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Abstract. We develop the inverse scattering transform method for the Novikov equation
Up — Upzr + 42Uy = UULULy + Uy, considered on the line x € (—o0,00) in the case
of non-zero constant background. The approach is based on the analysis of an associated
Riemann—Hilbert (RH) problem, which in this case is a 3 X 3 matrix problem. The structure
of this RH problem shares many common features with the case of the Degasperis—Procesi
(DP) equation having quadratic nonlinear terms (see [Boutet de Monvel A., Shepelsky D.,
Nonlinearity 26 (2013), 2081-2107, arXiv:1107.5995]) and thus the Novikov equation can be
viewed as a “modified DP equation”, in analogy with the relationship between the Korteweg—
de Vries (KdV) equation and the modified Korteweg—de Vries (mKdV) equation. We present
parametric formulas giving the solution of the Cauchy problem for the Novikov equation in
terms of the solution of the RH problem and discuss the possibilities to use the developed
formalism for further studying of the Novikov equation.

Key words: Novikov equation; Degasperis—Procesi equation; Camassa—Holm equation; in-
verse scattering transform; Riemann—Hilbert problem
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1 Introduction

1.1. In this paper we present an inverse scattering approach, based on an appropriate Riemann—
Hilbert problem formulation, for the initial value problem for the Novikov equation [29, 37, 39]

Up — Upgy + AU Uy = BUUpUgy + U Uzpe, —oco<x<+4oo, t>0, (1.1)

u(z,0) = up(x), —00 < x < 400,
where ug(z) is assumed to decay to a non-zero constant:

up(x) — 2> 0, x — £00.

*This paper is a contribution to the Special Issue on Asymptotics and Universality in Random Matrices,
Random Growth Processes, Integrable Systems and Statistical Physics in honor of Percy Deift and Craig Tracy.
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The solution u(z,t) is also assumed to decay to s for all ¢ > 0:
u(z,t) — s, x — +00.
Introducing the momentum variable
M= U — Uy,
the Novikov equation (1.1) can be written as
my + (mgu 4+ 3mug)u =0 (1.2)
or, equivalently,
(m%)t + (u2m%)x =0. (1.3)

1.2. The Novikov equation (1.1) was obtained in the search for a classification of integrable
generalized Camassa—Holm equations of the form

(1—8§)ut:F(u,ur,um,uzm,...), u=u(z,t), 0 = 0/0x

possessing infinite hierarchies of higher symmetries [39] (see also [37]). Equation (1.1) listed by
Novikov in [39, equation (31)] attracted further considerable attention in the literature, first of
all, as an example of nonlinear equation admitting, like the Camassa-Holm (CH) [13, 14] and
the Degasperis—Procesi (DP) [22, 23] equations, peaked solutions (peakons), but having cubic
(rather than quadratic) nonlinear terms. Another integrable Camassa—Holm type equation with
cubic nonlinearities was discovered by Fokas [25] and Qiao [41, 42].

Hone, Lundmark, and Szmigielski [28] obtained explicit formulas for multipeakon solutions
of (1.1). Some smooth and nonsmooth soliton solutions were presented by Pan and Yi in [40].
For studies concerned with blow-up phenomenon and the Cauchy problem for (1.1) we refer the
reader to [16, 17, 26, 27, 30, 32, 38, 43, 44].

1.3. In [39] Novikov presented a scalar Lax pair for (1.1), which involves the third order
derivative with respect to . Hone and Wang [29] proposed a 3 x 3 matrix Lax pair for (1.1),
which allowed presenting explicit formulas for peakon solutions [28, 29] on zero background.
Recently, Matsuno [36] presented parametric representations of smooth multisoliton solutions
(as well as singular solitons with single cusp and double peaks) of (1.1) on a constant (non-
zero) background, using a Hirota-type, purely algebraic procedure. He also demonstrated that
a smooth soliton converges to a peakon in the limit where the constant background tends to 0
while the velocity of the soliton is fixed. Furthermore, he performed the asymptotic analysis of
pure multisoliton solutions and noticed that the formulas for the phase shifts of the solitons as
well as their peakon limits coincide with those for the Degasperis—Procesi (DP) equation [34, 35]

Up — Utpr + Uy = SUgUzy + UlUgey, (1.4)
which, in terms of m reads
(m%)t + (um%)m =0. (1.5)

Comparing with the Degasperis—Procesi equation, it is natural to view (at least formally) the
Novikov equation as a “modified DP equation”, in analogy with the relationship between the
Korteweg—de Vries (KdV) equation

U + 6uty + Upgr = 0
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and the modified Korteweg—de Vries (mKdV) equation
ur + 6u2ux + Ugqe = 0.

The subsequent analysis presented in the paper supports this point of view. Indeed, as we will
show below, the implementation of the inverse scattering transform method involves a Riemann—
Hilbert problem of the same structure as in the case of the DP equation (recall that this is true
when comparing the KdV and the mKdV equations).

1.4. Recall that for the DP equation, the transformation u(z,t) — u(x — »t,t) + s re-
duces (1.4) and (1.5) to

Ut — gy + 322Uy + 40U, = 3Ugplpy + Wlpps (1.6)
and

(), + (), =0

respectively. Here m = @ — 2, + 5 and thus @ — 0 as * — +oo provided u — s as x — +o0.
Therefore, the study of the Cauchy problem for the DP equation in the form (1.4) in the case
of non-zero constant background is equivalent to the study of the Cauchy problem on zero
background for the DP equation in the form (1.6), i.e., for the DP equation with non-zero linear
dispersion term. For the latter problem, the Riemann—Hilbert approach, which is a variant of
the inverse scattering transform method, has been applied in [10], which allows obtaining a
useful representation of the solution in a form suitable for the analysis of its long time behavior.
Notice that the further transformation @ ~ u: @(x,t) = sct(x, >¢t), which preserves the zero
background, allows reducing the study of (1.6) with any s > 0 to the case of (1.6) with s = 1.

Similar arguments for the Novikov equation lead to the following: The transformations
u(z,t) = iz — »*t,t) + » and u(z,t) = su(z — »°t, %°t) + s reduce the Cauchy problem
for (1.1) (or (1.3)) on a non-zero constant background u — 3 as x — £oo to the Cauchy
problem on zero background (& — 0 and @ — 0 as & — 400) for the equations

and

respectively. Here m := @ — %4, + » and m =10 — Upg + 1.
1.5. Henceforth, we consider the Cauchy problem for equation (1.8) on zero background,
which, to simplify notations, will be written as

(m?3), + ((u® +2u)?3) =0, —oco<wz<oo, t>0, (1.9a)
m=m-+1=u—uz + 1, (1.9b)
u(z,0) = up(z), —00 <z <00, (1.9¢)

where ug(z) is sufficiently smooth and decays fast as x — +o00. Moreover, we assume that ug(x)
satisfies the sign condition

uo(z) — (uo)zz(z) +1 > 0. (1.9d)

Then there exists [32] a unique global solution u(z,t) of (1.9), such that u(z,t) — 0 as x — £o0
for all ¢.



4 A. Boutet de Monvel, D. Shepelsky and L. Zielinski

Notice that the Novikov equation (1.9a), being written in terms of u only, contains linear as
well as quadratic dispersion terms:

Up — Wppr + 4u2um + 8uuy, + 3uy = 3uugty, + uQuﬂm + 3Uuplpr + 2UUggy.

1.6. The analysis of Camassa—Holm-type equations by using the inverse scattering approach
was initiated in [18, 21, 31, 33] for the Camassa—Holm equation itself:

Up — Uppg + SUUE = 2UpUpr + Ulgps.

A version of the inverse scattering method for the CH equation based on a Riemann-Hilbert (RH)
factorization problem was proposed in [5, 8] (another RH formulation of the inverse scattering
transform is presented in [19]). The RH approach has proved its efficiency in the study of
the long-time behavior of solutions of both initial value problems [2, 3, 7] and initial boundary
value problems [9] for the CH equation. In [4, 10] it has been adapted to the study of the
Degasperis—Procesi equation.

In the present paper we develop the RH approach to the Novikov equation in the form (1.9a)
on zero background, following the main ideas developed in [8, 10]. To the best of our knowledge,
no equations of the Camassa—Holm type with cubic nonlinearity have been treated before by
the inverse scattering method in the form of a RH problem.

A major difference between the implementations of the RH method to the CH equation, on
one hand, and to the DP as well as Novikov equation, on the other hand, is that in the latter
cases, the spatial equations of the associated Lax pairs are of the third order, which implies
that when rewriting them in matrix form, one has to deal with 3 x 3 matrix-valued equations,
while in the case of the CH equation, they have a 2 X 2 matrix structure, as in the cases of
the most known integrable equations (KdV, mKdV, nonlinear Schrédinger, sine-Gordon, etc.).
Hence, the construction and analysis of the associated RH problem become considerably more
complicated.

In our approach, we propose (Section 3) an associated RH problem and give (Theorem 4.1)
a representation of the solution u(z,t) of the initial value problem (1.9) in terms of the solution
of this RH problem evaluated at a distinguished point of the plane of the spectral parame-
ter. Remarkably, the formulas for u(z,t) obtained in this way have the same structure as the
parametric formulas obtained in [36] for pure multisoliton solutions.

2 Lax pairs and eigenfunctions

Assumptions. Recall that we assume that the initial function ug(z) in (1.9¢) is sufficiently
smooth with fast decay at ‘oo and satisfies the sign condition (1.9d).

Then, similarly to the case of the CH equation (see, e.g., [18]), the solution m(z,t) of (1.9)
satisfies the sign condition m(x,t) > 0 for all z € R and all ¢ > 0.
2.1 Lax pairs
2.1.1 A first Lax pair

The Lax pair found by Hone and Wang [29] for the Novikov equation in the form (1.1) (or (1.2))
reads

¢1 0 zm 1 lﬁl
O 2] =10 0 zm o |, m = U — Ugg, (2.1a)
3 r 0o 0 3
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Ug 2 2

U —uu, Y —utmz uz W
o (we] =] — % —?mz | | |, (2.1b)
3 —u? % Uy Y3

where z is the spectral parameter.

2.1.2 A modified Lax pair

For the Novikov equation in the form (1.9a), the Lax pair (2.1) has to be appropriately modified.
While for the Camassa—Holm and Degasperis—Procesi equations the corresponding modification
(when passing from the equation with zero linear dispersive term to that with a non-zero one)
consists simply in replacing m by m = m + 1, the modification for the Novikov equation turns
out to be more involved.

Lemma 2.1. The Novikov equation (1.9a) admits as Lax pair the system
b, =UP, O =V, (2.2a)

where ® = ®(x,t;z) and

0 zim 1
U(z,t;z) =0 0 =zm], (2.2b)
1 0 0
—(u4Dug + 50 % — (u? + 2u)rhz u +1
V(z,t;z) = utl —3% Y — (u? + 2u)hz | . (2.2c)
2 1 1
—u? —2u % (u—l—l)ux—i—@

Remark 2.2. The freedom in adding to V' a constant (independent of (z,t)) term c- I, where I
is the 3 x 3 identity matrix, has been used in (2.2¢) in order to make V traceless, which provides
that the determinant of a matrix solution to the equation ®; = V® is independent of ¢t. The
same property holds for the equation ®, = U® whose coefficient U is obviously traceless.

The coefficient matrices U and V' in (2.2) have singularities (in the extended complex z-plane)
at z = 0 and at z = co. In order to control the behavior of solutions to (2.2) as functions of the
spectral parameter z (which is crucial for the Riemann—Hilbert method), we follow a strategy
similar to that adopted for the CH equation [5, 8] and the DP equation [10].

2.1.3 A Lax pair appropriate for large z

In order to control the large z behavior of the solutions of (2.2), we will transform this Lax pair
as follows (cf. [1]):

Lemma 2.3. The Laz pair (2.2) can be transformed into a new Lax pair
CQub = T8, by Qb= Vb, (2.3)
whose coefficients Q(x,t; z), U(x,t;z), and V(:U,t; z) have the following properties:

(i

is diagonal;

O(1) and V = O(1) as z — oo, whereas Q, is growing;

) @
i) U
(iii) the diagonal parts of U and V decay as z — o005
iv) U= 0 and V = 0 as x — +00.
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Proof. As in the case of the DP equation [10], we perform this transformation into two steps:

e We transform (2.2) into a system where the leading terms are represented as products of
(z,t)-independent (matrix-valued) and (x,t)-dependent (scalar) factors.

e We diagonalize the (z,t)-independent factors.
First step. Introducing ® = i)(x, t;z) by
¢ =D"'9,
where D(z,t) = diag {q(z,t),1,¢ ' (z,t)} and (1 is as in (1.9b))
q = q(z,t) = w3z, 1), (2.4)

transforms (2.2) into the new Lax pair

o, =U9, o, =V, (2.5a)
where
3 0 =z 1 —%I 0 q% — ¢
Ulz,t;2) =¢*(x,t) [0 0 z|+[ 0 0 0
1 00 0 0 %z
= ¢?(x,)Uso(2) + UV (z, 1) (2.5b)
5 0 z 1 3% 0 1
Vix,t;2) = (u2 + 2u)q2 00 z]|+ % 3% 0
100 0 1
z 322
2 4z 2 2 uz+l
(u® 4 2u) 0 (u*+2u)g®+ =2~ —1
+ 0 0 0
— (12 dz
0 0 (u® + 2u)
Uz
1 @ 0
+ - | (@t 1g-1 0 e
0 (u+1g—1 0

= — (u(r,) + 2u(, 1)) (@, e (2) + Vaol2) + VO 1) + VO, 8). - (2.5¢)

Second step. The commutator of Uy, and V4, vanishes identically, i.e., [Us, Vo] = 0, which
allows simultaneous diagonalization of Uy, and V.. Indeed, we have (for z # 0)

A(z) = 0 X(z) , (2.6a)
0 0 As(2)

1 Al(z) 0 0

A(z) = ?I +A(2) = ( 0 Ax(z) 0 , (2.6b)
& 0 0 As(2)
M(z) A(2) A(2)

P(z) = z z z , (2.6¢)
/\1(2) )\2(2’) )\3(2’)
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(3A2(z) — 1)1 0 0 L 55 M)
P (z) = 0 (3\3(2) — 1)t 0 we Me(2) | . (2:6d)
0 0 BN -1\ 5 Aa2)
Here A1(z), Aa(z), and A3(z) are the solutions of the algebraic equation
A=\ =22,
enumerated in such a way that Aj(z) ~ wlz%/3 as z — 0o, where w = e’
Now, introducing ® = ®(z,t; z) by
>=rP'o
transforms the Lax pair (2.5) into the new Lax pair:
P, — A 2)D =TUD, (2.7a)
D, + ((u® 4 2u)?A(z) — A(2)) =V, (2.7b)
where
Uz, t;2) = P~H(2)UW (2, ) P(2), (2.7¢)
V@Jm)sz%@(Vﬂmmn+ivﬂmuo>P@y (2.7d)

Here U(xz,t;2) = O(1) and V(z,t;2) = O(1) as z — oo due to the fact that UM and V) are
upper triangular matrices. Moreover, the fact that UM and V) are traceless implies that the
diagonal entries of U(z,t; z) and V (z,t;2) are O(z2/3) as z — co.

Indeed, we can write U= 0(1)0(2), where

w00
o= 0 gz 0 |, (2.84)
0 0 Wl_l
Co 1 ()\1)\2 — )\%) + cog 01()\1)\3 — )\%) + coAg
ﬁ(Q) = Cl(Al)\Q — A%) + oM CoAg Cl()\l)\g — )\g) + cog (28b)
cl ()\1)\3 — )\%) + CQ>\1 Cc1 ()\2)\3 - )\%) + 62)\2 Cg)\g

with ¢; = ¢/q and c2 = q_% — qQA. Notice that U(a:, t; %) has a finite limit at z = 0.
We can also write V = U(l)(V(l) + V(Q)A) where V() has the form of U®) with ¢; and ¢y

replaced by c3 = —(u? + 2u)% and ¢4 = (u? + 2u)q® + “ijl

— 1, respectively, and

q
1 1 1 1
5 C5(E_T1) 05(73—x>
“ b (X Moy
6\ X2 + A1 + ¢ A3 + A1
1 1 1 1
o | 26 5) o(5-4)
Ve = o 2cq o (2.8¢)
+Cﬁ(*§+/\%) +CG(T§+%>
1 1 1
C5<T1_T3> C5(E_T3 9
+¢ (ﬁ+&) +c &Jr&) h
6\ % 1 6\ % 2
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Finally, in order to write (2.7) in the desired form (2.3) it suffices to find a solution of the
system

Qz = ¢*A(2), (2.92)
Q= — ((u® +2u)¢?) A(2) + A(z). (2.9b)

We first notice that both equations are consistent. This follows directly from the equation
(@) + ((u* +2u)¢?), =0, (2.10)

which is just another form of the Novikov equation (1.9a). We actually find that a solution
Q(x,t; z) of the system (2.9) is given by the 3 x 3 diagonal function

Q(z,t;2) = y(z, t)A(2) + tA(z) (2.11)
with

vt =2 = [ (@60 -1 (2.12)
This solution Q(z,t; z) is normalized in such a way that

Q(z,t;2) ~ zA(z) + tA(2) as T — +00. [
2.2 Eigenfunctions

2.2.1 Fredholm integral equations
Introducing the 3 x 3 matrix-valued function M = M (z,t;z) by

M = de ¢
reduces the Lax pair (2.3) to the system
M, = [Qe, M] = UM, M;—[Q;,M] = VM. (2.13)

Assume that the coefficients in (2.13), which are expressed in terms of u(x,t), are given. Then
particular solutions of (2.13) having well-controlled properties as functions of the spectral pa-
rameter z can be constructed as solutions of the Fredholm integral equation (cf. [1])

Mz, t;2) =1
(z,t) R A
+ / eQ(,8:2)—Q(&,7;2) (UM(& Ty 2)dE+ VM (E, 75 z)dT)e*Q(%t;ZHQ(&,T;Z)’ (2.14)
(z*,t*)

where the initial points of integration (x*,¢*) can be chosen differently for different matrix
entries of the equation. @ being diagonal, (2.14) must be seen as the collection of scalar integral
equations (1 < j,1 < 3)

Mj(z,t;2) = Iy

(z,t) . R
+ / eQij (:t:2) = Q45 (§,752) (UM)ju(€,7; 2)dé + (VM) (€, 75 Z)dT)e—Qll(I7t§2)+Qll(577;2’)'

(x;l ,t;l)

Notice that choosing the (asjl, t;l) appropriately allows obtaining eigenfunctions which are piece-
wise analytic w.r.t. the spectral parameter z and thus can be used in the construction of
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[SFF——-9

I
I
3 0 v £

Figure 1. Paths of integration. Left: (z*,t*) = (—o0,t). Right: (z*,t*) = (400, t).

Riemann—Hilbert problems associated with initial value problems [8] as well as initial boundary
value problems [9].
In particular, for the Cauchy problem considered in the present paper, it is reasonable to

choose these points to be (—o0,0) or (400,0) thus reducing the integration in (2.14) to paths

’t)

parallel to the z-axis (see Fig. 1) provided the integrals f((:;oo) and f((oooog)) vanish:

x

M(x,t;2) =1 _|_/ eQ(x,t;2)—Q(&,t:2) [UM(&,t; Z)]E;Q(fL",t;Z)JrQ(&l‘/;Z)d§7 (2.15)
(£)o0

or, in view of (2.11) and (2.9a),

T

Mz t;z) =1+ / o (PO r e gy (S 030 Mg (2.16)

(£)o0

Since ¢% > 0, the domains (in the complex z-plane), where the exponential factors in (2.15) are
bounded, are determined by the signs of Re A;(2) — ReNj(2), 1 <j #1<3.

2.2.2 A new spectral parameter

As in the case of the Degasperis—Procesi equation (see [10, 20] and also [15]) it is convenient to

introduce a new spectral parameter k such that

1 1
22(k —(k3+). 2.17
We thus have
A= Ai(2(k) = — (wik + — h — e 2.18
i = Aj(2( ))—% w —|—m , where w=e3. (2.18)

In what follows, we will work in the complex k-plane only. So, by a slight abuse of notation,
we will write A\;(k) for A\;(2(k)), and similarly for other functions of z(k), e.g., M(x,t;k) for
M(x,t; z2(k)) and A(k) for A(z(k)).

The \;’s are the same, as functions of k, as in the case of the DP equation, see [10]. Thus,
the contour ¥ = {k| Re \j(k) = Re \;(k) for some j # [} is also the same; it consists of six rays

im

lV:R+e3(”_1):R+%Z,, v=1,...,6
dividing the k-plane into six sectors

T T
Qyz{k‘g(u—1)<argk<§y}, v=1,...,6.
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l4 l1

Figure 2. Rays [,, domains €, and points s, k; in the k-plane.

In order that (2.16) have a (matrix-valued) solution that is analytic, as a function of k €
C\ %, the initial points of integration ocoj;; are specified as follows for each matrix entry (j,1),
1<j,1<3:

if ReX;(k) > Re\(k
Ooj?l:{m, if ReX;j(k) > Re X (k), 219

—o0, if Re )\](k') < Re )\l(k})

This means that we consider the system of scalar Fredholm integral equations, 1 < j, 1 < 3,

My, t:k) = I + / o) [P CO(FAL) (¢, R) M) JE P (C0d g, (2.20)

OOj’l
where k € C and I denotes the 3 x 3 identity matrix.

Remark 2.4. In spite of the fact that some of the coefficients in (2.7) seemingly depend on the
first order of z (for instance, the coefficient 1 P~1(2)V2)P(2)), which, as a function of , is not

rational, direct calculations show that U in (2.20) as well as V depends on k rationally, through
the Aj = X;(k)’s, see (2.8) and (2.18).

Proposition 2.5 (analyticity). Let M(x,t; k) be the (unique) solution of the system of integral
equations (2.20), where the limits of integration ooj; are chosen according to (2.19). Then

(i) M is piecewise meromorphic with respect to ¥, as function of the spectral parameter k;

(iii) for k € C\ X, M is bounded as v — —oc0 and M — I as © — +00;
(iv

)
(ii) M(x,t;k) = I as k — oo, where I is the 3 x 3 identity matriz;
)
) det M = 1.

Proof. The proof follows the same lines as in [1]. Notice that in order to have (ii), it is important
that the diagonal part of U vanish as k — co. Notice also that (iv) follows from the fact that
the coefficient matrices in (2.7) are traceless and from (ii). [

Proposition 2.6 (symmetries). The solution M (x,t;k) of (2.20) satisfies the symmetry rela-
tions:
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(S1) Ty M (x,t; k)T = M(x,t; k), where 'y = (g é %),
V(2 t 2T /(001

(S2) ToM (z,t; kw?)I'y = M (z,t; k), wherefb-((f(l)g),

(S3) TsM (x,t; kw)l's = M(z,t; k), where I's = (é § g)

(S4) M(z,t;1) = M(z,t: k).

Proof. Indeed, the diagonal entries of the matrix A(k) = diag()\j(k)) satisfy the following
relations:

Ai(k) = Ao (k), As(k) = A3(k),

Ao (kw) = A3 (), A (kw) = (k)

M(kw?) = A3(k),  Ao(kw?) = Xa(k),  Nj(1/k) = N(k), 5=1,2,3. u
Remark 2.7. From (S1)-(S3) it follows that the values of M at k and at wk are related by

0 0 1
M (z,t; kw) = C~ M (z,t; k)C, where C= (1 0 0
010

IfAj(k) = N (k), j # [ for some value of the spectral parameter k, then P at this value becomes
degenerate (see (2.6d)), which in turn leads to a singularity for U and, consequently, for ® and M.

These particular values of the spectral parameter are s, = e%r(”_l), v =1,...,6. Taking into
account the symmetries described in Proposition 2.6 leads to the following proposition.

Proposition 2.8 (singularities at ss,). The limiting values of M(z,t;k) as k approaches one
of the points s, = e3W ) y=1,...,6 have pole singularities with leading terms of a specific
matriz structure.

(i) AS]{)—>%1:1,

1 1 1 1 a(z,t) 0 0
M(x,t; k) = o1 —1 -1 0 az,t) 0
- 0 0 0 0 Blat)
( (2.21a)
aq(x,t) 0 0
Mz, t; k) 0 aq(x,t) 0
0 0 Bi(z,t)

(2.21b)

where « = —a@, f = -8, oq = —aq, B = —B1. Moreover, (o, B) # (0,0) iff (a1, B1) #
(0,0) and in this case, the entries of M(x,t) and MY (x,t) satisfy the relations

Msy = My, My + My = My + Mo, (2.22a)

~(1 ~ (1 ~(1 ~(1 -

N = N, MY + M) = N+ ). (2.22b)
(il) Ask — 39 = e'%, properties (2.21) hold with k—1 replaced by k—e' . Relations (2.22) also

hold provided we replace the indices 1, 2, 3 of the matrix entries by 2, 3, 1, respectively.

(iii) M and M~ have similar leading terms at the other polar singularities s, ..., xg in ac-
cordance with the symmetry conditions stated in Proposition 2.6.
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Proof. (i-1) Let M = P(k)M(x,t;k)P~'(k). By (2.20) this function satisfies the integral
equation

M(z,t;k) =1

& ~ ~
b [ P MO RGP ) (GONT) (€, 1 WP 0P e
(£)o0
We first show that, in spite of the singularity of P~'(k) at k = 1, M is regular at this point.
It suffices to show that P(k)e™ () N QQ(C’t)dCP_l(k) is non-singular at k = 1. As k — 1,

(k) = —\}3(1 CiVB(k—1) +O((k—1)?)  and

1
IVE]
hence (3A3(k) — 1)t =¢/(k—1)+O(1) and (3A3(k) — 1)t = —¢/(k—1) + O(1) with ¢ = 2\1[ ,
whereas A3(1) = 2/v/3 and (3)2(1) — 1)~ = 1/3. Thus, according to (2.6d) we find that

(1+iV3(k = 1)) + O((k — 1)),

aq as as
P k) = —a; —az —az | +0O(1) as k—1
0 0 0

with a1 = 1, as = —v/2/v/3, and a3 = —1/4/3. On the other hand, since A\j(1) = Xa(1)
the first two columns of P(1) are equal (see (2.6c)) and the first two diagonal entries of the
diagonal matrix eFAM) 7 P (CHAC re the same. Then, the first two columns of the product
P(1)eFAM) J£ @ (€04¢ are the same, and P(k)eA*) N (DA p=1(k) is regular at k = 1 since its
polar part vanishes:

ay az ag
P(l)ei/\(l)faf CENU | g —ay —az | =0.

0 0 0

c
k—1

Thus, M is also regular at k = 1.
Since M (x,t;k) = P~ (k)M (z,t; k)P(k) where the last two factors are regular at k = 1, the
leading term of M at k =1 is
1 1 1 1 ca; O 0 §
1 -1 -1 -1 0 caz O | M(z,t;1)P(1).
0 0 0 0 0 cas

The first two columns of P(1) being equal, it is the same for the product R(x,t) of the last three
factors. For multiplication by the first factor we can replace R by the diagonal matrix whose
diagonal entries are the sums Ri; + Rgj + R3;. Thus we arrive at (2.21a) with some «(z, 1)

and B(x,t). The relations « = —a and 8 = —f come from the symmetry (S1) stated in
Proposition 2.6.

(i-2) Similarly, M~! = PM~'P~! also satisfies an integral equation with non-singular
coefficients:

M YN, t;k) =1

N / " P MO IGO0 Pt () (D) (€, 1 )] P (k)M JE €09 P (e,
(£)oo

which gives (2.21b).
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(i-3) Using the fact that det M = 1, we calculate M ~! starting from (2.21a), then, comparing
the result with (2.21b) we get different expressions of a; and (; as linear combinations of «
and 5. Thus, a = # = 0 implies a; = B; = 0. Moreover, by comparison of these different
expressions of aj and p1 we get the relations (2.22a) for M provided a or § is # 0. Similarly,
starting from M ! instead of M we get the relations (2.22b) for M® provided a; or B is # 0.

(ii)—(iil) Similar arguments apply at k = s, ..., 5. |

3 How the solution u(x,t) can be recovered from eigenfunctions

Starting from a solution u(z,t) of the Novikov equation we have introduced

(a) a 3 x 3 matrix-valued function M (z,¢;k), solution of the system of integral equations
(2.20),

(b) a new variable y(x,t) defined by (2.12).
In this section, introducing M (y, t; k) .= M (z(y,t), t; k) through (a) and (b), we will show that
u(z,t) can be recovered in terms of My, t; k) evaluated at k = e .

3.1 A Lax pair appropriate for small z

Coming back to the original Lax pair (2.2), let us introduce another Lax pair, whose solutions

i 171'(l 1) .
are well-controlled at k = x; = e6 T , 1 =1,...,6; here {s;}%_, are characterized by the

property z(x;) = 0. Define ®(©) = )(x,t, k) (for k: ;é Kl,-..,Ke) by
3O = p~1(k)®.

This reduces the Lax pair (2.2) to the new one

5O A1) — OGO, (3.1a)
(i)go) — A(k)D© = 7(©5O) (3.1b)
where
U (a,t;k) = P~ (k) (U(x,t; k) — Uso(k)) P(k)
2)\1(k) Al(k)-i-)\g(k) /\1(k2)+/\5(k2)

BA(R)=DA1(k) (B (k)—1)A1(k)  (3AF(k)—1)A1(k)
_ 2 A2 (k)+A1 (k) 22 (k) A2 (k)+As (k)
=2 (R)m(z,t) | GRH-DWm  BEE-DWE BEE - DAE | - (3.1c)

A3(k)+A1 (k) A3 (k)+Aa (k) 2)3(k)
BA3(K)=1)As(k)  (3A\3(k)—1)As(k)  (3A3(k)—1)As(k)
(

VO (z,t:k) = P~V (k) (V(z,t; k) — Voo (K)) P(K)
)

—(u+ 1)uy ;(‘7;) — (u?® + 2u)mz(k) u?
) i 0 —5 - (u? + 2u)rnz(k) | P(k). (3.1d)
—u? —2u Z&) (u+ 1)u,

Remark 3.1. Notice that U(O)(x,t; k) has a finite limit at & = x;, [ = 1,...,6. Indeed,
Aj(k;) = 0 for one, and only one, value of j =1, 2 or 3. For example, for k = k1 = e6 we have

A2(k1) = 0 whereas A\1(k1) = —1 and A3(k1) = 1. Moreover, limy_, ., )\zg % = M (k1)A3(k1) = —1
and thus

00
lim U (z,t;k) =m(z,t) | -1 0 1] 0.
k*}l{l 0 0 O

Similarly if £ — x;, { =2,...,6.
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We emphasize that this is different from the case of the DP equation, where, on the contrary,
the equality U©)(z,t; k1) = 0 holds for all = and t.

3.2 Eigenfunctions
3.2.1 Eigenfunctions appropriate for small z
We introduce M) = MO (z,t; k) by

MO — O)g—zA—tA

9

and determine M () as the solution of a system of integral equations similar to the system (2.20)
determining M:

MO (k) = I + / e N IED[(FTONO) . (¢, 1; k)M B ED ge, (3.2)

J
005,

In the case of the DP equation, M) (z, t; z(k))|220 = I. For the Novikov equation, this is not
true; but, since U©) (¢, ¢; nl)Aﬁ_(O) (z,t;k1) =0 for any £ and =z, and any diagonal matrix A, the
solution of (3.2) for k = k; = e can be written explicitly:

Mj(lo) (w,t;h1) =1 —I—/ e_/\-f(nl)(g_””)ﬁ;l()) (&, t; )M DETDAe = Ty + Ly (, 1),

41
where
0 0 0
L(z,t) = fxoo m(&,t)e”¢d¢ 0 ffoo m(€,t)et~rdE
0 0 0
Similarly for & = ko,...,kg. Using that m = u — ug,, we see that the non-zero entries Lo
and Log reduce to
Loy = u + ug, Loz = u — Uy,

and thus M© (ac, t; e%r) can be explicitly expressed in terms of u(x,t):

‘ 1 0 0
MO (z,t5e0) = lutu, 1 u—ug| (z,t). (3.3)
0 0 1

3.2.2 Comparison of eigenfunctions

We will get the value of M at k = e from that of M© by using that M and M© are related.
We indeed have

M = P_lD_l(I)e_yA_tA, M(O) — P—l(I)(O)e—IA—tA7

where ® and ®(© are solutions of the same system of linear differential equations (2.2). They
are then related by ® = &) C where C' = C(k) is independent of (x,t). Thus, M and M are
related by

M(:L‘, t; k‘) — p1 (k)Dil(:L‘, t)P(k)M(O) (x7 t; k)exA(k)thA(k)C(k_)efy(m,t)A(k)ftA(k)'
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Now, since for k € X, M ) and M are bounded as  — —oco and have the same limit as z — +oc:

M, MO — 7
T—+00
it follows that C(k) = I. Finally, we get
M (z,t; k) = PY(k)D ™ a, ) P(k) MO (&, t; k)e@y(@0))AK)

where y is as in (2.12):
v t) =o— [ (et - 1),

. in
In particular, at k = k1 = e6 we have

49 o 9 l=q
-1 -1 2 Z
P~ Y(k)D (x,t)P(k:)‘k:e% =[1-¢!' 1 1—¢
l-q  altq
2 2
and thus, using (3.3),
- q_;rqeyfz 0 q_;*qexfy
M(z,ties)=[(1-q¢ ' Hutu)e™ 1 (I1—qg'H+u—uy)e”V|. (3.4)
qfl—qey—x 0 q71+qex—y
2 2

3.3 Recovering u(x,t) from eigenfunctions

Proposition 3.2. Let u(z,t) be the solution of the Cauchy problem (1.9) for the Novikov equa-
tion. Let M(y,t; k) = M(x(y,t),t; k) where M(x, t; k) is the solution of the system (2.20) and
y(x,t) is defined by (2.12), both built on u(z,t).

Then we can recover u(x,t) from values of the eigenfunctions Mjl(y,t; k) at k = es. We
indeed have the following parametric representation:

u(x7t) = ﬁ(y(x,t),t), (3.5&)

where x(y,t) and u(y,t) are given by

‘)

Mss(y, tye
My (y, t;e%)

Vs 1/2 i im N —1/2
a(y,t) = %Nl(y, )<M) +%J\73(y,t) (A;’?’Eyze;) —1, (3.5¢)
y,r;e6 11y, t;e6

1
z(y.t) =y +5n (3.5b)

where
Z ik (y, t; e@ k=1,23. (3.5d)

Proof. (3.5b) follows from
(3.4) by the row vector (1

3.4) and from the definition (2.12) of y(z, ). Further, multiplying

(
1 1) from the left and introducing

N(@,t) = (Ni(2,t) Na(w,t) Na(w,t) = (1 1 1) M(,t;e%)
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we have

Ni(z,t) = (1 +u(z, t) + ug(x, t))e’™,
N2(x7t> =14
N3(z,t) = (1 +u(z,t) — ugp(z,t))e”?

—_

and thus u(z,t) can be obtained in terms of N(z,t) as follows:
1 _ 1 _
u(z,t) = §N1 (z,t)e" Y + §N3(a:,t)ey r—1. (3.6)
Now notice that (3.5b) reads

Mss (y, t; e%)

- —=.
My (y,t;e)

(3.7)

Finally, introducing Ny, as in (3.5d), using (3.7), and writing (3.6) in the variables (y,t) (so that

N(z,t) = N(y,t)), we arrive at (3.5¢). [
Remark 3.3. From (2.12) and (2.10), another expression for 4(y, t) follows:
(a(y,t) +1)% = Oy x(y,t) + 1. (3.8)
Notice that the analogous expression in the case of the DP equation looks differently [10]:
upp(y,t) = O x(y,t) + 1.

Remark 3.4. The structure of (3.5) coincides with that for the multisoliton solution in [36]
(see formulas (3.3a) and (3.3b) in [36]), taking into account the relationship between solutions
of the Novikov equation (1.1) on a non-zero constant background and solutions of (1.9a) on the
zero background, presented in the Introduction.

4 Riemann—Hilbert problem

In Section 3 we have shown how we can express the solution u of the Cauchy problem for the
Novikov equation by evaluating certain eigenfunctions — solutions of the Lax pair equations.
Notice they were defined using the solution u itself.

In the framework of the Riemann—Hilbert approach to the Cauchy problem for an integrable
nonlinear equation, one is looking for obtaining these eigenfunctions in terms of the solution
of an appropriate factorization problem, of Riemann—Hilbert type. The factorization problem
is formulated in the complex plane of a spectral parameter k whereas x and t play the role of
parameters, and the data for this problem are uniquely determined, in spectral terms, by the
initial data for the Cauchy problem.

4.1 RH problem satisfied by M

Let M(x,t;k) be as in Section 3, solution of the system of integral equations (2.20). The key
observation is that the limiting values My (z,¢;k) (on 1,) of M(xz,t; k') as k¥ — k from the
positive or negative side of [,, v =1,...,6 are related as follows:

My (z,t;: k) = M_(z,t; k)eQ@ER 5 (k)e=@@tR) e, (4.1)
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We indeed have My = @ie_Q where @i are two solutions of the system of ordinary differential
equations (2.7). They are then related by d, = &_S, where S is a matrix independent of (x,t).
Considering (4.1) at ¢ = 0 we see that Sp(k) is completely determined by u(z,0), i.e., by the
initial data for the Cauchy problem (1.9), via the solution M (x,0; k) of the system (2.20) whose
coefficients are determined by u(z,0):

So(k) = e Q@OR Af=Y (2 0; k)M, (0,0; k)e@@0k)

(recall that Q(z,0;k) = (z — [°(¢*(&,0) — 1)d¢) A(k) and thus Q(x,0;k) is also determined
by u(z,0)).
Moreover, So(k) has a special matrix structure: for k € Iy Uly = R,

10 0\ /1 (k) O
Sotk)=|—rx) 1 o) [0 1 o], (4.2)
o o1/ \o o 1

where (k) € L®(R) and r(k) = O(k™!) as k — 400 (this structure follows from the analysis
of the behavior of My (x,0;k) as x — +oo; for the details, see [10, Section 3.1]), whereas the
expression of Sy(k) for the other parts of ¥ follows from the symmetries stated in Proposition 2.6.
Thus the jump matrices on all parts of the contour are determined in terms of a single scalar
function, the reflection coefficient r(k).

On the other hand, in order to have explicit exponentials in the r.h.s. of (4.1), one replaces
the pair of parameters (x,t) by (y,t), where y = y(z,t) was introduced in (2.12), see also (2.11).
Following this observation, (4.1) can be rewritten as

My (y, t; k) = M_(y, t; k)eV R FAR) g (e —vAR)—tAR) e 5 (4.3)
where X =1 U---Ulg and
M (z,t; k) = M(y(z,t), t; k). (4.4)
Now (4.3) says that M — as in (4.4) — is solution of a factorization problem:

Factorization problem. Given Sy(k), k € ¥, find a piece-wise (w.r.t. ¥) meromorphic (in k),
3 x 3 matrix-valued function M (y,t; k) (y and t are parameters), whose limiting values satisfy
the jump condition (4.3).

This condition, being supplemented by conditions at possible poles of M (y,t; k), by a normali-

zation condition, and by certain structural conditions, will constitute the RH problem satisfied
by M.
Additional conditions. The dependence on k of the eigenvalues \;(k) in (2.20) is exactly the
same as in the case of the DP equation, which implies that most conditions involved in the RH
problem for the Novikov equation have exactly the same form as for the Degasperis—Procesi
equation, cf. [10].

1. For the residue conditions at poles (if any) k, € C\X of M (y, t; k), see [10, Section 3.2] and
[11, Section 2.3.5]. Recall the following result ([1]): Generically, there are at most a finite
number of poles kj, lying in C\ X, each of them being simple, with residue conditions of
a special matrix form. In particular,

Resj—p, M(y,t; k) = kliril M (y, t; k)evARIHtAR), o —yAR)—tAR)
—kn

where v, is some constant 3 x 3 matrix with only one non-zero entry at a position depending
on the sector of C\ ¥ to which k,, belongs.
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The normalization condition M (y, t; c0) = I is Proposition 2.5(ii).

The structural conditions on the polar parts of M at s, ..., have exactly the same
form as for the DP equation, cf. [10].

. On the other hand, the structural conditions at k = k1, ..., kg, see (3.3) and (3.4), are

different from those for the DP equation (cf. (3.12) and (3.13b) in [10]).

Summarizing, we get that the eigenfunctions M (y,t; k) — defined as in Section 3 — satisfy the
following Riemann—Hilbert problem:

Main RH problem (for the Novikov equation). Given r(k) € L= (R) such that r(k) = O(k~1)

as k — +oo and {ky,v,}

N

1, find a piece-wise (w.r.t. ¥ =13 U--- U lg) meromorphic (in the

complex k-plane), 3 x 3 matrix-valued function M (y,t; k) satisfying the following conditions:

(1)

(4)

(5)

(6)

Jump conditions:

My (y,t;k) = M_(y,t;k)S(y,t; k), ke X\ {5a,...,%},

ir(p—-1)

where 3¢, := €3 ( and

Sy, t; k) = eVARIHAKR) g (o) o—yAR)—tAR)

where Sp(k) is given in terms of r(k) by (4.2) for k € I Uls and then by the respective
symmetries for the other parts of ¥. Here A(k) and A(k) are diagonal 3 x 3 matrices
with diagonal entries A;(k) and A;(k), respectively, see (2.6a) and (2.6b), where we have
performed the change of parameter z = z(k), see (2.17) and (2.18).

Residue conditions (generic): For some k, € C\ X, n=1,..., N,

Resg—r, M(y,t:k) = lim M(y,t; k)evAk)HAR),, o —yA(R)—tAMR) (4.5)

n

where v, is some constant 3 x 3 matrix with only one non-zero entry, whose position
depends on the sector of C\ ¥ containing k,, (dictated by the order of ReA;(k) in the
sector, see [1]). For example, if k, € 5, the non-zero entry of v, can be either (v,)12
or (vp)23. Then the positions (as well as the values) of the non-zero entries of v, in the
other sectors of C\ ¥ are determined by the symmetries (S1)-(S3) from Proposition 2.6.

Normalization condition:

M(y,t; k) = I+ o(1) as k — oo.

Boundedness condition: M(y,t;k) and Mﬁl(y,t; k) are bounded in the closure of each
component of C\ ¥ apart from vicinities of k1, ..., ky and s, ..., 5.

im

Structural conditions at k = s, ..., s, where s, = e3 (=1,

i) The singular behavior of M and M~" at k = 3 = 1 is described by the structural
conditions (2.21), (2.22) (where «, 8, a1, fi,... are not specified).

il) At k = s,..., we have similar structural conditions on the singularities of M
and M1 (see Proposition 2.8, (ii)—(iii)).

- im y imwg
Structural conditions at k = k1, ..., kg, where k; :==e6 '3 (=1,
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. in
i) For k =k =e5,

@7124-(? 0 tflz—l? f0 0
M(y,t;e%) = pr 1 po 01 0 (4.6)
l1-q 4144 0 0 f!
2 2

with some (unspecified) ¢(y,t) > 0, f(y,t) > 0, p1(y,t) € R and ps(y,t) € R
(see (3.4)).

ii) For k = ky,..., kg, the corresponding structure of M (y, t; 5;) follows from (4.6) taking
into account the symmetries of Proposition 2.6.

Now we observe that this RH problem can be defined using the initial data of the Cauchy
problem.

Properties (of the main RH problem). Let ug(z) be given satisfying the assumptions made for
the Cauchy problem (1.9).

i) up(z) defines the main RH problem as follows.
ia) We first define the jump matrix Sp(k) by
So(k) = e QORI AL71(0,0 k) M., (0, 0; k)e@ OO,

where M (z,0; k) and Q(z,0; k) can be completely determined by ug(z). Notice that
So(k) has necessarily the structure (4.2) with some (k).

ib) The k,,’s in C\ ¥ and the v,’s in (4.5) are determined by wug(z).

ii) This RH problem has a solution.

iii) The solution is unique.

Proof. ia) The expression giving Sy(k) derives from (4.1). Further, M (z,0;k) is the solution
of the system of integral equations (2.20) written for ¢ = 0, and this system is completely
determined by ug(x) through 7 (z) = ug(x) — uf(x) + 1. By (2.4) we indeed have ¢*(z,0) =
mﬁ/?’(a:), and in the definition of U (x, 0; k) (see (2.7¢) and (2.5b)) the term 7i2(x, 0) is also 79 (z).
Similarly for Q(x,0;k) = y(z,0)A(k) where y(z,0) is determined by ¢*(z,0).

ib) The k;,’s are determined by M (z,0; k) and v, is determined by (4.5) considered at ¢t = 0,
hence also by ug(z).

ii) Under the assumptions made on ug there exists a solution u(x,t) of the Cauchy prob-
lem (1.9). The main RH problem has then as solution the associated eigenfunction M (y,t; k).

iii) The normalization condition supplemented by the structural conditions (4.6) and (2.21),
(2.22) provides uniqueness of the solution (see [6, Proposition 3.2]). [

4.2 Main theorem

Starting directly from the main RH problem we show how its solution gives a representation of
the solution of the Cauchy problem for the Novikov equation.

Theorem 4.1. Let ug(z) satisfy assumptions made for the Cauchy problem (1.9) for the Novikov
equation. Let M(y,t;k) be the solution of the associated main RH problem (1)—(6). By eval-

uating M at k = €6 we get the parametric representation (3.5) for the solution u(x,t) of the
Cauchy problem (1.9):

u(m, t) = a(y(x, t)v t),
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where z(y,t) and u(y,t) are given by

M3 (y, t;e's
z(y,t) =y + lln%’ei),
My (y, tiec)

1 N ( ¢ ﬂ) 1/2 1 N ( " m) —1/2

~ M 6 ~ : 6

(1) = SR (o) (Mmltiet )} o Ty (MsWwtict) )y
2 My (y,t;e) 2 My (y, t;ev)

~ 3 ~ im
with Ni(y,t) := > Mjk(y,t;ef), k=1,3.
j=1

Remark 4.2. The solution of the DP equation is extracted from the solution of the associated
RH problem in a different way (see [10, equation (3.15)]).

4.3 Applications

The representation (3.5) of the solution of the Cauchy problem (1.9) for the Novikov equa-
tion (1.9a) in terms of the solution of the associated main RH problem (1)-(6) (given in
Theorem 4.1) can be used in principle, as for other integrable peakon equations (see, e.g.,
[2,3,4,5,6,7,8,9, 10, 11, 12]), to construct soliton-type solutions and also to analyse the long
time behavior of the solution.

4.3.1 Soliton-type solutions

In the case r(k) = 0, solving the RH problem reduces to solving a system of linear algebraic
equations associated with the residue conditions. Following this way, one can describe not only
smooth classical solutions, but also singular and/or multivalued solutions associated with breaks
of bijectivity in the change of variables x — y (see, e.g., [11, 12]).

4.3.2 Long-time asymptotics

Noticing that the form and the k-dependence of the jump matrix, see (4.3) and (4.2), are the
same as in the case of the DP equation, a reasonable conjecture is that the long-time analysis
for the Novikov equation can be done following the same steps as for the DP equation [10], by
adapting the nonlinear steepest descent method by Deift and Zhou [24].

But there is a problem that prevents from transferring the long-time analysis literally from
the case of the DP equation to the Novikov equation. Indeed, in [4, 10] the long-time analysis was
actually done for a matrix RH problem regular at the points s¢1, . .., 56 whereas the original RH
problem, as in the case of the Novikov equation, was singular at these points. This discrepancy
disappeared in [4, 10] after left multiplying by the row vector (1 1 1) and thus passing from
the matrix to a (regular) row vector RH problem and exploiting the uniqueness of the solution of
the latter problem. In turn, the solution of the row vector RH problem evaluated at r1, ..., K¢,
and particularly, at k = k1 = e%, gave, in a simple way, the quantity e*®t) =¥ from which it
was straightforward to deduce a parametric representation for u(x,t), see (3.5).

Notice that a similar situation takes place for other Camassa—Holm-type equations including
the Camassa—Holm equation itself, see [5, 8]. On the contrary, in the case of the Novikov
equation, the situation is different. Indeed, the solution of the similar row vector RH problem
cannot be directly used to recover e*¥t)~¥ since, being evaluated at k = e , it has the form

(T4+u+ug)e™™ 1 (1+u—uz)e™ ),
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left multiplying (3.4) by the row vector (1 1 1). This issue has forced us to use instead
the solution of the matrix RH problem (3.4) in (3.5). But now there is an (open) problem of
relating the solution of the original (singular) problem to the solution of the limiting (as t — o0)
regular RH problem. In [4, 10], it was the latter problem that was used for obtaining the main
asymptotic term of u(x,t) in an explicit form, with parameters determined by the initial data
in terms of the associated reflection coefficient.

4.3.3 Initial boundary value problem

Eigenfunctions associated with the Lax pair equations (2.13) and (3.1) via integral Fredholm
equations of type (2.14) with an appropriate choice of (z*,t*) allows formulating a RH problem
suitable for analyzing initial boundary value (or half-line) problems following the procedure
presented in [4] in the case of the DP equation.
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