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Abstract

The theory of the pairs of structures is well applied in the case of the
generalised Riemann spaces and Romanian geometrist had remarkable
achievements in this field.

In order to solve this problem, professor R. Miron and Gh. Atana-
siu have imposed the essential condition of permutability of Obata
operators attached to the metrical and almost simplectic structures of
the Riemann - Einsenhart space.

In this paper we will take into consideration the problem of geo-
metric structure pairs, defined on the total space of a vector bundle
fromn another point of view, i.e. a pair of structures is given by both a
horizontal and vertical structure, these structures being called (h, v)-
structures.

No such structures were studied so far. The determination of the
compatible connections with such structures on F is simpler then the
determination of the conncctions sitnultaneously compatible with two
defined structires on F.
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Let & = (E,m, M) be a vector bundle over the n-dimensional manifold
M, with an m-dimensional vector space as type fibre and lett N be a uon-
lincar connection on F.

Under these conditions, in any point u € F, the tangent space T'E,, and
the vector bundle € can be written as TE = HE @ VE.

Let us denote with (ﬁ; m—dlu), 1=1,2,...,n;a=1,2,...,m, the frame
adapted to the non-linear connection N in the module of vector fields x(E)
and with (da’, 6y*) the correspondent cofraime.

We may consider a Riemann metric g = (g;;) in the horizontal bundle
HE and in the vertical bundle VE, a d-tensorial field A = (hg,) of (g g)
type, symmetric, positively definite and of constant rank p, 1 <p <.
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Under these conditions the tensorial field
G = gij(x, y)dz' @ da? + hay (2, y)0y% @ dy°, (1)

is symmetric, of constant rank n + p on E, positively definite and on the
total space F gives a degenerated Riemannian structure.

The teusorial field G : x(F) — x*(F) associates to a vectorial field X
the l-form Gy, Gx(Y) = G(X,Y) and X — g, gx(Y) = G(X", Y1),
X = Ay, Ax(Y) =GXV, YY), VXY € x(E).

The system by X = 0, admits (rn — p) linearly mdependent solulions
which will be denoted by {ﬁf}, a,b,e=12,....om,x=p+1,...,1

From :

Axér =0, (hels =0), Yo =p+1,....m (2)

it follows that Ker A = {£,} represents a subdistribution £” of the vertical
distribution EVY.

If we denote by {£€%} a orthonormed basis in relation to the metric (hgy)
in EY" then the 1-form n® = h,.£¢ are linearly independent and represent
the cobasis of fields {£,}.

7 (&) = 5. (3)

If we denote by V= 3 7" @& and h = I, — V, we obtain two
r=p+1
d-tensor fields of (0 1) type, globally defined on I and they represent, the
projectors of the E‘ v and EY" subdistributions respectively. The A and v
opcrators arc the supplementary projectors on the module of vertical vector
field.

Tu local coordinates, we have:

hehy = hi, vevy = vy, hevy = vehi =0, hy + v = dj. (4)

. hao W5 \ . . .
The matrix B = ( ‘ll,b 0]“ ) is symmetrical, non degencrate, having
i

. , hab  go .
an inverse the matrix B~/ = ( b [5)1‘ , symmetric and nondegenerate.
x

The following relations hold:

hﬂ.('h + znl p 2’ = (52 71(‘ ? - (SL
hucfx = hca&;@- =0 (5)
nERY = nTh = 0. Ve,y=p+1,...,m.
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Taking into account the first relation (5) we have he't' = M(‘,f‘lMé’/ b, s0
(h%") arc the components of a d-tensor A € F (8 °)(E), globally defined on
JON

Definition 1 The d-connection compatible with degenerate Riemannian struc-
ture G, is a linear connection V on E with the properties:

1. V preserves by parallelism the distributions N and EV.

2. VyG =0.

Proposition 1 A linear connection V on E is o d-connection compatible
with the structure G if and only if

vl\'_(j =0 and V,\A = 0. (())

Proposition 2 If VV is a d-connection fized on E, then the connection
Vx = VY + Py is a d-connection if and only if Px = Pl + P%, where
Py € F(5,)(5).

We will determine the tensorial field Py under the condition that the
d-connection Vy = V& 4 Py is compatible with the degenemte mctrical

structure G.
The condition (VxG)(X,Y) = 0, VX, Y € x(F) is equivalent to the
following relations:

Xy, 2M) = g(Vxv, 2) — (v, vx2M) =0 (7)
X(A(YY,2Y) — A(VxY",2¥) —g(Y¥,VxZ") = 0. (8)

The equation (7) is equivalent to:
g(PXY™, 27) + gy, Py 2" = (Vig)(Y ", 2") (9)

from which we obtain:

1 10
P = ig*l oVxg+QQy, Qx € F(l 0) (E) (10)

where  and Q* are Obata’s operators of wetric structure g.
In local coordinates we have:

()L 18

{ J]\ - L zg gj.s["/c
i Ol i

Cl, = C + 59" 500
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The equation (8) is equivalent to:
APRYY, ZN) + AYY, PR Z2Y) = (ViAYY, 2Y). (12)

Taking into account relations (5), then the equation (12) we get:

PHX, YY) - VPHX, YY)+ Ayv Pr A = (VY A)yv A. (13)

If we consider the operators (V. Oproiu [15]):

Q_%[I®I+U®I Ao A
U=zIel—-val+AdA (14)
O = L{v & Al

we shall obtain the supplementary projectors:
A=p -0, A"=T+0. (15)

Thus, from (13) we have:

. 1 _
A*P; = §(Vf\rA) e A+ ((V°)eA) (16)
and it follows:
; 1 _
Pt =5(ViA) e A+0((ViA) e A+ AQy), (17)

where Qx € F()1)(B) is an arbitrary tensor field.
In local coordinates we have:

{ Ly = Llc;llé + 3 [hu hbc| kTt U th(zd\"k;]

oaq 1 ad (18)
Cp. = Cp + 5[he 'hbd]oc + b hegiec].

Theorem 1 There exist d-connections compatible with degenerate Riemann
4 )
structure G, one of them is given by:
L ik T LJk: + _(} q(];s\ok
— J.oaq L : e
Ly = Ly + 5”'(“ [h‘bc|°k + Uz,hecy%]
T _ oi 1 15
Cle = Cit + 59" Gjsioc
L ! 17 ad e
Cbc - Cl{))(, + iha [hb(HO(: + Ui;h'(:(l|°(:]

where (L2 }, . LEZ,CJO;, o) are the components of any d-connection on K.
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Theorem 2 All d-connections compatible with the degenerate metric struc-
tures G are given by:

Ll =Ly + Q5.0 (Q) € Fy0)(B)
Ly = Liy + A2 Qfy (de e F({)(E) (20)
Cio=Cl.+Q.Qn , (Qn)e F(;)(E)
Cle = Cie + AjiQGy <Q”, € £ (5)(B)
where & and A are operators of Obata type.
Remark. If rank (hy) = m, then v = 0 and we obtain d-connections

compatible with the metric structure G’ [10], [7].
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