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Collapsing and group growth as obstructions
to Einstein metrics on some smooth

4-manifolds

H. Contreras Peruyero and P. Suárez-Serrato

Abstract. We show that a combination of collapsing and excessive growth
from the fundamental group impedes the existence of Einstein metrics on
several families of smooth 4–manifolds. These include infrasolvmanifolds
whose fundamental group is not virtually nilpotent, most elliptic surfaces of
zero Euler characteristic, geometrizable manifolds with hyperbolic factor ge-
ometries in their geometric decomposition, and higher graph 4–manifolds
without purely negatively curved pieces.
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1. Introduction
ARiemannianmetric on a smoothmanifold is Einstein if the Ricci tensor is a

scalarmultiple of themetric. The Einstein equation for a Riemannianmanifold
Ricg = D ⋅g is a nonlinear second-order system of partial di�erential equations.
Existence and obstruction results about solutions are in general hard to obtain.
A smoothmanifold is called Einstein if it admits a Riemannianmetric g solving
the Einstein equation. In dimensions 2 and 3 a manifold is Einstein if and only
if it has constant sectional curvature.

A closed Einstein 4–manifoldM must satisfy the Hitchin-Thorpe inequality
[18, 37]:

2�(M) ≥ 3|�(M)| (1.1)

Here �(M) is the Euler characteristic and �(M) the signature ofM.
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W.P. Thurston de�ned a model geometry as a complete simply connected
Riemannian manifoldM such that the group of isometries acts transitively on
M and contains a discrete subgroup with a �nite volume quotient [38]. These
Thurston geometries are fundamental for the geometrization of 3–manifolds. In
dimension four, Filipkiewicz classi�ed the maximal geometries [10].

The subtleties of the existence of Einsteinmetrics in dimension four is treated
by various authors (see, for example Kotschick [24, 25], LeBrun [26, 27], and
Sambusetti [34]).

Our �rst result shows that some of the manifolds modeled on Thurston ge-
ometries in dimension four do not admit Einstein metrics:

Theorem 1.1. LetM be a closed orientable smooth 4–manifold modeled on one
of the Thurston geometries

S3 × E, ℕil3 × E, ℕil4, ℍ3 × E, S̃L2 × E, ℍ2 × E2, Sol41 , Sol
4
0 , Sol

4
m,n.

ThenM does not admit an Einstein metric.

For the sake of brevity, we recommend interested readers consult Hillman’s
book for the de�nitions and examples of manifolds modeled on these Thurston
geometries [15]. Recall that Jensen classi�ed homogeneous and Einstein sim-
ply connected 4–manifolds [21]. Jablonski showed that a subgroup of the isome-
tries of an Einstein solvmanifold acting properly discontinuously such that the
homogeneous quotient manifold de�ned by identifying its orbits is a trivial
group [19].

Here, an infrasolvmanifold is a quotientM = S∕Γ, with S a 1–connected solv-
able subgroup and Γ is a closed torsion-free subgroup of Aff (S) such that the
component of the identity of Γ lies in the maximal connected nilpotent normal
subgroup of S (its nilradical), Γ∕Γ ∩ S has compact closure in Aut(S), andM is
compact. Moreover, Hillman proved that closed 4–dimensional infrasolvman-
ifolds are di�eomorphic to geometric 4–manifolds of solvable Lie type [16].

Theorem 1.1, therefore, yields a straightforward, yet noteworthy, proof that
some infrasolvmanifolds of dimension four do not admit Einstein metrics:

Corollary 1.2. Compact 4–dimensional infrasolvmanifolds whose fundamental
group is not virtually nilpotent do not admit Einstein metrics.

Smooth, compact complex surfaces are another family of 4–manifolds of in-
terest. A complex surface S is an elliptic surface if there is a holomorphic map
S → C to a complex curve C with general �ber an elliptic curve. We obtain a
new proof of the following result for elliptic surfaces of zero Euler characteris-
tic, found in the classic book by Besse [5]:

Theorem 1.3. Compact complex elliptic surfaces of zero Euler characteristic and
which are not �nitely covered by a 4–torus or a K3 surface do not admit Einstein
metrics.

This last result also recovers some results of LeBrun where he classi�ed Ein-
stein 4–manifolds that admit a complex structure [28, Lemma 5]. The previous
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theorems can also be restated (for some geometric manifolds and elliptic sur-
faces) in terms of circle foliations and Seifert �brations, as we shall see below.

De�nition 1.4. [15] A smooth oriented 4–manifold M is Seifert �bred if it is
the total space of an orbifold bundle M → B with general �ber a torus over a
2–orbifold B.

Under this de�nition, Seifert 4–manifolds account for every compact com-
plex surface di�eomorphic to some elliptic surface with c2 = 0, and it also en-
compasses examples that do not admit any complex structure whatsoever [39].

Theorem 1.5. LetM be a closed orientable smooth 4–manifold that is either foli-
ated by geodesic circles or that admits a Seifert �bration. AssumeM is not �nitely
covered by T4 of a K3 surface. ThenM does not admit an Einstein metric.

In the following results, we will cover several ways of generalizing the no-
tions of Seifert �bration and of graph manifold (that have previously appeared
in the work of several authors) from dimension three to dimension four.

Wewill say that amanifoldM admits geometric decomposition if there exists a
�nite collection of 2–sided hypersurfaces S such that each component ofM−S
admits a Thurston geometry.

Consider the following example of a manifold with a geometric decomposi-
tion into pieces with geometric structures modeled on ℍ2 × E2 and ℍ3 × E.

Example 1.6. Let Σ be an orientable surface of genus≥ 2 and �nite area with
a single cusp and realize Γ1 ≅ �1(Σ, ∗) as a Fuchsian group of isometries of ℍ2.
Truncate the cusp ofℍ2∕Γ1 to obtain a compact orientable surfaceM1 with a sin-
gle boundary component )M1 ≅ S1. De�ne:

Z1 ∶= M1 × T2

Let Y be an orientable, �nite volume, hyperbolic 3–manifold with a single cusp
and realize Γ2 ≅ �1(Y, ∗) as a Kleinian group of isometries of ℍ3. Truncate the
cusp of ℍ2∕Γ2 to obtain a compact orientable 3–manifold withM2 with a single
boundary component )M2 ≅ T2. De�ne:

Z2 ∶= M2 × S1

Now construct the manifoldM using the identity to glue Z1 and Z2 along their
boundary T3. This manifoldM has a geometric decomposition into the Thurston
geometries ℍ2 × E2 and ℍ3 × E.

The following result tells us that manifolds like the one constructed in Ex-
ample 1.6 do not admit Einstein metrics.

Theorem 1.7. Let M be a closed orientable smooth 4–manifold that admits a
geometric decomposition in the sense of Thurston into at least two pieces. If all of
the geometric pieces ofM are modeled on geometriesℍ3 ×E, S̃L2 ×E, or ℍ2 ×E2,
thenM does not admit an Einstein metric.
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The notion of graph manifold has been successful in dimension 3, helping
to distinguish di�erent classes of geometric interest. Collapsing manifolds that
are geometrizable in the sense of Thurston are one analog of this notion. There
are also other possibilities, namely, decomposing a manifold into pieces with
infranil �brations and generalizing the notion of Seifert �bration. Consider
the following de�nition, which extends ideas put forth by Frigerio-Lafont-Sisto
[11]:

De�nition 1.8 ([7]). Acompact, smoothn–manifoldM, n ≥ 3, is called ahigher
graph manifold if it is constructed as follows:

(1) For every i = 1, ..., r take a complete �nite-volume non-compact pinched
negatively curved ni-manifold Vi , where 2 ≤ ni ≤ n.

(2) Denote byMi the compact, smooth manifold with boundary obtained by
removing from Vi a (nonmaximal) horospherical open neighborhood of
each cusp, thereby truncating it.

(3) Take �ber bundles Zi → Mi , which are trivial in a neighborhood of )Mi
andwith �ber an infranilmanifoldNi of dimension n−ni , i.e. Ni is di�eo-
morphic to Ñi∕Γi , where Ñi is a simply connected nilpotent Lie group, and
Γi is an extension of a lattice Li ⊂ Ñi by a �nite group. So the �nite cover
N′
i ofNi with covering groupHi = Γi∕Li is a nilmanifold Ñi∕Li . Assume

that the structure group of the bundle Zi → Mi reduces to a subgroup of
a�ne transformations ofNi .

(4) Fix a complete pairing of di�eomorphic boundary components between
distinct Zi ’s, provided one exists, and glue the paired boundary compo-
nents using di�eomorphisms smoothly isotopic to a�ne di�eomorphisms
of the boundaries, to obtain a connected manifold of dimension n.

We will call the Zi ’s the pieces ofM, and whenever dim(Mi) = n, we say Zi =
Mi is a pure piece.

Example 1.9. The manifoldM constructed in Example 1.6 belongs to the family
of manifolds investigated by Frigerio-Lafont-Sisto [11].

Example 1.10. With M1 and M2 as in Example 1.6, now de�ne Z3 as a �ber
bundle T2 → Z3 → M1, and Z4 as a �ber bundle S1 → Z4 → M2, both trivial
in boundary collar neighborhoods. Glue Z3 to Z4 using an a�ne transformation
A ∶ T3 → T3, extended to—smaller—collar neighborhoods of their boundaries.
These manifolds fall into the family described in De�nition 1.8. Observe that they
will only be part of the family described by Frigerio-Lafont-Sisto [11] when A is
the identity map, and the �bration structures are trivial products.

The JSJ decomposition in dimension three also has an analog for higher di-
mensional nonpositively curved manifolds. For example, consider a smooth
orientable compact and connected n-manifold M with nonpositive curvature
and convex boundary. Leeb and Scott showed that M admits a geometric de-
composition analogous to the topological Jaco-Shalen-Johanson [20, 22] torus
decomposition. Moreover, they proved that eitherM admits a �at metric orM
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decomposes along totally geodesic codimension one submanifolds, �at in the
metric induced fromM. The resulting pieces of this decomposition, termed the
geometric characteristic splitting, are either Seifert �bered or codimension-one
atoroidal.

De�nition 1.11. [29] A manifold N of dimension n is Seifert �bered if N is a
Seifert bundle over a 2–dimensional orbifold with �ber a �at (n − 2)-manifold.

So if N is Seifert �bered, then it is foliated by (n − 2)–dimensional closed �at
manifolds, each leaf F has a foliated neighborhood U which has a �nite cover
whose induced foliation is a product F × D2.

AmanifoldN of dimension n is said to be codimension-one atoroidal if any
�1–injective map of an (n−1)–torus intoM is homotopic into the boundary ofN.

With this terminology, we can prove:

Theorem 1.12. (1) LetX be a compact closedhigher graph 4–manifoldwith-
out pure pieces and with a proper graph decomposition into at least two
pieces. Then X does not admit an Einstein metric.

(2) LetM be a closed orientable smooth nonpositively curved 4–manifold. As-
sume that the Leeb-Scott geometric characteristic splitting of M is non-
trivial and consists of Seifert �bered pieces (according to De�nition 1.11)
and of pieces whose fundamental group have non-trivial center. ThenM
does not admit an Einstein metric.

Our results depend on the existence of sequences of collapsing metrics with
bounded curvature, either explicitly constructed or guaranteed by polarizedℱ–
structures and the work of Cheeger and Gromov [6]. These polarizations imply
that the relevant terms of the Hitchin-Thorpe inequality vanish, thus saturat-
ing it. Therefore by the classi�cation theorem of Hitchin [18], we can exclude
manifolds whose fundamental group has excessive growth.

Recently, related results were presented by Di Cerbo [8] for the family of
extended graph 4–manifolds of Frigerio-Lafont-Sisto. He showed that all ex-
tended graph 4–manifolds do not admit Einstein metrics. As we explained in
Example 1.10 above, there exist higher graph 4–manifolds that do not �t into
this family. The results we prove apply to a larger family of graph manifolds,
beyond the extended graph manifolds of Frigerio-Lafont-Sisto that were the fo-
cus of Di Cerbo’s paper. Moreover, our techniques for proving these results are
somewhat di�erent. Our central point is that the same mechanism and argu-
ments cover all of the families of manifolds included here. We use collapsing
with bounded curvature, or in other cases the polarization of theℱ–structures,
to conclude that the Euler characteristic and signature vanish, using Hirze-
bruch’s formula involving the �rst Pontryagin number. Then the computations
of growth of fundamental groups are carried out in each relevant case. The ex-
istence of real hyperbolic metrics is ruled out by Lemma 2.3. A similar strategy
was already hinted at by LeBrun [28]. Furthermore, as a referee pointed out,
the calculation of Euler characteristics and signatures of geometric 4-manifolds
by Johnson and Kotschick is relevant [23].
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Here, we have systematically exploited this method, in combination with
our previous results, without always relying on assumptions about complex or
symplectic structures. In this way, we produce a list of manifolds that do not
admit Einstein metrics that have not appeared elsewhere. We thus address a
basic issue, mentioned in Anderson’s survey of Einstein 4–manifolds [1]; the
extent to which the Thurston view of 3–manifolds carries over to dimension 4,
by showing that several families of collapsing manifolds do not admit Einstein
structures.

Finally, even though some of these results may be known to some experts,
we hope to contribute with this note a panoramic view that surveys interesting
families of manifolds that do not admit Einstein metrics using the same meth-
ods.

It is not clear presently how to deal with the combination of complex hyper-
bolic pieces in higher graph 4-manifolds. This would cover all of the possible
higher graph manifold pieces in dimension four. We consider this case to be
outside of the scope of this note (these are non-collapsing pieces).

In section 2, we include the necessary results on collapsing and growth of
fundamental groups, and shownecessary lemmata. Section 3 contains the proofs
of our main results.

2. Ancillaries and preliminaries
2.1. Collapsing. AmanifoldM is said to collapsewith curvature bounded from
below if it supports a sequence of metrics gi with uniformly bounded sectional
curvature and volumes converging to zero as i → ∞. An ℱ–structure on a
closed manifoldM is de�ned by the following:

(1) A �nite open cover {U1, ..., UN};
(2) �i ∶ Ũi → Ui a �nite Galois covering with a group of deck transforma-

tions Γi, 1 ≤ i ≤ N;
(3) A smooth torus action with �nite kernel of the ki-dimensional torus,

�i ∶ Tki → Dif f (Ũi), 1 ≤ i ≤ N;
(4) A homomorphism Ψi ∶ Γi → Aut(Tki ) such that

(�i(t)(x)) = �i(Ψi()(t))(x)

for all  ∈ Γi, t ∈ Tki and x ∈ Ũi;
(5) For any �nite sub-collection {Ui1 , ..., Uil } such that Ui1…il ∶= Ui1 ∩ … ∩

Uil ≠ ∅ the following compatibility condition holds: let Ũi1…il be the set
of points (xi1 ,… , xil ) ∈ Ũi1 × … × Ũil such that �i1(xi1) = … = �il (xil ).
The set Ũi1…il covers�

−1
ij
(Ui1…il ) ⊂ Ũij for all 1 ≤ j ≤ l. Thenwe require

that�ij leaves�
−1
ij
(Ui1…il ) invariant and it lifts to an action on Ũi1…il such

that all lifted actions commute.
Anℱ–structure is polarized if the smooth torus action �i above is �xed point

free for every Ui.
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Gromovde�ned theminimal volumeMinVol(M) as the in�mumofVol(M, g)
over all smooth metrics g whose sectional curvature is absolutely bounded by
1. Cheeger and Gromov showed that the existence of a polarized ℱ–structure
on a manifoldM implies the minimal volumeMinVol(M) vanishes [6]. When
MinVol(M)=0, Chern-Weil theory implies that the Euler characteristic and the
signature ofM vanish (cf. [12]).

We will now recall the results used in the proofs of the main theorems.
They rely on constructions of sequences of collapsing metrics or polarized ℱ–
structures.

Theorem 2.1. (1) [35]LetM be a closed orientable smooth 4–manifoldmod-
eled on one of the Thurston geometries S3 × E, ℕil3 × E, ℕil4,
ℍ3 ×E, S̃L2 ×E, ℍ2 ×E2, Sol41 , Sol

4
0 , or Sol

4
m,n. ThenM admits a polar-

izedℱ–structure.
(2) [33] Compact complex elliptic surfaces of zero Euler characteristic admit

a polarizedℱ–structure.
(3) [35] Let M be a closed orientable smooth 4–manifold that is either foli-

ated by geodesic circles or admits a Seifert �bration. Then M admits a
polarizedℱ–structure.

(4) [35] LetM be a closed orientable smooth 4–manifold which admits a geo-
metric decomposition in the sense of Thurston into at least two pieces. If
all of the geometric pieces ofM aremodeled on geometriesℍ3×E, S̃L2×E,
or ℍ2 × E. ThenM admits a polarizedℱ–structure.

(5) [7]LetX be a compact closedhigher graph 4–manifoldwithout pure pieces.
ThenMinVol(X) = 0.

(6) [36]LetM be a closed orientable smoothnonpositively curved 4–manifold.
Assume that the Leeb-Scott geometric characteristic splitting ofM is non-
trivial and consists of Seifert �bered pieces and pieces whose fundamental
group has non-trivial center. ThenM admits a polarizedℱ–structure.

We next include a general result that will apply to all of the collapsing 4–
manifolds we consider in this paper.

Lemma 2.2. Let M be a closed smooth oriented 4–manifold that admits a se-
quence of smooth Riemannian volume collapsing metrics with bounded sectional
curvatures. Then �(M) = �(M) = 0.

Proof. The existence of such a sequence of metrics implies MinVol(M) = 0.
In turn, by Chern-Weil theory (see [12]), this implies the Euler characteristic
and the Pontryagin numbers pi(M) ofM are all zero, so �(M) = 0. Recall that
by Hirzebruch’s signature theorem �(M) = 1

3
⋅ p1(M) [17]. Therefore �(M) =

0. �

2.2. Simplicial volume. Gromov de�ned the simplicial volume of amanifold
as the in�mum of |ri| with ri the coe�cients of a real cycle that represents the
fundamental class of M [12]. A famous result due to Thurston and Gromov
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states that the simplicial volume of a hyperbolic manifold is proportional to its
hyperbolic volume, and in particular, it is positive.

On the one hand, a hyperbolic structure on a manifold gives it positive sim-
plicial volume. But, on the other hand, manifolds with an ℱ–structure have
zero simplicial volume [12, 31]. Therefore, none of the manifolds included in
Theorem 2.1 in the previous subsection can admit a real hyperbolic structure.
We state this fact explicitly because we use it in the proofs below.

Lemma 2.3. Let M be a manifold featured in Theorem 2.1. Then M does not
admit a hyperbolic metric.

2.3. Group growth. A function a ∶ [0,∞)→ R is called a growth function if
a(0) ≥ 1, it is monotonically increasing, and a is submultiplicative. For � > 0,
the growth function (r + 1)� has polynomial growth, and the growth function
e�r has exponential growth.

2.3.1. Growth of generating sets. Let S be a �nite and symmetric generating
set of a group Γ. Write NS(m) for the number of elements of Γ that can be
expressed as aword of length atmostm ∈ N⧵{0} in S. ThenNS ismonotonically
increasing, NS(0) = 1 and NS(m + n) ≤ NS(m)NS(n).

Setting Ca = NS(1)makes NS(⌊r⌋) a growth function, because

⌊r + s⌋ ≥ ⌊r⌋ + ⌊s⌋ + 1.

2.3.2. Growth types of groups. The growth type of a group is independent of
the choice of generating set S. For example, if the growth of a particular gener-
ating set is exponential, then the growth of any other generating set will also be
exponential. Therefore the concepts of growths of exponential or polynomial
type are well de�ned for groups.

Example 2.4. Consider the free group with two generators F2 with generating
set S = {a, b}. The number of elements in F2 of length at most zero is one, i.e.,
NS(0) = 1. The number of elements in F2 of length at most one is �ve. Using
this, we can show that the number of elements in F2 of length at most n equals
NS(n) = 1 + 2(3n + 1). Therefore F2 has exponential growth.

In general, a free groupwithmore than 2 generators has exponential growth.
Milnor �rst investigated the relationship between the growth of fundamental

groups and curvature [30]. In particular, Milnor showed that negatively curved
manifolds have fundamental groups of exponential growth. With respect to
some of the manifolds with geometric decompositions that interest us here,
Paternain and Petean [31, Lemma 5.2] showed:

Lemma 2.5. [31] LetM be a closed orientable smooth 4–manifold modeled on
one of the Thurston geometries ℍ3 × E, S̃L2 × E, ℍ2 × E2, Sol41 , Sol

4
0 , or Sol

4
m,n.

Then �1(M) has exponential growth.
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The next result provides a speci�c bound for the exponential growth rate of
a group. De�ne the exponential growth rate as

!(S) = lim
t→

k
√
(NS(k)).

Theorem 2.6. [14] Let A, B be two �nitely generated groups and let C be a sub-
group of both A and B. Assume that ([A ∶ C] − 1) ([B ∶ C] − 1) ≥ 2. Then
!(A ∗C B) ≥ 4

√
(2). In particular, the free product with amalgamation A ∗C B is

of uniformly exponential growth.

The proof uses the fact thatA ∗C B acts on a bipartite tree X. An application
of the ping-pong lemma between the vertex set made up of the disjoint union of
the coset spaces A ∗C B∕A and A ∗C B∕B yields the desired growth. Observe
that Theorem 2.6 is also valid for all HNN-extensions of a group.

Let X be a compact closed higher graph manifold as in De�nition 1.8. Sup-
pose, to begin with, that X has exactly two pieces Zi, Zj. Let Wi ∈ )Zi and
Wj ∈ )Zj be a pair of di�eomorphic boundary components glued together by
an a�ne di�eomorphism. These higher graph manifolds have a natural graph
of groups associated with their fundamental groups. The groups at each of the
vertices are the fundamental groups of the pieces Zi and the groups at the edges
are the fundamental groups of each boundary.

As a consequence of Eberlein’swork [9, Theorem3.1], each edge group�1(Wi)
injects into the fundamental group of the piece Zi. Therefore, the fundamen-
tal group of X will be isomorphic to the amalgamated product �1(Zi) ∗�1(Wi,j)
�1(Zj). Observe that, as we are using di�eomorphisms to glue the two pieces–
up to isomorphism–this resulting amalgamated product is independent of the
induced map on �1(Wi,j).

In general, such a higher graph manifold gives rise to a graph of groups, it-
erating the process described for a pair of pieces over all contiguous pieces and
their glued boundary components (cf. [11, 7]).

Lemma 2.7. Let X be a compact closed higher graph 4–manifold with a proper
graph decomposition into at least two pieces. Then�1(X) has exponential growth.
Proof. The proof is by induction on the number of pieces ofX. LetZi, Zj be two
pieces. Then, by Corollary 3.3 of Eberlein [9], the edge group �1(Wi) is �nitely
generated, and by construction, the fundamental group �1(Mi) of the base of
the piece Zi is also �nitely generated. We then have that �1(Wi) is �1–injective
on �1(Zi) and �1(Zj). Therefore, the conditions of Theorem 2.6 are satis�ed.
Fromwhich it follows that the amalgamated product�1(Zi) ∗�1(Wi,j) �1(Zj) has
exponential growth. Finally, as this amalgamated product is a subgroup of the
fundamental group of X, we conclude that the fundamental group �1(X) also
has exponential growth. �

Frigerio, Lafont, and Sisto mentioned that the fundamental group of an ex-
tended graph manifold has exponential growth. They divided the argument
when the manifold has more than one piece and when it has a single piece.
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We next include the results we will depend on for the other families of man-
ifolds mentioned in the introduction.

Lemma 2.8. [36, Lemma 21] The fundamental group of a smooth 4–manifold
M with a proper geometric decomposition has exponential growth.

The following result is a consequence of the work of Avez [2], who showed
that non-�at non-positively curved manifolds have fundamental groups of ex-
ponential growth.

Lemma2.9. LetM be a closed orientable smoothnonpositively curved 4–manifold.
Assume that the Leeb-Scott geometric characteristic splitting ofM is non-trivial.
Then �1(M) has exponential growth.

3. Proofs
First, we observe that Lemma 2.3 implies that all the manifolds mentioned

in the results in the introduction do not admit a hyperbolic metric.
We are now ready to present the proofs of the main results of this paper.

Proof of Theorem 1.1. Thesemanifolds admit polarizedℱ–structures, byThe-
orem 2.1 (1). By Lemma 2.2 their Euler characteristic and signatures are zero.
Assume that M does admit an Einstein metric. Hence the equality in (1.1) is
attained. Therefore M is known by the work of Hitchin to be �nitely covered
by a 4-torus or a K3 surface [18]. Notice that the growth of the fundamental
groups of these manifolds is at most polynomial. However, by Lemma 2.5 for
the geometries ℍ3 × E, S̃L2 × E, ℍ2 × E2, Sol41 , Sol

4
0 , or Sol

4
m,n the fundamen-

tal group grows exponentially. For the geometries S3 × E, ℕil3 × E, or ℕil4,
the uniqueness of geometric models shown by Hillman implies they can not
be �nitely covered by a 4–torus [15]. Moreover, they are not simply connected,
and their fundamental groups are in�nite. So they can not be �nitely covered
by a K3 surface either. �

Proof of Corollary 1.2. Compact 4–dimensional infrasolvmanifoldswith a fun-
damental group that is not virtually nilpotent are geometric manifolds, mod-
eled on Sol41 , Sol

4
0 , or Sol

4
m,n, covered by Theorem 1.1. �

Proof of Theorem 1.3. Such elliptic surfaces admit polarizedℱ–structures by
Theorem 2.1 (2). Therefore Lemma 2.2 implies their Euler characteristic and
signatures equal zero. Thehypothesis that they are not �nitely covered by either
a 4–torus or a Ricci-�at K3 surface means that Hitchin’s theorem implies they
can not admit an Einstein metric. �

Proof of Theorem 1.5. These manifolds also admit polarized ℱ–structures,
by Theorem 2.1 (3). But, by hypothesis, they do not �t into the classi�cation
given by Hitchin’s theorem, so they can not admit an Einstein metric. �

Proof of Theorem 1.7. These manifolds also admit polarized ℱ–structures,
by Theorem 2.1 (4). Again, Lemma 2.2 implies their Euler characteristic and
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signatures all vanish. Their corresponding fundamental groups all have expo-
nential growth for two reasons. The hyperbolicℍ3,ℍ2, factors aswell as the S̃L2
factor force the pieces that have these geometries to have exponential growth.
Moreover, the graph structure of �1(M) can also be described as a semi-direct
product whose growth is exponential, as shown in Lemma 2.8. We conclude
that they can not admit any Einstein metric. �

Proof of Theorem 1.12. 1) These manifolds all have zero minimal volume as
shown in Theorem 2.1 (5), and they thus collapse with bounded sectional cur-
vature. By Lemma 2.2 their Euler characteristic and signatures are zero. Their
fundamental groups have exponential growth (see Lemma 2.7). The same rea-
soning as in the previous Theorems above completes the proof.

2) Thesemanifolds admit polarizedℱ–structures, byTheorem2.1 (6). There-
fore Lemma 2.2 implies that their Euler characteristic and signatures are zero.
Moreover, the growth of their fundamental groups is also exponential, as shown
in Lemma 2.9 above. As in the previous cases, these conditions impede the ex-
istence of Einstein metrics, as claimed. �

We thank an anonymous reviewer for pointing out that a proof of Theorem
1.1 also follows from Berger’s inequality [4] and the computations of Euler
characteristics worked out by Wall [39]. We also thank another anonymous
reviewer for leading us to the work of Avez [2], it simpli�ed one of our proofs.
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