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Abstract
For integer r > 1 we give an elementary proof for the main term of the asymptotic
behavior of the rth moment of the number of divisors of n for positive integers n < z.
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1 Introduction

Let 7(n) be the number of divisors of n. Ramanujan [2] stated without proof that, given
any real number £ > 0, the estimate

Z 7(n)? = z(A(log z)> + B(logz)? + C'logz 4 D) + O(z/°¢)
n<x
holds with A = 72, An elementary proof of the asymptotic formula
Z 7(n)* ~ Az(log z)?,
n<z
as ¥ — 00, appears in several places (see, for example, [1, Thm. 7.8]). Wilson [3] proved
Ramanujan’s claim and generalized it by showing that for any integer » > 2 one has
Z 7(n)" = 2(Cr1(logz)* 7 + Cro(logz)* 2 + -+ + Cror) + O(x%ﬁ).
n<x

Note that when r = 2, Wilson’s error term is better than the one claimed by Ramanujan.
We are not aware even of elementary proofs for the asymptotic formula

ZT(n)’" ~ Cyz(logz)?
n<x

as x — oo for any r > 2. In this note, we give an elementary proof of the following more
general result.

Theorem 1. Let k be a positive integer and f(n) be a multiplicative function which on prime
powers p® satisfies

f(p)=k and f(p“) = a®V  for all primes p and integers o > 2,

where the constant implied by the above O is uniform in p. Then

Zf = 2C;(logz)" ! + O(z(log x)"?)

n<x

-t (0= (522,

In the case f(n) = 7(n)" for integer r > 1, Theorem 1 applies with k = 2".
The only facts that we use are Abel’s summation formula, the M&bius inversion formula,
the elementary estimate

where

Z%:mgwwou/w (1)
n<t
valid for all real £ > 1, and the fact that the counting function of the squarefull numbers
s < tis O(t'/?), where s is squarefull if and only if p? | s for all prime factors p of s, all
provable by elementary means.



2 A lemma

Lemma 2. Assume that v is a positive integer and f(n) is some arithmetic function such

that
Zf Zc] log ) 4 Oz~ /2o, (2)
n<z 7=0
for some constants c¢j, j =0,...,r. Then
k+r
Zf (log(x/n))" ZCg log )" + Oz~ /o), (3)
n<z /=0

holds for all positive integers k with some constants Cy,...,Cyy.. Here, if € {k,k +

k4 71}, then
Cy:i=co_p <1 + (6— k)zﬁ(—_—kl)—:—z<lj)> . (4)

Furthermore, if r >t > 1 are positive integers and

> fn Z ¢;(log )’ + O((log z)"™), (5)

n<x j=t
then
k+r
Zf )(log(z/n))" Z C;(logz) + O((log x)*1). (6)
n<x Jj=k+t

Proof. We show how to deduce (3) out of (2) with the leading coefficients given by (4). Let

=> f(n)

n<x

Then

r

Ax) = Z cj(logz) + R(x),

J=0

where |R(z)| = 271/%7°W) as # — oco. Let i > 1. Put

Zf (logn)".

n<x



Then, by the Abel summation formula and by interchanging the order between the summa-
tion and the integration, we get

where

Bi(x)

—_

(cj (log x)7t" — (log )7+

A()(logz) — i /1 " AW (%) dt

(ot [ (505072 )

z/x wdt + R(z)(log z)"

)+
1

j—i—z

- Mdt 4 /Oo wdt + R(x)(log )"

t

ij —_(log z)’*" 4+ D; + O(z~ /2oy,

0 i—1
e i [ Lo,
1

In the above, we used the fact that |R(¢)| < t~1/27°() as t — 0o to deduce that the above in-
tegral converges and that its tail from z to infinity as well as the other errors are O(z~/2+°()
as r — 00. Using the binomial formula and the above arguments, we have

Zf (log(x/n))"

k

Z( 1)* (k> log z)*~ ZZf (logn)’
=0 n<x

k

S 100+ 310 () o) 50
n<z i=1

k+r

Z Cg(log 33)6 + O($_1/2+0(1)),

=0

where Cy are given by formula (4) for ¢ > k. For £ =1,... k — 1, the coefficient Cy involves
the expression D,. The deduction of (6) out of (5) is immediate by similar arguments. [



3 The proof of Theorem 1

Let fo(n) :== f(n). Recursively define f;(n) such that
fian) =Y fi(d), j=1.2,....
d|n
By Mobius inversion,

= p(d) fi-1(n/d).
din

On primes
filp)=fimalp)—1, j=12,....
Since fo(p) = k, we get that f;(p) =k — j. In particular, fy(p) = 0. Further, for o > 2, we

have that
i) = fim(p®) — (7).

Since fo(p®) = a®W it follows that f;(p®) = a®W for all j > 2. The constant in O(1) might
depend on j. Further,

Zf] ( )Zfﬂl j=1,2,...

a>0 a>0
therefore %) ; ()
B _ () 1§ 0
; o _(1 p) ; ratl 0,1,...
Put
fi(p®) 1 <« f()
seTH(S5) -1 ((0-5) 5 7)
p>2 \a>0 p>2 a>0

Fix j > 1. Then

A=Y I S S = S

n<w n<x dn d<z n<z

In the inner sum, we write an n < x which is a multiple of d as n = dm for some integer
m < z. We get

Fa@ = YD 5 LS I oy apay + 4+ Ofay)

d<z m<1’/d d<z

_ fild fild 1

= > 7 ) togefd) + D e e — D 1f(d)] (7)
d<zx d<z d<z



for j =1,2,.... When j =k, since fi(p) = 0, it follows that fi(d) = 0 if d is not squarefull.
Thus, when j = k in the right-hand side of (7), we have

DECUSTIINE SEC LN (1 > |fk<d>\) .

d<z d<z d<z

Note that

x(d k(d k(d !
R R PRI

d<z d>1 d>x d>zx
d squarefull

= B+ Oz /2oy, (8)

where for the error term we used the fact that | f,(d)| = |7(d)|°?) = d°) as d — oo and the
Abel summation formula to conclude that

1
Z M S $_1/2+0(1) as X — OQ.

d>z
d squarefull

Further, we have

kac(id)(—logd—i—’y ka 10gd+7) ol | fe(d)|log d

d
d<z a>1 d>x
d squarefull

= Fj, 4 O(a7Y/2+o) (9)

as x — 00, by a similar argument since | fi(d)|logd < d°) as d — oco. Finally

STl < 2o, (10)

d<z

again since fi(d) = 0 if d is not squarefull. Collecting (8), (9) and (10) and putting them
into (7) with j = k, we get

Fk 1 ka ! Eklogx+Fk+O(x_1/2+°(1)).
n<z
In a similar way;,
Gra(w) =) =" |f’“ 1 = Ellogx + F| 4 O(x~ /o),
n<lz



for some (maybe different) constants E; and F}. We now apply Lemma 2 in order to find
recursively Fy_o(z), Fy—3(z), ..., Fo(x). We claim, by induction on j, that

Fyj(z) = Aj(logz)’ + Bj(logz)’~! + O((log ) ~?) (11)

for y =2,...,k. At j =1, this is so with A; = Ej, B; = F} and the error term is better,
namely O(z~1/2%°MW)_ In order to realize the induction step from j = 1 to j = 2, we use the
first part of Lemma 1 with » = 1, whereas for the induction step from j > 2 to 7 + 1 we use
the second part of Lemma 2 with r = j and ¢ = j — 1. Assuming that (11) holds for j > 1,
we have, by (7),

P%—j—l(f) _ 2{: fk ] 1 j{: f% j log x/d j{: fk ]

d<z d<z d<zx

¥ o(§2|fk_j<d>|>‘

By Lemma 2, we get that the right hand side is

B .
J+1 J ) j
n 1(logyc) + <_j + WAJ) (log z)

+ 0 ((logac)j‘1 + é > |fk—j(d)|>

d<z
— Jj+1 J j—1 1
= Aj+1(log ) + B (logx)’ + O | (log z) + - Z |fk—j d)] ],
d<z
where ) B
Aj+1=j+—]1, and Bjﬂzij_}_TJ_

Thus, we note that A; = Ej/j!. It remains to deal with the sum in the error term. But
the exact same approach applies to |fx—;(n)|. That is go(n) = |fr—;(n)| satisfies the same
conditions as our initial fo(n) with k replaced by k& — j. Thus,

Z i ] Ci(logx)’ + D;(logz)~* + O((log x)7~?%),

d<zx

where for j = 1, the error term is O(z~%/2*°()) as x — co. By Abel summation, we get that

N fis(d)] = @(Cy(logz) + Dj(logz) " + O((logx)’2)

— /j(Cj(log t)! + D;(logt) ™' + O((log t)’~?))dt
= O(z(logz)’ "),

7



which is sufficient for us. This completes the induction procedure and shows that at j = k
we have

> fln) _ lE (log )" + By(log z)" " + O((log 2)"?).

Abel summation formula once again gives

Zf(n) = (L; (log 2)* + By(log z)*' + O((log x)k_z)) x
_ /lm (bk?' (logt)* 4+ By(log t)** + O((logt)k_z)) dt
E,

= o pelosa) ! + Oe(loga)* ),

which is what we wanted.
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