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Interpolation of toric varieties

Alicia Dickenstein, Sandra Di Rocco and Ragni Piene

ABSTRACT. LetX C P¢ be an m-dimensional variety in d-dimensional com-
plex projective space. Let k be a positive integer such that the combinatorial
number (m;'k ) is smaller than or equal to d. Consider the following interpola-

tion problem: does there exist a variety Y C P¢ of dimension strictly smaller
than ('";’k), with X C Y, such that the tangent space to Y at a point p € X is
equal to the kth osculating space to X at p, for almost all points p € X? In
this paper we consider this question in the foric setting. We prove that if X
is toric, then there is a unique toric variety Y solving the above interpolation
problem. We identify Y in the general case and we explicitly compute some
of its invariants when X is a toric curve.
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1. Introduction

When a problem can be modeled by polynomial equations, where their so-
lutions correspond to an algebraic variety, it often becomes important to deter-
mine the optimal variety that satisfies given constraints. The classical interpo-
lation problem in algebraic geometry is the following: find all plane curves of a
prescribed degree passing through a given set of points. More generally, one can
consider a class of varieties together with a collection of incidence conditions,
involving linear subspaces and possibly tangency or higher order osculating
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conditions, and ask for those varieties in the class that satisfy the given condi-
tions. This is both a theoretically and computationally challenging problem in
algebraic geometry and related fields.

A classical example in real differential geometry is the following [3, p. 56]:
Consider a space curve C. Find a space curve such that its osculating planes
are equal to the normal planes of C. The solution to this question is the evolute
of the curve C, namely the locus of its spherical curvature centers. The study
of osculating spaces to a space curve goes back at least to Monge and others in
the 18th century. For the case of curves in higher dimensional spaces, see [16].

The kth osculating space to an m-dimensional variety X C P4 at a point p €
X is alinear space of dimension < (m;k) —1in P? thatis tangent to X at p to the

order k. The osculating space at p € X of order k = 1 is the embedded tangent
space, denoted by Ty ,,. Osculating spaces have been extensively studied in the
context of higher order dual varieties, see [17,18] for the general case and [5, 6]
for the case of toric varieties. We refer to 2.2 for more details.

The kind of interpolation problem we consider in this article is the following.
Fix a variety X C P¢ of dimension m in complex projective space of dimension
d. Let k be a positive integer satisfying (m;k) < d. Consider the set of all

varieties Y C P of dimension < (m;k) — 1 such that X C Y. We say that Y

satisfies the kth interpolation condition with respect to X — or that Y is a kth
interpolant of X - if the embedded tangent space to Y at almost all points of X
is equal to the kth osculating space to X at that point. A natural question is
then:

Determine the existence and uniqueness of a kth interpolant, and, if it exists,
explore methods for its construction.

In general, answers are expected to be challenging, particularly with regard
to uniqueness, as we are seeking a unique object that satisfies specific local
conditions. However, in the case of toric varieties, the rigidity imposed by the
torus action on the geometry allows us to provide a complete solution to the
problem.

If X and Y are toric varieties and Y satisfies the kth interpolation condition
with respect to X, we call Y a kth toric interpolant of X.

A toric variety is a (not necessarily normal) algebraic variety containing an
algebraic torus as a Zariski open set and such that the multiplicative self-action
of the torus extends to the whole variety. Projective spaces are toric varieties
and the torus of P¢ is the open subset T¢ of projective points with all nonzero
coordinates. The action of T¢ on P¢ is given by coordinatewise multiplication,
that is, multiplication by a point (t, : --- : t4) € T¢ is given by the diago-
nal matrix with diagonal entries (¢, ..., t;). Equivariantly embedded projective
toric varieties X C P? of dimension m not contained in a coordinate hyper-
plane are rational varieties parameterized by monomials with exponents in the
columns of a matrix A € Z("+D*X(d+1) of rank m, which give the weights of the
torus action in (3) below [9, Ch. 5, Prop. 1.5]. In this case, we denote as usual
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X = X 4. This configuration of column vectors lies on a hyperplane off the ori-
gin and so we will assume without loss of generality that the first coordinate of
each of these column vectors is equal to 1. In fact, X 4 is associated to the affine
equivalence class of A by [9, Ch. 5, Prop. 1.2]. We refer the reader to Section 2,
where we recall with more detail this characterization, and we show in Theo-
rem 2.5 that the variety X 4 is completely determined by its embedded tangent
space T, (1:...:1)-

Given A € Zm+tDx(d+1) gpd a positive integer k, consider the matrix A® in

7(% Ox(+ given in Definition 2.2, originally introduced in [5] in connection
with the study of higher order dual varieties of toric varieties. In Theorem 2.6,
we prove existence and unicity of toric interpolants, while providing an explicit
construction:

Y := Xm0 C P%is the unique kth toric interpolant of X 4.

We explain that, thanks to the torus action, for Y to be a kth toric interpolant
of X 4, it suffices that the tangent space to Y at one point p € X, C Y with all
nonzero coordinates, equals the kth osculating space to X4 at p.

In Section 3, we analyze in more detail the case of toric curves. Let us first re-
call the concept of cyclic polytopes associated to curves. The m-moment curve
in R™*! is defined by the image of the map «,, : R — R™*! sending ¢ to the
vector (1, ¢, t2,...,t™). An m-dimensional cyclic polytope is defined as the con-
vex hull of the image, under the moment curve, of a finite number (at least two),
of ordered distinct points. It is known that all the images of these points by «,,
are vertices of the cyclic polytope, which has dimension m. Its combinatorial
structure is independent of the points chosen. Toric curves are associated to
matrices A € Z2¥@+1) of the form

( 1 1 .. 1 1 )

to €1 .. Cq_1 €4’

where we will always assume, without loss of generality, that €5 < €; < --- <
¢ 4. We describe the degree and number of lattice points of the second inter-
polants of toric curves. All matrices A arising from toric curves are positroids
(i.e., all their maximal minors are non-negative) and thus their convex hulls
define positive geometries in the sense of [1]. The columns of the matrices AK)
correspond to the vertices of a cyclic lattice polytope of dimension k. In the
case k = 2 we consider the associated polygon and we compute its canonical
form. This is an example of a generalized tree amplituhedron of type A g1 1 ,(Z)
[1,2] in the positive Grassmann variety Glzg = (P?)2%. Indeed, amplituhedra
are geometric objects studied in particle ph3;sics in relation to integral represen-
tations of scattering amplitudes and they are interesting mathematical objects
that naturally generalize cyclic polytopes. Our computations can be extended
to kth interpolants for any k, based on the description of the facets of combina-
torial cyclic polytopes [4]. In the standard case of the toric curves with ¢; = i for
i=0,...,d, we compute the degree of the second and the (d — 1)th interpolant.
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In Section 4, we describe the normalization of the second interpolant of a
toric curve. By computing the degree of its dual variety and the degree of the
dual variety of its normalization, we conclude that though the second inter-
polant is a linear projection of its normalization, it is not a general linear pro-
jection.

2. Toric interpolation

In this section, we recall some known facts about projective toric varieties
X 4 associated to a matrix A (2.1) and the notion of higher osculating spaces of
a projective variety (2.2). For toric varieties, we prove that hyperosculation of
order k can be characterized by an associated matrix A®) naturally built from
A. In Definition 2.4, we introduce the notion of kth (toric) interpolant, and
in Theorem 2.6, we prove that the kth toric interpolant of the equivariantly
embedded projective toric variety X 4 is unique and is equal to the toric variety
X 4. Uniqueness is based on the basic result in Theorem 2.5.

2.1. Projective toric varieties. Let A = {(1,ay), ..., (1,a;)} C Z™*! be a fi-
nite set of lattice points in an affine hyperplane off the origin. We denote also
by A the (m + 1) X (d + 1)-matrix whose columns are given by the (1,a;)’s.
Consider the map

Ly 2 (CY" - P4 definedby t :=(t,..,t,) — (t% @ .. 1 t2), (1)
where t% = [T, t;". Note that if we consider instead the map
0o (CHymtt > Pd  definedby (t5,t) = (fot20 & --- : tytdd), @)

we have that t4(t) =/, (to, t).

The projectively embedded toric variety X, C P¢ associated with A is de-
fined to be the Zariski closure of the image of t4. This image is the torus X, N
{xeP¥|x; #0,i=0,...,d} of X, and it always contains the point

1:=(1Q: - : 1) epd

Also, X4 = Orb(1) is the closure of the orbit of the point 1 by the diagonal
action

tr (g ¢ o0 xg) = (tPox @ o--- 1 txy). 3)

The variety X 4 is an affine invariant of the configuration A and its dimen-
sion equals the affine dimension of A [9, Prop. 1.2, Ch. 5]. As we mentioned in
the introduction, we will assume without loss of generality that all points in A
have first coordinate equal to 1, which implies that dim(A) = rank(A) — 1. We
will moreover assume, without loss of generality, that the matrix A has maxi-
mal rank m + 1, or equivalently, that the convex hull of the points ay, ..., a4 is
of maximal dimension m. As we also mentioned, Proposition 1.5 in Chapter 5
of the book [9] by Gelfand, Kapranov and Zelevinsky shows that any projec-
tive toric variety with an equivariant embedding (that is, with a diagonal torus
action) and not contained in a coordinate hyperplane, is of the form X 4. The
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degree of the projective variety X 4 equals Vol(A), the lattice volume of A (cf.
Theorem 4.16 in [19]). Subtracting multiples of the first row from the other
rows, we can also assume without loss of generality that a; = 0. When the sub-
group ZA generated by ay = 0, ..., aq equals Z™, the lattice volume Vol(A) of
A is defined as m! times the Euclidean volume of the convex hull of the lattice
configuration A. Otherwise, it equals this quantity divided by the rank of the
quotient Z™/Z A.

We present a very simple example:

Example 2.1. Consider the matrices

11
1111 3210
A1‘<o123)’ A2‘<0123>’ A3‘(1);

w N =

1
3,
4

and A, = (0 1 2 3). The closure of the images by the corresponding maps
LA, j =1,3,4,in (1), equals the same projective toric variety: the rational nor-

mal curve of degree 3 in P3 cut out by the following equations:
{(x0 1 X1 1 Xy 1 x3) € P3| X2 — xpX = 0,x5 — X1x3 = 0, XX3 — X1 X5 = O}

See also Example 2.3 below.

Note that the columns of A; are the injective image of the columns of A,
by the affine map m — (1,m). The matrix A; has rank 2 and its columns
are the injective image of the columns of A; by the linear map (m;,m,)
(my, my, my + m,).

The columns of the matrix A, equal the image of the columns of A, via the
linear map (m,, m,) — (3m; — m,, m,) and A, = MA,, where M € GL(2,Q)

is the matrix
3 -1
M_<0 1).

Indeed, the first row of A, is not the all 1 vector, but (1, ..., 1) is in the rowspan
of the matrix A,. This is clear since M~1A, = A, It is easy to check, as we
remarked in (2), that the map j,, defined by j,(fo,t;) = (t; © 2ty : tot] : t7)
verifies j4, (to, t1) = (1 1 5 : s* 1 8°) = 1,4,(s) for s = t;/t,. Thus, A, also gives
a rational parameterization of the rational normal curve of degree 3.

The vectors (1,-2,1,0),(0,1,—-2,1),(1, -1, —1, 1) that we can read from the
exponents of the equations generate the kernel of the matrices A;, A,, Az, and
the space of affine relations among the columns of A, (that is, elements of the
kernel that add up to 0). Note that it is not enough to select a basis of the kernel;
for instance if we omit the equation xyx; — x;x, = 0, the points in the line
{x; = x, = 0} also satisfy the first two equations. Instead, any two of the
equations describe the variety outside the coordinate hyperplanes.

2.2. Osculating spaces. Let X C P? be a projective algebraic variety of di-
mension m. Consider the sheaf £ := Opa(1)|x, and let 3’)"((,6) denote the sheaf

of kth order principal parts of £ [16, § 6, p. 492]. Recall that the rank of ?;‘((L)
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at a smooth point p € X is (m:k ). Indeed, the fiber X (£), ata point p € X is

isomorphic to the vector space Oy ,/ mi‘(fg, where my , C O p is the maximal

ideal in the local ring of X at p. Principal parts bundles play a crucial role in the
study of projective duality and differential properties of projective embeddings,
see [10, IV.A., pp. 341-346; IV.D., pp. 359-365].

Assume that U C X has a parameterization

t o= (t1,ly s b)) P (Xo(t) 2 -0 1 xg(L)).
Then, the kth jet map
Ji T 0% S PR ()
restricted to U is given by the matrix

X®) ) - x(t)
9xo(t)  Oxy(t) 9x4(t)
ox®  en®  dxal®)
AB@R) =] Pxo® Ex®) Px® |, 4)
o1} o ar?
’xo(t)  *xi(t) 8%x4(t)
at0t, oo,  ondt
Fxo(t)  Fxy(t) 8k xq(t)
atk atk, atk

; times the standard derivative.

;
where % denotes the Hasse derivative, that is, '
i J:
Given a matrix A we will denote by rowspan(A) the subspace of C¢*+! spanned
by the row vectors of A. The kth osculating space to X at a point corresponding
to t is the linear space

P(rowspan(A%©(t))).

2.3. The matrices A®). We now construct matrices A®) describing the higher
osculating spaces of a toric variety X4 at1 = (1 : --- : 1). For any k, the kth
osculating spaces at the points t4(t) = t#41 in the torus of X4 are translated by
this action (defined in (3)).

We also construct matrices denoted by AW the matrices A® and A® will
define the same projective toric variety.

Definition 2.2. Let A € ZM+DX(d+1) with column vectors (1,a)),j =0,..d,

and k € N. We define the associated matrix A% as follows. We will add (m;k) -
(m + 1) new rows to A in its lower part. We order the vectors {i = (iy, ..., i,,) €
77, |2 < |i|] < k}, with lexicographic order with 0 < 1 < --- < m and use them
to label these rows. The entry in the matrix A% in the jth column and the ith

I ...a"™ . When all the coefficients of A are nonnegative,

row is the integer a;' . .
»J m,j

we define another associated matrix A®) as follows. Again, we add (m;k) —(m+
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1) new (ordered) rows to A in its lower part labeled by the vectorsi = (iy, ..., ij,)-
The entry in the matrix A% in the jth column and the ith row is the integer

()= )

Since (¢) = a(a_l)—'(a_lﬂ) for any positive integer a > i, it is straightforward
1 1

to see that for any k there exists an integer matrix M, such that A® = M, - A®
with det(M;) = H2<|i|<k i!...i,,!. By [5, 2.2], the projective linear space
P(rowspan(A®)) = P(rowspan(AK)))

equals the kth osculating space of X 4 at the point 1. This is easily seen by con-
sidering the parameterization 1, to construct the matrix A®)(t) in (4). Evaluat-
ing at t = 1, we get the matrix A%,

Example 2.3. Letd € N and let A be the matrix

a=(o12a D a)
When k = 2, we have
1111 - 1 1111 1
AP =01 23 - d(f—l) , AP=|01 23 d |,
0013 .. T 0149 d?

100
M,=|0 1 0
01 2

Consider the rational parameterizations of X 40 =X50 from (C*)? to P? :
d d

d(d-1)
. Ce . . .d
Lo () (Lt t 8ty o 018, 2 ),
. . c2A . . odd?
lggz) D(s1,8) P (1 sy fosysy e DsTSS ),

and let gy, : (C*)? — (C*)*bethe2 : 1-maps — (55,,55). Then, it is
straightforward to check that t;0) = t,0¢),. We could also consider the first
d d

rows of the matrices and get a parameterization of the same (projective) variety
d(d-1)

from (C*)? to P4, given by the map til(to, t,ty) =(tg = toty & o+ ¢ totftz ).
As noted above, the tangent space at 1 to the variety X ,o0 = X0 equals
d

the second osculating space of X 4 at 1. The standard cyclic polygon defined by
d + 1 points a,4(j), j = 0, ..., d, on the moment curve in the plane is in general
presented with vertices equal to the points given by the columns of the matrix

Z&z), but ¢ e is1: 1while: i is2: 1
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2.4. The toric interpolant. We define kth toric interpolants for any k € N
and we show in Theorem 2.6 that a toric interpolant always exists and that it is
unique.

Definition 2.4. Let X, C P4 be a projective toric variety and k > 1 a natural
number.

(1) We say that a projective toric variety Xp is a kth toric interpolant of X 4
atp € X, if X, C Xy and the tangent space to X at the point p € X4
is equal to the kth osculating space to X 4 at p.

(2) We say that X is a kth toric interpolant of X 4 if X is a kth toric inter-
polant of X 4 at almost all points p € X 4.

We start by showing the basic result that a projective toric embedding X, <
P? is completely determined by the tangent space at the point 1 € X, C P

Theorem 2.5. Let A € Z("+DX(A+D) pe sych that rowspan(A) ¢ R4 is a sub-
space of dimension m + 1 containing the vector (1,...,1) € R+, Then, the fol-
lowing statements hold:

(i) Given another matrix A’ € Zm+DX(d+1) gych that rowspan(A’) has di-
mension m + 1 and contains the vector (1,...,1) € R then X, = X/
if and only if rowspan(A) = rowspan(A’).

(ii) The embedded tangent spaceto X 4 at1 € X, C P4 is the projectivization
P(rowspan(A) Qg C).

Moreover, let L be a linear subspace in R%*! of dimension m+1 which is defined
over Q and contains the point (1, ..., 1). Consider the projectivization P(L¢) C P4
of its extension Lo := L Qg C. There exists a unique equivariantly embedded
toric variety X, C P such that P(L¢) is the embedded tangent space Ty 1 0f
X, at 1. Indeed, it is enough to take any matrix A € Z"+VX@+1D) gych that
L = rowspan(A).

Proof. If rowspan(A) = rowspan(A’) we have that X, = X, because the con-
figurations of columns of A and A’ are affinely equivalent.

Lett, be the rational parameterization of X 4, defined in (1) and U = 14 ((C*)™)
the torus of X 4. Taking k = 1 in (4) we get that AV(1,...,1) = A. Therefore,
we see that the embedded tangent space at the point 1 is the projective linear
space spanned by the row vectors of A considered as points in P4, which shows
item (ii). Then, if X4, = X/, they have the same embedded tangent space at 1
and so rowspan(A) = rowspan(A’)

Given such a linear subspace L as in the statement and any choice of matrix
A with L = rowspan(A), then Ty, ; = P(rowspan(A) Qg C) = P(L¢). O

We next show the existence and uniqueness of toric interpolants for any k €
N.

Theorem 2.6. Let A € 7Zm+DXA+D) gud k e N.

(i) Thevariety X 4w is a kth toric interpolant of X 4 at all points in the torus
of X 4, i.e., all points of X 4 in the torus of P9,
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(i) Assume there exists a matrix B € ZMs+DX(d+1) gych that Xp is a kth
toric interpolant of X 4 at one point p* = 1,4(t*) in the torus of X 4. Then,
Xp = X 0.

Proof. Assume that the first row of A is given by the vector with all coordinates
equal to 1. We have already observed that for any t € (C*)™, the tangent space
to X4 atp = 14(t) = (t? : --- : t%)is spanned by the row vectors of the matrix
AD(t) in (4). Note that multiplying the jth row vector of this matrix by ¢ j for
Jj =1,...,m, we get that the rows of the new matrix are the torus translates by
the diagonal action # , in (3) of the rows of the matrix AM(1) = A. We can write
this as tx,AD1) = AD(t). Similarly, the row vectors of AX)(t) span the kth
osculating space to X4 at the point p. Multiplying its rows by corresponding
powers of ti, ..., t,,, we see that the rowspan of A®)(t) equals the rowspan of
the matrix ts 4, A (1) = t, A,

Introduce (m;k) — (m + 1) new (ordered) variables u;, where i = (iy, ..., iy,)

and 2 < [i| < k. The entry in the matrix A® in the jth column and the ith
row is the integer (%) := (“+)--- (“"). Hence, the toric variety X » has a
i iq im

parameterization
: : e 7T,
Lao T (6,1) 1= (s ey By e Uy ) > Coe 2 83 T 0 00).
i

It follows that the row span of the matrix A®)(t, u) is equal to the tangent space

8
to Xy at the point (--- : t% [, ui(i) : --+). Thisisa pointof X 4 ifally; = 1. In

particular, we have X, C X 4w. The tangent space to X 4« at the pointp € X 4 is
equal to the torus translate by (t, 1) by means of the action * 4« of the embedded
tangent space at the point (1 : --- : 1) € P9, which equals the kth osculating
space to X 4 at p. It follows that X 4« is a kth toric interpolant of X 4 at any point
p in the torus of X 4.

Assume a configuration B defines a kth-toric interpolant of X,. Then, we
have the equality of tangent spaces Tg; = T 4k since both coincide with the
kth-osculating space to X4 at 1. Theorem 2.5 implies that Xz = X 4. O

Example 2.7. Consider the Del Pezzo surface X C P of degree 6 given by the
parameterization

L (t,t) = (1 sty sty o bty o 12

o 424 0 4242
2012, 0 2.

We get

AD® =

[N eNoNo o
[eNeNeNel Sl
QOO+~ O
O = O = =
N O DN
O N =N
A= NN
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Consider new variables u, o), U1 1y and u ;). Then, we get a parameterization

ta = (b1, b, U0y, U 1) U,2) =
(1 M ST S tltzu(l,l) T tgu(zl,l)u(o,z) : tftzu(z,o)ué,l) : tftiu(z,o)ual)u(og)).
‘We could also subtract twice the sum of the fourth and sixth rows from the fifth

row, which gives the vector (0,0,0, 1,0, 0,0), so that we get the parameteriza-
tion:

ta (b1, b, U0y, U 1) U,2) =
. . . . 2 . 42 . 1242
Q:t:t: LhibUua - LitUpp) - Up) - tltzu@,o)u(o,z)).

The corank of A® is 1 and the 2nd toric interpolant is the degree 3 hypersurface
with equation xyx;xs — x;x,x¢ = 0. This equation does not depend on x;
because the configuration of columns of A® is a pyramid with vertex on its
fourth column, as by the previous calculation the fourth column vector lies in
the hyperplane y, — 2y; — 2ys = 1 in Z°, while all the other column vectors lie
in the parallel hyperplane y, — 2y; — 2ys = 0.

The tangent space to X 4 at a point

L (t, 1) = 1y (t, b, U, 0), U1y U,2)

is the row span of the matrix A®)(t, u) given by

1 4 by tibugy tltgu(zl)l)u(o,z) tftzu(z,o)u(zlyl) tft%u(z,o)u?l’l)u(o,z)
0 1 0 tugy téu(zl’l)um,z) 2t1t2u(2,0)u(2171) 2t1t§u(2,o)“?1,1)u(0,2)
0 0 1 tHugy 2t1t2u(21’1)u(0,2) tfu(z,o)u(zl’l) thtzu(z,o)u?l’l)u(o,z)
000 0 0 Ul ), ud o)
0 0 0 fty 240ugyey 206LUGeUw) 4tft§u(2,0)u(31,1)u(0,2)
0 0 0 0 tltgu(zl’l) 0 tftgu(z,o)u?lyl)

For a point 14 (t1,t5,1,1,1) € X with t;,t, # 0, this is the same as the row
span of the matrix

1 4t hty uty i, £
01 0 t, 3 24ty 24ty
0 0 1 1, 2nt, ¢ 26t
000 0 © 1 t
0 0 0 1 2, 2t A4ty
00 0 O 1 0 t

which is the same as the second osculating space to X at this point.

3. Toric curves

We shall now study in more detail the case when X is a curve. A toric curve
X c P4 which is not contained in a coordinate hyperplane, can be described as
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follows. Givenintegers € =0< ¢ < -+ < €4 <lg,sett :={¢y,..., ¢4} and
ta=(o ¢, D ay)

LetX,,, C P9 be the rational curve of degree ¢ ; parameterized by

t (1l s tla ; tla),

In the special casewhen ¢y, =1,¢; = 1,..., ¢4 = d, the curve Xy,, isa rational
normal curve.
The kth toric interpolant of X ,, , is given by the matrix

1 1 1 1 1
0 ¢ €, - tgqq tg
k ¢ ey . (fe- ¢
=0 & & - Gy @

£ (f2) ... (faa) (I
() (2) () ()
As we observed in the comment after Definition 2.2 there exists a (k + 1) X
(k + 1)-matrix M, such that the matrix

1 1 1 - 1 1

o 0 ¢y € - 4 fdz
700 . _ 2 p2 2

At’,d'_ 0 €.1 f'z fd.—l ffi

P :k B :k

0 ¢y t3  Ci, ¢y

is equal to My, - A%, with det M} = Hl;zl j!. The column vectors of this sec-

ond matrix Zgl)l form the vertices of a cyclic polytope Cgi)l. They are ordered
points on a moment curve. Here, ordered means naively that the second coor-
dinates are increasing, but the main point is that all the maximal minors of the
matrix (with the corresponding ordered columns) are positive. Therefore, we
can compute the degree of the variety Xixkf)d = qukf)d as the lattice volume of the

cyclic polytope C;k; with respect to the lattice generated by the columns of the

matrix Ai,k‘)i, which are all consecutive vertices of the cyclic polytope. Note that

the matrices Zi,kzl are positroids: their maximal minors are positive since they
are equal to Vandermonde determinants and the ¢; satisty ¢; < ¢; fori < j.

Since A;’ZI) =M, L, ~l(l;), with det M, 1> 0, also A(fk; is a positroid.
In general, the lattice volume of a k-dimensional lattice polytope is k! times

its Euclidean volume and will be denoted by Vol. By decomposing the polytope

into simplices, Vol(CE,k;) can be computed as the sum of the lattice volumes of

these simplices, which will all be expressed as Vandermonde determinants in
t1,...,t4. To decompose the polytope, one can use a classical characterization
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of its facets, for an account of this, see [8]. Once one knows the volume, one
can compute the number of lattice points of the polytope by the formula given
by Liu [12, Thm. 1.2, p. 112]:

k
i€ = Vol cgffi,

0 ._
whereVolCad =1

To illustrate this situation, assume that k = 2. Then Céz,()i is a cyclic polygon.

Proposition 3.1. The lattice volume of and the number of lattice points in Cf?i

are given as
d-1

VolCL) = 3 tit (i — €)
i=1

and

i(c?) = Z Citi1(Cip — €+ €q + 1.

Proof. We write C;,zt)i as the union of the triangles with vertices (0, 0), (¢;, € f),and
(Cis1» €l+1) The lattice area of the triangles are %fit’iﬂ(f”l — ¢;). The lattice
length ofot)j isty. 0

Assume ¢, =0,¢; =1,...,¢ 4 = d and k = 2. If we instead use the matrix

11111 - 1 1 1 1
AD=0123 4 . dd_33 dd 2 dd—11 d 1. (5)
00136 - (U9 () ) ()

we get a different polygon, which we call P(d). It is easy to see that the lattice
area of P(d) coincides with its normalized area and thus gives the degree of the

associated toric variety X, = X-0).
Ad Af,d

The (d — 1)th toric interpolant of X 4, is given by the matrix

11111 1 1 1 1
01 2 3 4 d-—3 d-2 d-1 d
_ d-3y (d-2y (d-1 d
A;d1>=00136 ()()()(2)
00000 - 0 0 1 (%)
d-1
Hence we get the following parameterization of X ,-v:
d
o2 a ) d
(tost1s s tgm1) P> (fg @ Loty & Eotity o o @ bttt ) € P2
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(d+1, d(d+1))/2)

(d, f(d-1))/2)

(0,0
FIGURE 1. The polygons P(d).

Proposition 3.2. X AGD is a toric hypersurface of degree 2471,

Proof. Itisclear that the rank of A‘(id_l) isd asits maximal minor corresponding
to its first columns is equal to 1. Then, its kernel has dimension one and so

X ,@-n is a hypersurface. It is easy to check that a (d + 1)-vector v lies in the
d

kernel of A;d_l) if and only if the polynomial f,(t) = Z?:o v;t! vanishesatt = 1
jointly with its derivatives up to order (d — 1). The vector w with coordinates
w; = (=1)47i(%), satisfies that f,,(t) = (¢t — 1)%, and so w is a generator of the
kernel. Separalting its positive from its negative entries, we get that the ideal of
X 44D is generated by the binomial

@ (5

2
2 Xd

-2

ONG)
—_— xl x3 e x

(
XoX "X

if d is even, and

d
)

Xo >

@ OO _
X, e X T XX x3=0

(

2 37Xy

if d is odd. By using (Cli) = (‘li__ll) + (dlfl), we see that all four monomials appear-

ing in these two equations have degree Z?__Ol (1) = 2471, O
- 1

In [1], the concept of positive geometries was introduced in the study of scat-
tering amplitudes in particle physics. A positive geometry is a real semi-algebraic
set, together with a rational differential form, with poles along the boundary of
the semi-algebraic set, called the canonical form. Of special interest were semi-
algebraic sets given by certain polytopes, called generalized tree amplituhedra,
of type A, x m(Z), where Z is a (k + m) X n-matrix with positive maximal minors
>0 [2]. The polygon

- a positroid - in the real positive Grassmann variety Gk’k m
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P(d) is cyclic and is an example of a generalized tree amplituhedron of type
Ag112(2) in G2 = (P20, with Z = A,

Any convex pc;lygon gives rise to a positive geometry, hence has an associated
canonical form. In particular, P(d) gives rise to a positive geometry. The follow-
ing example shows an explicit computation for any d of the procedure outlined
in [1, 7.1.1] for computing the canonical form of a cyclic polytope. Using the
description of the facets of combinatorial cyclic polytopes [4], our computation
could be extended to higher interpolants of toric curves.

Example 3.3. The polygon P(d) can be decomposed as the polygon P(d — 1)
union the triangle A(d) with vertices (0,0), (d—1, (d;I)), and (d, (‘;)). The sides
of A(d) have equations 2y — (d —2)x = 0,2y —2(d — 1)x + d(d — 1) = 0, and
(d — 1)x — 2y = 0. Hence, we compute the canonical form (see [1,11]) of the
triangle to be
2d(d —1)

Qy—-(W@d-2)x)2y —2(d—1)x +d(d—-1)({(d—-1)x —2y)
The additivity of the canonical form [11, 2.4] then gives

2d(d —1)dx Ady
y—-(@-2)x)2y —2(d —1)x +d(d—-1)((d—-1)x —2y)
+ Q(P(d - 1)).

Q(A(d) =

dx Ady.

Q(P(d) =

Hence, the canonical form of the polygon P(d) equals
d

_ 2i(i—1)
Q(P()) = ; Qy — (G —-2)x)2y — 23 —Dx +i(i — )i —1)x — 2y)dx

In particular, we get

Ady.

1
QPR) = o easdr Ady

and
2y —2x+3

d
Y@ —x+ DO —2x+3)(x - )
The latter is consistent with the fact that the adjoint curve to P(3) is the line
2y —2x+3=0[11,2.1].

Q(P(3)) =

x Ady.

4. Normalizations and dual varieties

In projective geometry, it is interesting to determine whether a given lin-
ear projection is general. Indeed, a character (a cycle class, or a number) of a
projective variety is said to be projective if it is invariant under a general linear
projection. An example of a projective character of a variety is its degree, and
also the degree of its dual variety, i.e., the variety in the dual projective space
equal to the (closure of) the set of tangent hyperplanes.
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Given a lattice point configuration A ¢ Z™*1 let A ¢ Z™*! denote the
configuration of lattice points in the convex hull of A in R™*!, and denote by

A the corresponding matrix. We obtain a normal toric variety X C PN, where
N+1is the number of lattice points in the configuration A. Since the matrix A is
obtained from A by removing some columns, X 4 is equal to a linear projection

of its normalization X.
We now return to the second toric interpolant X ,¢) of the rational normal

d
curve X 4 of degree d studied in the previous section, see (5). We assume d > 3.
We choose this case as an example since it is computable, and we show that

X , is not a general linear projection of its normalization XF' For d > 4, this
d

d
follows since the degrees of their dual varieties are different. For d = 3, the

surface X ;o) C P? has a singular line of multiplicity 3, hence is not a general
3

projection of a smooth surface in P°.

egs d s, (d+1 .. P
Proposition 4.1. The degree of X A c P4is( ) ), and it is a toric linear pro-
1
jection of its normalization X—: from P12

o)
if d is odd.

1
d@*+8) if d is even and from pind@+iD

d

Proof. The lattice polygon P(d) in the plane corresponding to A‘(iz) contains the

lattice polygon P(d — 1) corresponding to Afiz_)l, see Fig. 1. It is easy to see that

the difference of the two polygons has lattice area equal to

a(g)-@-n(*3 1) =23 - )+ (13 ) =)

Hence, we get

d .
degXA;z) =degX ,» + (621) = = jzzz(i) _ (d -3|— 1).

(d-1)

Let p(d) denote the perimeter of P(d). This polygon has d + 1 vertices and
d + 1 edges. Of the latter, d have lattice length 1. The edge between (d, (‘21))

and (0,0) is a segment of the line y = d—;lx, which contains l(d — 2) lattice
points other than the vertices if d is even and d — 1 if d is odd. Hence, p(d) =
d+ é(d—2)+1 = %difdisevenandp(d) =d+d—-1+1=2difdis odd.
It then follows from Pick’s formula that the number of lattice points in P(d) is
%(d;rl) + % : §d+l = %d(d2+8)+ 1if d is even and %(d:1)+ ; 2d+1 =
1—12d(d2 +11) + 1if d is odd. 0
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o, . . . . 5
Proposition 4.2. The surface XF is a quartic nonsingular surface in P°. For

d > 4, the surface XF has two si;lgular points, both of multiplicity d — 1 ifd is

d
even and of multiplicity %(d —1)ifdis odd.

Proof. The vertices of the polygon P(d) are (0, 0), (1,0), ---, (d—1, (d?)), (d, (‘21)).
It is easy to check that the vertices (1,0), ---, (d —1, (d;)) of P(d) are nonsingu-
lar, so it remains to check the vertices (0, 0) and (d, (‘21)) [9, Thm. 3.14, p. 186]:

o Ifdis even:

1 2
I’I’I(O,O):ldet<0 d_1>|:d—1,

2 1
m(d’(z))=|det<d_1 d_1>|=d—1
« If d is odd:
1

1 1

1 1 1
Ma(n = |d6t( Sd-1) d-1 )' =3d-0.

This proves the proposition. O

Finally, we derive formulas for the degrees of the dual varieties, which enable
us to determine whether the linear projection is generic.

Proposition 4.3. The degree of the dual variety (X—)" is equal to (d;)(d +3)

@
Ad

if d is even and é(d —1)(d? +d — 8) ifd is odd.
The degree of the dual variety (X A(z))v is equal to (d;)(d +1).
d

Proof. We shall apply the formula for the degree of the dual variety of a toric
surface (see [14, Cor. 1.6, p. 2042], [15, Section 5]). In the first case the surface
is normal, and we get
deg(X—7)" = 3 Vol(P(d)) — 2p(d) + > Eu(v),
d v

where Eu(v) denotes the local Euler obstruction at the point of X 4 correspond-
ing to the vertex v of P(d). The local Euler obstruction of a variety is a con-
structible function, introduced by MacPherson in order to define Chern classes
of singular varieties [13].

For a normal toric surface, the local Euler obstruction at a vertex v is equal to
2 minus the difference between the lattice area of P(d) and that of the polytope
Conv(P(d) \ {v}) obtained by removing the vertex v and taking the convex hull
of all the remaining vertices [14, Cor. 4.4, p. 2052]. It can also be computed as
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1—c, where c is the number if interior lattice points of P(d) which are boundary
points of Conv(P(d) \ {v}) [15, Lemma 5.1, p. 514]. We get

Eu((0,0)) = Bu((d, (‘21))) —2- %d

if d is even, and

Eu((0,0)) = Bu((d, () =2~ 3(d ~ 1)

if d is odd. Hence, we get

d+1 3 1 1
—_ )WV = —92.2 - —=d)= =(d? -
deg(XAff) _3( 3 ) 2 2d+d 1+2(2 2d) 2(d 7d + 6)

if d is even, and

d+1

deg(X—)Y = 3( 3

@
Ad

)—2-2d+d—1+2(2—%(d—1))=%(d3—9d+8)

if d is odd.

In the second case, the surface is singular along the curve corresponding to
the edge A of P(d) joining the vertices v := (0,0) and v/ := (d, (‘21)). In the
formula for the degree of the dual surface, also the edge lengths need to be
weighted by the Euler obstruction at a general point of the corresponding orbit.
This gives [14, Cor. 1.6, p. 2042] Eu(A) = %d if d is even and d if d is odd. The

Euler obstruction at each singular vertex is then Eu(v) = Eu(v’) = %d +1-— (‘21)
if d is even and Eu(v) = Eu(v’) =d + 1 — (‘21) if d is odd. We get

d+1

: )—2(%d+d)+d—1+2(%d+1—(d))

2
=%(d3—2d2—d+2)

deg(XA?))v = 3(

if d is even, and

d+1 dy, 1 5 5
; )—2(d+d)+d—1+2(d+1—(2))_E(d —2d%—d+2)

if d is odd. O

deg(XA;a)V = 3(

Corollary 4.4. The surface X ,c) is not a general linear projection of its normal-
d

ization X—..
4@
d

Proof. We have deg(X A(z>)V # deg(Xp)V for d > 4. For d = 3, we have
d

d
deg(XE Y = deg(X,»)" = 4. The nonsingular quartic surface XF c P
3 3

3
is given by the polygon P(3). Its projection X ,o C P3 has a triple line, corre-
3

sponding to the edge A; indeed, its equation is xoxg’ — xfx3 = 0. Since general



REFERENCES 1515

projections to P? of smooth surfaces in P> do not have singular curves of mul-

tiplicity > 2, X ,» is not a general projection of Xp, even though their dual
3

d
varieties have the same degree. O

The surfaces X— and X—; have two singular points with local Euler ob-
A AS

4

struction equal to 0, hence are Gorenstein varieties, whereas for d > 6, XF is
d

not Gorenstein. The surfaces X ,» are non-normal (they have a singular curve
d
corresponding to the edge A).
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