a · p) + 1 ⊗ pµ .

We have shown that the twist in the Hopf algebroid approach corresponding to the left covariant
realization of the κ-Minkowski spacetime is different from the Jordanian twist leading to the
same left covariant realization which satisfies the cocycle condition in the Hopf algebra sense,
F = exp(−iD ⊗ ln(1 + a · p)). Although these twists are different, they give the same deformed
Hopf algebra. Drinfeld twists F = exp(−i ln(1−a·p)⊗D), (5.9), and F = exp(−iD⊗ln(1+a·p))
belong to extended Jordanian twists for Lie algebras [56]. Interpolations between Jordanian
twists, right and left covariant realizations of the κ-Minkowski spacetime were presented in refs.
[23, 80, 81, 82].
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5.3

Light like realization of κ-Minkowski spacetime

The light like realization of the κ-Minkowski space is defined with a2 = 0 and
x̂µ = xµ (1 + a · p) − a · xpµ = xµ + aα Mµα ,
satisfying the κ-Minkowski algebra
[x̂µ , x̂ν ] = i(aµ x̂ν − aν x̂µ ),
[Mµν , x̂λ ] = −i(x̂µ ηνλ − x̂ν ηµλ ) − i(aµ Mνλ − aν Mµλ ),
[Mµν , pλ ] = −i(pµ ηνλ − pν ηµλ ).
Using (5.2),(5.3), (5.4), (5.5), (5.6), one obtains the following expression for Dµ (k, q)
Dµ (k, q) = kµ (1 + a · q)qµ − aµ

1
p2
k·q
− aµ (a · q)
,
1+a·k 2
1+a·k

and for the coproduct
∆pµ = Dµ (p ⊗ 1, 1 ⊗ p) = ∆0 pµ +

pα + 12 aα p2
pµ aα − aµ
1+a·p

!
⊗ pα .

(5.10)

From the expression for the twist given in equation (5.8), it follows that the Drinfeld twist is
given by [48, 49, 50]


ln(1 + a · p)
F = exp iaα pβ
⊗ Mαβ ,
a·p
which satisfies the cocycle condition in the Hopf algebra sense and the coproduct ∆pµ =
F∆0 pµ F −1 is coassociative and coincides with ∆pµ above, (5.10).
Remark 5.1. If a2 ̸= 0, the above realization x̂µ = xµ (1 + a · p) − a · xpµ = xµ + iaα Mµα , leads
to the κ-Snyder algebra [89, 90]
[x̂µ , x̂ν ] = i(aµ x̂ν − aν x̂µ ) + ia2 Mµν .
The corresponding twist (4.2) does not satisfy the cocycle condition, the star product is non
associative and the coproduct is non coassociative.

6

Quadratic deformations of quantum phase space

In [117], deformed Heisenberg algebras were constructed as examples of NC structures and the
framework for higher dimensional NC spaces based on quantum groups was studied. Furthermore, quadratic deformations of the Minkowski space from twisted Poincaré symmetries were
constructed in [67]. The construction was based on the twist


i αβγδ
Θ
Mαβ ∧ Mγδ ,
F = exp
2
where Mαβ are Lorentz generators and the r-matrix is given with r = 12 Θµνρσ Mµν ∧ Mρσ .
Quadratic deformations of the Galilei group and the Newton equation for classical space were
considered in [31].
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Generally, quadratic algebras, i.e., quadratic deformations, can be defined with the following
commutation relations
[x̂µ , x̂ν ] = Θµνγδ x̂γ x̂δ ,
where all Jacobi relations have to be satisfied and multiplication in the enveloping algebra U(x̂)
is associative. In this case the general realization of the NC coordinates is
x̂µ = xα φαµ (iLγδ ),
where Lγδ = xγ pδ generate the gl(n) algebra
[Lµν , Lρσ ] = i(ηµσ Lρν − ηρν Lµσ ).
In the lowest order in Kµνγδ we get


x̂µ = xµ + ixα Lβγ Kµγβα + O K 2 = xµ + iKµγβα xα xβ pγ + O K 2 ,
with Kµνγδ − Kνµγδ = Θµνγδ .
We point out that Sections 3 and 4 cannot be applied to these quadratic deformations. The
construction of such quadratic algebras can be performed using twist operators that, besides
Lorentz generators, include dilatation operators Dµ and D
X
X
D=
Dµ =
xµ pµ ,
Dµ = xµ pµ (no summation),
µ

µ

and more generally Lµν = xµ pν generating the gl(n) algebra. Here we consider a simple case.

6.1

Quadratic deformations of Minkowski space from dilatation

We consider the twist

X
aαβ Dα ⊗ Dβ ,
F = exp

aβα = −aαβ ,

(6.1)

α,β

where
[Dα , Dβ ] = 0,

[Dα , pβ ] = ipα ηαβ

(no summation),

[Dα , xβ ] = −ixα ηαβ ,

and pα are momenta.
The action of Dα in undeformed quantum phase space is defined as
Dα ▷ f (x) = −ixα

∂f (x)
.
∂xα

The deformed quantum phase space is defined with
qαβ = exp(aαβ − aβα ) = exp(2aαβ ),
[Dα , x̂β ] = −ix̂α ηαβ ,
X

pα x̂β − eaβα x̂β pα = −iηαβ exp
iaβγ Dγ ,
cαβ = eaαβ .
x̂α x̂β = qαβ x̂β x̂α ,

γ

The realization for x̂α is given by

X
x̂α = xα exp
iaαβ Dβ = xα ϕα ,
β

ϕα ▷ 1 = 1,

x̂α ▷ 1 = xα .

ϕα = exp

X
β


iaαβ Dβ ,
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Note that
xα ϕα = exp(−aαα ϕβ xα ),

xα ϕβ = exp(−aβα ϕβ xα ),

xα f (iDα ) = f (iDα − 1)xα ,

pα f (iDα ) = f (iDα + 1)pα .

The coproducts are given by
∆Dα = F∆0 Dα F −1 = Dα ⊗ 1 + 1 ⊗ Dα = ∆0 Dα ,

∆ϕα = ϕα ⊗ ϕα (no summation),

−1

∆pα = F∆0 pα F = pα ⊗ ϕα + ϕ̃α ⊗ pα ,
X

X

ϕ̃α = exp
iaβα Dβ ,
ϕα = exp
iaαβ Dβ ,
α

β


[ϕα , x̂β ] = eaαβ − 1 x̂β ϕα .

ϕα x̂β = eaαβ x̂β ϕα ,

∆ϕ̃α = ϕ̃α ⊗ ϕ̃α ,

The twist F given in equation (6.1) is abelian and satisfies the cocycle condition. The star
product is associative
xα ∗ xβ = x̂α x̂β ▷ 1 = x̂α ▷ xβ = eaαβ xα xβ ,
xβ ∗ xα = eaβα xα xβ ,

xα ∗ xβ = qαβ xβ ∗ xα ,

X
−1
aαβ Dβ ,
x̂α = mF (▷ ⊗ 1)(xα ⊗ 1) = xα exp
β

(f ∗ g)(x) = mF

−1

(▷ ⊗ ▷)(f (x) ⊗ g(x)).

For aβα = −aαβ , qαβ = exp(2aαβ ) = (cαβ )2 , cαα = qαα = 1, ϕ̃α = (ϕα )−1 .
The ▶ action is defined with
fˆ ▶ ĝ = fˆĝ,
Oα = ϕα ϕ̃α

x̂α fˆ ▶ 1 = x̂α fˆ,
−1

,

Oα ▶ 1 = 1,


x̂α fˆ = Oα ▶ fˆ x̂α ,
ϕα ▶ 1 = 1,


fˆx̂α = x̂α Oα−1 ▶ fˆ ,

pα ▶ 1 = 0,

pα ▶ x̂β = −iηαβ .

Let us define
ŷα = mF̃ −1 (▷ ⊗ 1)(xα ⊗ 1) = xα ϕ̃α = x̂α (ϕα )−1 ϕ̃α = x̂α (Oα )−1 ,
where F̃ = F op , F op = exp
ŷα ▷ 1 = xα ,

P

α,β


aαβ Dβ ⊗ Dα ,

ŷα ▶ fˆ = fˆx̂α .

For aβα = −aαβ , Oα = (ϕα )2 .
[x̂α , ŷβ ] = 0

∀α, β,

ŷα ŷβ = exp(−2aαβ )ŷβ ŷα .

The special case where qαβ = q for α > β and qαβ = q −1 for α < β was studied in [52, 53].
Remark 6.1. For aβα = aαβ it follows that F = F op , x̂µ = ŷµ , [x̂µ , x̂νP
] = 0, ϕ̃µ = ϕµ and
(f ∗ g)(x) = (g ∗ f )(x), but cαα ̸= 1 and pα x̂β − eaαβ x̂β pα = −iηαβ exp
γ iaβγ Dγ . For the
case of one dimension, n = 1, see [18, 117]. Applications to the Fock space representation and
the Calogero model in one dimension were considered in [18].
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Generalization of Yang and triply special relativity models

In Sections 2–5, we have considered quantum deformed phase spaces (for example the Θ canonical space, Lie algebra type spaces, the Snyder space) in which defomation parameters are
proportional to the minimal length l. In Section 6, related to quadratic deformations of quantum phase space, deformation parameters are dimensionless. There are also deformed quantum
phase spaces in which deformation parameters depend on two physical quantities, the minimal
length and the cosmological radius R. These models are generated with NC coordinates x̂µ and
NC momenta p̂µ . A large class of such deformed quantum phase spaces can be described with
algebras containing 2 Snyder algebras as subalgebras, with the same Lorentz algebra generated
with Mµν . They are defined as
[x̂µ , x̂ν ] = iβ 2 Mµν ,

(7.1)

2

[p̂µ , p̂ν ] = iα Mµν ,

(7.2)

[Mµν , x̂λ ] = i(ηµλ x̂ν − ηνλ x̂µ ),

(7.3)

[Mµν , p̂λ ] = i(ηµλ p̂ν − ηνλ p̂µ ),

(7.4)

[Mµν , Mρσ ] = i(ηµρ Mνσ − ηµσ Mνρ − ηνρ Mµσ + ηνσ Mµρ ),

(7.5)

[x̂µ , p̂ν ] = igµν ,

(7.6)

[Mµν , gρσ ] = i(ηµσ gρν − ηνσ gρµ + ηµρ gνσ − ηνρ gµσ ),
2

(7.7)

[gµν , x̂λ ] − [gλν , x̂µ ] = iβ (ηµν p̂λ − ηλν p̂µ ),

(7.8)

[gνµ , p̂λ ] − [gνλ , p̂µ ] = iα2 (ηλν x̂µ − ηµν x̂λ ) = −iα2 (ηµν x̂λ − ηλν x̂µ ),

[gµν , gρσ ] = i [[gµν , p̂σ ], x̂ρ ] − [[gµν , x̂ρ ], p̂σ ] .

(7.9)
(7.10)

These algebras are Born dual, x̂µ ↔ p̂µ , Mµν ↔ Mνµ , gµν ↔ −gνµ , α ↔ β.
Hermitian realizations of x̂µ , p̂µ , Mµν and gµν can be written as
x̂µ =
p̂µ =

1
2
1
2


xµ F + F † xµ + pµ G + G† pµ ,

pµ H + H † pµ + xµ K + K † xµ ,

Mµν = xµ pν − xν pµ ,
gµν = ηµν h0 + α2 xµ xν h1 + h†1 α2 xµ xν + β 2 pµ pν h2 + h†2 β 2 pµ pν + αβ(xµ pν + pν xµ )h3
gµν

+ h†3 αβ(xµ pν + pν xµ ) + αβ(xν pµ + pµ xν )h4 + h†4 αβ(xν pµ + pµ xν ),

− gνµ = 2Mµν αβ h3 + h†3 − h4 − h†4 ,

where F , G, H, K, h0 , h1 , h2 , h3 , h4 are Lorentz invariants depending on x2 , x · p, p2 . For the
Yang model, gµν = ηµν h0 .
Yang quantum phase spaces [44, 118] and tripy special relativity models [55, 105, 106] are
special cases of the above deformed quantum phase spaces. Realizations of these models are more
difficult to construct and will be presented elsewhere. Spinorial Snyder and Yang models from
super algebras and NC quantum super spaces have recently been constructed [68]. Similarly,
generalized spinorial models, super algebras and quantum super spaces can be constructed by
extending the above deformed quantum phase spaces (7.1)–(7.10).
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References
[1] Abreu E.M.C., Mendes A.C.R., Oliveira W., Zangirolami A.O., The noncommutative Doplicher–
Fredenhagen–Roberts–Amorim space, SIGMA 6 (2010), 083, 37 pages, arXiv:1003.5322.
[2] Addazi A., Alvarez-Muniz J., Batista R.A. et al., Quantum gravity phenomenology at the dawn of the
multi-messenger era – a review, arXiv:2111.05659.
[3] Amelino-Camelia G., Testable scenario for Relativity with minimum-length, Phys. Lett B 510 (2001), 255–
263, arXiv:hep-th/0012238.
[4] Amelino-Camelia G., Relativity in spacetimes with short-distance structure governed by an observerindependent (Planckian) length scale, Internat. J. Modern Phys. D 11 (2002), 35–59, arXiv:gr-qc/0012051.
[5] Amelino-Camelia G., Quantum-spacetime phenomenology, Living Rev. Relativ. 16 (2013), 5, 137 pages.
[6] Amelino-Camelia G., Arzano M., Coproduct and star product in field theories on Lie-algebra noncommutative space-times, Phys. Rev. D 65 (2002), 084044, 8 pages, arXiv:hep-th/0105120.
[7] Amelino-Camelia G., Lukierski J., Nowicki A., κ-deformed covariant phase space and quantum-gravity
uncertainty relations, Phys. Atomic Nuclei 61 (1998), 1811–1815, arXiv:hep-th/9706031.
[8] Amelino-Camelia G., Majid S., Waves on noncommutative space-time and gamma-ray bursts, Internat. J.
Modern Phys. A 15 (2000), 4301–4323, arXiv:hep-th/9907110.
[9] Amelino-Camelia G., Smolin L., Starodubtsev A., Quantum symmetry, the cosmological constant and
Planck-scale phenomenology, Classical Quantum Gravity 21 (2004), 3095–3110, arXiv:hep-th/0306134.
[10] Amorim R., Tensor coordinates in noncommutative mechanics, J. Math. Phys. 50 (2009), 052103, 7 pages,
arXiv:0804.4405.
[11] Arzano M., Kowalski-Glikman J., Deformations of spacetime symmetries – gravity, group-valued momenta,
and non-commutative fields, Lecture Notes in Physics, Vol. 986, Springer-Verlag, Berlin, 2021.
[12] Aschieri P., Borowiec A., Pachol A., Observables and dispersion relations in κ-Minkowski spacetime, J. High
Energy Phys. 2017 (2017), no. 10, 152, 27 pages, arXiv:1703.08726.
[13] Aschieri P., Borowiec A., Pachol A., Dispersion relations in κ-noncommutative cosmology, J. Cosmol. Astropart. Phys. 2021 (2021), no. 4, 025, 19 pages, arXiv:2009.01051.
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Phys. 2021 (2021), no. 3, 209, 25 pages, arXiv:2007.14187.
[76] Meljanac D., Meljanac S., Mignemi S., Pikutić D., Štrajn R., Twist for Snyder space, Eur. Phys. J. C Part.
Fields 78 (2018), 194, 9 pages, arXiv:1711.02941.
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[88] Meljanac S., Meljanac D., Samsarov A., Stojić M., Lie algebraic deformations of Minkowski space with
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[98] Meljanac S., Škoda Z., Hopf algebroid twists for deformation quantization of linear Poisson structures,
SIGMA 14 (2018), 026, 23 pages, arXiv:1605.01376.
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[108] Mignemi S., Štrajn R., Snyder dynamics in a Schwarzschild spacetime, Phys. Rev. D 90 (2014), 044019,
5 pages, arXiv:1404.6396.
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