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Abstract. The analog of the Kepler system defined on the Heisenberg group introduced
by Montgomery and Shanbrom in [Fields Inst. Commun., Vol. 73, Springer, New York,
2015, 319–342, arXiv:1212.2713] is integrable on the zero level of the Hamiltonian. We show
that in all other cases the system is not Liouville integrable due to the lack of additional
meromorphic first integrals. We prove that the analog of the two-body problem on the
Heisenberg group is not integrable in the Liouville sense.
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1 Introduction

The idea of studying the Kepler problem, or the problem of n bodies, in a non-Euclidean space
has a long history, but in almost all cases such generalisations were performed in spaces of con-
stant curvature. For a very detailed and critical recent overview of this subject we refer to the
nice article [2].

In [9] the authors considered the question of generalization of the Kepler problem and its
resulting mechanics, based on first principles. The idea was to formulate an analog of the classical
problem in spaces which are homogeneous, isotropic and admit dilations. The last requirement is
very restrictive because among homogeneous Riemannian manifolds only Euclidean ones admit
dilations. The simplest non-Euclidean metric space satisfying all the required properties is the
Heisenberg group of special upper-triangular matrices1 x1 x3

0 1 x2
0 0 1

, xi ∈ R.

An isomorphic representation is obtained by taking new coordinates

x1 = x, x2 = y, x3 = z +
1

2
x1x2,

in which the group action is

(x1, y1, z1) · (x2, y2, z2) =
(
x1 + x2, y1 + y2, z1 + z2 +

1

2
(x1y2 − x2y1)

)
. (1.1)
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This manifold carries a maximally non-integrable distribution spanned by the vector fields

X1 = ∂x −
1

2
y∂z, X2 = ∂y +

1

2
x∂z,

and which define the sub-Riemannian structure. Furthermore, there exists a sub-elliptic Lapla-
cian ∆ := X2

1 +X2
2 for which the fundamental solution to the Poisson equation ∆U = ϱ, with

density ϱ, is known [6]. This makes the analogy complete because one can construct the kinetic
energy with the sub-Riemannian metric, and take the potential as the point-source solution U ;
the Hamiltonian of such Kepler–Heisenberg system is then

H =
1

2

(
px −

1

2
ypz

)2

+
1

2

(
py +

1

2
xpz

)2

− κ

ρ
, ρ :=

√
(x2 + y2)2 + 16z2, (1.2)

where κ is a non-zero real parameter. The properties of this system have been analysed in
[4, 9, 12], where it was shown that it has an invariant submanifold given by z = 0, pz = 0,
pθ = xpy − ypx = 0 on which all trajectories are straight lines. More importantly, it was also
demonstrated that all periodic solutions must lie on the zero-energy level and that the whole
system is Liouville integrable there. This happens because of the quantity J = xpx+ypy+2zpz,
for which J̇ = 2H, and on the level H = 0, it is the third integral of motion next to H and pθ,
with which it commutes.

Remark 1.1. The form of potential in (1.2) is the same as in [4] which is the correction of
that in [9].

We complete the above findings by proving that for all the other values of energy, the sys-
tem is not integrable. In addition, the generalisation of the above system to two bodies is
straightforward, and we prove its non-integrability as well.

2 The Kepler problem

In this section we prove that the Kepler problem on the Heisenberg group is not integrable.
This result will follow as a corollary from a more general theorem. Our proof is based on the
Morales–Ramis theorem [10] which gives the following necessary conditions for the integrability.

Theorem 2.1. If a Hamiltonian system is Liouville integrable, with meromorphic first integrals,
then the identity component of the differential Galois group of variational equations along any
non-constant solution is Abelian.

Two remarks are in order before we jump to application. One is the “fine print” of the
above theorem: if the variational equation is not Fuchsian, then only rational first integrals can
be treated. This will turn out to be the case here, due to the choice of the particular solution.

Secondly, because the Hamiltonian (1.2) itself is not meromorphic, thanks to algebraic po-
tential

V = − κ√(
x2 + y2

)2
+ 16z2

,

a slight modification to Theorem 2.1 is necessary. We describe it in Appendix A.
When applying the above, the main difficulty is connected with determination of properties

of the differential Galois group of variational equations. If they can be reduced to a second
order equation, then we can use the decisive Kovacic algorithm [7]. Sometimes it is possible
to show that the considered variational equations contain as a subsystem an equation for which
the differential Galois group is known, e.g., hypergeometric equation and its confluent form.
Here we give a very useful example which we will apply later.
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Theorem 2.2 (H.P. Rehm, 1979). Assume that complex parameters α ̸= 0, β, and γ of the
parabolic cylinder equation

w′′(z)−
(
α2z2 + 2αβz + γ

)
w(z) = 0 (2.1)

are such that
(
β2 − γ

)
/α is not an odd integer. Then its differential Galois group is SL(2,C).

This theorem was proved in [11] and later in [5] it was proved in another way with the help
of the Kovacic algorithm.

Now we are ready to formulate the following theorem.

Theorem 2.3. Let us consider the system given by the Hamiltonian function

H =
1

2

(
px −

1

2
ypz

)2

+
1

2

(
py +

1

2
xpz

)2

+ V (x, y, z), (2.2)

where V (x, y, z) = W (z, ρ), and W (z, ρ) ∈ C(z, ρ) is a rational function with

ρ =

√(
x2 + y2

)2
+ 16z2.

If there exits a nonzero c ∈ C such that

2a :=
∂V

∂z
(0, 0, c) ̸= 0, (2.3)

then the system is not integrable in the Liouville sense with first integrals which are rational
functions of (x, y, z, ρ, px, py, pz).

Proof. The Hamilton’s equations generated by (2.2) have the particular solution

φ(t) = [x(t), px(t), y(t), py(t), z(t), pz(t)] = [0, 0, 0, 0, c,−2at],

where a ̸= 0 is defined by (2.3). The system linearized along this solution reads

η̇ =



0 1 at 0 0 0
−a2t2 0 0 at 0 0
−at 0 0 1 0 0
0 −at −a2t2 0 0 0
0 0 0 0 0 0
0 0 0 0 C 0

 η, (2.4)

where the variations of [x, px, y, py, z, pz] are [η1, η2, η3, η4, η5, η6], respectively, and explicit form
of C is irrelevant for further considerations.

Note that φ(t) is constant in the configuration space but not in the phase space, and that
the solvable subsystem for η5 and η6 separates completely. It is sufficient to consider only the
remaining components which form the so-called normal variational equations. It is easy to show
that if the system is integrable then the identity component of the normal variational equations
is Abelian. Now the problem is that generally for four-dimensional systems (or equations of order
four) of arbitrary origin there is no decisive algorithm which allows to determine their differential
Galois group or the identity component of this group. Sometimes a higher-dimensional system
splits into systems of lower dimensions or contains as a subsystem of lower dimension. In such
case we say that the system is reducible and the problem is reduced to a simpler one.

Some simplification can be achieved by reverse-engineering the solution described below in Re-
mark 1.1, but there is a more systematic approach: to check for factorisation. This can be done



4 T. Stachowiak and A.J. Maciejewski

algorithmically, and we include the general outline in Appendix B. In order to obtain a par-
ticularly simple splitting of the variational equation, we modified the resulting transformation
slightly, and performed the following non-canonical change of variables

q1 = x+ iy, h1 = px + ipy +
i

2
pz(x+ iy),

q2 = x− iy, h2 = px − ipy −
i

2
pz(x− iy),

q3 = z, h3 = pz. (2.5)

In new variables, the equations of motion read

q̇1 = h1, ḣ1 = ih1h3 −
i

2
q1

[
∂W

∂z
(q3, χ) +

4(4q3 − iq1q2)

χ

∂W

∂ρ
(q3, χ)

]
,

q̇2 = h2, ḣ2 = −ih2h3 +
i

2
q2

[
∂W

∂z
(q3, χ) +

4(4q3 + iq1q2)

χ

∂W

∂ρ
(q3, χ)

]
,

q̇3 =
i

4
(q1h2 − q2h1), ḣ3 = −∂W

∂z
(q3, χ)− 16

q3
χ

∂W

∂ρ
(q3, χ),

where χ =
√
q21q

2
2 + 16q23. The considered particular solution of these equations is

φ(t) =
[
q1(t), h1(t), q2(t), h2(t), q3(t), h3(t)

]
= [0, 0, 0, 0, c,−2at],

where c ̸= 0, and the existence of a non-zero a is guaranteed by (2.3). Now the variational
equations have the form

η̇ = Aη, A :=

A1 0 0
0 A2 0
0 0 A3

, (2.6)

where

A1 :=

[
0 1

−ia −2iat

]
, A2 = A⋆

1, A3 :=

[
0 0
C 0

]
.

The subsystem corresponding to variables (η1, η2) reads

η̇1 = η2, η̇2 = −iaη1 − 2iatη2.

We rewrite it as a second order equation

η′′1 + 2iatη′1 + iaη1 = 0. (2.7)

Making the following change of dependent variable

η1(t) = w(t)e−iat2/2 (2.8)

we obtain the reduced form of equation (2.7)

w′′(t) + a2t2w(t) = 0. (2.9)

The transformation (2.8) does not change the identity component of the differential Galois group
of the equation. Now, equation (2.9) is a particular case of parabolic cylinder equation (2.1)
with α2 = −a2 and β = γ = 0, so, by Theorem 2.2, its differential Galois group is SL(2,C).
As SL(2,C) is connected its identity component is the whole group. So, it is not Abelian, and,
by Theorem 2.1, the system is not integrable. ■
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Condition (2.3) expressed by function W (z, ρ) reads

2a :=
∂W

∂z
(c, 4|c|) + 4

c

|c|
∂W

∂ρ
(c, 4|c|) ̸= 0. (2.10)

Thus if W (z, ρ) depends only on ρ, that is W is a non-constant rational function of ρ, then
condition (2.10) is satisfied. Since for the Kepler potential W (z, ρ) = −κ/ρ, the above theorem
proves in particular:

Corollary 2.4. The Kepler–Heisenberg problem, as formulated by Montgomery and Shanbrom
in [9], is not integrable in the Liouville sense with rational first integrals.

Remark 2.5. It is worth noticing that the general solution of equation (2.7) is

η1(t) =
√
ze−iat2/2

[
C1J 1

4

(
at2

)
+ C2Y 1

4

(
at2

)]
,

where Jα(z) and Yα(z) are Bessel functions of the first and second type, respectively; C1 and C2

are arbitrary complex constants. At this point it becomes clear that the Galois group cannot
be solvable, because the Bessel functions are Liouvillian only when their order is half an odd
integer [7].

3 Two-body problem

Having dealt with the original generalisation of the Kepler problem proposed in [9], a natural
question arises about the two-body problem. In the classical Kepler problem, there is no funda-
mental difference between one and two bodies: the latter still leads to the Kepler problem for
a single body of reduced mass, revolving around the center of mass. The reduction is possible
due to the symmetries of the Euclidean space, which generate boosts, and correspond closely
to the motion: relative positions of two particles follow a geodesic. This is not the case for the
Heisenberg group, where the group operation (1.1) does not preserve geodesics, as discussed
in detail by the authors of [9] – the difference leads them to pose the integrability question also
for the two-body case. In what follows, we give a decisive answer: the two-body problem on the
Heisenberg group is not integrable.

For two point masses m1 and m2, whose positions are group elements gk = (xk, yk, zk) we
will take the Hamiltonian to be

H =
1

2m1

((
px1 −

1

2
y1pz1

)2

+

(
py1 +

1

2
x1pz1

)2)
+

1

2m2

((
px2 −

1

2
y2pz2

)2

+

(
py2 +

1

2
x2pz2

)2)
+ V

(
ρ
(
g−1
1 · g2

))
, (3.1)

where the potential is specified by

V (ρ) = −κm1m2

ρ
, ρ(g) =

√(
x2 + y2

)2
+ 16z2.

We note that the following first integrals are “known”:

I1 = px1 +
1

2
y1pz1 + px2 +

1

2
y2pz2 , I2 = py1 −

1

2
x1pz1 + py2 −

1

2
x2pz2 ,

I3 = pz1 + pz2 = {I1, I2}, I4 = y1px1 − x1py1 + y2px2 − x2py2 ,

and they satisfy

{I1, I4} = I2, {I2, I4} = −I1.
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Additionally, as for the Kepler–Heisenberg problem,

J = x1px1 + y1py1 + 2z1pz1 + x2px2 + y2py2 + 2z2pz2 ,

is such that J̇ = 2H. That is, we have 5 first integrals, although they do not all commute, and
on the zero-energy level J becomes the sixth integral. The question, as before, is whether there
exist enough (here: six) commuting integrals.

Now, we make linear canonical transformation

u1 =
1√
2
(y1 − ix1), pu1 =

1√
2
(py1 + ipx1),

v1 =
1√
2
(y1 + ix1), pv1 =

1√
2
(py1 − ipx1),

w1 = z1 + z2, pw1 =
1

2
(pz1 + pz2),

u2 =
1√
2
(y2 − ix2), pu2 =

1√
2
(py2 + ipx2),

v2 =
1√
2
(y2 + ix2), pv2 =

1√
2
(py2 − ipx2),

w2 = z1 − z2, pw2 =
1

2
(pz1 − pz2).

In the new variables the Hamiltonian reads

H =
((pw1 + pw2)u1 − 2ipv1)((pw1 + pw2)v1 + 2ipu1)

4m1

+
((pw1 − pw2)u2 − 2ipv2)((pw1 − pw2)v2 + 2ipu2)

4m2
− κm1m2

ρ12
,

where

ρ12 = 2
√
(u1 − u2)2(v1 − v2)2 − (v1u2 − v2u1 + 2iw2)2.

The particular solution is almost as before

pw1 = pw1(0), pw2 = −2at, a =
m1m2κ

8w2|w2|
, w2 = w2(0), w1 = w1(0),

and all other phase variables equal to zero. The solution must not be constant, so w2(0) ̸= 0,
but other parameters are not restricted.

Linear variations of the variables (u1, pv1 , u2, pv2 , v1, pu1 , v2, pu2 , w1, w2, pw1 , pw2), which we
will denote by ξ = (ξ1, . . . , ξ12), then satisfy the variational equations

ξ̇ = Aξ, A =

A1 0 0
0 A2 0
0 0 A3

, (3.2)

where

A1 =


τ − τ0 1 0 0

(τ − τ0)
2 τ − τ0 −1 0

0 0 −µ(τ + τ0) µ
1 0 µ(τ + τ0)

2 −µ(τ + τ0)

, A3 =


0 0 0 0
0 0 0 0
0 0 0 0
0 4i/w2 0 0

,
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and

A2 =


τ0 − τ 1 0 0

(τ0 − τ)2 τ0 − τ 1 0
0 0 µ(τ + τ0) µ
−1 0 µ(τ + τ0)

2 µ(τ + τ0)

.
To obtain the above form we use the following rescalings

t = m1τ, a =
i

m1
, µ =

m1

m2
, pw1 = 2iτ0.

Theorem 3.1. If µ ̸= −1 then the two-body problem on the Heisenberg group is not integrable
in the Liouville sense.

Proof. If the system generated by (3.1) is integrable then by Theorem 2.1, the identity com-
ponent of differential Galois group of variational equations (3.2) is Abelian. This implies that
the same property is shared by the differential Galois groups of the subsystems of (3.2), which
have the form η̇ = Aiη, η ∈ C4, for i = 1, 2, 3. We consider the first of them. It has particular
solution

η(τ) = (1, τ0 − τ, 1, τ0 + τ). (3.3)

Using the d’Alambert method, see [14], we can reduce the dimension of the system by one.
But assuming that τ0 = 0 we achieve more. Namely, linear transformation η 7→ Qη with
Q = Q(τ) given by

Q =


1 0 0 0
−τ 1 0 0
1 2τ −1 0
τ −1− 2τ2 τ − 1

µ

,
brings it to the form η̇ = Ã1η, where

Ã1 = Q−1

(
A1Q− d

dτ
Q

)
=


0 1 0 0
0 0 1 0
0 p2 p1 1
0 0 0 0

, p1 = 2(1− µ)τ, p2 = 3 + µ+ 4µτ2.

Thus the transformed system has block-triangular structure which is quite simple: the first
coordinate does not enter, while the fourth is constant. In other words, to obtain a particular
solution, it is enough to assume η4 = 0, and choose the subsystem corresponding to the second
and third components:

η′2(τ) = η3(τ),

η′3(τ) = p2(τ)η2(τ) + p1(τ)η3(τ).

As a single equation it reads

η′′2 = 2(1− µ)τη′2 +
(
3 + µ+ 4µτ2

)
η2,

which, after the change η2 = exp
[
(1− µ)τ2/2

]
w(τ), becomes

w′′(τ)− (1 + µ)
[
2 + (1 + µ)τ2

]
w(τ) = 0. (3.4)
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It is, again, the parabolic cylinder equation (2.1) with parameters

α2 = (1 + µ)2, β = 0, γ = 2(1 + µ).

Let us assume that µ ̸= −1. Then α ̸= 0 and

β2 − γ

α
= −2 sgn(1 + µ)

is not an odd integer. Hence, by Theorem 2.2 the differential Galois group of equation (3.4)
is SL(2,C). This ends the proof. ■

The case µ = −1 is difficult to study. Considering variational equations with τ0 = 0 we do
not obtain any obstacles for integrability. Moreover, taking non-zero τ0 we are unable to reduce
the problem to study a second order differential equation. Nevertheless we are able to show the
following.

Theorem 3.2. If µ = −1 then the two-body problem on the Heisenberg group is not integrable
in the Liouville sense.

Proof. As in the previous proof we consider subsystem of variational equations (3.2) corre-
sponding to the matrix A1 but now we fix µ = −1 and τ0 = 1. Then, using particular solu-
tion (3.3) we reduce its dimension to 3. But now to achieve this we make linear transformation
η 7→ Qη̃ with Q = Q(τ) given by

Q =


1 0 0 0

τ − 1 1 0 0
−1 0 −1 0
τ + 1 −1 τ + 1 1

.
We get η̇ = Ã1η, where

Ã1 = Q−1

(
A1Q− d

dτ
Q

)
=


2(τ − 1) 1 0 0

0 0 1 0
4 −2 2(τ + 1) 1
0 0 0 0

.
Assuming that η4 = 0 we consider system of first three equationsη′1η′2

η′3

 =

2(τ − 1) 1 0
0 0 1
4 −2 2(τ + 1)

η1η2
η3

. (3.5)

It is important to notice that the only singularity of this system is τ = ∞, so all its solutions
are holomorphic on the whole complex plane. We prove that it does not have any Liouvillian
solution and thus its differential Galois group is not solvable. To apply conditions formulated
in [13], we rewrite system (3.5) as the third order equation

η′′′2 − 4τη′′2 + 4
(
τ2 − 1

)
η′2 − 4τη2 = 0,

and then we substitute η2 = v(τ) exp
[
2τ2/3

]
. As the result we obtain equation

v′′′ − 4

3
τ2v′ +

4

27
τ
(
4τ2 − 63

)
v = 0, (3.6)

whose differential Galois group is a subgroup of SL(3,C). According to [13] if this equation has
a Liouvillian solution, then there are three possibilities:
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(1) it has a solution whose logarithmic derivative v′/v is rational, or

(2) it has three linearly independent solutions whose logarithmic derivative v′/v are algebraic
of order 3, or

(3) all its solutions are algebraic.

If none of the above cases occur, then the equation has no Liouvillian solution. Unfortunately,
a direct application of the “necessary conditions for case 1” given in [13, p. 9] shows that these
conditions are fulfilled. In order to exclude this case we have to use the full algorithm for
checking if the equation admits an exponential solution, or just use a computer algebra system
to check it. We use the Maple algebra system function exp_sol applied to equation (3.6), and
it does not give any exponential solution.

The equation is not Fuchsian – with one irregular singular point at infinity. This is why the
third case is excluded.

According to “necessary conditions for case 2” given in [13, p. 12], if this case occurs then
the third symmetric power of equation (3.6) has a solution of the form

v = P (τ)

s∏
i=1

(τ − τi)
αi , (3.7)

where P (τ) is a polynomial, τi is a singular point, and αi is an exponent at this point. More-
over αi is a half integer for i = 1, . . . , s. Calculations, with the help of Maple, show that the
third symmetric power of equation (3.6) is an equation of order 10 which has 15 regular singular
points τi ∈ C. They are roots of the following polynomial

S(τ) := τ
(
3456 τ14 − 271680 τ12 + 8200960 τ10 − 119918560 τ8 + 854800080 τ6

− 2391850656 τ4 + 71751150 τ2 − 229734225
)
.

At each of these points αi ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 10}. The infinity is an irregular singular point
with only one exponent α∞ = 2. From the above facts it follows that if a solution of the
form (3.7) exists then it is a polynomial, but then there must be an exponent at infinity which is
equal to minus the degree of this polynomial. As there is no such exponent the second case does
not occur. To conclude, equation (3.6) does not admit any Liouvillian solution, so the identity
component of its differential Galois group is not Abelian. ■

4 Concluding remarks

Our main goal was to answer the question of Montgomery and Shanbrom about integrability
of the (simple) Kepler problem on the Heisenberg group. The answer turned out to be negative,
but several generalisations became immediately apparent. First, the potential had a specific
radial/axial symmetry, and a whole general class of such potentials could be included; second,
and more important, the two-body problem could be formulated in a natural way. We thus
extended the analysis, and managed to show, that with reasonable assumptions those extensions
were also non-integrable.

We note that potentials not satisfying condition (2.3) can be found, such as

V = z2
(
x2 + y2

)2
= z2

(
ρ2 − 16z2

)
, or V =

(
x2 + y2

)2
R(z, ρ),

where R(z, ρ) is not divisible by
(
x2 + y2

)2
. Integrability of these potentials remains an open

question. One possible way of investigation of such cases is the application of a variant of the
direct method. However, we were unable to find any integrals which were polynomials of low
degree in momenta. It remains an open question whether our result can be extended to a wider
functional class of first integrals, but each case requires a completely different set of methods
than those used here, and as such is a subject for separate investigation.
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A Systems with algebraic Hamiltonians

First, let us remark that Theorem 2.1 also holds for a general Poisson system [1]. When the
Hamiltonian function is algebraic but not meromorphic, we cannot apply this theorem directly.
One solution is to find an extension of the phase space (by including additional variables) in such
a way, that the original Hamiltonian lifts to a meromorphic one, and the extended system
is Hamiltonian with respect to a degenerate Poisson bracket, which reproduces the original
problem.

The construction below is a modification of that given in [8], where the reader will find more
details and proofs. Let us consider an n degrees of freedom Hamiltonian system with canonical
coordinates q, p ∈ Cn, with algebraic HamiltonianH(q, p) such thatH(q, p) = K(q, p, u), where u
is algebraic over C(q) with minimal polynomial P (u) ∈ C(q)[u], and K(q, p, u) ∈ C(q, p, u) is
a rational function of its arguments x = (q, p, u) ∈ C2n+1. We introduce the following system

ẋ = J(x)∇xK(x), (A.1)

where J(x) is (2n+ 1)× (2n+ 1) matrix of the form

J(x) :=

 0 1n 0
−1n 0 1

∂uP
∇qP

0 − 1
∂uP

∇qP 0

,
with 1n equal to the n× n identity matrix. It defines the Poisson bracket

{f, g}(x) := (∇xf(x))
TJ(x)∇xg(x),

where f and g are smooth functions. The rank of matrix J(x) is 2n and the only Casimir
function of the bracket is P (u).

Lemma A.1. If (q(t), p(t), u(t)) is a solution of equations (A.1) with P (u(t)) = 0, then
(q(t), p(t)) is a solution of Hamilton’s equations

q̇ = ∇qH(q, p), ṗ = −∇pH(q, p).

We omit the proof, as it is rather direct, and ask the interested reader to follow the explanation
and steps given in [8, Section 2]. This lemma gives us what is needed, that is we reproduce the
original system as a Hamiltonian one with respect to a degenerate Poisson structure defined by
rational matrix J(x), and with rational Hamiltonian function K(x).

The above general considerations justify the meromorphic assumptions of the Morales–Ramis
theory, but of course for practical purposes the calculations can be performed in the original
coordinates.

B The factorization algorithm

We outline the reduction of the variational system (2.4), following the notation of [3].

Take the nontrivial block of the VE, with a = 2 (specific z0 in the particular solution),
which is

η̇ =


0 1 2t 0

−4t2 0 0 2t
−2t 0 0 1
0 −2t −4t2 0

 η, (B.1)
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and construct the associated system, which is its second external power, i.e., the differential
equation for an antisymmetric matrix W , which reads

Ẇ = AW −WTAT,

where A is the coefficient matrix in (B.1). The matrix W has 6 components, so we are effectively
dealing with a six-dimensional linear system

Ẏ =



0 0 2t −2t 0 0
0 0 1 1 0 0

−2t −4t2 0 0 1 2t
2t −4t2 0 0 1 2t
0 0 −4t2 −4t2 0 0
0 0 −2t 2t 0 0

Y.

The next task in the algorithm is to find an exponential solution Y . In the above matrix, the
third and fourth rows (and columns), can be combined to eliminate some of the t2 terms, and
a simple basis permutation gives the similarity transform to the following block diagonal form

[
A1 0
0 A2

]
, A1 = t

0 −2 0
4 0 −4
0 2 0

, A2 =

 0 t2 0
−8 0 t2

0 −8 0

.
The first block can be solved with the exponential factor exp

(
±2it2

)
, and, surprisingly, we

recover two solutions of the associated system in one step. They read:

Y1 = exp
(
2it2

)
[−1, 0,−i, i, 0, 1]T, Y2 = exp

(
−2it2

)
[−1, 0, i,−i, 0, 1]T.

We next check the Plücker condition z03z12 − z02z13 + z23z01 = 0, taking for each solution
Yk = [z01, z02, z03, z12, z13, z23]. In our case, it is trivially satisfied for each Yk, and that means
that the respective operators

MΨ =


z12 −z02 z01 0
z13 −z03 0 z01
z23 0 −z03 z02
0 z23 −z13 z12


have non-trivial kernels spanned by some {ei} – these need to be combined, and possibly com-
pleted, to form the new basis. Each kernel is two-dimensional here, so we get e1 and e2 from Y1,
and e3 and e4 from Y2, which can be collected as columns in the full basis

Q =


0 −i 0 i
−i 0 i 0
0 1 0 1
1 0 1 0

, det(Q) = −4.

Making the transformation, turns the VE into the block-diagonal form

Q−1AQ =


2it −4t2 0 0
1 2it 0 0
0 0 −2it −4t2

0 0 1 −2it

. (B.2)

That the form is not merely block-triangular is thanks to the previous step yielding, by chance,
enough of the ei.
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Note that Q works regardless of the value of a, so it can immediately be lifted to a linear
canonical transformation in the original variables:

u =
1√
2
(y − ix), pu =

1√
2
(py + ipx),

v =
1√
2
(y + ix), pv =

1√
2
(py − ipx),

after which the Hamiltonian becomes

H =

(
1

2
upz − ipv

)(
1

2
vpz + ipu

)
− α

2
√
u2v2 + z2

.

The VE along our particular solution are block-diagonal in the variables [u, pv, v, pu], but we
note that they are quadratic in time, as in (B.2). This can be further simplified, by adding
non-linear terms in the transformation of the original variables, as is done in the main text
in (2.5) leading to linear VE in (2.6).
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