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Abstract. We rigorously derive the long-time asymptotics of the Toda shock wave in
a middle region where the solution is asymptotically finite gap. In particular, we describe
the influence of the discrete spectrum in the spectral gap on the shift of the phase in the
theta-function representation for this solution. We also study the effect of possible resonances
at the endpoints of the gap on this phase. This paper is a continuation of research started
in [arXiv:2001.05184].

Key words: Toda equation; Riemann—Hilbert problem; steplike; shock

2020 Mathematics Subject Classification: 37K40; 35Q53; 37TK45; 35Q15

1 Introduction

The Toda shock wave describes the motion of an infinite chain of particles with nonlinear nearest
neighbor interactions when the chain is excited with shock type initial conditions. We are
interested in the effect the eigenvalues in the spectral gap of the associated Lax operator have
on the asymptotic behavior of the shock wave. The Toda shock wave is generated by the solution
of the following initial value problem for the Toda lattice [23, 24]

d- . -
1) = 2(a(n,t)* — a(n — 1,4)%),

%d(n,t) — i ) (n+ 1,t) —b(n,1)),  (n,1) €Z xRy, (1.1)

with a steplike initial profile {a(n,0), b(n, 0)} such that

a(n,0) = ax, b(n,0) — by, as n — Foo, (1.2)
where a+ > 0 and b+ € R satisfy the condition

b_ +2a_ < by — 2ay. (1.3)

This condition fixes the position of the background spectra relative to each other; their mutual
location produces essentially different types of asymptotic solutions [20]. The notion of the Toda
shock wave [4, 5] was traditionally associated with symmetric initial data

a(n —1,0) = a(—n,0), b(n,0) = —b(—n,0), (1.4)
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and the background constants a_ = a4 = %, by = —b_ > 1. The asymptotic of the solution
of (1.1) for the particular case

a(n,0) b(n,0) = bsgnn, n € Z, where sgn0 =0, (1.5)

%
was studied in the pioneering work [25] by Venakides, Deift, and Oba in 1991. By use of the Lax—
Levermore approach they established that in a middle region of the half plane (n,t) € Z x Ry,
the asymptotic of the shock wave (1.1), (1.5) is described by a 2-periodic solution of the Toda
lattice. They also showed that the asymptotic undergoes a phase shift caused by the presence
of a single eigenvalue at A = (0. We refer to this middle region of periodic asymptotics as VDO
region,! compare Figure 1.

In this paper, we offer a derivation and rigorous justification of the asymptotic for (1.1)—(1.3)
in the VDO region using the vector Riemann—Hilbert problem (RHP) approach. We allow more
general initial data (1.2) with arbitrary positive at and by satisfying (1.3). In particular, the
novel features are:

e an arbitrary discrete spectrum,

e possible resonances at the edges of the continuous spectrum,

e 10 symmetry assumption (1.4),

e a partial revision of results in [25] including estimates on the error terms,

e a finite gap (two band) asymptotic due to spectra of different length.

The vector RHP approach in the context of the Toda problem was proposed in [6] and
further developed in [2, 12, 17, 18, 19]. We use standard conjugations/deformations such as the
g-function technique [8] which proved its efficiency in steplike cases. A suitable g-function for
the VDO region replaces the standard phase function and makes it possible to apply the lense
mechanism. It also provides a characterization of the boundaries of the sectors (see Figure 2)
where the asymptotics are given by a finite gap solution of (1.1) with unaltered phase. We des-
cribe the g-function for the VDO region as an Abel integral on the Riemann surface associated
with the continuous two band spectrum of the underlying Jacobi operator of (1.1) in Section 3.

Before we state our main theorem, let us first note that without loss of generality it is
sufficient to study the case of background spectra [b — 2a,b+ 2a] U [—1,1]. Indeed, assume that
the vector-function (&(t),g(t)) = {d(n,t),i)(n,t)} is the solution of (1.1)—(1.3). Then the
function (a(t),b(t)) given by

a(n,t) = 1&( ! >, b(n,t) = ll~7<n, t) — by, n €7,

n., —
2(1_;,_ ’ 2a+

neL

satisfies the initial value problem

1) = 2(atm 07—l 1,07,

dt
%a(n,t) — o b+ 1,8 —b(n,t)),  (nt) €Z x Rs, (1.6)
a(n,0) — %, b(n,0) = 0, n — +oo; a(n,0) = a, b(n,0) =b, n— —oo,
with
b+2a < —1, (1.7)

where we denoted b:=b_ — b4, a:= s

'Precise boundaries for the VDO region in our general case are given by (3.5)—(3.7).
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Hence it suffices to study the shock wave (1.6)-(1.7). We assume that the initial data tend
to the background constants exponentially fast with some small rate p > 0,

> fu

Figure 1 demonstrates the behavior of the Toda shock wave corresponding to the initial data
a(n,0) = , n € Z; b(n,0) = —4, n < 0; b(0,0) = —1.7, b(n,0) = 0, n > 0, at a large but
fixed time t = 200. Such initial data have one eigenvalue in the gap and the background spectra
are of equal length. Hence the asymptotic of the shock wave in the VDO region is periodic
with period 2 and exhibits one phase shift. In the left and right modulation regions (MR) the
asymptotic is a modulated single-phase quasi-periodic Toda solution as discussed in [11].

a(n,0) — 1‘ + [b(n,0)| + |a(—n,0) — a|] + |b(—n, 0) — b\) < 00. (1.8)
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Figure 1. Numerically computed Toda shock wave with one eigenvalue.

The initial data (1.8) can have a finite discrete spectrum. We enumerate the eigenvalues \;
in the gap (b+2a, —1) increasingly starting from the leftmost; let X be the number of eigenvalues
in the gap. Given an arbitrary? small € > 0, the VDO region consists of X 4+ 1 disjoint regions

{mt)ezf[@+s@1—d}

as depicted in Figure 2, where §; are the points £ at which the level line Reg(A,§) = 0 of
the g-function (cf. Section 3) crosses R at A;. We denote by & and &w4q the points where
Reg(b + 2a,&) = 0 and Reg(—1,&x41) = 0, and the rays ¥ = &xq1 and 3 = & determine

2The maximal value of ¢ which is admissible for our purpose is specified in Section 4.
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Figure 2. The VDO region.

the outer boundaries of the VDO region. With each interval 7? we associate a shift phase A;
(not depending on ¢) expressed in terms of the initial scattering data for the solution of (1.6)
and (1.8) (see (4.16) below). For each A; one finds via Jacobi’s inversion problem (3.12) the
initial Dirichlet divisor and the unique finite gap solution {d(n,t,Aj),l;(n,t,Aj)} from the
isospectral set associated with the two-band spectrum & := [b — 2a,b + 2a] U [—1,1]. Our main
result is

Theorem 1.1. Let {a(n,t),b(n,t)} be the solution of the initial value problem (1.6)~(1.7), (1.8)
and let n — oo, t — oo with § € T2, where € > 0 is an arbitrary, sufficiently small number.
Let {&(n,t, Aj), Z)(n,t, Aj)} be the finite gap solution associated with the spectrum & and with
the phase Aj given by (3.16), (4.16), (4.6), (4.12), (4.11), (2.23). Then there exists C(g) > 0
such that

b(n,t) = b(n,t,A;) + O(e” ) a(n,t) = a(n,t,A) + O(e" 1), (1.9)
zi+2 !
The shift of the phases at the point \; = J+23 € (b+2a,—1) of the discrete spectrum is given by
zis—1 SN
qql log e |P~(s)|ds

A=Ay =2t —an ma— P =y 06— ) a7,

where q and q1 are defined by (2.6).

Remark 1.2. (i) For initial data (1.8) the scattering data consist of the modulo of the right
transmission coefficient |T'(\)| given on [b — 2a,b + 2a], the right reflection coefficient R(\)
on [—1,1] and the discrete spectrum on R\ ([b — 2a,b + 2a] U [—1,1]). As expected, we see that
R()) and the discrete spectrum to the right of A; do not influence the asymptotic in the sector
el

(#3) The error terms in (1.9) are of order O(e*C(E)t) and thus significantly better than the
estimate O(t_l) one would expect by analogy with the error estimates in the modulation re-
gions [11]. The error terms in (1.9) were obtained by a careful analysis of the relations between
the analytic continuation of the scattering functions. These relations allowed us to prove that
there are no parametrix points [7] in the RHP for the VDO region.

(731) We use vector RHP statements instead of matrix statements (as do [1, 10, 14, 15, 22] in
the case of the KAV equation with steplike initial data), because the matrix statements for the
shock wave are ill-posed for certain arbitrary large values of n and ¢ in the class of invertible
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matrices with L2-integrable singularities on the jump contour, for both the initial and model
RHPs. This fact for Toda shock can be established similarly as for the KdV case [13]. One would
have to admit then additional poles for solutions outside the discrete spectrum in the matrix
statements. This makes proving uniqueness of the solutions far more difficult. The statements
of the RHPs in vector form together with additional symmetries to be posed on contours, jump
matrices and on the solutions itself imply uniqueness almost straightforward. However, for the
final small-norm arguments we need to construct an invertible matrix model RHP solution.
It has poles and it might not be unique, but the corresponding error vector function has no
poles. Such a solution is given in Lemma 5.4.

(7v) Unlike to KdV, for the Toda equation with non-overlapping background spectra, the
statements of the RHPs associated with left and right initial data look identical. The proper
choice of the initial statement for the RHP can essentially simplify the further analysis in a given
region of space-time variables Z xR (cf. [12]). For the VDO region both choices are appropriate.

2 Notations and statement of the initial holomorphic RHP

To maintain generality of the presentation while keeping notations short, we formulate all pre-
liminary facts on the inverse scattering transform for the steplike initial profile in terms of the
spectral variables zy associated with the initial data (1.2), (1.3). First of all, let us list some
well known properties of the scattering data for the steplike Jacobi operator H(t) involved in the
Lax representation %H (t) = [H(t), A(t)] for the initial value problem (1.1), (1.2). This problem
has a unique solution (cf. [23]). Assume that the coefficients of the initial Jacobi operator H(0)
tend to the limiting (or background) constants ay, by with a first summable moment of pertur-
bation, that is, n(a(n,0) —a+) € £*(Z+) and n(b(n,0) —by) € £*(Z). Then the unique solution
{a(t),b(t)} of (1.1) satisfies

n(a(n,t) —ay) € 1(Zy), n(g(n, t)—by) € (NZy). (2.1)
With this condition fulfilled, introduce some notations and notions.

e The background Jacobi operators

Hiy(n) = a+y(n — 1)+ biy(n) + ary(n + 1), n € Z,

have spectra o4 = [by — 2a+,bs + 2a4] which do not overlap, and by (1.3) satisfy
supo_ < infoy.

e The Joukovski maps z4 = z+ () of the spectral parameter A are given by
A=by +ax(zx + 211, zy: clos(C\ox) — |zx| < 1.
The map z4 — z_ is one-to-one between the domains Dy and D_, where
Dy = {24 |24| < 1,24 ¢ 24(05)}.

The functions {zi”}n 7, are called the free exponents. They solve the background spectral
equations Hyy(n) = Ay(n).

e The operator H(t) has an absolutely continuous spectrum on the set o Uo_ and a finite
discrete spectrum oq, which we divide into three parts,

ot ={\; €oq: \j <b_ —2a_}, agight ={\j €0q: \j > by +2a4},
o5 ={\j €0q: b +2a_ < \j < by —2a}.

The points zjj-E = z+(A\j) € D+ N (=1,1), \j € o4, are also called points of the discrete
spectrum.
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e The Jost solutions of the spectral equation
a(n — 1,0)%* (A —1,6) + (b(n, t) = \)= (A, n, t) + a(n, )= (A, n+ 1,£) = 0
are normalised as

lim (z2)TWE O\, n,t) =1, A€ clos(C\ o4).

n—+oo

We can consider them as functions of z+ in the closures of Di. Their Wronskian

W(A) = a(n —1,0) (- (A\,n — 1,004 (A, 1,0) — ¢ (A, n — 1,0)_(\,n,0)) (2.2

is an important spectral characteristic of the steplike scattering problem. It can be treated
as an analytic function of z4 in clos D4. The points z]jE are its simple zeros, and ¢+ (\j, n, t)

are the (dependent) eigenfunctions.
e The normalising constants are introduced by
:l:)fl .

9 )
(Zwi()\j,n,t)> - ’ij't<t) = ’Y;-_L(O)e 5 (5

neZ
e The scattering relations

Ti()\, t)wq:()\, n, t) = Ri()\, t)wi()\, n, t) + wi()\, n, t) (2.3)
hold on the sets |z4| = 1.

e The time evolution of the scattering data is given by

Ri(\t) = Ri()\,O)eiZi;Z£1 for |zi| =1,
TP = [T, 0 P75 for |zg| = 1. (2.4)

Relations (2.3) and (2.4) hold under condition (2.1) which guarantees existence and good ana-
lytical properties of the Jost solutions. The function |74 (A, 0)|? cannot be continued analytically
outside the domain |z¢| = 1. However, if the initial data tend to the limiting constants expo-
nentially fast with a rate p > 0 (cf. (1.8)), then the right hand side of the *-scattering relation
continues analytically in the domain 1 — p < |z4| < 1, and the respective equality (2.3) is pre-
served. In particular, the reflection coefficient Ry (A, 0) continues in the domain 1—p < |z4| < 1,
and the function y(A) defined in (2.23) below can be continued analytically in both domains.

The vector RHP connected with the scattering problem for H (t) can be stated in two ways,
based either on the right or left scattering data. The correct choice of the scattering data which
significantly simplifies the further analysis depends on the region of the (n,t) half-plane for
which the asymptotic of (1.1)—(1.3) should be derived. In our situation, the VDO region on
the Z x Ry half plane could be analysed via left or right RHP and both cases are equivalent in
structure and complexity of steps. To state a proper vector RHP we proceed as follows.

Let M be the two-sheeted Riemann surface associated with the function

wh) = (A= b2)? = 4(a2)?) (A — bs)? — 4(as)?)) ",

with glued cuts along o4 and o_. Denote a point on M by p = (A, £). On the upper sheet of M
introduce two 1 x 2 vector-functions M™*(p,n,t) := M*(p) (here variables n and t are treated
as parameters) by

M*(p) = (T (N, ) (A n, 8) (22 (N)"™ e (A, n, 1) (22(N) "), p=(A+).
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The first component of each function is a meromorphic function of p on the upper sheet on M
with simple poles at points of o4 and known residues. At infinity M*(p) have finite values and
the product of components is equal to 1 [12]. Let us extend each function M + to the lower
sheet by

M*(p*) = M*(p)ou, (2.5)

where 1 = ({{) is the first Pauli matrix and p* = (), —) is the involution point for p = (A, +).

With this extension, both functions have jumps along the boundaries of the sheets on M, and
these jumps can be easily evaluated. The jump problems together with normalisation conditions
Mt (0ot ) MiF(00-) = 1, residue conditions at points of o4 and o}, and symmetry condition (2.5),
form the content of the left and right RHPs associated with (1.1)—(1.3).

In this paper, we use the traditional RHP statement based on the right scattering data
in terms of the variable z;. As discussed in the introduction, we restrict ourselves to the case

1
a+:§, by =0, a_=a>0, b_ =0, b+ 2a < —1,

and denote by & = [b — 2a,b + 2a] U [—1, 1] the continuous spectrum of the Jacobi operator
involved in (1.6). To ease notations, we omit from here on the subscript “+” in the notations
and set

-1
AN =), A= s,
q=z(b—2a), q1 = z(b+ 2a), zj = 24 (Nj), v = fy;f(O). (2.6)
1

Remark 2.1. We use the formal notation z; € oy, Jgap if \j = i +2ZJ € oy, Ugap, respectively.
Let us enumerate the points z; starting from aiap, that is,

“l<zm<- <2z <q, N = Card o§™.
All remaining points of the discrete spectrum will lie outside of o§.

Further notations are

R(z) := R4+ (X, 0) for |z| =1,

Bz t) = p(An,t)  for |2 <1,

T(z,t) =Ty (N 1), Pregt (2,1, ) = P_(A(2),n,t) for zeD, (2.7)
where

D={z:|z| <1, z¢ [q,q]} (2.8)

The domain D is in one-to-one correspondence with the upper sheet of M (we treat sheets as
open sets) with

z:)\—m<—>p:()\,+), z € D.
The domain

D* = {z: e D} (2.9)
corresponds to the lower sheet by

=MV -1 pt =\ ).
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Therefore, the meromorphic RHP for M (p) on M can be reformulated as an equivalent mero-
morphic RHP for m(z) = M™(p(z)) on the z-plane, with jumps along the unit circle T =
{z: |z| = 1} and intervals [q1, ¢] and [q_l,ql_ 1]. In this paper, we propose a slightly different
(holomorphic) statement of the initial RHP, which is equivalent to the RHP for M (p) on M,
and therefore has a unique solution (cf. [12]). This statement is specific for the domain VDO,
where we derive the asymptotics, and allows us to skip several of the standard transformations,
such as the reformulation of the meromorphic problem as a holomorphic problem and one of two
steps corresponding to opening of lenses.
Let us choose a large natural number N > 1 and set

§<N°! min {lzi — al, |zi — 2], |2z — a1l |]z] — 1]} (2.10)

2 #2j€04

We can always assume that 6 < p, where p is the decay rate from (1.8). Then the right Jost
solutions 1(z,n,t) and (2 =1, n,t) are holomorphic functions in an J-vicinity of the unit circle T,
and the standard scattering relation

T(z,t) 1ot (2,0, t) = 1&(2’71, n,t) + R(z,t)1(z,n,t)
is continued analytically in the open ring
Qs={z:1-6<|z| <1}.
With our choice of §, there are no points of the discrete spectrum in Qg, moreover,

inf dist(zj,Cs) > (N —1)6,

zZ;€04
where we denoted
Cs={z:]z| =1-4}. (2.11)

In particular, the continuation of the initial reflection coefficient R(z) is an analytic function
in Q. Set

Dsj={z: -2 <8}, Toj={z:le—2 =08}, Di,={z s eby},
Ds =D\ (% UlJDsy),  Di={z:2"eDs}. (2.12)

od

In D\ X5, where

S5 =TUCsU| Ty, (2.13)
g4
with I := [q1, g], introduce the vector-function m(z) = (m1(z,n,t), ma(z,n,t)) by>
(T(z,t)wleft(z,n,t)z”,w(z, n,t)z*”), z € D,
m(z) = (w(z_l,n,t)z",ib(z,n,t)z_"), z € Qtsa (214)
(T(z7 Othrett (2, n, 1) 2", (2, n, t)z_”)Aj(z), z € Ds ;.
Here
A ! 0 2.15
j(z) - (z — Zj)—l,ijJZn+1et(Zj—Z;1) 1/ (2.15)

3This is a function of z, and n and t are treated as large parameters.
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Lemma 2.2 ([12]). We have

z2—0 22

m1(0,n,t) = H 2a(k, 1), lim %(ml(z, n,t)ma(z,n,t) — 1) = b(n, t). (2.16)
k=n

Extend m(z) to D* \ X} with X} = {z: 27t € 5} by
m(z71) = m(2)o1. (2.17)

Formula (2.17) implies that the vector function (2.14), considered as a piecewise-analytic function
in C, has jumps along the circle Cs, along the interval I and the small circles Ts ;, as well as
along their images C5, I* and ']I‘g j under the map z — z~!. However, m(z) does not have a jump
along the unit circle |z| = 1, i.e., it is holomorphic in the ring 1 —§ < |z| < (1 — 6)~!. The fact
that m(z) does not have any singularities at z; € o4 is established in [6] and [19].

The symmetry condition (2.17) plays a crucial role in establishing uniqueness of the solution
for RHPs, and we cannot violate it. For this reason, the initial RHP and all its further transfor-
mations (deformations and conjugations) should satisfy the following symmetry constraints (i)
and (i7). Let ¥ be the jump contour of a generic RHP.

1

(2) The jump contour X should be symmetric with respect to the map z — z~ ", i.e., with every

point z it also contains z 1.

(i) Symmetric parts of ¥ are oriented in such a way that the jump matriz 0(z) of the problem
m4(z) = m—(2)0(z) and the solution itself satisfy the symmetries

0(z) = 0117(2_1)01, z €Y m(z) = 77~’L(Z_1)0'1, ze€C\X.

Constraint (i) implies that the orientation of symmetric parts of ¥ is as follows: if a point z
moves along a part of the contour  C ¥ N {z: |z| < 1} in the positive direction, then the
point z~! moves simultaneously in the positive direction of the symmetric part K*, where IC N
K* = @. Except for the lense mechanisms where triangle matrices are used, all conjugations of
the solution vector consist of multiplication by diagonal matrices of the form [d(z)] ™73, that is,
in transformations m(z) — m(z)[d(z)] 7%, where d: C\ ¥ — C is a sectionally analytic function

and o3 = (§ % ). On all such conjugations we pose the symmetry constraint (iii):

(iii) The contour ¥ of a non-analyticity for d(z) should be symmetric with respect to z — 2~ 1.
Moreover, the function d(z) should satisfy either the property

d(z™1) =d(z)™, zeC\ X,
or the property
d(z7')=d(z) £0, z2€C\%, d(0) =1

Recall that m(z) in (2.14) has bounded positive limits of both components at 0 and co, moreover,
by Lemma 2.2,

mq (O)mQ(O) =1, mq (0) > 0. (2.18)

This is a normalization condition. The properties of the conjugation matrices [d(z)]~73 listed
above allow to preserve the normalisation condition for all transformations.
The phase function of our problem is given by

O(2) = ‘I)(Za T;) = %(z - 271) + %logz, z € clos(C\ R_).
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Set £ = % and consider the cross points of the O-level lines for the function Re ®(z,§), that is,
the lines described by

%(2 — 2z 1) +¢loglz| =0,
for different values of £ € R. One of the level lines for all { € R is evidently the unit circle |z| = 1.
If £ > 1 the other two lines are located in the domains |z| < 1 and |z| > 1 and are symmetric
with respect to the map z — z~!. An elementary analysis shows that the point —1 < z¢(¢) < 0,
where the respective level line crosses the real axis moves monotonously from —1 to 0 when ¢
runs the interval [1,4+o00). Thus, the points 2(¢) and z; ' (£) meet at point —1 for ¢ = 1. The
same analysis shows that for £ € [—o00,0) the cross point zo(§) moves monotonously along the
interval [0,1] and 20(1) = 25 *(1) = 1. When & € [—1, 1], the points 20(¢&) and z; (&) = 20(€) lie
on the unit circle.

To state the RHP for which m(z) in (2.14) is the unique solution,* we introduce orientations
on the jump contour X5 U X5 according to the symmetry requirements above. The contour Cs is
oriented counterclockwise, C5 is oriented clockwise. On the two symmetric parts

I=[gq], I':=[¢"q'] (2.19)

the orientation® is taken from right to left on I and from left to right on I*. Moreover, all Ts,;
and Tj ; are supposed to be oriented counterclockwise. Then m.(z) (resp. m_(z)) will denote
the limit from the positive (resp. negative) side of the contour. We assume that these limits
exist and m(z) extends to a continuous function on the sides of ¥; U X} except possibly at the
end points of I and I*,

j = {q7 qlvq_laqfl}a (220)

where the square root (not L2-integrable!) singularities are admissible.

Recall that my(z) = ma(27!) = O(z — )2 as 2z = G € {q,q1} iff W(§) = 0, where
W(z) = W(A(2)) (cf. (2.2)) is the Wronskian of the Jost solutions, z € clos D. If the Wronskian
vanishes at ¢, we call ¢ a resonant point. The general situation is non-resonant, that is, W(q) # 0.
Note that as a function of z, the Wronskian takes complex conjugated values on the sides of the
contours (2.19).

1
( R(z)e?t®(*) 1

—1 ; 1 0
0'1?./(2 )0'1 ; X(Z)e2t<1>(z) 1
: ——e

I* : I

Figure 3. Jump matrix v(z) in Theorem 2.3.

“We formulate a RHP which is equivalent to the initial RHPs considered in [11] or [12] in the domain under
consideration. Uniqueness is proven in [12].
®In what follows, for a < b the notation [b, a] means that the contour is oriented from b to a.
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Theorem 2.3 ([11, 12]). Let § > 0 be given as in (2.10). For all (n,t) € Z x R4 and z € C,
the function (2.14), (2.17) is the unique solution of the following RH problem: to find a vector-
function m(z) = (m1(z), ma(2)) holomorphic in C\ (X5 U X3) which

e is continuous up to the boundary, except of possibly points in J (2.20),
e satisfies conditions (2.17), (2.18) and the jump condition

my(z) = m_(z)v(z), z € X5 U X3, (2.21)

R(z)e?®() 1
i(2), z € Ts;, zj € 04,

ov(z7 Yoy, z € X5,

v(z) = ( 1 O>, z € Cs, (2.22)
A

\

where ®(z) = ®(z, %) is the phase function, matrices A;(z) are defined by (2.15) and R(z)
is the holomorphic continuation of the initial right reflection coefficient (2.7). The func-

tion x(z) is defined by

(z—2"H[¢t = (](2—1i0)

X(2) = WP ,

zel, (2.23)

with ((z), z € D, connected with z by the Joukovski map X = b+ a(¢ + ¢~1). Here
W(z) = W(A(2)) is the Wronskian of the Jost solutions defined in (2.2),

e in vicinities of the points in J, m(z) has the following behavior:

— if G € {q,q1} is nonresonant, then m(z) = (O(1),0(1)) as z = §, z — ¢ 1,

—if g € {q,q1} is resonant, i.e., if x(z) = O(\/zlfq) as z — ¢, then

m(z) = (o(ﬁ),ou)), 25,

m(z) = <0(1>,o<zicj_1>), s g

Remark 2.4. According to (1.8), W admits an analytic continuation in a small vicinity of
the interval I (see [11, equation (2.11)]). Respectively, in this vicinity there exists an analytic
continuation X (z) of x(z) such that Xy(z) = %i|x(z)| for z € I. The function X (z) does not
have other jumps in this vicinity.

Note that in the VDO region, the off-diagonal matrix elements of the jump matrix v(z) grow
exponentially with respect to t for z € JUI*. The same is true for v(z) on those contours Ts ; U']Tj;} j
which correspond to the origins 0 > z; > zy(§). The remaining parts of the jump matrices are
asymptotically close to the identity matrix as ¢ — oco. In the next sections we perform a series of
conjugation/deformation steps which transform the initial RHP of Theorem 2.3 to the equivalent
problem with a jump matrix which is asymptotically close as t — oo to a piecewise constant
matrix with respect to z. This limiting matrix also depends on £ as a piecewise constant matrix,
and the respective (so called model) RHP has a unique solution which can be found explicitly
in terms of the Riemann theta-function. Let us emphasize that for the VDO region we propose
transformations which lead to the absence of any additional parametrix problems. The first
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transformation of the initial problem solution is associated with the so called g-function method
first introduced for the KdV equation in [8]. In our case, this g-function is a normalized Abel
integral associated with the two-sheeted Riemann surface glued via the cuts along the continuous
spectrum & = [b—2a,b+2a]U[—1, 1]. In fact, the g-function is a linear combination (dependent
on ) of the normalized Abel differentials of the second and third type which are involved
in the exponential part of the Baker—Akhiezer function corresponding to the finite gap solution
of the Toda lattice associated with the two-band spectrum &. It is crucial for our endeavor to
understand in detail the properties of the g-function as a function of the spectral parameter .
The next section is devoted to this subject.

3 g-function as an Abel integral and its connection
with the Baker—Akhiezer function

Let M be the two-sheeted Riemann surface associated with &, i.e., with the function

RY2(A) = =/ (A2 = 1) (A — b)? — 4a2),

with sheets II; and II;, glued along the cuts over the intervals [b — 2a,b + 2a] and [—1,1].
The indices U and L label the upper and lower sheets of the surface. We denote by p = (A, £)
the points of M, with (oo, +) := ooy; and p* = (A, F) for p = (A, £) denotes the sheet exchange
map. Choose a canonical basis of a and b cycles on M as follows: the cycle b surrounds the
interval [b — 2a, b+ 2a] counterclockwise on II;; and the cycle a passes from b+ 2a to —1 on the
upper sheet and back on the lower sheet. The part of this cycle on Il we denote by JY and
treat it as a contour on M. Its projection lies on the interval [b+ 2a, —1] which we call the gap.
The lower part of a has the same projection on the gap, and is considered as the contour J%
which passes from —1 to b + 2a on IIj.

Let Qy be the Abel differential of the second kind on M with second order poles at ooy
and co_ and let weo, oo be the Abel differential of the third kind with logarithmic poles at oo,
and co_, both normalized as

/Qo _/OJOOJ“OO =0.
a a

As it is known,

()\—Vl)()\—yz) _ )\—1/3
Rl/Q()\) d.)\7 wOO+,OO_ == RTQ()\) d)\, (31)

Qo =

where v; € R for i = 1,2,3. Moreover, v3 € (b+ 2a,—1), and at least one of the points v or v
also lies in the gap (b + 2a,—1). Consider the Abel integral given by

9(p,§) == /1p90+£/1pwoo+,oo_a

where £ € R is a parameter. On II; we denote it by g(), ), that is,

A -V — 1) — — U A — _
) = /1 (A ﬂ(ARU;()A) A=) |\ _ /1 (A mgl)%a) 20 1 5

Since

[ Omm©I0 ey, 53
b

+2a RY2(X)
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then p;(§) € R, these points do not coincide, and at least one of them belongs to the gap.
By definition of Qg we have

()\ — 1/1)()\ — VQ)

RI20N) =—-1+ O()\—Q),

that is,

(A= ()N —p2()) | o _ —pal§) — p2(§) + b oy _ € _

RI2( +1= 3 +O(?) =3 +0(07),

which implies

p1(§) =b—&— pa(§). (3.4)
By (3.3),

-1
A= pi(§))A=b+E+ (&) +y _

S R0 “=b

that is, p;(£) are the zeros of the quadratic equation
) dX B dh [N HAE=D)

i | i 6= | gy — [ iy 2O

With the notations
A2d) AdA
T, = f“Rl(/;(A)7 I, — fawcﬁ(/\)? (3.5)
Jo =20y ey
we infer
1
ma(§) = 5 (b— £ V=7 4T+ (€ - 0)2)). (3.6)

Lemma 3.1. The functions p;(£), i = 1,2, are monotonically decreasing with respect to £ € R.
For g € (§N+17 60)76 where

1-T 'y — (b+2a)?
17 50:b+ ! ( )7
1+F2 b—I—Qa—FQ

&‘H—l =b+ (3.7)

we have p;(§) € (b+2a,—-1), i =1,2.
Proof. Differentiating (3.6) with respect to £ implies

d §—b+20y
Pagrle) = 1% VO =2+ 4T + (- b))

d¢
We observe that
I'y > 1, I'y < —1, ‘Pl‘ > ‘PQ‘.

Inequality

€ — b+ 2T < \/(b— &2 +4(T1 + (€ — b)T2)

bIn [12] and [11], these values were denoted by &/, , and ..
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holds if I'3 < T'y. The last one follows from the Cauchy inequality

A d)\ )\Qd/\
7?,1/2 Rl/z R1/2

Thus, u;(§) are monotonically decreasing with respect to {. Assume that p1(£) < p2(€). A trivial
analysis shows that the value &y corresponds to the location (&) = b+ 2a, that is,

2(b+2a) =b—& — /(b — &)2 + 4(T1 + (& — b)T2).

This implies the second equation in (3.7). The location ug(§x+1) = —1 provides the first formula
n (3.7). From (3.4) it follows that

§o = —2a — p1(o), Engpr =0+ 1 — pa(Eryr),

that is,

§o — g1 = [0+ 2a] — 1+ pa(8ny1) — pa(6o) >0

since p1(&0), p2(&n+1) € (b+2a,—1). u

Let € > 0 be an arbitrary small number and let & and &wqq be defined by (3.7) and (3.5).
For any & € [{x41 +¢,&0 — €], both points p1(§) and p2(€) are inner points of the gap. The set
of level lines Reg = 0 consists of the two intervals [b — 2a,b + 2a] and [—1,1] and an infinite
contour which intersects the real axis at po(€) such that

p(€) < po(§) < pa(8)- (3-8)

Lemma 3.2. The real-valued function uo(§) implicitly given by Re g(po(€),&) = 0 is monotonic
with d%uo(f) < 0 for & € (&1, 80). Moreover,

lim 40(§) = lim 4 (§) = b+ 2a, lim po(§) = lim pe(€) = —1. (3.9)

§—&o §—¢o E—én1 E—ény1
Proof. By (3.6) we have uj(§)u2(€) = (b — &§)T'2 — I'1. This implies with (3.4) that uo(§) is
given implicitly by

A m@)A = p28) [N EDAH (0=l Ty
/M()(5) R1/2()‘) 9= /,uo(f) RI/Q()‘) =0

Differentiating with respect to & implies

AL AT RPGu)
d¢ wo RYZA) T (o — pa)(po — p2)

Since the second multiplier is negative, it is sufficient to prove that the integral is positive. But

RS TN G ST G S A < “bda )‘1

o RYZ(N) o RYZ(N) o RYZ(A) Jop2a RYZ(N) br2a RVZ(N))
that is, we have to prove that

[l -1 xdA

ro RYZ(N) b+2a R1/2(X)

f—l dA -1 dx -

Ho RY2(N) b+2a R1/2(N)

This inequality is true by the mean value theorem. Equalities (3.9) were proven in [12]. [ |
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Let us recall the Baker—Akhiezer function for a finite gap solution {d(n,t),l;(n,t)} of the
Toda lattice equation associated with the spectrum & = [b — 2a, b+ 2a] U [—1, 1] and the initial
Dirichlet divisor pg = (A(0,0),0(0,0)), 0(0,0) € {+,—}. In our case the divisor consists of one
point on the Riemann surface M with projection on the closed gap of the spectrum and it will
later depend on the slow variable &.

Let ¢ be the holomorphic Abel differential on M normalized as f ¢ =1 and let be =:TE€
iR; be its b-period. Introduce the Abel map A(p) := fb 9o G- It is an odd function on M,
A(p*) = —A(p). Moreover, it has a jump along the a-cycle, which we interpret as a union
JUUJE. Then Ay(p) — A_(p) = —Taspe JY UJL. Weset A(b+2a) := Ay(b+2a) = —7/2
and A(po) = A4 (po), where pg € JY U J is the initial Dirichlet divisor.

Let == 3 + % be the Riemann constant and

A= /wo%oo € iR, U= /QO € iR, (3.10)
b b
be the b-periods of the Abel differentials (3.1). Following [23], we introduce the notations
A -
Z(p,n,t) .= A(p) — A(po) —n— —t— — E,
Z(n,t) == Z(coq,n,t).
Evidently, 6(Z(p,0,0)) = 0 iff p = pg, where

O(v) =0(v|T)= Z exp (mim*r + 2mimu)
mez

is the Jacobi theta function. Recall that the time-dependent Baker—Akhiezer function for the
finite gap Toda lattice solution with spectral data as above has the form [23]

¥(p,n,t) = C(n, )WGXI}( /woo+,oo+t/1p90)
— g w D el ) €=

Here C'(n,t) is a positive constant (with respect to p) which provides the equalities

lim (p*,n,t)¥(p,n,t) =1, ¥(p,0,0) =1,

p—00+

and

Cn+1,)  [0(Z(n—1,1))

ity Nozmsin) "

As is known, for each n and t fixed, the Baker—Akhiezer function is a meromorphic function of p
on M with a simple pole at py. Respectively, the vector function (¥(p*,n,t), ¥(p,n,t)) does not
have jumps on M, and the vector function

m(p) := <‘I’(p*, n,t) exp <—t9 <p*, ?)) , ¥ (p,n, t) exp (—tg (p, ?)))

has an evident jump along a,

iy (p) = 1 (p)e” (MATHUI7, peJUVuJk.
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Here we took into account that for p € JY U JE,

o] o] s [[o]~(f] -

Note that since g(p*,&) = —g(p,£),

~ A~

mi(ooq)me(coy) =1, m(p) =m(p*)or.

The function

f(p) = fo

0Zp.0.0) W(A(oou—%)@(A(oo-)—é)
0(A(p) — %)’ < 9(Z(004,0,0))0(Z(x_,0,0))’

has a simple pole at the branch point b 4+ 2a and a simple zero at pg. Moreover,
floop)floos) =1, fr(") = f-(0")e™,  fi(p) = f-(p)e®,  peJ,

where
A= -2m (A(po) + ;) € R. (3.11)

Note that (3.11) can be rewritten as the Jacobi inversion problem

/:00 (= _Aa (mod 1) (3.12)
A 2

+2a ™

and allows us to compute uniquely the divisor point pg for any given real valued A. Summing
up the considerations above, we proved the following

Lemma 3.3. The vector function

p?” t m?(pan t))

G ofs ) sossne (o)

€xp
L (B 1) 0(Zpn,D) 8o Gl
C(n, )< ( ) — %) (() é)) where  C(n,t) := C(n,t) foo,

solves the following RHP on ML: to find a holomorphic vector-function m(p) on M\ (JY U JF),
which satisfies

o the jump condition

iy (p) = i (p)e” (MATIUHIA)S, (3.13)

e the symmetry condition

m(p*) = m(p)oy for peM\ (JU U JL), (3.14)

e the normalization condition m1(coy)ma(cot) = 1.

e Both components of m(p) have simple poles at the branch point p = b+ 2a and no other
singularities.
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Note that the constant C(n,t) in Lemma 3.3 satisfies

Cln+1,t)  [0(Z(n—1,t))

cot)  \NoZmrny

Together with Theorem 9.48 of [23] it implies

Corollary 3.4. For the vector function m(p) = m(p,n,t) the following holds

mi (o004, n,t) _ VO Z(n—1,0))0(Z(n+1,t))  a(n,t)
my (oo, n+1,t) 0(Z(n,t)) a '

where a = Cap & is the logarithmic capacity of the spectrum &.

Introduce the product

0(Z(p*,n,t)) 0(Z(p,n,t))
0(A(p) — 3) 0(Alp) — 3)

and let h(\) := h(p) for p = (A, +). The function h(p) has a double pole on M at the branch
point b+ 2a, that is, h(\) has a simple pole at b+ 2a. Moreover, 0(Z(p,n,t)) has the only zero
at p(n,t) = (A\(n,t),£) € JY UJE, which is the unique solution of the Jacobi inversion problem

p(n.t) A U
/ C=no— +it—, (3.15)
Po

2mi 27

h(p) := 1 (p)ina(p) = éz(n,t)

0(Z(p*,n,t)) has a simple zero at the involution point p*(n,t). Thus h(A(n,t)) = 0, and it is
a simple zero of h. We observe that from the jump and symmetry conditions it follows that B(p)
does not have jumps on M, moreover, h(p) = h(p*), p € M. This means that h()\) does not have
jumps along the spectrum & and on the gap [b + 2a, —1]. The normalisation condition implies

limy_,o A(A) = 1. Hence h(\) is a meromorphic function on C, i.e., h(\) = );;),‘Jg?

Corollary 3.5. Let A(n,t) € [b+ 2a,—1] be the projection on C of the Dirichlet eigenvalue
p(n,t) given by (3.15). Then

lim p(mi(p)ma(p) — 1) = b+ 2a — A(n,t).

p—0o4

We recall that the trace formula in our case looks like
A 1
b(n,t) = 3 (I1+b—2a+b+2a—1-2X\(n,t)) =b— A(n,t).
Therefore,

pgg+p (ma(p)mz(p) — 1) = b(n, t) + 2a.
Since the problem (3.12) has a unique solution py for any real A, we can treat A as the
initial data to choose the representative {d(n,t),l;(n,t)} for the isospectral set of finite gap
potentials with spectrum &. To emphasise this dependence we denote the representative
as {&(n,t, A),I;(n,t, A)} In turn, the solution of the RHP with jump (3.13) we denote as
m(p,n,t,A). We proved the following
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Theorem 3.6. Let m(p,n,t,A) be the unique solution of the RHP in Lemma 3.3. Then

_ma(p,n,t,A)
lim a
p—oor my(p,n+ 1t A)

lim p(ml(p,n t, A)ig(p,n,t, A) — 1) — 2a = b(n, t, A),

p—0o0

=a(n,t,A),

where {a n,t A),Z)(n,t,A)} is the finite gap solution of (1.6) with two band spectrum & =
[b—2a,b+ 2a] U[—1,1] and initial Dirichlet divisor po given by the Jacobi inversion (3.12).

Remark 3.7. For convenience of the reader, we recall from [23] that the finite gap solution
{a(n,t,A),b(n,t, A)} corresponding to the initial phase A and spectrum & is given by

VT - B AR - p+ 4)

ntA _ 271 27l :
et 3) B+ L5+ 4)
. 19, oA LU AL gy
b(n,t,A)=b+ ——1o 2mi 2mi ) 3.16
( ) Y Ow O(28 + 1L — & 4 A+ w) (3-16)
where

1 b=2a d\ N 1 AdA
A== Y= [ " b=b—— |
2t /oo < /aww Y / RIZ(N)’

¢ is the normalized holomorphic Abel differential, @ = Cap &, and U, A are defined by (3.10).

4 Reduction of the initial RHP to the model RHP

From now we work again in the variable z. Let us identify the upper sheet Iy of the Riemann
surface Ml with the domain (2.8) and the lower sheet with (2.9). The image of JU under the
map p — z we denote by J, preserving the orientation, i.e., J = [¢1, —1] is oriented from right
to left. As for the image J* of J¥, we change its orientation in accordance with our symmetry
requirements, i.e., J* = [ql_ L —1] is oriented from left to right. The other contours used here are
already defined by (2.19), (2.11), (2.12), (2.13). In this section, we perform two transformations
(steps) which transform the solution of the initial RHP (Theorem 2.3) to the solution of the RHP
with the jump matrix which is close as t — co to a piecewise constant jump matrix everywhere
on the jump contour, without exceptional points (parametrices).
Step 1. Set

Yk = yk(&) = Z(Mk;(é-)) eJ for k= 0,1,2,

where p(€) are defined in Section 3. From (3.8) we have y2(£) < yo(§) < y1(£). With these
definitions at hand, the g(p)-function (3.2) is given in terms of z by

/‘¢—ws—%>@—m@—%ﬂw ceC\ (o)

(s—aq)(s—a " )(s—aq)(s—q) st

Thus, the level lines Reg(z,£) = 0 which are different from the unit circle T and intervals I
and I*, cross the real axis at the points yo(¢) and yy ' (€). Similar to [11, Lemma 3.1] and [12
Lemma 5.3] we establish the following
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Lemma 4.1. The function g(z) satisfies the following properties

(a) g(z) is single valued on C\ [q_l,q] and g(z_l) = —g(z) for z€ C\ [q_l,q],

S K(¢) = —log (2a). (4.1)

Here a is the logarithmic capacity of the set &, cf. [12, Lemma 5.4],

(f) 9+(2) —g—(2) = =U — €A for z € J, and
9+(2) —g—(2) = U + &EA for J*, where U and A are defined by (3.10).

The signature table for Re g(z,¢) is given in Figure 4.

Reg <0 Reg >0 Reg <0 T
T;;,j Ts,
T 1@ R, O O ©
q q Yo —1 Yo q1 q 0

Figure 4. Signature table of Reg(z,¢&) for € € Z..

Recall that we enumerated the eigenvalues of the problem (1.6), (1.8) starting from the gap
(b + 2a,—1) in ascending order, i.e., A; is the minimal eigenvalue and Ay is the maximal one.
The respective z; are enumerated in descending order. Choose a small £; > 0 such that

y1(&o — €1) > 21 + 20, Yo (€ng1 +€1) < 2n — 20

Smaller values of € or § do not affect these conditions. From Lemma 3.2 it follows that there
are unique values &; € (§x + €1,8p — £1) such that

y()(fj):?:j VjZI,...,N.
Evidently, {np1 < --- < &y1 <& < -+ < &. We denote
N N1 A
Li=lan+eb-\JG -+ =JH, H=g+e41—¢ (4.2)
j=1 j=1
From the considerations above it is straightforward to get the following

Lemma 4.2. For any arbitrary small positive € < €1 one can choose 6 > 0 such that for all
& € I, the following inequalities are valid

inf inf |Reg(z, &) —|®(%,§) — ®(25,£)| > C(e) > 0. (4.3)

zjcoq z€Ts 5
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Note that the infimum in (4.3) is taken along the circles around all points of the discrete
spectrum oq. The VDO region

{(n,t)EZxR+: % ezg}

consists of X + 1 nonintersecting sectors separated by arbitrary small sectors as depicted in Fi-

gure 2. If 5§ = &, then X = 0 and the VDO region is the simply connected region

{(n,t) €Z xRy

=13

€ [&ny1 +6,% —5]}-

For each £ € Z. we divide the eigenvalues based on their relative location with respect to the
point (&) (respectively, yo(§)) and introduce the Blaschke product

-1
z—z
ORI | P (4.4
0(§)<zx <0 ¥
Note that
("' =1""2), 1I(0) > 0. (4.5)
In fact,
zZ— 2z j
O(,8) =T;(z) = [ lasl— - for eIl (4.6)
2j<zp<0
Set also (cf. (2.12))
_z-’)/-e2tq>(zj> o ) z € ]D)(Svj’ Zj € (yo’ 0)7
E(z) = E(z,6) ={ \" =5 ! (4.7)
UlE(Z_l)O'l, S DEJ, Zj € (yo,O),
]I, z€C \ UZje(y(),O) D&j U Dg,]

The matrix F is not an identity matrix only in small vicinities of those z; which lie in the domain
where Reg(z,£) > 0.

From properties (a), (e) of Lemma 4.1, property (4.5) and (4.7) it follows that if a vector m
satisfies (2.17) and (2.18), so does the vector

mW(2) = m(2)B(2) [[(2)e"*&H=9EN] 7% > e C\ (TsUS;UJUTY), (4.8)
where o3 is the third Pauli matrix. A straightforward computation using Theorem 2.3 and Lem-
ma 4.1 shows that if m(z) satisfies (2.21), (2.22), then m(Y(2) given by (4.8) solves the jump

problem

mP(z) =mP (2D (z),  zeNUNIUTUI,
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where
([ o+(2)=9-(2)) 0
M2(2)x(s) etoro-G ) €T
etlg+(z)—9-(2)) 0
0 et ()-g-() )0 ZED
o (z) = I 0 c
M2(2)R(z)e*9?) 1)’ e
'Aj(z)a zE T(S,jv Zj ¢ (yOaO),
B;(z), z € Ts5, 2j € (%0,0),
\01(0(1)(271))01, zeXyUJ".
Here

1 0
.Aj(z) = .Aj(Z, ) = <1_12('y]-zje2tHj(z) 1>a

z)(z—2;)
1 0
Bj(z) = Bj(z,g) = HQ(Z)(Zfzj)e_QtHj(z) nE
Y%
and
Hj(z) = Hj(z,§) = ®(2;) — (2) + 9(2,¢).
With our choice of the VDO region we evidently have
Lemma 4.3. Uniformly with respect to £ € I,

sup sup (|| 4;(2) —I|| + [|Bj(2) — 1)) < Cu(e)e™ ", (4.9)
zZ;€04 ZET(;’]-
sup |[oM(2) - ]IH < Cy(e)e @, (4.10)
2€C5UCE
Here || - || is a norm of 2 x 2 matrices.

Remark 4.4. The function m(!)(z) inherits the singularities of m(z) described in Theorem 2.3.

Recall that these singularities essentially depend on the presence or absence of resonances
at points (2.20). In the next step we apply the lense mechanism around I and I*, which will
at the same time weaken these singularities. We will use £ = —1,0, 1 to indicate singularities as
follows. In C \ [¢7!, ¢] introduce a function Q(z) such that

( (2—q9)(z—q1)

Ca=D(a=1)’ g nonresonant, ¢i nonresonant (E = —1),

Q(2) = 4.11
%, g nonresonant, ¢ resonant (¢ = 0),
%, g resonant, ¢1 nonresonant (£ = 0),

with the branch of the forth root defined by the condition Q(1) = 1. Evidently, Q(z~!) = Q7(2)
and Q(0) > 0. It has jumps on U I* for £ =0 and on I UI*UJ U J* for £ = £1. The function

1 s+z
Q(Z’S):%s—z
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can be considered as the Cauchy kernel for symmetric contours, because (z,s) = - (14 0(1))
as z — s, and

Q(z, 371) d(sil) = Q(zfl, s) ds.

Using this kernel allows us to preserve the symmetry condition. Set

P(z) = \/(z—q)(z—ql)(z—ql_l)(z—q—l)z_z, zeC\ (JUI¥). (4.12)

This function satisfies the symmetries

Pz ) =P(z) for zeC\{IUIT") and P_(z) =—Pi(z) for zelUI".

Define
log(IT—2(5)Q~2(2)[x(s)]) sel
1 qfl = 73+(8) ’ ’
S@ =g [ Qesfods ()= g sel
2mi q P(s)
f(571)> s € [q717_1]>
where
< log (Q72(s)IT%(s)|x(s)]) ds ds \7
A=80=-i P-(5) (L)

It is straightforward to verify that S(z) solves the scalar RH problem

Si(2) =8_(2)+ f(2), z€[aq ],
Sz =-8(2), ze€C\[aq ],
S(z) = 0O(z), z— 0.
The above considerations imply that the function
F(z) = ep(z)s(z), ze€C\ [q_l, q], (4.13)
is the unique solution of the following RHP with jump along I U I*U J U J*,
(i) Fi(2)F-(2) =T 2(2)|x(2)|Q*(2) for 2 € I,
(i) Fy(z) = F_(2)e'® for z € J,
(iii) F(z~4) =F~ (z) for z € C\ [q_l,q],
) F(0)>0, F(1) =

(1v

Since x(s)Q2%(s) # 0 as s € I UTI* and it is a continuous function on I U I'*, then F(z) also has
nonzero finite limiting values as z — ¢ € J (cf. [21]). It is straightforward to obtain

Lemma 4.5. The function F(z) := F(2)Q(z), defined for z € C\ [¢*,q] by (4.11)~(4.13),
solves the following RHP

() Fi(2)F(z) = T2(2)|x(2)] for z € I,
(i1) Fy(2) = F_(2)e® for z € J,
(iii) F(z7') = F~Y(z2) forz € C\ [¢7", 4],
() F(0)>0, F(1) =1,
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where

_ [ log (Q(s)IT2(s, ) |x(s)]) ds ds \ !
A=A = _1/1 P0o) s([,;ﬂ?@)) +or (4.14)

In a vicinity of § € {q, q1} we have F(z) = C(z—q§)"*(1+0(1)) if § is a nonresonant point, and
F(2) = C(z — @)~ Y4(1 + o(1)) if  is a resonant point. The jumps of F along the contours I*
and J* as well as its behavior at ¢~ !, qfl are uniquely defined by the symmetry (iii).

Note that the only dependence of A(&) on & is due to the Blaschke product (4.4) depending
on . It means that A(£) has constant values on every interval ZZ. By (4.6) we obtain that

A)=A4; for €€, j=1,....8+1, (4.15)
where
. [log (Q ()% (s)|x(3)]) ds ds \ 1
Aj=—i /I o) -~ ( /J 573(3)> + (7. (4.16)

Given these preparations, we can implement the next deformation step.
Step 2. Introduce two symmetric contours L5 and L = {z: z7le ,C(;} surrounding I and I'*
counterclockwise at a small distance such that
mein dist (z;,Qs) >0 and dist (yo(£), Q) > 6 V¢ € T, (4.17)
2 €04
where s and €} are the enclosed regions so that Ls = 0€)s and L = 0}, see Figure 5.

Condition (4.17) ensures that L is away from the level line Reg(.,£) = 0 and from any point
of the discrete spectrum.

Figure 5. Contour deformation of Step 2.

Let X(z), z € Qs, be the continuation of x(z) as described in Remark 2.4. Set

-1 _IP(2)F(2) \—2tg(2) o
GFioy= (0 ——xm <) Lca,
0 F(2)

Define m®(z) by

mM (2)GF (2), z € (s,
m®(z) = { m® (z7 Yo, z € QF,
mM(2)(F(2))77, 2 €C\ (QUQ).
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Theorem 4.6. For every £ € 1., the vector function m® (z) = m®(z,£) is the unique solution
of the following RHP: to find a holomorphic function in the domain

(C\(EgUEEUL‘gUﬁEUJUJﬂt)

which has continuous limits on the sides of the contour X5 UX;ULs ULSUJUJ* except possibly
at points J (2.20) and satisfies:

e the jump condition m(f)(z,n,t) = m(,Q)(z,n,t)v(Q) (z,m,t),

vmed(2), zelUl*uJuJ*,
1 I12(2) F2(z) e—2tg(2)
X(2)
v®)(z) = (0 1 o 2eh (4.18)
[F(2)] 0D (2)[F(2)]7, 2 €25\,
k01(1)(2)(2*1))01, z € X5UJ UL,
where X5 is defined by (2.13) and
ioq, z€l,
v™0d(2) = { o= (nA+U+iA)os g (4.19)

alvm"d(z_l)al, zeI*UJ*,

o the symmetry condition m(?) (z71) = m®(2)o1,

e the normalization condition m§2) (0) -mg) (0) =1, mSQ)(O) >0,

e at points of the set (2.20), m®(z) has at most a fourth root singularity,

m®(z) = 0(z — k)14, as z—KeJ.

Proof. The proof of this theorem is completely analogous to the proof of [11, Theorem 3.6]
except for a small contour I° = [q1,q1 — 6] = Q5 N [q1,—1] C J, where the jump matrix
v (z) = [Glj(z)]flv(l)(z)Gf(z) should be evaluated. From Lemmas 4.1(f), and 4.5(ii), it
follows that

U(Q) _ F_ Hi?— e—2tg- et(g+—g_) 0 F;l _ H2AXF+ e 2tg+
0 F1 0 etlg——9+) 0 F,

B %et(%—gf) M(FJFF_ —FyF)\ (e nA-tU-ia 0
N 0 ?—*et(g——%) - 0 QAU HA |-

On the symmetric contour I%* (oriented from left to right) we get v(®) = v™°d by the sym-
metry. |

Remark 4.7. According to (4.16) and (4.19) we see that

e—(nA—i—tU—i—iAj)a‘g’ 2 € J, % c Ig,
04 (2) = (2 0, t) = < ioy, zel, (4.20)

J
Ulvad(zfl)al, zeI*uUJ*.
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Let us label the jump contour which appears in Theorem 4.6 by
/C(;:E(;UE;Uﬁ(;U[,EUJUJ*. (4.21)

We extend the matrix v™°%(z) to the whole contour Ks by defining it as the identity matrix on
the remaining part ICs \ (I U I* U J U J*).

Lemma 4.8. Uniformly with respect to & € 7.,

sup 0@ (2) — 0™ (2)|| < C3(e)e™ @@, Ci(e) > 0. (4.22)
zZes

Proof. Recall that

1€n£ Reg(z,§) > Cs(¢) > 0 V¢ e T..
2€Ls

This inequality verifies (4.22) on the contour L5 U £5. Since the conjugation
[F(2)] 0D (2)[F(2)), 2 €55\ 1,

does not impair estimates (4.9), (4.10) and since v®(z) = v™°4(2) for z € TUT* U J U J*,
then (4.22) is straightforward for the remaining part of K. |

5 Solution of the model problem and conclusive analysis

In Section 3, Lemma 3.3, we constructed the vector-function m(p), which solves the jump
problem (3.13) for A given by (3.12). One can treat this result in the following way: let A be
an arbitrary real value and let py be the unique solution of the Jacobi inversion problem (3.12).
Consider this point as the initial Dirichlet divisor and let a(n,t, A), B(n, t,A) be the finite gap
solution associated with this divisor and with the spectrum &. In particular, we can construct
m(p) associated with A given by (4.14). Being considered on the z-plane, the vector-function

m(z) = m(p(z)) has additional jumps on I U I* due to (3.14) and solves the jump problem

- s o1, zelUI*,
e (z) = m-(2) ved(z), ze JUJ*

with v™°d(z) given by (4.19) (or by (4.20)) on J U J*. Introduce the function

H() = i1/(611 —2)(a' —2)

(g—2) (¢t ==2)’

which satisfies
H(z"YY=H(z), 2€C\(IUIl*); Hy(z)=1iH_(2), =ze€lIul*; H(0)=1.

Thus m™°4(2) := H(z)m(z) is the unique solution of the following

Model RH problem. Find a vector-function mmOd(z) holomorphic in C\ [q, qil] , continuous
up to the boundary except of points of the set (2.20), which satisfies the jump condition

m0d(2) = mmod(2)p™ed(2), zelUI"UJUJ",
with v™°4(2) given by (4.19), and the symmetry and normalization conditions

mod (Zfl) — Tnmod(z)a17 mrlnod(o) _ [mrgnOd(O)] _1 >0
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At points of the set (2.20) it has a fourth root singularity
m™°d(2) = O(z — k)~V4, as z—reJ.

Uniqueness of the solution of such a problem was established in [12].

The dependence of m™°4(z) on n,t and A(%) is due to the jump exp ((—nA—tU—l—iA(%))a;;).
For large n and t, if % € 7! , then ”T‘H € 7!. Recall that A(§) has constant values Aj on 7!
(cf. (4.16)). Therefore,

mmOd(z, n,t,j) = mmOd(z, n,t,A;) and mmOd(z, n+1,t,j):= mmOd(z,n +1,t,A))

are well defined for § € 72. Here m™°d(z,n + 1,t,7) is the solution of the jump problem with

the jump exp (—((n + 1)A +tU +1Aj)o3) on J and associated jumps on J* U I U I*. Since
20\ _ 2 Z | *q 2\ ) _ 2
H?(z) = (1——+O(z )> <1+2q+2+0(z )) =1-2z(2a) + O(2°)

and A = 5-(1+o(1)), then Theorem 3.6 and (4.15) imply

Lemma 5.1. For alln — oo, t — 00 and 7 € T,

minod(z,n, t, 5)

lim =a(n,t,A)a"t,

z—0 m{“Od(z,n—l—l,t,j) ( 2

. 1 d . d . 72

lg% ?Z(mllno (Za nvtaj)mIQnO (Z,’I’L,t,]) - 1) = b(’l’L,t, A]) (5]‘)

Here the phase Aj is defined by (4.16), (4.6) and a = Cap &.
Our next task is to prove the following approximation

Theorem 5.2. For all n — oo, t — oo such that § € Ig, the following asymptotic holds
as z — 0

m® (z,n,t) = m™(z,n,t,j) + O(e_c(a)t)(l + 0(2)), C(e) > 0. (5.2)
Moreover,
mi(2)ma(2) = mP (2, n,t, 5)mE (z,m, 8, §) + B, 1) + B3, 1)z + BY(E,)O0(2?),
20, (5.3)

where Bi(f, t) = O(e_c(a)t), k =1,2,3, uniformly with respect to £ € IZ.

The proof of Theorem 5.2 essentially repeats the arguments used in [11, Section 7]. But since
this theorem provides the justification of our asymptotic analysis, we will briefly describe the
key points of the final analysis as applied to our case.

According to the standard approach (cf. [3, 16]), to perform the conclusive analysis we first
have to evaluate in C the “error vector”

me (z,n,t, 7)== m® (2,0, ) [MPY(z,n,0)] 7 (5.4)

where M]I-n‘)d(z,n,t) is a matrix solution of the model RHP. Recall that by Remark 4.7, the
model jump problem

MOz m ) = MY (z,n, 00000z, n,t), 2 € TUT UJ U, % eTi,  (55)
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has a piecewise constant (with respect to &) jump matrix v™°4(z) given by (4.20). The choice of
such a matrix solution is not unique. However, a proper solution M;(z) := M JmOd(z, n,t) should
be invertible and satisfy at least the symmetry M; (z‘l) = 01Mj(z)o1, because the vector
m*(z,n,t, ) should fulfill the standard symmetry property. Moreover, the singularities of m®™*
should be removable outside the jump contour and should not be more than L?-integrable on the
contour. By construction (5.4), m®™ does not have a jump on I UT*UJUJ*. Since m®(z) has
singularities of order O(z—§)~"/* at ¢ € J (2.20), the matrix [M;(2)]~! should have singularities
of order not exceeding o(z — §) /4 at § € J and should be less than poles at its other singular
points outside the contour. As it is shown in [13] for the KdV shock wave (and the same is true
for the Toda shock case) such an invertible solution with weak singularities does not exist for
certain arbitrary large ¢ at any direction & € Z;5. Instead, we choose a matrix solution with poles
at points 1, —1, such that its determinant is equal to 1 and m®" has removable singularities
at these points.

To explain the construction of our solution in more detail, recall that the quasimomen-
tum (3.1) has the jump on J U J* defined by (3.10). Introduce the function

G(2) = exp (/bp(z) %O+,oo>, ceC\ [aq7].

—2a

Recall that for z € D we have p(z) = (Z+§71 ,+) € M (upper sheet), and for z € D* we have

p(z) = (%, —). Then G(z) has the following properties [11, Section 5]:
e ((z) is holomorphic on C \ [q, q_l] and satisfies G(z‘l) =G Y(2).
e Its jumps are given by
Gi(z) = G_(2)e ™™, z € J,
Gy (2) = G_(2)eh, zeJ",
Gi(z) = [Gi(zfl)}_l, zelUI".

G_
G_

e The following asymptotic expansion is valid,

G(z) = —%(1 + 2bz + 0(2'2))7 Gz Y = _%(1 — 2bz + 0(22))’

where @ = Cap & and b € R.

Lemma 5.3. Introduce the following vector function holomorphic in C\ ([q,q ] U {0}),
m# (z,m,t,5) = m™*(z,n + 1, §)[G(2)] 7.
Then m* (2) solves the jump problem

n .
mf_&(z,n,t,j):m#(z,n,t,j)v?md(z,n,t), zelUT"UJUJ", n SER

mod

where v;*°%(z,n,t) is given by (4.20). The vector m¥(z) satisfies the symmetry condition

n
Y
mf (2_1) = m#(z). The normalization condition is not fulfilled, instead we have

. 2 .
mf(z, n,t,j) = —gmimd(oa n+1,t5)(1+0(2)),

m#(z, n,t,j) = —%m]imd(oo,n +1,t,5)(1 4+ O(z)), as z— 0.
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mod

Proof. The proof follows immediately from the properties of G and m above. |

The function

my°4(0,n, t, j)my°d (oo, n + 1,1, j)
2&(2—1 — z)

p(Z) = p(z,n,t,j) =

is defined for all z # £1 and is odd, p(z) = —p(z_l). The function p does not have jumps, there-
fore the vector p(z)m7(z) solves the same jump problem with (4.20). However, it is bounded
as z — 0, z — oo and has simple poles at 1 and —1 instead. In conclusion, the vector

1
W(z,m,t, ) = 5m™ N (z,n, ) + p(z)m* (2,m,t, )

solves our vector model RHP, and the same is true for \I/(zfl, n,t, j)al. From here on, we fix
the parameters n, ¢, j and omit them to shorten notations when necessary. In particular, the
symmetry conditions for m™°? and m# and oddness of p imply for the components of ¥ that

Wi(z) = g (a) 4 p(mt (), Wa(e) = SmE(e) + ple)mf (2),

Wi (=7) = Smpol(e) = pleymi (), Wa(e™!) = SmEe(e) — plz)mt(2) (56)
Lemma 5.4 ([11, Lemma 5.2]).

(i) The matriz M™°4(z) = M]I-n"d(z, n,t)

wreie) = () 1O e,

is a meromorphic matriz solution for the model jump problem
Mde(z) — MinOd(Z)vad(Z), e ITUI*UJU J*7

with v™°4(2) given by (4.19). It has simple poles at z = *1.
(i1) M™°(2) satisfies the symmetry

M) = g M (2) o (5.7)

(tit) The following equality is valid,

mmOd(z,n,t) = (1, 1)Mm°d(z,n,t). (5.8)

(iv) The determinant of M™°4(z) is a constant with respect to n, t, j, z,

det M™d(z) =1, z € C. (5.9)

Using this lemma, we can establish the properties of the error vector function (5.4), which
we denote here by m®*(z). We recall the definition of K5 from (4.21).

Theorem 5.5. The vector function m®™(z) is holomorphic in C\ Eg, where

Bs:=LsUL;UC;UC;U | (TsxUTsy) =Ks\(TUT*UJUTY),

ZRp€oq

and satisfies the following properties:
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(i) m®™(z) has removable singularities at 0, 1, —1, co and on J.

(7i) It solves the jump problem
mi(2) =mZ"(2)(I+ W(z)),  z€Es, (5.10)
where

W(z) = M™(2) (v@ (2) — 1) [M™0d(z)] 7. (5.11)

(7i7) It satisfies the symmetry condition

mt(z) = m®* (z_l)al, z € C\=s. (5.12)
In particular,
m* (271 = m(2)oy, z € Ey, (5.13)
(2) mod
err err 1 m 0 m 0 )
ms T (0) = mi™(o0) = 5 <mnllod<(0)) 1(2)( ) > =71 >0. (5.14)
1 my~(0)

Here m™°4(0) = m°4(0,n,t,5) and m®(0) = m(0,n,t).

Proof. The absence of singularities at the points 0, 1, —1, oo and on the set 7 was proven in [11,
Lemmas 5.4 and 5.5]. The jump (5.10) and the symmetry property (5.12) follow from (4.18),
(4.19), (5.5), (5.7) and (5.9). Property (5.13) holds due to the mutual orientation of the sym-
metric parts of the contour =s5. Last, (5.14) follows from (5.4), (5.6), (5.9) and the definition
of p which implies

1
lim p(z)m3 (=) = = p(z)m{ (2) = 0. m
Now we are ready to prove Theorem 5.2. We follow the well-known approach via singular
integral equations (see, e.g., [9], [16, Chapter 4], [19]). A peculiarity of this approach applied to
the Toda equation is generated by the type of normalization condition of the vector RHP and the
symmetry condition. In particular, if we want to preserve the symmetry condition (5.12) in the
Cauchy-type formula for m®™(z), we should use a matrix Cauchy kernel (cf. [19, equation (B.8)],

S—z

1
A — 0
Qs, z) = (562 1 1) ds, s € Zg, z ¢ Zs.
Since [19, equation (B.9)]
Q(s,zil) = 0'1(2(871,2’)0'1,

and W(s™!) = o1W (s)oy, s € Eg, this implies with (5.13) and the orientation of Z5 that the
symmetry property holds:

/ me (s)W (s)QU(s, 2) = / m (s)W (s)Q(s, 27 ) oy

Zs s

Note that the 1, 1-entry of the Cauchy kernel Q(s, z) has a zero at z = oo while the 2, 2-entry
has a zero at z = 0. From (5.10) and (5.14) it follows that

m(z) = (m‘i”(oo),m%”(O)) + 1/: m‘fr(s)W(s)Q(s,z)

2mi

1

1)+ QL /56 M ()W ()5, 2).
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Recall that according to Lemma 4.8,
W (2)| = O(e_c(‘;)t), uniformly with respect to z € Z5 and n,t,j: % €Tl

In turn, it implies the following
Lemma 5.6. Uniformly with respect to % € I,
szW(z

)HLP(E(;) = 0(e”“0"), p € [1,00], k=0,1. (5.15)

Now we are ready to apply the technique of singular integral equations. Let € denote the
Cauchy operator associated with Zg,

(€h)(2) = — /:h(s)f)(s,z), s€C\ 35,

"~ 2mi
where h = (hy hg) € L*(Zs) and satisfies the symmetry h(s) = h(s™)oy. Let (€4h)(2)
and (€_h)(z) be the non-tangential limiting values of (€h)(z) from the left and right sides
of =5, respectively. As usual, we introduce the operator €y : L%(Z5) N L®(Z5) — L*(Zs) by
Cywh = €_(hW), where W is the error matrix (5.11). Then
lew |l = llew 2z r2(zy) < ClW oo (=) = O (e,

as well as

1
1@ —ew) ™M = [[@=€w) ™| 2z r2zy) < 1 0(c-C@r) (5.16)

for sufficiently large ¢t. Consequently, for ¢t > 1, on =5 we define a vector function
p(s) = (r,7) + (I = Cw) " Cw (7. 7)) (s),
with 7 given by (5.14). Then by (5.15) and (5.16)
i) = (7. )l p2(zs) < 1= €)= [IW | e =) = O (™). (5.17)

With the help of p, the vector function m®*(z) can be represented as

meT(2) = (r,7) + o / ()W ()(s, 2),

2mi

and by virtue of (5.17) and Lemma 5.6 we obtain as z — 0

m(z) = (r,7) + 1/: (7, T)W(S)Q(S, z) + E(z). (5.18)

2mi

Here E(z) is a vector function holomorphic in a vicinity of z = 0 which admits the estimate
IEE) < W z2zp) I1(s) = (1.7 p2(25) (1 + O(2)) = O(e" ) (1 + O(2)),
and O(z) is uniformly bounded for % € 72. From (5.18) and (5.8) we get

m? (z) = m (2) M™(2) = 7m™°Y(2) + 7O (efc(g)t)El (2),
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where [(z) is a holomorphic vector function in a vicinity of z = 0, uniformly bounded with
respect to n, ¢, j as ¥ € 7?. The normalization conditions for m? and m™°d imply that

P40 ) =1 thatis, 7 =140(e ).

With (5.14) this yields (5.2) and at the same time (5.3), which proves Theorem 5.2.
To finish the proof of Theorem 1.1 recall that in a vicinity of z = 0 the initial vector-
function (2.14) and the transformed function m(?(z) are connected by

m® (z,n,t) = m(z,n, ) [T(z, )" CEOIEN Pz, )] 77, ¢ =

% (5.19)

The results of Theorem 5.2 and Lemmas 2.2 and 5.1 imply

b(n,t) = b(n,t, A;) + O (e~ CO"), ? e i,

On the other hand, from (2.16), (5.19) and Lemma 4.1(e), it follows

sa(mty = MOm) w0 () -r(252)

m1(0,n+1,1) P 0,0+ 1,¢)

because II(z) and F(z) are the same for n and n + 1. By (4.1), K(§) = —log(2a)(§ — const),
that is,

() 5 (551) v

Using (5.1) we finally get

mPo4(0,n, t)
mped(0,n + 1,t)

2a(n,t) = % 4 O(e_C(E)t) =2a(n,t,A;) + O(e_c(e)t).

This finishes the proof of our main result, Theorem 1.1.
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