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Abstract. This brief survey aims to set the stage and summarize some of the ideas under
discussion at the Workshop on Singular Geometry and Higgs Bundles in String Theory, to
be held at the American Institute of Mathematics from October 30th to November 3rd,
2017. One of the most interesting aspects of the duality revolution in string theory is the
understanding that gauge fields and matter representations can be described by intersection
of branes. Since gauge theory is at the heart of our description of physical interactions,
it has opened the door to the geometric engineering of many physical systems, and in
particular those involving Higgs bundles. This note presents a curated overview of some
current advances and open problems in the area, with no intention of being a complete
review of the whole subject.
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Introduction

One of the most interesting aspects of the duality revolution in string theory is the understanding
that gauge fields and matter representations can be described by the intersection of branes. Since
gauge theory is at the heart of our description of physical interactions, it has opened the door to
the geometric engineering of many physical systems, and in particular those arising from Higgs
bundles, whose moduli spaces have become a source of many interesting branes.
In an effort to consolidate and disseminate the variety of different techniques, heuristics, and
approaches that have been applied to the study of Higgs bundles and spectral data in recent
years by the mathematics and physics communities, we present here a short survey on these
subjects, as well as a collection of open problems and ideas revolving around them. This note
focuses on two interrelated themes concerning Higgs bundles and the Hitchin fibration, and their
interactions with mathematical physics:
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(A) Higgs bundles and algebraic geometry: invariants of singular spaces, and in particular
singular fibers of the Hitchin fibration (Section 2); the effect of these fibers on the geometry of the moduli spaces of Higgs bundles, including limits within the Hitchin fibration
(Section 3), and the appearance of Higgs bundles on singular curves (Section 4).
(B) Hitchin systems and T-branes: the study of the moduli space of Higgs bundles and its
branes through the Hitchin fibration (Section 5), and their appearance within the broader
setting of string/F-theory (Section 6), and Calabi–Yau elliptic fibrations (Section 7).
Although these two themes are closely related, correspondences between them are just in
their infancy. In particular, obtaining a global understanding of Higgs bundles over singular
curves, and of Higgs bundles which have singular spectral data, would be most beneficial from
the perspective of F-theory and superconformal theories in diverse dimensions. We hope these
notes will help to further clarify the role that spectral curves and spectral data play in string
theory, both for those studying Higgs bundles on Riemann surfaces and for those studying Higgs
bundles on higher dimensional spaces.
This short survey is not intended to be a complete overview of the research done in the
area, but rather a concise description of certain particular paths of research that are currently
receiving much attention, and that present open problems that could be tackled by researchers
in different areas of mathematics and physics.

2

Higgs bundles and the Hitchin fibration

Throughout the paper we shall consider a compact Riemann surface Σ of genus g ≥ 2 with
canonical bundle K = T ∗ Σ. In what follows, we recall some of the main properties of complex
and real Higgs bundles, as well as the associated Hitchin fibration whose structure groups are
real or complex subgroups of GL(n, C).

2.1

Higgs bundles

We begin by briefly reviewing the notions of Higgs bundles for real and complex groups which are
relevant to this paper. Further details can be found in standard references such as Hitchin [112,
113] and Simpson [169, 170, 171]. Recall that GL(n, C)-Higgs bundles of degree 0 on Σ are pairs
(E, Φ) where
• E → Σ is a holomorphic vector bundle of rank n and degree 0,
• the Higgs field Φ : E → E ⊗ K, is a holomorphic K-valued endomorphism.
By the work of Hitchin and Simpson, given a polystable Higgs bundle, there is a unique hermitian
metric h on E, known as the harmonic metric, solving the so-called Hitchin equations:
FD(∂ E ,h) + [Φ, Φ∗h ] = 0,

∂ E Φ = 0,

where D(∂ E ,h) is the Chern connection, i.e., the unique h-unitary connection such that D0,1 =∂ E ,
the curvature of the Chern connection is denoted by FD(∂ E ,h) , and Φ∗h represents the hermitian
adjoint of Φ with respect to the hermitian metric h. The correspondence between pairs (E, Φ)
and triples (E, Φ, h) is known as the nonabelian Hodge correspondence. More generally, for
a complex reductive Lie group GC , one has the following [113]:
Definition 2.1. A GC -Higgs bundle is a pair (P, Φ), where P is a holomorphic principal GC bundle, and Φ is a holomorphic section of ad(P ) ⊗ K, where ad(P ) is the adjoint bundle of P .
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In this setting, there is a similar nonabelian Hodge correspondence, where the notion of
a hermitian metric is replaced by a reduction of structure of P to the maximal compact subgroup
of GC . By considering appropriate stability conditions, one may define the Hitchin moduli
space MGC of isomorphism classes of polystable GC -Higgs bundles, which was introduced by
Hitchin in [112]. Up to gauge equivalence, the points of the moduli space MGC represent
polystable GC -Higgs bundles on Σ. Moreover, the through nonabelian Hodge correspondence,
points of the moduli space represent solutions of the GC -Hitchin’s equations.
Given a real form G of the complex reductive lie group GC , we may define G-Higgs bundles as
follows. Let H be the maximal compact subgroup of G and consider the Cartan decomposition
g = h ⊕ m of g, where h is the Lie algebra of H, and m its orthogonal complement. This
induces a decomposition of the Lie algebra gC = hC ⊕ mC of GC . Note that the Lie algebras
satisfy [h, h] ⊂ h, [h, m] ⊂ m, [m, m] ⊂ h, and there is an induced isotropy representation
Ad|H C : H C → GL(mC ).
Definition 2.2. A principal G-Higgs bundle is a pair (P, Φ) where
• P is a holomorphic principal H C -bundle on Σ,
• Φ is a holomorphic section of P ×Ad mC ⊗ K.
Similarly to the case of Higgs bundles for complex groups, there are notions of stability,
semistability and polystability for G-Higgs bundles. One can see that the polystability of a GHiggs bundle for a group G ⊂ GL(n, C) is equivalent to the polystability of the corresponding
GL(n, C)-Higgs bundle. However, it should be noted that a G-Higgs bundle can be stable as
a G-Higgs bundle but not as a GL(n, C)-Higgs bundle. The moduli space of polystable G-Higgs
bundles on the compact Riemann surface Σ shall be denoted by MG .

2.2

The Hitchin fibration

The moduli space MGC of GC -Higgs bundles admits a natural complete hyperkähler metric over
its smooth points, and a way of studying it is through the Hitchin fibration [113]. This fibration
maps (E, Φ) to the eigenvalues of Φ encoded in the characteristic polynomial det(Φ − η Id) of Φ,
and is obtained as follows. Let {p1 , . . . , pk } be a homogeneous basis for the algebra of invariant
polynomials on the Lie algebra gc of GC , and let di denote the degree of pi . The Hitchin fibration
is then given by
Hit : MGC −→ AGC :=

k
M


H 0 Σ, K di ,

(2.1)

i=1

(E, Φ) 7→ (p1 (Φ), . . . , pk (Φ)),
where Hit is referred to as the Hitchin map. It is a proper map for any choice of basis1 , its generic
fibers are abelian varieties, and makes the moduli space into a complex integrable system [113].
Each connected component of a generic fiber of the Hitchin map is an abelian variety. In
the case of GC -Higgs bundles this can be seen using spectral data [26, 113]. Through the
characteristic polynomial of the Higgs field of a GC -Higgs bundle (E, Φ), one may define an
algebraic curve, called the spectral curve of (E, Φ), which is generically smooth2 :
S = {det(Φ − η Id) = 0} ⊂ Tot(K),

(2.2)

where Tot(K) is the total space of K, the map η is the tautological section of K on Tot(K), and
by abuse of notation, we consider Φ as its pull-back to Tot(K) (the reader should refer to [26]
1
2

In particular, it can be expressed in terms of the coefficients of det(Φ − η Id).
When considering classical groups GC , only for SO(2p, C) one needs to consider a normalization of the curve.
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for thorough details on the construction). We say that (E, Φ) lies in the regular locus of MGC
if the curve S is non-singular, and denote the regular locus of the moduli space by M0GC . Let
π : S → Σ be the natural projection to Σ, and let η ∈ H 0 (S, π ∗ (K)) denote the restriction of the
tautological section of K to S. If (E, Φ) is in the regular locus, then there exists a line bundle
L → S for which E = π∗ L, and Φ is obtained by pushing down the map η : L → L ⊗ π ∗ (K). In
this way, one recovers the pair (E, Φ) from the pair (S, L), which is referred to as the spectral
data associated to the pair (E, Φ).
Note that the spectral curve S of the pair (E, Φ) depends only on the characteristic polynomial
of Φ and hence it only depends on the image of (E, Φ) under the Hitchin map. Therefore any
point a ∈ AGC has an associated spectral curve Sa . If a is in the regular locus of AGC , in
other words, if the associated spectral curve Sa is smooth, then the spectral data construction
identifies the fiber Hit−1 (a) of the Hitchin system with some subspace of Pic(Sa ), the Picard
variety of the spectral curve S. The connected components of Pic(Sa ) are isomorphic to copies
of Jac(Sa ), the Jacobian of Sa , and are labeled by the degree of the vector bundle E of a Higgs
pair (E, Φ). In particular, for GC = GL(n, C), the generic fibers are isomorphic to Jac(Sa ), and
one can see from here that the components of the regular fibers are abelian varieties. While much
is known about the generic fibers of the GC -Hitchin fibration, there are still several interesting
open questions. In particular, it would be interesting to understand the geometry of the generic
fibers of the Hitchin fibration stated in the open problems of [160]. For instance, it is interesting
to consider the following:
Open Question 2.3. Considering the notion of “strong real form”3 from [1], describe the
corresponding Higgs bundles and determine which ones define singular spectral curves.
When considering arbitrary groups G, the algebraic curve defined by the characteristic polynomial of Φ is not always generically smooth (for real groups, see for instance the case of
G = SU(p, q) and the spectral data described in [157]). In this case, one may consider cameral
covers [60]: these are K valued covers of Σ with an action of W, the Weyl group of G. The fiber
of the associated fibration can be described in terms of these covers, and over a generic point
of the base the cover is a W-Galois cover (e.g., see [59, 60, 61, 80, 164], and [65] for further
references). In this set up, there is a natural discriminant locus in the Hitchin base, away from
which the connected component of the fiber is isomorphic to a certain abelian variety which
can be described as a generalized Prym variety of the cameral cover. However, the study of the
singular fibers, even from the perspective of cameral covers, is not fully understood.
Open Question 2.4. Give a comparison of what is known for singular fibers of the Hitchin
fibration from the perspective of cameral covers and of spectral data.
Cameral covers have shown to be very useful tools to understand the moduli spaces of principal Higgs bundles and their relation to many other fields. However, the abstraction of the
method and the constructions of the covers can sometimes make certain properties of the moduli spaces very difficult to discern. Although most objects are defined in the above papers in
a general way, their description and study for particular groups is still being done by many
researchers (e.g., see recent developments for real Higgs bundles in [153, 154], where interesting
comparisons with classical spectral data are carefully explained).
Open Question 2.5. Extend the cameral cover methods of [153] for SU(p, p + 1)-Higgs bundles
to all other real Higgs bundles which lie completely over the singular locus of the Hitchin fibration,
i.e., to those Higgs bundles whose characteristic polynomial defines singular curves through (2.2).
3

The notion of strong real form is a refinement of the notion of real form. For example for SL(2, C), there are
three equivalence classes of strong real forms corresponding to SU(2, 0), SU(0, 2) and SU(1, 1).
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The singular locus of the Hitchin fibration

As mentioned before, the fiber Hit−1 (a) over a ∈ AGC is said to be singular when the corresponding spectral curve Sa defined as in (2.2) is singular. The most singular fiber is the nilpotent
cone4 , which sits over 0 ∈ AGC . One of the tools to study the nilpotent cone is the moment
map µ of the S 1 action (E, Φ, h) → (E, eiθ Φ, h) [105, 112]. Moreover, the nilpotent cone is preserved by the flow by µ [104, Theorem 5.2], and since points of MGC flow towards the nilpotent
cone, it encodes the topology of the moduli space.
The nilpotent cone has primarily been studied for SL(n, C) and GL(n, C), and much of
its geometry remains unknown for the moduli spaces of GC -Higgs bundles. For SL(n, C) and
GL(n, C)-Higgs bundles, the irreducible components of the nilpotent cone are labeled by connected components of the fixed point set of the S 1 action. Among these components is the
moduli space N of semistable bundles5 .
Other singular fibers have been the subject of more recent research (e.g., see [25, 96, 116]).
In particular, in the case of GL(n, C)-Higgs bundles while when the spectral curve S is smooth,
the corresponding fiber Hit−1 (S) can be identified with the Jacobian Jac(S) of all line bundles
L → S of degree 0, when the spectral curve S is not smooth, the corresponding fiber is seen to
be the compactified Jacobian [26, 162] (see also [139, Fact 10.3] for a clear explanation). The
compactified Jacobian Jac(S) is the moduli space of all torsion-free rank-1 sheaves on S, where
the usual “locally-free” condition is missing. Moreover, when S is not integral, the fine moduli
space needs to be considered. A more intuitive definition of the compactified Jacobian is the
following: consider a path of smooth curves St approaching a singular curve S0 ; since the limit
of Jac(St ) does not depend on the choice of smooth family [119], this limit is Jac(S).
In the case of SL(2, C)-Higgs bundles, much work has been done on the singular fibers of the
corresponding Hitchin fibration. For example, see [89, Section 5.2.2] for connectedness of the
fiber of MSL(2,C) when S is irreducible and has only simple nodes; see [96] for a fuller description
of the singular fibers6 of MSL(2,C) , and see [156] for the monodromy action around singular fibers
of the Hitchin fibration.
Open Question 2.6. Building on the results for SL(2, C)-Higgs bundles, describe the singular
fibers of the Hitchin fibration for arbitrary GC .
When the singular fiber lies above some particular types of spectral curves, one may describe
the fibers by considering some modified version of spectral data, leading to the following natural
question:
Open Question 2.7. Extending on [116], obtain a geometric description of the fibers of the
Hitchin fibration of GC -Higgs bundles which lie over points of the Hitchin base defining curves
through (2.2) with equation det(Φ − η Id) = P k (η) for k ≥ 2, and for which {P (η) = 0} is
generically smooth (and thus defines itself a smooth spectral curve).
When the spectral curve has defining equation det(Φ − η Id) = P 2 (η), components of the
fiber were studied in [116], and the full fibers of the Hitchin fibration with that base point are
described in [43]. From a different perspective, in terms of fiber products of spectral curves,
certain singular spectral curves were considered in [42]. While not much is known about the
singular fibers of the Hitchin fibration for GC -Higgs bundles, one may deduce properties of
the whole moduli space by considering the monodromy action of the natural Gauss–Manin
4

The name was given by Laumon [130], to emphasize the analogy with the nilpotent cone in Lie algebra.
Given a stable bundle E, take Φ = 0, then the Higgs bundle (E, 0) is stable and trivially fixed by the S 1 -action.
6
The authors of [96] actually study the slightly more general situation of “twisted Higgs bundles” where the
canonical bundle K is replaced by a line bundle L with deg(L) > 0. For this setting of L-twisted SL(2, C)-Higgs
bundles, the monodromy action was considered in [24].
5
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connection of the fibration. In the case of SL(2, C)-Higgs bundles, the study of the monodromy
was done in [156], where an explicit formula was used to understand connectivity of the moduli
space. The work was later extended to twisted rank 2 Higgs bundles in [24], and to all SL(n, C)Higgs bundles in [18]. However, the general understanding of the monodromy action for other
groups remains open:
Open Question 2.8. Give a geometric description of the monodromy action for the Hitchin
fibration of GC -Higgs bundles.
Finally, since the moduli spaces MGC are often not smooth, it is important to understand
the singularities of MGC . For a beautiful survey on recent developments in the theory of moduli
spaces of sheaves on projective varieties, and implications for Higgs bundles, the reader may
refer to [140]. In the case of parabolic Higgs bundles, a description of the Hitchin fibration was
given recently in [21], and it would be very interesting to understand the above considerations
and open questions in this other setting.

3

Higgs bundles and limiting structures

Many conjectures from mathematics and physics about MGC remain open because they require
a finer knowledge of the ends of the moduli space than what is provided by traditional algebrogeometric techniques. In this section we shall restrict our attention to SL(2, C)-Higgs bundles,
and note that for other groups most of the questions mentioned here remain open. In this
setting, one has the following conjecture of Hausel:
Conjecture 3.1 ([105, Conjecture 1]). There are no non-trivial L2 harmonic forms on the
Hitchin moduli space.
There is a similar conjecture for the moduli space of monopoles which is called the Sen
Conjecture. By analogy, the conjecture for the Hitchin moduli space is sometimes called the Sen
Conjecture as well. In order to obtain a finer knowledge of the ends of MSL(2,C) , finer descriptions
of solutions of Hitchin’s equations near the ends are needed. A number of recent results [136,
137, 138, 142] demonstrate the power of constructive analytic techniques for describing the ends
of the Hitchin moduli space.
Fixing a stable Higgs bundle (E, Φ) in MSL(2,C) , the ray of Higgs bundles with harmonic
metric (E, tΦ, ht ) approaches the ends of the moduli space as t → ∞. In order to understand
what the behavior of the harmonic metrics ht as t → ∞ is, note that in the limit the curvature
FD(∂ E ,ht ) concentrates at the ramification points Z ⊂ Σ of π : S → Σ and vanishes everywhere
else. The decay is exponential in t, leading to the following result:
Theorem 3.2 ([142, Theorem 2.7]). On a compact subset U of Σ − Z, there exist positive
constants c0 and 0 such at any point in U
[ϕ, ϕ†ht ]

ht ,gΣ

≤ c0 exp(−0 t).

Consequently, the limiting hermitian metric is singular at the ramification points Z ⊂ Σ and
FD(∂ E ,h∞ ) = 0,

[Φ, Φ∗h∞ ] = 0,

∂ E Φ = 0.

(3.1)

It is often said that Hitchin’s equations “abelianize” asymptotically. The vanishing of the Lie
bracket in (3.1) reflects the deeper expectation that the metric h∞ is the pushforward of a singular harmonic metric hL on the spectral data L → S. This has been proved when S is smooth,
i.e., (E, Φ) ∈ M0SL(n,C) , by Mazzeo–Swoboda–Weiss–Witt when n = 2 [137] and generalized to
any rank by Fredrickson [85]. In [142, Theorem 5.1] Mochizuki proves this for all of MSL(2,C) ,
making no assumptions about the smoothness of S.
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The ends of the regular locus

More is known about the ends of the regular locus M0SL(2,C) . For t large but finite, the harmonic metric ht is close to an approximate harmonic metric happrox
, constructed by desingularit
zing h∞ [137]. On small disks around points in Z ⊂ Σ, the approximate metric is equal to
a smooth local model solution


 1/2 u (|z|)

0 1
|z| e t
model
∂ E = ∂,
tΦ = t
dz,
ht
=
,
z 0
|z|−1/2 e−ut (|z|)
where ut (|z|) comes as a solution of a t-rescaled Painlevé III ODE with boundary conditions
given by ut (|z|) ∼ − 12 log(|z|) near |z| = 0 (so that ht is smooth), and lim ut (|z|) = 0. Note
|z|→∞

that in this same local gauge, the singular limiting metric h∞ would be equal to
 1/2

|z|
h∞ =
.
|z|−1/2
Outside of small disks around Z ⊂ Σ, the approximate harmonic metric happrox
is equal to h∞ .
t
approx
The approximate description of ht by ht
has already been useful in [138] for describing the hyperkähler metric on M0SL(2,C) near the ends. There are two natural hyperkähler
metrics on M0SL(2,C) : first, the hyperkähler metric gL2 on MSL(2,C) restricts to M0SL(2,C) ; second, there is a metric gsf on M0SL(2,C) , known as the semiflat metric because gsf is flat on the
half-dimensional torus fibers [87]. The metric gL2 comes from taking the L2 metric on triples
(E, tΦ, ht ), while the semiflat metric gsf comes from taking the L2 metric on the moduli space of
triples (E, tΦ, h∞ ) [138]. Consequently, Mazzeo–Swoboda–Weiss–Witt are able to describe the
difference between gL2 and gsf using their careful description of ht and h∞ . They prove
Theorem 3.3 ([138, Theorem 1.2]). The metric gL2 admits an asymptotic expansion
gL2 = gsf +

∞
X

t

4−j
3

Gj + O e−βt



(3.2)

j=0

as t → ∞. Here each Gj is a symmetric two-tensor.
Open Question 3.4. Are the polynomial correction terms Gj non-zero?
Separate from this description of the ends with PDE techniques, a remarkable conjectural
picture of the asymptotic geometry of MSL(n,C) has emerged from physics in the work of Gaiotto,
Moore, and Neitzke [91, 150]. Their starting point is the semiflat metric gsf on M0SL(n,C) which
is too homogeneous to extend to all of MSL(n,C) . They give a recipe for constructing a complete
hyperkähler metric gGMN on MSL(n,C) differing from gsf by “quantum corrections” which are
computed by counting certain BPS states in supersymmetric field theory. In particular, the
quantum corrections have the following size


R
X
gGMN = gsf + O 
Ω(γ, a)e−t γ η 
(3.3)
γ∈H1 (Sa ,Z)

as t → ∞. In this formula, as in the previous sections, a is a point in ASL(n,C) , the corresponding spectral curve is Sa with tautological one-form η; and the sum is over all loops γ
in Sa . The Ω(γ, a) are BPS counts in supersymmetric field theory. These are Z-valued and
piecewise-constant, jumping across certain walls in the parameter space. The jumps are constrained to satisfy the Kontesevich–Soibelman wall-crossing formula [128], and thus gGMN is
smooth. Moreover, Gaiotto–Moore–Neitzke conjecture
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Conjecture 3.5 ([91]). The hyperkähler metric gGMN on the moduli space is the natural hyperkähler metric gL2 on MSL(n,C) .
If the conjecture of Gaiotto–Moore–Neitzke is correct, then all of the symmetric two-tensors Gj appearing in (3.2) vanish, answering Open Question 3.4. Note that there is already
evidence that this happens on the Hitchin section [68]. As a ∈ ASL(n,C) approaches the singular
locus Asing
SL(n,C) , the spectral curves Sa become singular. In particular, there is at least one
loop γ0 on Sa which pinches; hence the “quantum correction” in (3.3) corresponding to γ0 is
not exponentially suppressed as t approaches ∞. While we have focused here on SL(2, C)Higgs bundles, equivalent questions (and conjectures) may be asked for more general GC -Higgs
bundles, providing several new lines of research:
Open Question 3.6. Generalize the above results to the case of GC -Higgs bundles for arbitrary GC .

4

Higgs bundles on singular curves

While we have considered before GC -Higgs bundles on a compact Riemann surface Σ, principal
Higgs bundles can also be defined over singular spaces X, and in particular, over singular curves.
For simplicity, we shall begin by considering nodal curves X, i.e., irreducible projective curves X
whose singularities are nodes. In order to generalize the notion of vector bundles on smooth
projective curves, one may consider the torsion-free sheaves on the nodal curve X. Through the
work of Bhosle in [31], the category of torsion-free sheaves on a nodal curve X and category of
e are equivalent. Moreover, a first general
generalized parabolic bundles over its normalization X
construction of compactified moduli spaces for semistable GC -bundles on an irreducible complex
projective curve X with exactly one node was given in [163].

4.1

Singular principal GC -Higgs bundles

Through the work of [163], it was shown in [95] that one can treat a principal GC -Higgs bundle
over a nodal curve X as a particular type of vector bundle on the normalization of the curve
called a descending bundle, objects which are in one-to-one correspondence with the following
singular principal GC -Higgs bundles.
Definition 4.1. A singular principal GC -Higgs bundle is a triple (E, τ, Φ) where
• E is a locally free sheaf;
• τ : Sym∗ (E ⊗ V )GC → OX , for a fixed faithful representation GC → GL(V ) of GC ;
• Φ : X → End(E) ⊗ Ω1X is a section;
Open Question 4.2. Give, if possible, a notion of the Hitchin fibration for these singular
principal GC -Higgs bundles, and describe the geometry of the smooth and singular fibers.
While Schmitt [163] and Bhosle [31] proved that there is a moduli space of singular GC -bundles
on X with good specialization properties, Seshadri gave a further study of the spaces of torsionfree sheaves on nodal curves and generalizations to, among others, ramified GC -bundles [167].
When considering degenerations of moduli spaces of vector bundles on curves, which are closely
related to the singular GC -bundles mentioned above, the reader may want to consider the conjectures presented in [166].
Just as one may define parabolic Higgs bundles on Riemann surfaces to consider Higgs bundles
on marked curves, one may extend these objects to singular curves. Extending the notion of
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a parabolic vector bundle on a smooth curve, Bhosle defined generalized parabolic sheaves (GPS)
on any integral projective curve X [32] and generalized parabolic bundles (GPB) [33]. She
constructed the moduli spaces of GPS and GPB, and studied the correspondences appearing
when curves X are obtained from blowing up finitely many nodes in a space Y . Moreover,
Bhosle also extended the notion of parabolic Higgs bundles to that of generalized parabolic
Higgs bundles (GPH) on the normalization X of an integral projective curve Y [32, 33, 34]. In
particular, she constructed a birational morphism from the moduli space of good GPH on X
to the moduli space of Higgs bundles on Y , and defined a proper Hitchin map on the space of
GPH. In this context, the following question is natural.
Open Question 4.3. Generalize [34] to define generalized parabolic GC -Higgs bundles on X,
as well as a Hitchin fibration.
Moreover, the open questions mentioned for the moduli spaces of classical GC -Higgs bundles may also be considered both for parabolic Higgs bundles on Riemann surfaces Σ, and for
parabolic Higgs bundles on integral projective curves X. In particular, Bhosle studied recently
the relationship between Higgs bundles and the compactified Jacobian of a spectral curve [34],
considering Higgs bundles on the normalization X of integral projective curves Y , leading to an
analogous question to that stated for classical Higgs bundles:
Open Question 4.4. Obtain a geometric description of the singular fibers of the Hitchin fibration for generalized parabolic GC -Higgs bundles on X.
The study of Higgs bundles on singular curves may also be considered in a limiting setting,
where one begins with Higgs bundles on a smooth curve and parametrically tunes the curve
to degenerate to a singular curve. The particular case of vector bundles on smooth curves
degenerating to an irreducible curve with one double point was considered in [122]. The case
of the degeneration of the moduli space of Higgs bundles on smooth projective curves when the
curve degenerates to an irreducible curve with a single node was studied in [17].
Open Question 4.5. Obtain equivalent degenerations to those in [17, 122] for the moduli spaces
of GC -Higgs bundles.
In particular, as explained in [17], their degeneration is analogous to the models constructed
by Gieseker and Nagaraj–Seshadri for the case of the moduli spaces for which the Higgs structure
is trivial. It should be noted that in [17] the authors also construct a corresponding canonical
relative proper Hitchin map, whose fiber provides a new compactification of the Picard variety
of smooth curves with normal crossing singularities. In their setting, the single node on the
base curve leads to an irreducible vine curve with n-nodes appearing as the spectral curve. It
would then seem natural that the quasi-abelianization of [17] (resembling Hitchin’s classical
abelianization) could be generalized.
Open Question 4.6. Describe the quasi-abelianization of the moduli space of GC -Higgs bundles
for different degenerations, following the techniques of [17].
Finally, since it is important to find natural compactifications of open moduli, and torsion-free
sheaves on nodal curves play an important role in [152] within the study of the compactification
of the universal moduli space of slope-semistable vector bundles over the compactification M g
of the moduli space of genus g curves, it is natural to ask the following:
Open Question 4.7. Understand the relation between the degenerations of moduli spaces of
Higgs bundles above, and the known compactifications of MGC .
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Since one has the correspondence between Langlands dual groups GC and L GC , once the
corresponding moduli spaces are understood, and the Hitchin fibrations are shown to exist, one
may also want to consider, if possible, the duality between the fibrations. In particular, the
work of Arinkin [11] for rank 2 Higgs bundles on the auto-duality of compactified Jacobians for
curves with plane singularities would allow one to understand both this setting, as well as the
one of singular fibers of the classical Hitchin fibration, leading to an intermediate question:
Open Question 4.8. Extend the constructions of [11] to the setting of generalized parabolic
GC -Higgs bundles à la Bhosle [34].

5

Higgs bundles and branes within singular fibers

The appearance of Higgs bundles (and flat connections) within string theory and the geometric
Langlands program has led researchers to study the derived category of coherent sheaves and the
Fukaya category of these moduli spaces. Therefore, it has become fundamental to understand
Lagrangian submanifolds of the moduli space of Higgs bundles supporting holomorphic sheaves
(A-branes), and their dual objects (B-branes). For L GC the Langlands dual group of GC , there
is a correspondence between invariant polynomials for GC and L GC giving an identification
AGC ' AL GC of the Hitchin bases.

5.1

Construction of branes

Through the Hitchin fibrations, the two moduli spaces MGC and ML GC are then torus fibrations
over a common base and their non-singular fibers are dual abelian varieties [65, 106], answering
some of the conjectures presented in [172]. Kapustin and Witten give a physical interpretation
of this in terms of S-duality, using it as the basis for their approach to the geometric Langlands
program [121]. In this approach a crucial role is played by the various types of branes and
their transformation under mirror symmetry. Adopting the language of physicists, a Lagrangian
submanifold of a symplectic manifold supporting a hyperholomorphic sheaf is called (the base
of) an A-brane, and a complex submanifold supporting a hyperholomorphic sheaf is (the base
of) a B-brane. A submanifold of a hyperkähler manifold may be of type A or B with respect to
each of the complex or symplectic structures, and thus choosing a triple of structures one may
speak of branes of type (B, B, B), (B, A, A), (A, B, A) and (A, A, B)7 . Throughout these notes
we shall follow the convention in [121] and fix the three complex structures I, J and K, such
that I is induced from the Riemann surface Σ, and J from the complex group GC .
It is hence natural to seek constructions of different families of branes inside the moduli
space MGc , understand their appearance within the Hitchin fibration, and describe their mirror
families of branes. In the context of Higgs bundles, branes were first considered by Kapustin
and Witten in 2006 in [121], where much attention was given to the (B, A, A)-brane of G-Higgs
bundles inside MGC , where G is a real form of the complex Lie group GC . Soon after, examples
of brane dualities were considered in [100]; in particular the case of G-Higgs bundles for compact
real forms G of low rank was considered, in which case the (B, A, A)-brane lies completely inside
the nilpotent cone. While partial results exist for these branes over singular fibers, the more
global picture remains unknown.
Open Question 5.1. Give a geometric description of all (B, A, A)-branes of G-Higgs bundles
which live completely inside the most singular fiber of the Hitchin fibration, the nilpotent cone
of MGC .
7
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The study of branes within moduli spaces of Higgs bundles continued evolving slowly, until
natural generic methods to construct families of all types of branes in MGC were introduced
in [23]. These branes were constructed as fixed point sets of certain families of involutions on
the moduli spaces of complex Higgs bundles. Consider σ an anti-holomorphic involution fixing
a real form G of GC , and ρ the anti-holomorphic involution fixing the compact real form of GC .
Then, through the Cartan involution θ = σ ◦ ρ of a real form G of GC , one may define


i1 ∂¯E , Φ := θ(∂¯E , −θ(Φ)).
Moreover, a real structure f : Σ → Σ on Σ induces an involution



i2 (∂¯E , Φ) := f ∗ (∂E ), f ∗ (Φ∗ ) = f ∗ ρ ∂¯E , −f ∗ (ρ(Φ)) .
Lastly, by setting i3 := i1 ◦ i2 , one may define a third involution:


i3 (∂¯E , Φ) = f ∗ σ ∂¯E , f ∗ σ(Φ) .
The fixed point sets of the induced involutions i1 , i2 , i3 introduced in [23] are branes of type
(B, A, A), (A, B, A) and (A, A, B) respectively, and through the associated spectral data their
topological invariants can be described using KO, KR and equivariant K-theory. In particular, it was shown that among the fixed points of i1 are solutions to the Hitchin equations with
holonomy in G. Moreover, those fixed by i2 were shown to give real integrable systems, fibered
as a Lagrangian fibration over a real slice of the Hitchin base [22]. In order to construct the
fourth type of branes, (B, B, B)-branes, one may consider Higgs bundles for a complex subgroup
of GC , but these branes would not appear through a symmetry in the spirit of the above constructions8 . On the other hand, it is shown in [111] that one may construct (B, B, B)-branes
by considering the subspaces of Γ-equivariant Higgs bundles for Γ a finite group acting on the
Riemann surface Σ. In particular, it was shown in [111] that for GC = SL(2, C), these branes
would be mid-dimensional only under very restrictive conditions, and no equivalent result has
been shown for higher rank groups.
Open Question 5.2. Describe the mid-dimensional (B, B, B)-branes appearing through Γequivariant Higgs bundles when Γ is a group of any rank, and classify those components completely contained in the singular locus of the Hitchin fibration.
The construction of branes following the procedures of [22, 23] have recently been generalized
to the space of framed instantons [82], Higgs bundles over K3 surfaces [83], Higgs bundles over
elliptic curves [37], quiver varieties [117, 118], more general hyperkähler spaces [38], and principal
Schottky bundles [45]. Moreover, many of the geometric properties of the branes in [22, 23] are
yet unknown, and researchers continue to study them (e.g., see [16, 38]). In the case of finite
group actions, the branes introduced in [111] were later studied in [94] from the perspective of
character varieties, and many of their properties remain unknown.
Open Question 5.3. In the spirit of [19] and [20], describe the Brauer groups and automorphism groups of the branes mentioned above.
Finally, it should be mentioned that in the last couple of years researchers have found other
novel ways in which branes can be constructed within the moduli space of Higgs bundles, and
which are yet to be generalized to other settings. Examples of these are Nahm branes [81], branes
appearing through spinors [115], through moment maps [90], and through Borel subgroups [84].
However, since Lagrangian branes can appear in any of three types, it is of interest to understand
8
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families of Lagrangian branes of each types which are related in some geometric fashion, but it
is not yet known of other triples of families of branes appearing within hyperkähler spaces other
than the ones obtained thought the methods of [23].
Open Question 5.4. Construct natural triples of families of branes in MGC , and more generally, within hyperkähler spaces.
Considering the appearance of branes through real structures on Riemann surfaces, one should
also be able to impose other structures on the surfaces to construct novel branes. A canonical
example of such structure would be that of a log-symplectic structure on Σ, also called a bPoisson structure. These structures are given by Poisson structures π ∈ X2 (Σ) for which π has
only non-degenerate zeros. In particular, π is generically symplectic. These structures were
completely classified by O. Radko [155], where she noted that every surface (orientable or not)
has a log-symplectic structure. The sets of invariants of log-symplectic structures are:
• The zero curves γ1 , . . . , γn , taken with orientation defined by π;
• The periods associated to each γi ;
• The volume invariant of π.
Since there is a natural relation between the data defining log-symplectic structures π on Σ as
in [155], and the real structures f : Σ → Σ considered in [22] to define (A, B, A)-branes, a natural
question is the following.
Open Question 5.5. Which branes of Higgs bundles are characterized by log-symplectic structures, and how do these relate to the (A, B, A)-branes introduced in [22, 23]?

5.2

Langlands duality

While it is understood that Langlands duality exchanges brane types, the exact correspondence
is not yet known9 . As mentioned before, the first instances of the correspondence being studied
for low rank Higgs bundles appeared in [121] and [100], but no proof has yet been given of a pair
of branes of Higgs bundles being dual. In the case of (B, A, A)-branes of G-Higgs bundles, it
was conjectured in [23] how the duality should appear:
Conjecture 5.6 ([23, Section 7]). The support of the dual (B, B, B)-brane in ML GC to the
(B, A, A)-brane MG ⊂ MGC is the moduli space MȞ ⊂ ML GC of Ȟ-Higgs bundles for Ȟ the
group associated to the Lie algebra ȟ in [148, Table 1].
Support for this conjecture is given in [114] for the group G = U (m, m) by considering the
spectral data description of the brane in [158], and in [25, 161] for the groups G = SO(p + q, p)
and Sp(2p + 2q, 2p). One should note that, in contrast with the (A, B, A) and (A, A, B) branes
considered in [23], for any q > 1 the (B, A, A)-branes studied in [25] lie completely over the
singular locus of the Hitchin fibrations. For these branes of orthogonal Higgs bundles, support
for Conjecture 5.6 is obtained from the description of how the brane intersects the most generic
fibers of the Hitchin fibration: indeed the rank of the hyperholomorphic sheaf depends on the
number of components in this intersection, which remains constant for different q, leading to
the following conjecture.
Conjecture 5.7 ([25, Section 8]). For all q even (and for all q odd), the (B, A, A)-brane of
SO(p + q, p)-Higgs bundles has dual (B, B, B)-brane obtained by considering the same base of
9
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Conjecture 5.6 and the same hyperholomorphic bundle supported on it10 , and it is only the way in
which these spaces are embedded into the different Langlands dual moduli spaces which depends
on q.
In particular, the support of branes for q odd and q even are dual to each other as hyperkähler
moduli spaces of complex Higgs bundles. From the description of the invariant polynomials
appearing for (B, A, A)-branes of G-Higgs bundles in [157], one can see that the majority of
these branes lie over the singular locus of the Hitchin fibration. However, it is still possible to
describe the intersection of these branes with the most regular of singular fibers. For example, it
was shown in [116] that the generic intersections of the (B, A, A)-branes of SL(m, H), SO(2n, H)
and Sp(2m, 2m)-Higgs bundles with the fibers of the Hitchin fibrations are not abelian varieties,
but are instead moduli spaces of rank 2 bundles on a spectral curve, satisfying certain natural
stability conditions. In order to fully understand Langlands duality for branes one would need
to understand how different branes in a moduli space intersect, and thus the particular case of
branes within the nilpotent cone is of much importance.
Open Question 5.8. Describe the intersections and relations between all (B, A, A)-branes in
the nilpotent cone of GC -Higgs bundles, for GC an arbitrary group.
While a first step towards an answer would be to consider (B, A, A)-branes of G-Higgs bundles, or those constructed in the papers mentioned above, a more general perspective considering
generators of the corresponding Fukaya category would be ideal. For a short review of the open
problems and literature of this section, the reader may refer to [159] and references therein.
When studying the nilpotent cone, a few questions arise from the work of Gukov and his colleagues in relation to quantization:
Open Question 5.9. What is the brane quantization à la [100] of the branes in the nilpotent
cone mentioned in this section, and how does this relate to the curve quantization à la [69] of
the spectral curves defined by Higgs bundles in those branes?
Open Question 5.10. Use the above methods to construct branes for wild Hitchin systems,
and approach Langlands duality as appearing in [101].

5.3

Surface group representations and GW -components

Finally, it should be noted that branes which lie completely over the singular locus of the Hitchin
fibration also play an important role in representation theory. In particular, the following has
been predicted by Guichard and Wienhard:
Conjecture 5.11 ([99, Conjecture 5.6]). Additional connected components coming from positive
representations (through the notion of Θ-positivity), giving further families of higher Teichmüller
spaces, appear in the moduli space of surface group representations into SO(p + q, p) for q ≥ 1.
In the case of the moduli space MSO(p+1,p) , the existence of the extra Guichard–Wienhard
components (or simply GW-components) as predicted in [99, Conjecture 5.6] is known to be true
[13, 48, 49], and moreover it was shown in [49] that those components indeed contain Θ-positive
representations. From the perspective of the spectral data description of the (B, A, A)-branes
of SO(p + q, p)-Higgs bundles of [25, 161], natural candidates for GW -components for arbitrary
q ∈ N are the following:
Conjecture 5.12 ([25, Section 7]). The natural candidates for the GW -components of Conjecture 5.11 conjectured to exist by Guichard and Wienhard [99, Conjecture 5.6] are those containing
10
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Higgs bundles whose spectral data11 (L, M, τ ) in [25] has the form (O, Oq , τ ). Alternatively, this
is equivalent to taking SO(p + q, p)-Higgs bundles whose vector bundle is of form (W, V ⊕ Oq−1 ),
where the pair (W, V ) gives the vector bundles of one of the SO(p + 1, p)-Higgs bundles in the
GW -components known to exist.
To prove that this actually gives the GW -components, the monodromy action à la [24, 156]
should be taken into consideration as well as the behavior over singular fibers. On the symplectic
side, from the study of spectral data in [25], one can see the geometric reason for the absence of
any extra GW -components in the (B, A, A)-brane of Sp(2p + 2q, 2p)-Higgs bundles.

6

Higgs bundles and Calabi–Yau geometry

Higgs bundles have played an important role in string theory in a wide range of contexts. But
one recent application has provided some of the perhaps most surprising connections between
previously unrelated aspects of geometry – that is, the links between Hitchin systems and the
geometry of singular 3- and 4-(complex)dimensional Calabi–Yau (CY) varieties.

6.1

Calabi–Yau integrable systems and Hitchin Systems

The first hint of such a connection appeared in [56] in which links were developed between Calabi–
Yau integrable systems and Hitchin Systems. Briefly, as described in Section 2, the Hitchin
system forms an integrable system through the definition of the Hitchin fibration (2.1), whose
generic fibers are even abelian varieties obtained through branched coverings of an underlying
Riemann surface Σ with genus g ≥ 2. On the other hand, Calabi–Yau integrable systems were
first explored for families of Calabi–Yau 3-folds in [63, 64], where the base of the system was
formed by the moduli space of Calabi–Yau varieties in the family, and the fibers were formed
by the Deligne cohomology groups of the intermediate Jacobians:

J 2 (X) = H 3 (X, C)/ F 2 H 3 (X, C) + H 3 (X, Z)
of the Calabi–Yau 3-folds X. Fiber and base fit together into a total space carrying a holomorphic symplectic form and the fibers are Lagrangian [63]. Furthermore, in remarkable work [56]
Diaconescu, Donagi, and Pantev developed an isomorphism between Calabi–Yau integrable systems and those of Hitchin, the DDP correspondence. More precisely, by considering a smooth
projective complex curve Σ and an ADE group G, for a fixed pair (Σ, G) they constructed
a family of quasi-projective (i.e., non-compact) CY 3-folds (defined as Tot(V ) for a rank 2
vector bundle, V , satisfying det(V ) = KΣ ).
Treating the moduli space of the non-compact CY manifold as the base of a Hitchin integrable
system for the group G, a correspondence between the CY integrable system (whose fibers are
the intermediate Jacobians of a family of non-compact CY 3-folds) and that of the Hitchin
system (whose fibers are Prym varieties of the corresponding spectral covers) was explicitly laid
out for the Lie groups Ak , but the description is only valid away from the discriminant. This
mapping between Hitchin and CY integrable systems was nicely generalized via a sheaf-theoretic
approach to the remaining simple Lie groups Bk , Ck , F4 and G2 in [27].
This important correspondence found a ready audience within string theory in the context
of F-theory [177] – a geometric approach to compactifications of the type IIB string with nontrivial axio-dilaton backgrounds – in which the effective physics of the type IIB compactification
to (12 − 2n) spacetime dimensions is encoded in the geometry of an elliptically fibered (or more
generally genus one fibered), complex Calabi–Yau n-fold, π : Xn → Bn−1 . The degeneration of
11
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the elliptic fibers encode information about a Lie group, G, corresponding to D7-branes wrapping
the discriminant locus of the elliptic fibration (see Section 7 for further details). From a physical
perspective, the Calabi–Yau geometry is a tool to investigate intersecting brane theories, which
are innately linked to Higgs bundles. Within a “local” description of F-theory, intersecting
branes (wrapping a sub-variety Σ ⊂ Xn ) come equipped with an adjoint field Φ (the Higgs
field) which parametrizes normal motions of a stack of branes. Matter fields are fluctuations
around the background hΦi and Yukawa couplings measure obstructions to extend these solutions
beyond the linear order. Usually the Higgs field Φ is taken to live in a Cartan subspace of the
Lie algebra so that only the eigenvalues of Φ are relevant. But this seems to be an incomplete
description in many situations relevant to interesting physical models.

6.2

T-branes and Hitchin systems

Usually the connection with F-theory is made using the spectral cover, defined through {det(Φ−
η Id) = 0}, and which in the case that Σ ⊂ X (with X a CY n-fold) locally defines the CY
as the normal cone of Σ. However, the spectral cover will not accurately parameterize the
local geometry of X when the Higgs field is non-diagonalizable (for example when Φ is upper
triangular) [62]. So-called T-branes are non-Abelian bound states that generalize intersecting
branes and admit a matrix of normal deformations (or Higgs field) that is nilpotent over some
loci [47, 66, 67]. Mathematically, T-branes correspond to singular fibers in the Hitchin fibration.
As they first originated in the physics literature, the Hitchin systems corresponding to Tbranes were not explicitly linked geometrically to the background Calabi–Yau elliptic fibrations
of F-theory. A first step in this direction was taken in [8] which attempted to extend some of
the links developed in [56] to compact Calabi–Yau varieties. A limiting mixed Hodge structure
analysis was employed to study the form of the intermediate Jacobian of CY 3-folds in the
limit that the geometry became singular. In certain singular limits of the elliptic fibration,
the degeneration of the intermediate Jacobian, J 2 (X), leads to an emergent Hitchin system –
i.e., generates the moduli space of Higgs bundles defined over the discriminant locus of the
fibration [8, 64]. In [8] T-branes were explored in the context of six-dimensional F-theory vacua,
that is using compactifications of F-theory on singular elliptically fibered Calabi–Yau 3-folds,
π : X3 → B2 .
The intrinsic intersecting brane Hitchin system was defined over a curve Σ ⊂ B in the
base of the elliptic fibration, obtained through a component of the discriminant locus (∆ = 0)
describing degenerating fibers. Upon a crepant resolution of the singular variety, it was argued
that the geometric remnants of T-branes correspond to periods of the three-form potential of Ftheory valued in the intermediate Jacobian of a now smooth Calabi–Yau 3-fold. Moreover, in [8]
a partial compactification of the DDP correspondence was established and it was demonstrated
that the Hitchin system defined on the discriminant locus is contained in the local part of the
(compact) Calabi–Yau integrable system:
/M

πM m ∗ M
M

|


fcx
/M

Hit

π


/ Mloc ,

(6.1)

fcx
where M and M are the full Hitchin and Calabi–Yau moduli spaces, respectively, and M
and Mloc the complex structure moduli spaces of the resolved Calabi–Yau geometry and local
deformations of the singular Calabi–Yau variety (preserving the form of the singular elliptic
fibers). The maps are defined such that the right map is the Hitchin fibration and the upper
left (diagonal) map is an inclusion. This correspondence was established for singular CY 3-folds
with An -type singularities. See [8], Section A.4 for details.
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Conjecture 6.1 ([8]). The correspondence described in (6.1) can be extended to any compact, singular, elliptically fibered CY 3-fold with singular fibers associated to G-symmetry (codimension 1 over the base and admitting a crepant resolution, see Section 7 for details), and
H-type Hitchin system defined over the discriminant locus of the elliptic fibration such that
H ⊂ G.
Although we will not explore it in detail here, it is also expected that correspondences between
Hitchin and CY moduli spaces (in either the compact or non-compact CY setting) should extend
to the Deligne cohomology of Calabi–Yau 4-fold geometries [35] (see also [28, 50, 51, 52, 132]
for recent progress on T-branes) and Higgs bundles defined over complex surfaces [168].

6.3

Wild Hitchin systems and F-theory

An intrinsic difficulty with the Hitchin systems arising within F-theory comes from the fact that
the Higgs bundles are defined on the discriminant locus of the elliptically fibered CY manifold –
and hence not on smooth Riemann surfaces, but rather on complex curves that are in general
singular (including sometimes non-reduced and reducible). At the singular/intersection points of
such a curve, the physical theory suggests that the associated Higgs bundles should also exhibit
singularities. That is, in this context, it is natural to also consider stable pairs with singular
connections (see also the discussion in Section 4).
Thus far, work has focused primarily on so-called parabolic Hitchin systems [127, 168, 169]
which accommodate the possibility of simple poles in the gauge and Higgs fields at marked
points on a Riemann surface. However, many questions – of both mathematical as well as
physical interest – require the consideration of higher order singularities in the gauge fields.
Wild/irregular Higgs bundles [6, 39, 41, 86] extend this formalism to include stable, integrable
connections with irregular singularities of the form
d + An

dz
dz
+ · · · + A1 ,
n
z
z

with n > 1 and stable parabolic Higgs pairs (E, Φ) where the Higgs field has polar parts, e.g.,
Tn

dz
dz
+ · · · + T1 .
n
z
z

As in Simpson’s construction [169] for parabolic Higgs bundles, a natural assumption for this
study is that the connections and Higgs fields are holomorphically gauge equivalent to ones with
diagonal polar parts (this is weakened slightly in [86]). This leads to a correspondence between
singularities (after diagonalizing) of the form Ti = 12 Ai for i ≥ 2 [36]. The moduli space of such
wild Higgs bundles was described in [39, 40] as a hyperkähler quotient. Already these irregular
Hitchin systems have played a significant role in the geometric Langlands program [88, 101], and
string applications including topologically twisted N = 4 super Yang–Mills theories [101, 121],
particularly in so-called ’Stokes phenomena’ [178, 180] (which describe how the asymptotical
behavior of the solutions changes in different angular regions around the singularity. Stokes
matrices link the solutions in different regions and define a generalized monodromy which plays
a central role in describing a wild Hitchin moduli space).
Recent progress [9] has demonstrated that the study of ordinary smooth Hitchin systems is
insufficient in the context of 6-dimensional F-theory compactifications. Not only should generic
CY 3-folds have a correspondence to parabolic or wild Hitchin systems, but in general deformations of the singular variety (Mloc in (6.1) above) can dynamically change the pole order of
the relevant singular complexified connections appearing in the Higgs bundles (see [7] and [9,
Section 5.1] for an example). That is, by varying the complex structure moduli of a singular CY
variety, the location of singularities in the discriminant locus ∆ can be tuned to coincide. This
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tuning, when viewed from the intersecting brane models, should correspond to a parametric
deformation of a Hitchin System in which the location of simple poles are tuned and forced to
coincide into higher order poles. In many instances it seems this tuning can be done without
changing the dimension of the underlying CY/Hitchin moduli space.
Conjecture 6.2 ([9]). There exists a flat morphism between the moduli spaces Mpar and Mwild
in the case of a singular parabolic Higgs bundle with n-simple poles in its connection and that
of a wild Higgs bundle with a single, higher order pole of order n.
This limiting process in the context of CY varieties also leads to the open question:
Open Question 6.3 ([9]). Does the Stokes phenomenon exhibited by wild Higgs bundles have
an analog in the moduli space of singular, elliptically fibered CY geometries or CY integrable
systems?

6.4

Singular CY varieties

Finally, it should be noted that there are likely many unexplored links between classification
problems in parabolic/wild Hitchin Systems and singular CY varieties. In general, the criteria
for CY 3-folds to exhibit a generic singularity everywhere in its complex structure moduli space
has attracted interest from the physics community in the context of “non-Higgsable clusters”
[10, 103, 143, 146]. The maps in (6.1) embedding the Hitchin moduli space into that of the
singular CY variety indicate that in such cases the highly constrained form of the singular
CY geometry must correspond to an equally constrained Hitchin system. From the underlying
effective physics of F-theory, this correspondence is linked to an SU(2) R-symmetry which can
rotate components of hypermultiplets of the 6-dimensional effective theory [14]. Here these
halves of hypermultiplets correspond to complex structure moduli and degrees of freedom in the
intermediate Jacobian of the CY variety (the so-called “RR-moduli”), respectively. Thus, any
T-brane solution (or more generally Higgs bundle on the brane with associated spectral cover)
must correspond under hypermultiplet rotation to a deformation of complex structure of the
singular 3-fold [8]. In particular, in the case of non-Higgsable CY 3-fold geometries an open
question is to understand the following:
Open Question 6.4. In the case that a non-Higgsable CY manifold exhibits G singular elliptic
fibers over a (possibly singular) curve Σ, does this correspond to a trivial/empty Hitchin moduli
space (including parabolic or wild Hitchin moduli space depending on the singularities of Σ) of
H-Higgs bundles over Σ where H ⊂ G?
One example where this open question can be confirmed in the affirmative is in the case of CY
3-folds π : X → Fn , defined as a Weierstrass model (see Section 7) over a Hirzebruch surface, Fn .
For each n > 2, such elliptically fibered geometries are generically singular [29, 147]. For n = 3
for example there is a generic SU(3) singularity (more specifically Kodaira type IV fibers) over
a discriminant locus ∆ ⊂ F3 which takes the form of a smooth curve of genus zero (one of the
sections of the rational fibration of F3 ). The fact that this symmetry is “un-Higgsable” in the
physical theory corresponds to the triviality of SL(N, C)-Higgs bundles over P1 with N = 2, 3.
See [8] for further examples involving parabolic Hitchin systems over P1 with marked points.
In general, there are a large number of possible connections between Higgs bundles and the
effective theories and geometry arising within string/M-/F-theory. One new correspondence has
recently arisen within the context of 4-dimensional compactifications of F-theory in N = 4 supersymmetric Yang–Mills theories (with unity gauge groups) which are quotiented by particular
combinations of R-symmetry and SL(2, Z) automorphisms (such theories can arise as D3-branes
probing terminal singularities in F-theory) [4, 5, 12, 92, 93].
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Open Question 6.5. What generalizations of Higgs bundles correspond to the new N = 3
supersymmetric theories recently discovered in [92]?
The self duality equations of N = 4 supersymmetric Yang–Mills theories have led to a rich
interplay between theories of branes arising in string theory and Higgs bundles. It would be
intriguing to understand whether such links could arise between N = 3 theories and “cousins”
of the Hitchin system over Riemann surfaces. Finally, it should be noted that within F-theory
and the subject of T-branes there remain many open questions linking so-called ”matrix factorization” techniques, K-theory, Hitchin systems and Calabi–Yau geometry (see, e.g., [28]).

7

Elliptic fibrations, Weierstrass models,
and Calabi–Yau resolutions

Since elliptic fibrations play an important role when studying the relations between Higgs bundles
and F-theory, we shall conclude these notes with a review of some of the basic ideas and recent
advances. The reader should not take this a thorough review, but rather a brief, curated overview
of some essential aspects of the underlying geometry.
Definition 7.1. A surjective proper morphism ϕ : Y → B between two algebraic varieties Y
and B is called an elliptic fibration if the generic fiber of ϕ is a smooth projective curve of genus
one and ϕ has a rational section. When B is a curve, Y is called an elliptic surface. Moreover,
when B is a surface, Y is said to be an elliptic 3-fold. In general, if B has dimension n − 1, Y is
called an elliptic n-fold.

7.1

Classification of singular fibers

The locus of singular fibers of an elliptic fibration, ϕ : Y → B, is called the discriminant locus,
and is denoted by ∆(ϕ), or simply ∆ when the context is clear. If the base B is smooth, the
discriminant locus is a divisor [58]. In the early 1960s, Kodaira classified singular fibers of
minimal elliptic surfaces in terms of numerical invariants showing that there are 8 possibilities
including two infinite series and 6 exceptional cases [125, 126]. Soon after, Néron obtained
an equivalent classification in an arithmetic setting using explicit regularizations of singular
Weierstrass models [151]. Based on Néron’s analysis, Tate proposed an algorithm that allows
(among other things) the determination of the type of singular fibers of a Weierstrass model
by analyzing the valuation of its coefficients [176]. Under appropriate conditions, Kodaira’s
classification of singular fibers of an elliptic surface and Tate’s algorithm can be used to describe
the possible singular fibers and monodromies of an elliptically fibered n-fold over points in
codimension-1 in the base.
However, over points in codimension-2, new fibers not in Kodaira’s list are known to occur
[141, 173]. These are frequently referred to as collisions of singular fibers as they usually appear
at the intersections of two divisors of the discriminant locus of the elliptic fibration. In general
however, no classification exists for the singular fibers of elliptic 3-folds and 4-folds, leading to
the broad question:
Open Question 7.2. How can one geometrically classify non-Kodaira fibers?
Under some assumptions, the answer is known for the elliptic n-folds called Miranda models
[141, 173]. More generally, in the case of flat elliptic fibrations obtained by crepant resolutions of
Weierstrass models, non-Kodaira fibers are expected to be contractions of usual Kodaira fibers.
This is proven for elliptic 3-folds [46] and confirmed in all known examples of non-Kodaira fibers
appearing in the F-theory literature [70, 76, 77, 78, 79, 131, 144, 175].
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In view of the links described in Section 6 between elliptic CY geometry and Hitchin systems,
this leads naturally to the conjecture that two classification problems might be linked:
Open Question 7.3. How is the classification of non-Kodaira fibers of an elliptically fibered
Calabi–Yau 3-fold related to the classification of parabolic or wild Hitchin systems defined over
the discriminant locus?

7.2

Weierstrass models

Since an elliptic fibration over a smooth base is birational to a (possibly singular) Weierstrass
model [55], the starting point of such an analysis will usually be a Weierstrass model. We shall
review here the main features of these models, following the notation of Deligne [55]. Let L be
a line bundle over a quasi-projective variety B. We define the following projective bundle (of
lines):


π : X0 = PB OB ⊕ L⊗2 ⊕ L⊗3 −→ B.
We denote by OX0 (1) the dual of the tautological line bundle of the projective bundle X0 . The
relative projective coordinates of X0 over B are denoted [z : x : y], where z, x, and y are defined
respectively by the natural injection of OB , L⊗2 , and L⊗3 into OB ⊕ L⊗2 ⊕ L⊗3 . Hence, z is
a section of OX0 (1), x is a section of OX0 (1) ⊗ π ∗ L⊗2 , and y is a section of OX0 (1) ⊗ π ∗ L⊗3 . The
most general Weierstrass equation is then the zero locus of the following section of O(3) ⊗ π ∗ L⊗6
in X0

F = y 2 z + a1 xyz + a3 yz 2 − x3 + a2 x2 z + a4 xz 2 + a6 z 3 ,
where ai is a section of π ∗ L⊗i . The line bundle L is called the fundamental line bundle of
the Weierstrass model ϕ : Y → B and can be defined directly from the elliptic fibration Y as
L = R1 ϕ∗ OY . The Weierstrass model has a trivial canonical class when the fundamental line
bundle L is the anti-canonical line bundle of B.
Each crepant resolution of a singular Weierstrass model is a relative minimal model (in
the sense of the Minimal Model Program) over the Weierstrass model [134]. When the base
of the fibration is a curve, the Weierstrass model has a unique crepant resolution. On the
other hand, when the base is of dimension two or higher, a crepant resolution does not always
exist; furthermore, when it does, it is not necessarily unique. Different crepant resolutions
of the same Weierstrass model are connected by a finite sequence of flops (see for example
[73, 75, 77, 78, 79, 107, 129, 134]). Crepant resolutions of Weierstrass models have the same
Euler characteristic, and these have recently been computed in [74].
Following F-theory, we can attach to a given elliptic fibration a Lie algebra g, a representation R of g, and a hyperplane arrangement I(g, R). The Lie algebra g and the representation R
are determined by the fibers over codimension-1 and codimension-2 points, respectively, of the
base in the discriminant locus. The hyperplane arrangement I(g, R) is defined inside the dual
fundamental Weyl chamber of g (i.e., the dual cone of the fundamental Weyl chamber of g), and
its hyperplanes are the set of kernels of the weights of R. Moreover, one may study the network
of flops using the hyperplane arrangement I(g, R) inspired from the theory of Coulomb branches
of five-dimensional supersymmetric gauge theories with eight supercharges [120].
The network of crepant resolutions is isomorphic to the network of chambers of the hyperplane
arrangement I(g, R) defined by splitting the dual fundamental Weyl chamber of the Lie algebra g
by the hyperplanes dual to the weights of R. The hyperplane arrangement I(g, R), its relation to
the Coulomb branches of supersymmetric gauge theories and the network of crepant resolutions
are studied, among others, in [44, 57, 71, 72, 73, 75, 77, 78, 97, 107, 108, 120].
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The representation R attached to an elliptic fibration can be derived systematically using
intersection theory [15]. Indeed, let C be a vertical curve, i.e., a curve contained in a fiber of
the elliptic fibration. Let S be an irreducible component of the reduced discriminant of the
elliptic fibration ϕ : Y → B. The pullback of ϕ∗ S has irreducible components D0 , D1 , . . . , Dn ,
where D0 is the component touching the section of the elliptic fibration. The weight vector
of C over S is by definition the vector $S (C) = (−D1 · C, . . . , −Dn · C) of intersection numbers
Di · C for i = 1, . . . , n. To an elliptic fibration, we associate a representation R of the Lie
algebra g as follows. The weight vectors of the irreducible vertical rational curves of the fibers
over codimension-2 points form a set Π derived by intersection theory. The saturation of Π
(by adding and subtracting roots) defines uniquely a representation R. This method due to
Aspinwall and Gross [15, Section 4] explains how the representation R can be deduced even
in presence of non-Kodaira fibers [133]. The method can be formalized using the notion of
saturation set of weights borrowed from Bourbaki [73, 75].
One interesting property of the derivation of the representation R from intersection theory
is that it does not assume the Calabi–Yau condition nor relies on anomaly cancellations. Hence,
from that point of view, the representation attached to an elliptic fibration is purely a geometric data of the elliptic fibration that also controls aspects of its birational geometry via the
hyperplane arrangement I(g, R). There are subtleties in presence of exotic matter [7], when
the component of the discriminant supporting the gauge group is singular [124], in presence of
a non-trivial Mordell–Weil group [135], when the codimension-two fibers are non-split [73, 75],
or when the fibration is non-flat [131]. Although we understand the structure of the hyperplane arrangement I(g, R) for most of the F-theory models with simple groups (see for example
[57, 71, 72, 73, 75, 107, 120]), the structure in presence of semi-simple groups is still not well
explored. This lead to the following question.
Open Question 7.4. What are the intersection properties of (exotic) representations appearing
in F-theory and the structure of their associated hyperplane arrangements?

7.3

Superconformal field theories in the context of F-theory

Finally, it should be noted that there is a rich array of open questions that have arisen form
the recent investigations into superconformal field theories in the context of F-theory. The
superconformal algebra is a graded Lie algebra that combines the conformal Poincaré algebra
and supersymmetry. Some of the most basic data characterizing a superconformal field theory (SCFT) is the number of spacetime dimensions in which it is defined, and the amount of
supersymmetry generators and their chirality.
Recently, substantial interest has centered on six-dimensional SCFTs with (2, 0) and (1, 0)
supersymmetry. According to the seminal work of Werner Nahm, SCFTs are only possible
for spacetime dimensions 2, 3, 4, 5 and 6 [149]. In particular, the (2,0) theories in d = 6
are the SCFTs with the maximal amount of supersymmetry in the highest dimension [174].
The six-dimensional superconformal field theories with (1,0) supersymmetry are among the
least understood quantum field theories, for example, they do not always have a Lagrangian
formulation [165, 179]. They are connected to questions in broad areas such as DonaldsonThomas theory of Calabi–Yau manifolds, modular and automorphic forms [98, 102], singularities
[54, 109, 110], quivers [3, 30, 123], and representation theory [2]. As they arise in F-theory and
CY elliptic fibrations, it is then natural to ask:
Open Question 7.5. What is the geometry of elliptic fibrations used to model (1, 0) theories?
How are the conformal matter connected to the structure of Higgs bundles appearing in F-theory?
The crepant resolutions of the singularities of CY elliptic fibrations exhibiting SCFT loci
provide a beautiful connection between the mechanism of anomaly cancellation as seen in physics
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and topological quantities that have been recently discovered. An understanding of the SCFT
geometry must be linked to the simplest building blocks of (1,0) theories, the so called nonHiggsable clusters [109, 110, 143, 145]. First steps towards the analysis of the crepant resolutions
of such SCFT loci (including so-called ”matter transitions” in F-theory [7]) is already underway
[53, 73, 75, 102, 131].
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[28] Bena I., Blåbäck J., Savelli R., T-branes and matrix models, J. High Energy Phys. 2017 (2017), no. 6, 009,
15 pages, arXiv:1703.06106.
[29] Bershadsky M., Intriligator K., Kachru S., Morrison D.R., Sadov V., Vafa C., Geometric singularities and
enhanced gauge symmetries, Nuclear Phys. B 481 (1996), 215–252, hep-th/9605200.
[30] Bhardwaj L., Classification of 6d N = (1, 0) gauge theories, J. High Energy Phys. 2015 (2015), no. 11, 002,
26 pages, arXiv:1502.06594.
[31] Bhosle U.N., Generalised parabolic bundles and applications to torsionfree sheaves on nodal curves, Ark.
Mat. 30 (1992), 187–215.
[32] Bhosle U.N., Generalized parabolic sheaves on an integral projective curve, Proc. Indian Acad. Sci. Math.
Sci. 102 (1992), 13–22.
[33] Bhosle U.N., Generalized parabolic bundles and applications. II, Proc. Indian Acad. Sci. Math. Sci. 106
(1996), 403–420.
[34] Bhosle U.N., Generalized parabolic Hitchin pairs, J. Lond. Math. Soc. 89 (2014), 1–23.
[35] Bies M., Mayrhofer C., Pehle C., Weigand T., Chow groups, Deligne cohomology and massless matter in
F-theory, arXiv:1402.5144.
[36] Biquard O., Boalch P., Wild non-abelian Hodge theory on curves, Compos. Math. 140 (2004), 179–204,
math.DG/0111098.
[37] Biswas I., Calvo L.A., Franco E., Garcı́a-Prada O., Involutions of the moduli spaces of G-Higgs bundles over
elliptic curves, arXiv:1612.08364.
[38] Biswas I., Wilkin G., Anti-holomorphic involutive isometry of hyper-Kähler manifolds and branes, J. Geom.
Phys. 88 (2015), 52–55, arXiv:1410.6616.
[39] Boalch P., Hyperkähler manifolds and nonabelian Hodge theory of (irregular) curves, arXiv:1203.6607.
[40] Boalch P., Poisson varieties from Riemann surfaces, Indag. Math. (N.S.) 25 (2014), 872–900,
arXiv:1309.7202.
[41] Boden H.U., Yokogawa K., Moduli spaces of parabolic Higgs bundles and parabolic K(D) pairs over smooth
curves. I, Internat. J. Math. 7 (1996), 573–598, alg-geom/9610014.
[42] Bradlow S.B., Schaposnik L.P., Higgs bundles and exceptional isogenies, Res. Math. Sci. 3 (2016), 14,
28 pages, arXiv:1508.02650.
[43] Branco L.C., Higgs bundles, Lagrangians and mirror symmetry, Ph.D. Thesis, University of Oxford, 2017,
arXiv:1803.01611.
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