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An infinite families of number fields with
fixed indices arising from quintinomials of
type x" + ax™ + bx> + cx + d

Omar Kchit

ABSTRACT. In this paper, for any rational prime p and for a fixed positive
integer i,,, we provide infinite families of number fields defined by irreducible
quintinomials of type x" + ax™ +bx*+cx+d € Z[x] satisfying Vp(I(K)) = ip.
We illustrate our results by some computational examples.
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1. Introduction

Let K = Q(a) be anumber field of degree n with ring of integers Z, where a
is a primitive integer of K. The index of o, denoted by (Zx : Z[«]), is the index
of the Abelian group Z[«] in Zg. A well-known formula linking this index with
the discriminants is given by:

Aa) = (Zg : Zla])? - d, (1.1

where dy is the absolute discriminant of K and A(«) is the discriminant of the
minimal polynomial of @ over Q. The index of K, denoted by i(K), is defined
as the greatest common divisor of the indices of all primitive integers of K. Say,
i(K) = gced {(Zg : Z[6])|K = Q(0) and 6 € Zg}. Remark that for a mono-
genic number field K, the index is trivial; i(K) = 1. Therefore, a field with a
non-trivial index is not monogenic. Dedekind was the first one who discovered
anumber field with non-trivial index ([3]). In 1930, for every number field K of
degree n < 7 and every rational prime p, Engstrom established a connection be-
tween the prime ideal factorization of pZy and v,(i(K)). This motivated a very
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important question, stated as problem 22 in Narkiewicz’s book ([23]), which
asks for an explicit formula of the highest power v,(i(K)) for a given rational
prime p dividing i(K). In [28], Sliwa extended Engstrom’s results to number
fields up to degree 12, under the condition that p is unramified in K. These
results were generalized by Nart ([24]), who developed a p-adic characteriza-
tion of the index of a number field. In [22], Nakahara studied the indices of
non-cyclic but abelian biquadratic number fields. In [12], Funakura showed
that i(K) = 1 or 2 for every pure quartic number field K. In [14], Gaal et al.
characterized the field indices of biquadratic number fields having Galois group
V4. In [29], Spearman and Williams characterized the indices of cyclic quartic
number fields. In [27], Pethd and Pohst studied the index divisors of multi-
quadratic number fields. Recently, many authors are interested in the charac-
terization of the prime power decomposition of the indices of number fields,
especially those defined by trinomials and quadrinomials of fixed degrees (see
[2,4,5,6,7,8,9,12, 14, 19, 20, 21, 22, 27, 29]). In all the former papers, for a
given number field K, the authors try to calculate the index i(K). In contrast,
the present paper introduces a new approach. Namely, for every rational prime
p and some natural integers i, we construct infinite families of number fields
defined by irreducible quintinomials of type x" +ax"+bx?*+cx+d € Z[x], with
p-indices i,,, where the p-index of a number field K is defined as the p-valuation
of its index. Namely, i, = v,(i(K)). Especially, for the rational prime p = 2,
we provide families of number fields having 2-indices i, € {1, 2, 3, 4, 5}. For ev-
ery odd rational prime p, we provide families of number fields with p-indices
ip € {1,2,p — 2, p — 1, p}. These results present infinite families of number
fields defined by quintinomials with large indices independently of the degree
of these fields.

2. Main results

We start by Table 1, which presents examples where, for some fixed values
of i, we provide an example of a number field with index i(K) = i. All these
examples are collected from some former papers (see [2,4, 5,7, 8,9, 19, 20, 21]).

Given that for every natural integer i, i = H piﬂ, in the remainder of this

p
paper, for every rational prime p and some fixed natural integers i,, we provide

infinite families of number fields defined by irreducible quintinomials of the
form F(x) = x" + ax™ + bx? + cx + d € Z[x] with p-indices ip. In each case,
we establish sufficient conditions which guarantee that v,(i(K)) = i,.

Recall that, for every rational integer z € Z, the (x — z)-Taylor expansion of
F(x) is given by the following:

n gk
Fx) =2 k!(Z)

k=0

(x — z)¥, where n is the degree of F(x).




TABLE 1. Examples of number fields defined by trinomials or
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quadrinomials with some specific indices

F(x) The index i(K)

x* +48x + 15 2
x> + 143x3 + 459 3
x® + 144x° + 399 4
x” 4+ 1014x°> — 1903125 5
6
8
9

x7 + 1269x> + 4282
x? + 183x + 296
X° + 100x> + 142x + 54

x° + 109x> — 1668750 10
x2 +1612500x% + 25410 11
x> + 352x% + 135x + 72 12
x° + 954x°> + 118840625 15
x’ +188x + 576 18
x° +139x° + 1412500 20
F®(z)
We shall denote A;(z) = 0
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In the remainder, K is a number field defined by irreducible quintinomials
of type x" + ax™ + bx? + cx + d € Z[x].
For p = 2 and i, € {1,2}, Theorem 2.1 provides sufficient conditions on F(x),
which guarantee that each number field of these infinite families has 2-index

i, € {1,2}.

Theorem 2.1. Table 2 provides sufficient conditions which guarantees that
v (i(K)) € {1,2}.

TABLE 2. Number fields defined by quintinomials with 2-

indices i, € {1, 2}

((‘;’; ’dc’z‘)i) Conditions S
v,(d) > 2v,(c)andn =2k + 1 1
(0,1,0,0) | v,(d) > 2v,(c),n —2 =2"and Ay(1) = 2 (mod 4)
v,(d) > 2v,(c), n —2 =2", Ay(1) = 0 (mod 8) and A,(1) = 2 (mod 4) 5
(1,0,0,0) | v,(d) > 2v,(c) — v,(b), (m — 2)v,(c) > (m — 1)v,(b) and n # m (mod 2)

Example 2.2. Let K = Q(a) be a number field defined by the monic irreducible
quintinomial F(x) = x> + 6x'° 4 3x? + 18x + 24. Sincea = ¢ = d = 0 (mod 2),
b =1 (mod 2), v,(d) = 3, v,(c) = 1 n = 15. Then by Theorem 2.1, v,(i(K)) = 1.
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Example 2.3. Let K = Q(a) be a number field defined by the monic irreducible
quintinomial F(x) = x??* + 25x* + 10x? + 60x + 80. Since a = 1 (mod 2),
b=c=d=0(mod?2), v,(d) =4, v,(c) = 2, v,(b) = 1and n # m (mod 2).
Then by Theorem 2.1, v,(i(K)) = 2.

Theorems 2.4 and 2.6 provide infinite families of number fields with 2-indices
i2 = 3.

Theorem 2.4. Suppose thata = 1 (mod 2)and b = ¢ = d = 0(mod 2). If the
following conditions simultaneously hold, then v,(i(K)) = 3.

Q) m>4andn—m=2"(r > 2).

(2) Ap(1) =0(mod 4) and A;(1) = 2 (mod 4).

(3) v,(d) < 2v,(c) — v,(b) and (m — 2)v,(d) > mv,(b).

(4) v,(d) # v,(b) (mod 2) and gcd(m — 2,v,(b)) = 1.

Example 2.5. Let K = Q(a) be a number field defined by the monic irreducible
quintinomial F(x) = x'® + 21x'2 4+ 14x? + 56x + 28. Since a = 1 (mod 2),
b=c=d=0(mod2),v,(d) = 2, v,(c) = 3, v5(b) = 1, v,(Ay(1)) = 3 and
1,(A,(1)) = 1. Then by Theorem 2.4, v,(i(K)) = 3.

Theorem 2.6. Suppose thata = 1(mod2)andb =c¢ =d = 0(mod 2). If the
following conditions simultaneously hold, then v,(i(K)) = 3.
1) n—m=23.

~v(b)
() 72(6) = ld) < walb) = o) <~

(3) ged(m —2,v,(b)) = 3.

Example 2.7. Let K = Q(«) be a number field defined by the monic irreducible
quintinomial F(x) = x* + 15x%° + 72x% + 480x + 192. Since a = 1 (mod 2),
b=c=d=0(mod2),n—m = 3, v,(d) = 6, v,(c) = 4, v,(b) = 3 and
m — 2 = 18. Then by Theorem 2.6, v,(i(K)) = 3.

The following theorem provides infinite families of number fields with 2-
indices i, € {4, 5}.

Theorem 2.8. Suppose thata = 1 (mod2)and b = ¢ = d = 0(mod 2). If the
following conditions simultaneously hold, then v,(i(K)) = 4 or 5.

) n—m=2".

(2) Ap(1) =0(mod 8) and A;(1) = 2 (mod 4).

— (b
(3) 900 = v3(d) < 93(b) = 1) < — 22

(4) m — 2 =2k + 1 divides v,(b). -
More precisely, if r > 2, then v,(i(K)) = 4 and v,(i(K)) = 5ifr = 1.
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Example 2.9. Let K = Q(«) be a number field defined by the monic irreducible
quintinomial F(x) = x> + 25x3 + 30x2 + 40x + 1920. Sincea = 1(mod 2), b =
c=d=0(mod2),n—m=2v,(d) =7, v,(c) =3, v,(b) = 1, v,(4,(1)) = 5
and v,(A,(1)) = 1. Then by Theorem 2.8, v,(i(K)) = 4.

In the remainder of this section, for every odd rational prime p and i, €
{1,2, p—2, p—1, p}, we provide infinite families of number fields with vp(i(K ) =
ip. We shall denote B, = W for every rational integer B.

In particular, Theorem 2.10 provides infinite families of number fields K with
p-indices i, = 1 for every odd rational prime p.

Theorem 2.10. Suppose thatb=—-1(mod p),a=c=d=0(mod p),n—2 =
k(p — 1) and n # 2 (mod p). If any of the following conditions is satisfied, then
v,(I(K)) = 1.

(1) vp(d) > 2v,(0).

(2) vp(d) = 2h < 2vp(c) and d, =1 (mod p).

Example 2.11. Let K = Q(«) be a number field defined by the monic irreducible
quintinomial F(x) = x'® + 15x'3 + 9x? + 45x + 375. Since b = —1 (mod 5),
a=c=d=0(mod>5),vs(c) =1, vs(d) = 3and n = 3 (mod 5). Then by
Theorem 2.10 (1), v5(i(K)) = 1.

For every odd rational prime p and i, = 2, Theorem 2.12 provides infinite
families of number fields with p-indices i, = 2.

Theorem 2.12. Suppose that a = —1 (mod p), b = ¢ = d = 0 (mod p) and
n—m = k(p—1). If the following conditions simultaneously hold, then v,(i(K)) =
2.

(1) n £ m(mod p).

(2) v5(c) —v2(d) < v,5(b) —v2(c) <
(3) ged(wp(b),m —2) = 1.

—v,(b)
m-—2"

Example 2.13. Let K = Q(«) be a number field defined by the monic irreducible
quintinomial F(x) = x> + 54x%? + 2 - 11x? + 4 - 112x + 2 - 11* Since a =
—1(mod11), b = ¢ = d = 0 (mod 11), v;;(b) = 1, v;;(c) = 2, v;;(d) = 4,
n % m(mod 11) and n — m = 3(11 — 1). Then by Theorem 2.12, v;,(i(K)) = 2.

For every rational prime p, the next theorem provides infinite families of
number fields with p-indices i, = p — 2.

Theorem 2.14. Suppose thata = —1 (mod p), b = ¢ = d = 0 (mod p),
vp(d) < 2vp(c) — vp(d) and (m — 2)v,(d) < mv,(b). If the following condi-
tions simultaneously hold, then v, (i(K)) = p — 2.
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(1) m = k(p — 1) divides v,(d).
2)n—m=h(p-1).

(3) ged(k,h) =1 and kh # 0 (mod p).
(4) dp =1 (mod p).

Example 2.15. Let K = Q(a) be a number field defined by the monic irreducible
quintinomial F(x) = x"?+20x'+5-78x245-77x+415-7°. Sincea = —1 (mod 7),
b=c=d=0(mod7), v,(d) =6, v;(c) =7, v(b) =8 m = (7 — 1) divides
v,(d), n —m = 11(7 — 1), ged(11,1) = 1, 11 # 0 (mod 7) and d; = 1 (mod 7).
Then by Theorem 2.14, v;(i(K)) = 5.

Theorem 3.1 provides infinite families of number fields with p-indices i, =
p — 1 for every odd rational prime p.

Theorem 2.16. Suppose thata = —1 (mod p), b = c =d = 0 (mod p), (m —
Dvp(d) > my,(c) and (m — 2)v,(c) < (m — 1)v,(b). If the following conditions
simultaneously hold, then v,(i(K)) = p — 1.

(1) m—1=k(p—1) divides v,(c).

2)n—m=h(p-1).

(3) ged(k,h) =1 and kh # 0 (mod p).

(4) ¢, =1 (mod p).

Example 2.17. Let K = Q(a) be a number field defined by the monic irreducible
quintinomial F(x) = x'"! 4+ 28x% 4 14 - 293x2 4+ 24 . 72. 29%8x + 7 . 293,
Sincea = —1(mod 29), b = ¢ = d = 0 (mod 29), v,9(b) = 30, vy(c) = 28,
Vyo(d) =31, m—1 = (29 — 1) divides v59(c), n — m = 4(29 — 1), 4 # 0 (mod 29)
and cy9 = 1 (mod 29). Then by Theorem 2.16, v,4(i(K)) = 28.

In the next theorem, for every odd rational prime p, we provide infinite fam-
ilies of number fields K with p-indices i, = p.

Theorem 2.18. Suppose thata = —1 (mod p), b = ¢ = d = 0 (mod p) and

vp(b)

vp(c) —vp(d) < v,(b) —vp(c) < If the following conditions simultane-
ously hold, then v,(i(K)) = p.

(1) m—2 = k(p —1) divides v, (b).

2)n—m=h(p-1).

(3) ged(k,h) =1 and kh # 0 (mod p).

(4) b, =1 (mod p).

Example 2.19. Let K = Q(«) be a number field defined by the monic irreducible
quintinomial F(x) = x*8 +163x* +42-41%0x2 +9-41%x + 3 - 41, Sincea =
—1(mod 41), b = ¢ =d = 0(mod 41), v4,(d) = 48, v41(c) = 42, v4,(b) = 40,
m = (41 — 1) divides v41(b), n — m = 6(41 — 1), gcd(6,1) = 1, 6 # 0 (mod 41)
and by; =1 (mod 41). Then by Theorem 2.18, v, (i(K)) = 41.



INFINITE FAMILIES OF NUMBER FIELDS WITH GIVEN INDICES 1591

The following example provides a number field with index i(K) = 2- 52 - 72 -
1321918,

Example 2.20. Let K = Q(a) be a number field defined by the monic irreducible
quintinomial F(x) = x> + ax' + bx? + cx + d, where

a = 23.3-1801,

b = 3-5.7-13-19'8,

c = 2%.3%.52.72.132.198 gnd
d = 232.3.5.7°.137.19%,

By theindex formula (1.1), one can check easily that the rational prime candidates
to divide the index i(K) are p = 2,3,5,7,13 and 19.

(1) Forp = 2, wehavea = 1(mod 2), b = c = d = 0 (mod 2), v,(d) = 3,
v,(c) = 1 and n is odd. Then by Theorem 2.1, v,(i(K)) = 1.

(2) For p = 3, F(x) is 3-Eisenstein. Hence v;(i(K)) = 0.

(3) For p =5, wehavea = —1(mod 5), b = c = d = 0(mod 5), v5(b) = 1,
vs5(c) = 2, v5(d) = 5, n—m = 9(5—1), n # m(mod 5) and gcd(vs(b), m—
2) = 1. Then by Theorem 2.12, vs(i(K)) = 2.

(4) Forp =7, wehavea =—-1(mod 7),b=c =d = 0(mod 7), v,(b) =1,
v,(c) = 2,v;(d) = 5, n—m = 6(7—1), n # m(mod 7) and gcd(v,(b), m—
2) = 1. Then by Theorem 2.12, v,(i(K)) = 2.

(5) For p = 13, wehavea = —1 (mod13), b = ¢ = d = 0 (mod 13),
v13(b) = 1, v3(c) = 2, v13(d) = 5, n —m = 3(13 — 1), n # m (mod 13)
and gcd(v3(b), m — 2) = 1. Then by Theorem 2.12, v;3(i(K)) = 2.

(6) For p = 19, we havea = —1 (mod19), b = ¢ = d = 0 (mod 19),
V19(b) = 18, v19(c) = 18, v19(d) = 20, m — 1 = (19 — 1) divides v14(c),
n—m=2(19—1),gcd(1,2) = 1,2 # 0(mod 19) and c;9 = 1 (mod 19).
Then by Theorem 2.16, v14(i(K)) = 18.

Finally, we conclude that i(K) = 2 - 5% - 72 - 132 - 1918,

3. Preliminaries

Our proofs are based on Newton polygon techniques applied on prime ideal
factorization, which is rather technical but very efficient to apply. We have in-
troduced the corresponding concepts in several former papers. Here we only
give the theorem of index of Ore which plays a key role for proving our main
results. For more details, we refer to [10] and [16].

Let K = Q(a) be a number field generated by a complex root ¢ of a monic
irreducible polynomial F(x) € Z[x]. We shall use Dedekind’s theorem [25,
Chapter I, Proposition 8.3] and Dedekind’s criterion [1, Theorem 6.1.4]. Let
¢ € Zp[x] be a monic lift to an irreducible factor of F(x) modulo p, F(x) =
ao(x) + a;(X)p(x) + -+ + a,(x)p(x)¥ the ¢-expansion of F(x) and N;’(F) the
principal ¢-Newton polygon of F(x), which can be obtained only by consider-
ing the principal ¢-expansion of F(x). As defined in [10, Def. 1.3], the ¢-index
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of F(x), denoted indy4(F), is deg(¢) multiplied by the number of points with nat-
ural integer coordinates that lie below or on the polygon N;(F), strictly above
the horizontal axis and strictly beyond the vertical axis. Let Fy be the field
Fplxl/ @) and u; = vp(q;(x)), then to every side S of N;(F ) with initial point
(s,uy), length [ = I(S) and every i = 0, ..., 1, let the residue coefficient ¢; € F
defined as follows:

0, if (s + i, ug,;) lies strictly above S,
. = Ao i( X
i (;’u;fﬂ)) mod (p, p(x)), if (s +i,ug;)liesonS.
Let —1 = —h/e be the slope of S, where h and e are two positive coprime in-

tegers and | = I(S) its length. Then d = [/e is the degree of S. Hence, if
i is not a multiple of e, then (s + i,u,,;) does not lie on S and ¢; = 0. Let
RiFYY) = tgyd 4+ t4 1y 14y +t, € Fy[y] be the residual polyno-
mial of F(x) associated to the side S, where for everyi = 0,...,d, t; = Cgiie-
If R, (F)(y) is square-free for each side of the polygon N;(F), then we say that

F(x) is ¢-regular.
r

- —k;
Let F(x) = H ¢; bethe factorization of F(x) into powers of monic irreducible
i=1

coprime polynomials over [, we say that the polynomial F(x) is p-regular if

F(x) is a ¢;-regular polynomial with respect to p for everyi = 1,...,r. Let

N ;“l (F) = Sj; +-+-+8S;,, be the ¢;-principal Newton polygon of F(x) with respect
sij

to p. Forevery j = 1,...,r;, let Rlij(F)(y) = H zpfjfés(y) be the factorization of
s=1

RAU, (F)(y) in I [y]. Then we have the following theorem of index of Ore:

Theorem 3.1. (Ore) ([10, Theorem 1.7 and Theorem 1.9])
Under the above hypothesis, we have the following:

€Y

-
vp(Zx : Z[a]) 2 )] indy (F).
i=1
The equality holds if F(x) is p-regular.
(2) IfF(x) is p-regular, then
roor Sij o
pZg = TTTTI %y
i=1 j=1 s=1
is the factorization of pZy into powers of prime ideals of Zg, where e;j is
the smallest positive integer satisfying e;;A;; € Z and the residue degree
of pijs over p is given by f;; = deg(¢;) - deg(y;s) for every (i, j, 5).
For the proof of our results, we need the following lemma, which character-
izes the prime divisors of i(K).
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Lemma 3.2. (Hensel) ([11])

Let p be a rational prime and K a number field. For every positive integer f, let P
be the number of distinct prime ideals of Zx lying above p with residue degree f
and N’y the number of monic irreducible polynomials of F ,[ x| of degree f. Then
p divides the index i(K) if and only if Py > N for some positive integer f.

For every number field of degree n < 7 and every rational prime p, Engstrom
established a connection between i, = v,(i(K)) and the prime ideal factoriza-
tion of pZg. That is, from the factorization of pZx, one can determine explic-
itly i,,. Moreover, he provided some formulas which allow us to evaluate i, for
some particular number fields of degree n > 8 (for more details, see [11]). Also,
Sliwa extended Engstrom’s results to number fields up to degree 12, under the
condition that p is unramified in the extension K /Q (see [28]).

4. Proofs of main results

Recall that, according to the factorization given in Theorem 3.1, we use the
triple indices in the factorization of pZg. Namely,

roor o Sij
[
pZg = HHH‘pij]s'
i=1 j=1 s=1
Here ¢;; is the ramification index of p;;; and f;;; = deg(¢;) - deg(®;js) is its
residue degree for every (i, j, 5).

Proof of Theorem 2.1.
(1) Ifa=c=d =0(mod2)and b = 1 (mod 2), then F(x) = x" — x? =
x?(x"2 — 1) (mod 2). Let ¢; = x. Since v,(d) > 2v,(c), then Ngl (F) =
S11 + S12 has two sides joining (0, v,(d)), (1, v,(c)) and (2, 0). Thus the
degree of each side of N;'l (F) is 1. Hence ¢, provides two prime ideals
of Zg lying above 2 with residue degree 1. On the other hand, we have
the following:

(a) If nis odd, then x""~2 — 1 is a separable polynomial over F,. Since
x — 1 divides x"2 —1and x* 2 — 1 = (x — 1)U(x) (mod 2) with
gcd(x —1,U(x)) = 1. Then x — 1 provides a unique prime ideal of
Zx lying above 2 with residue degree 1. The prime ideals provided
by U(x), which we denote by the unramified ideal a, have residue
degrees f > 1 and satisfies Py < V' for every integer f. We con-
clude that 27 = py11pizPonia With f11; = f121 = foi; = 1 and
the prime ideal factorization of a contains only prime ideals with
residue degrees f > 1 satisfying Py < NN’y for every positive inte-
ger f. By Lemma 3.2, 2 divides i(K). Applying [11, Theorem 4],

we get 1,(i(K)) = 1.
(b) Ifn —2 = 2" (r > 1), then F(x) = x*(x — 1)¥ (mod 2). Let ¢, =

n

x—1. Then F(x) = ZAi(l)qbiz. Since Ay(1) = 2 (mod 4),N;2(F) =
i=0
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S,; has a single side of height 1. Thus 2Zy = pmpmpgru with
residue degree 1 each ideal factor. Applying [11, Corollary]|, we get
v,(i(K)) = 1. .
(0)Ifn—2 = 2"(r > 1), then F(x) = x*(x — 1)* (mod2). Let
n

¢, = x — 1. Then F(x) = ZAl-(l)cp;. Since Ay(1) = 0 (mod 8)
i=0

and 4;(1) = 2 (mod 4), then N;Z(F) = S, + S5, has two sides
joining (0, v,(A,(1))), (1,v,(A;(1))) and (2",0). Thus the degree
of each side of N;Z(F) is 1, and 50 2Zg = P11 P12 Pan P2, With
residue degree 1 each ideal factor. Ifr = 1, then by [11, Theorem 4],
V,(i(K)) = 2. If r > 2, then by [11, Corollary], we get v,(i(K)) = 2
also.

2) Ifa=1(mod2)and b =c =d = 0(mod 2), then F(x) = x" — x" =

x™(x"™ — 1) (mod 2). Let ¢; = x. Since v,(d) > 2v,(c) — v,(b) and
(m = 2)v,(c) > (m — 1)v,(b), then N;'I(F) = S1; + Si5 + Sy3 has three
sides joining (0, v,(d)), (1, v,(c)), (2, v,(b)) and (m, 0). Thus the degree
of each side of N;l (F)is 1. Hence ¢, provides three prime ideals of Zy
lying above 2 with residue degree 1. On the other hand, n Z m (mod 2),
then x"~"™ — 1 is separable over F,. Since x — 1 divides x"~" — 1, and
X" —1=(x—-1)U(x) (mod 2) with gecd(x — 1, U(x)) = 1, then x — 1
provides a unique prime ideal of Zg lying above 2 with residue degree 1.
The prime ideals provided by U(x), which we denote by the unramified
ideal a, have residue degrees f > 1 and satisfies Py < N’y for every
integer f. We conclude that 27y = plllplzlpﬁ;zpzna with f11; =
f121 = f131 = fo11 = 1 and the prime ideal factorization of a contains
only prime ideals with residue degrees f > 1 satisfying Py < Ny for
every positive integer f. If m = 3, then by [11, Theorem 4], we get
V,(i(K)) = 2. If m > 4, then by [11, Corollary], we get »,(i(K)) = 2 also.

O

Proof of Theorem 2.4.
Ifa=1(mod2),b=c=d=0(mod2)andn—m = 2", then F(x) = x"—x" =

xM(x?

Then

—1) = x™(x —1)* (mod 2), wherer > 2. Let¢; = xand ¢, = x — 1.
F(x) = ¢"+agl"+bg? +ch; +d,
n

DA
i=0

Since Ay(1) = 0 (mod 4) and A;(1) = 2 (mod 4), then N;;(F) = S,; + S5, has
two sides joining (0, v,(Ay)), (1,1) and (2",0) with v,(A4,(1)) > 2 (see Figure
1). Thus the degree of each side of N;Z (F) is 1. Hence ¢, provides two prime

ideals of Zg lying above 2 with residue degree 1. On the other hand, v,(d) <
2v,(c) — v,(b) and (m — 2)v,(d) > mv,(b). Then N;l(F) = S;; + 53, has
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two sides joining (0, v,(d)), (2, v,(b)) and (m, 0) (see Figure 1). Since v,(d) #
v,(b) (mod 2) and gcd(m—2, v,(b)) = 1, then d(S;;) = d(S;,) = 1. We conclude
that 2Z = p3, p7 2P p2,;" with residue degree 1 each ideal factor. Since
r>2andm > 4,thenm—2 > 2 and 2" > 3. Applying [11, Theorem 6], we get
v,(i(K)) = 3.

v,(d)
1,(Ao(1))

FIGURE 1. N;_(F), i=1,2

O

Proof of Theorem 2.6.
Ifa =1@mod2)and b = ¢ = d = 0 (mod 2), then F(x) = x" — x™ =
xM(x" M —1) = x™(x—1)(x>+x+1) (mod 2). Let ¢; = x. Since v,(c)—v,(d) <

v,(b)
1,(b) — v,(c) < —2 then N+ (F) = S;; + S5 + Sp3 has three sides join-

ing (0, v,(d)), (1, v'?(c)) (2, vz(b)) and (m 0) with d(S;;) = d(S;,) = 1. Since
ged(m —2,v,(b)) = 3, then R . (F)(y) = 3+1=0@+D0O*+y+1) e Fg, [¥].

m-—2
We conclude that 2Zg = P111P121 P75, P]3,P211P311 With e = —3 fin =
fi21 = f131 = fai1 = 1 and fi3, = f311 = 2. Applying [11, Theorem 7], we get
,((K)) = 3. 0

Proof of Theorem 2.8.
Ifa=1(mod2),b=c=d=0(mod2)andn—m = 2", then F(x) = x"—x" =
x™(x? —1) = x™(x —1)? (mod 2). Let ¢; = x and ¢, = x — 1. Then
F(x) = ¢"+a¢l"+bg? +ch; +d,

n
Z Ai(Dgl.
i=0
Since Ay(1) = 0 (mod 8) and A;(1) = 2 (mod 4), then N;‘Z(F) = S0 + S5
has two sides joining (0, v,(A,(1))), (1,1) and (2,0) with v,(44(1)) > 3 (see
Figure 2). Thus the degree of each side of N;z (F)is 1. Hence ¢, provides two
prime ideals of Zg lying above 2 with residue degree 1. On the other hand,

—v,(b)
1,(c)=v,(d) < v,(b)—v,(c) < m—22 the N+ (F) = S1; +S;1,+ S5 has three

sides joining (0, v,(d)), (1, v,(c)), (2, v,(b)) and (m 0) with d(Sy;) = d(S12) =1

2r
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(see Figure 2). Since m — 2 = 2k + 1 divides v,(b), then d(S;3) = m — 2 with
Ry, (F)(y) = y"24+1e Fg,[y]. Also, m—2isodd, then R, ,(F)(y) is separable
over g and R; . (F)(y) = (y + DU(y) € Fy, [y] with ged(y +1,U(y)) = 1, then
¥ + 1 provides a unique prime ideal of Zg lying above 2 with residue degree 1.
The prime ideals provided by U(y), which we denote by the unramified ideal
a, have residue degrees f > 1 and satisfies P; < Ny for every integer f. We
conclude that 27y = P111P121P131P211P§r211a with f111 = fin1 = f131 = foan =
f221 = 1 and the prime ideal factorization of a contains only prime ideals with
residue degrees f > 1 satisfying Pr <Ny for every positive integer f. Ifr = 1,
then by [11, Theorem 4], we get v,(i(K)) = 5. If r > 2, then by [11, Corollary],
we get 1,(i(K)) = 4.

v,(d)
1,(A4,(1))
v,(0)1
v,(b)7
17 17

FIGURE 2. N;(F), i=1,2

O

Proof of Theorem 2.10.

Sinceb = —1(mod p),a=c=d = 0(mod p)and n — 2 = k(p — 1), then

F(x) = x"—x? = x2(x*=Y —1) (mod p). Since n # 2 (mod p), then x*P~1 1
p—-1

is separable over [, and x¥P~D — 1 = [ [(x — )U(x) (mod p) with ged(x —
i=1

i,U(x))=1.Let¢; = x—iforeveryi =0,..., p—1. Then Foreveryi =1, ..., p—

1, ¢; provides a unique prime ideal of Zg lying above p with residue degree 1.

The prime ideals provided by U(x), which we denote by the unramified ideal

a, have residue degrees f > 1 and satisfies Py < Ny for every integer f. For

¢o, we have the following:

(1) Ifvp(d) > 2v,(c), then N;rO(F ) = So1+S, has two sides joining (0, v,,(d)),
(1,vp,(c)) and (2,0). Thus the degree of each side of N;'O (F)is 1. Hence
p—1
PZg = Po11Poa1 Hpilla with fo11 = foor = fin = 1foreveryi =

i=1
1,..., p — 1 and the prime ideal factorization of a contains only prime
ideals with residue degrees f > 1 satisfying Py < Ny for every positive
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integer f. By Lemma 3.2, p divides i(K). Applying [11, Theorem 4], we
get v, (i(K)) = 1.

(2) If v,(d) = 2h < 2v,(c), then N;O(F ) = Sy has a single side join-
ing (0,v,(d)) and (2,0). Since v,(d) = 2h and d, = 1 (mod p), then
d(Sp1) = 2withRy (F)(») =by*+d,=-y*+1=—-Qy-D@r+1 e

p-1
Fg,[v]. Hence pZgx = Po11Pon1 Hpilla with foi1 = forz = fin =1
i=1
foreveryi =1,..., p — 1 and the prime ideal factorization of a contains
only prime ideals with residue degrees f > 1 satisfying Py < N’y for
every positive integer f. By Lemma 3.2, p divides i(K). Applying [11,
Theorem 4], we get v,(i(K)) = 1.
O

Proof of Theorem 2.12.

Since a = —1 (mod p),b = ¢ =d = 0(mod p) and n — m = k(p — 1), then

F(x) = x" — x™ = x™(x*?=D — 1) (mod p). Since n # m (mod p), then
p-1

xkP=1 _ 1 is separable over F, and xkp-1) _1 = H(x —1)U(x) (mod p) with
i=1

ged(x—i,U(x)) = 1foreveryi =1,..,p—1. Let¢; = x—iwithi =0,...,p—1.

Then foreveryi = 1, ..., p—1, ¢; provides a unique prime ideal of Zy lying above

p with residue degree 1. The prime ideals provided by U(x), which we denote

by the unramified ideal a, have residue degrees f > 1 and satisfies Py < Ny

. . - Vp(b)
for every integer f. For ¢, since v, (c) —v,(d) < v,(b)—v,(c) < > then

N;'O(F) = So1 + So2 + So3 has three sides joining (0, v,(d)), (1,7,(c)), (2,7,(b))

and (m,0) with d(Sy;) = d(Sy,) = 1 (see Figure 3). Since gcd(v,(b), m—2) =1,
p—1

then d(So3) = 1 also. Finally, we get pZK = p011p021‘p6212 H Pina with f011 =
i=1

Po21 = fo31 = fin = 1foreveryi = 1,..., p—1and the prime ideal factorization

of a contains only prime ideals with residue degrees f > 1 satisfying Py <

Ny for every positive integer f. If m = 3, then by [11, Theorem 4], we get

v,(i(K)) = 2. If m > 4, then by [11, Corollary], we get v,(i(K)) = 2 also.

O

Proof of Theorem 2.14.

Since a = —1 (mod p),b = ¢ =d = 0 (mod p) and n — m = h(p — 1), then

F(x) = x" — x™ = xke-D(x"P=-1) _ 1) (mod p). Since h # 0 (mod p), then
p-1

xMP=1 _1 is separable over F, and xhp-D _1 = H(x —i)U(x) (mod p) with
i=1

ged(x—i,U(x)) = 1foreveryi =1,..,p—1. Let¢; = x —iwithi =0,...,p—1.

Then foreveryi = 1, ..., p—1, ¢; provides a unique prime ideal of Zy lying above

p with residue degree 1. The prime ideals provided by U(x), which we denote
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FIGURE 3. N ;0 (F)

by the unramified ideal a, have residue degrees f > 1 and satisfies Py < N’ for
every integer f. For ¢, since v,(d) < 2v,(c)—v,(d) and (m—2)v,(d) < mv,(b),
then N;O (F) = Sy, has a single side joining (0,v,(d)) and (m, 0). On the other

hand, m = k(p—1) divides v,(d). Thus R, (F)(y) = ayk(P_1)+dp = —yklp-D 4

1 € Fy,[y]- Since k # 0 (mod p), then Ry (F)(y) is separable over Fy and
p—1

Ry, (F)(y) = — H(y — V() € Fy, ly] with ged(y — i,V(y)) = 1 for every
j=1

i =1,..,p—1. Thusy—j provides a unique prime ideal of Zy lying above p with

residue degree 1 for every j = 1,..., p — 1. The prime ideals provided by V(y),

which we denote by the unramified ideal b, have residue degrees f > 1 and

p—1 p-1
satisfies Py < N’y for every integer f. Finally, we get pZg = H Poij H pi1ab
j=1 i=1

with fo;; = fin = 1foreveryi,j = 1,..,p — 1. Since ged(k,h) = 1 and
Fy, = Fp, then ged(U(x), V(x)) = 1. Therefore, the prime ideal factorization of
ab contains only prime ideals with residue degrees f > 1 satisfying 7y < N’y
for every positive integer f. By [11, Theorem 4], v,(i(K)) = p — 2. O

Proof of Theorem 2.16.

Sincea = -1 (modp),b =c=d =0(modp)andn —m = h(p — 1),

then F(x) = x" — x™ = x™(x"P=V — 1) (mod p). Since h # 0 (mod p), then
p—1

xMP=1 — 1 is separable over [, and x"*~V — 1 = J](x — HU(x) (mod p)
i=1

with ged(x —i,U(x)) = 1 foreveryi = 1,...,p — 1. Let¢; = x —i withi =

0,...,p—1. Thenforeveryi = 1,..., p—1, ¢; provides a unique prime ideal of Zy

lying above p with residue degree 1. The prime ideals provided by U(x), which

we denote by the unramified ideal a, have residue degrees f > 1 and satisfies

P; < Ny for every integer f. For ¢, since (m — 1)v,(d) > mv,(c) and (m —

2)v,(c) < (m—1)vp(b), then N;O(F) = So1+ Sz has two sides joining (0, v, (d)),

(1,vp(c)) and (m, 0) with d(Sy,) = 1. Since m —1 = k(p — 1) divides v, (c), then

Ry, (F)y) = ay*P=D + ¢, = —ykP=D + 1 € F, [y]. Since k # 0 (mod p), then
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p—1
R;,,(F)(y) is separable over Iy and R; (F)(y) = — H(y — V() € Fy [yl
j=1
with ged(y —i,V(y)) = 1 foreveryi = 1, ..., p—1. Thus y — j provides a unique
prime ideal of Zg lying above p with residue degree 1 forevery j = 1,...,p— 1.
The prime ideals provided by V(y), which we denote by the unramified ideal b,
have residue degrees f > 1 and satisfies Py < N’y for every integer f. Finally,

p—1 p—1
we get pZx = Po H Pozj H pinab with fo1; = fop; = finn = 1 for every
j=1 i=1

i,j=1,..,p— 1 Since ged(k, h) = 1 and Fy4, ~ [, then ged(U(x), V(x)) = 1.
Therefore, the prime ideal factorization of ab contains only prime ideals with
residue degrees f > 1 satisfying Py < Ny for every positive integer f. By [11,
Theorem 4], v,(i(K)) = p — 1. O

Proof of Theorem 2.18.

Sincea = —1(modp),b =c=d =0(modp)andn —m = h(p — 1),

then F(x) = x" — x™ = x™(x"P~D — 1) (mod p). Since h # 0 (mod p), then
p—1

xMP=D — 1 is separable over F, and x"®D —1 = [[(x — HU(x) (mod p)
i=1

with ged(x — i,U(x)) = 1foreveryi = 1,..,p — 1. Let ¢; = x — i with

i =0,..,p—1. Then for every i = 1,...,p — 1, ¢; provides a unique prime

ideal of Zg lying above p with residue degree 1. The prime ideals provided by

U(x), which we denote by the unramified ideal a, have residue degrees f > 1

and satisfies Py < N’y for every integer f. For ¢, since v,(c) —v,(d) < vp(b) -

—vp(b)
vp(c) < L > then N;fO(F) = So1+S02+S3 has three sides joining (0, v,,(d)),

(1,vp(0)), (2,_vp(b)) and (m, 0) with d(Sy;) = d(Sy;) = 1. Sincem—2 = k(p—1)
divides v,(b), then R, (F)(») = ay*®=D + b, = —y*P=D + 1 € F, [y]. Since

p—1
k # 0(mod p), then R, (F)(y) is separable over [y and R; . (F)(y) = — H(y—
j=1

DV () € Fy [y] with ged(y —i,V(y)) = 1 foreveryi=1,..,p— 1. Thus y — j
provides a unique prime ideal of Zg lying above p with residue degree 1 for
every j = 1,..., p — 1. The prime ideals provided by V(y), which we denote by
the unramified ideal b, have residue degrees f > 1 and satisfies Py < N’y for

p-l p-l
every integer f. Finally, we get pZx = Po11Po21 H Posj H pinab with fo;; =
j=1 i=1

foxn = fozj = fin = 1foreveryi,j =1,..,p— 1. Since ged(k,h) = 1 and
Fg, ~ Fp, then ged(U(x), V(x)) = 1. Therefore, the prime ideal factorization of
ab contains only prime ideals with residue degrees f > 1 satisfying 7y < N’y
for every positive integer f. By [11, Theorem 4], v,(i(K)) = p. O
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