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Abstract

Let G be a finite group. We investigate the distribution of the probabilities of the
permutation equality

ajag - ap—-1ap = Qg Qgy = A, _1Qp,
as m varies over all the permutations in S,,. The probability
Prr(G) = Pr(aias - an—1an = Qr,Qry -+~ Qr,, Q)

is identical to Pr{(G), with

_ -1 -1 -1 -1
W= 0102 Ap—10n0y Qp G Qo

which was defined and studied by Das and Nath. The notion of commutativity de-
gree, or the probability of a permutation equality aias = asay, for which n = 2 and
m = (2 1), was introduced and assessed by Erdds and Turan in 1968 and by Gustafson
in 1973. Gustafson established a relation between the probability of a1,as € G com-
muting and the number of conjugacy classes in GG. In this work we define several other
parameters, which depend only on a certain interplay between the conjugacy classes of
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G, and compute probabilities of permutation equalities in terms of these parameters.
It turns out that for a permutation 7, the probability of its permutation equality de-
pends only on the number ¢(Gr(m)) of alternating cycles in the cycle graph Gr(w) of
w. The cycle graph of a permutation was introduced by Bafna and Pevzner, and the
number of alternating cycles in it was introduced by Hultman. Hultman numbers are
the numbers of different permutations with the same number of alternating cycles in
their cycle graphs. We show that the spectrum of probabilities of permutation equali-
ties in a generic finite group, as 7 varies over all the permutations in S,,, corresponds
to partitioning n! as the sum of the corresponding Hultman numbers.

1 Introduction

Study of the (commuting probability), i.e., the probability that two random elements in a
finite group G' commute, is very natural. In 1968 Erdés and Turan [14] proved that

log(log |G])
|Gl

Pl"((llCLQ = agal) >

. . 1. . 1
In the early 1970s, Dixon observed that the commuting probability is < 5 for every fi-

nite non-Abelian simple group. (This inequality was submitted as an open problem in the
Canadian Mathematical Bulletin 13 (1970), with a solution appearing in 1973.) In 1973,
Gustafson [16] proved that the commuting probability is equal to %, where k(G) is the
number of conjugacy classes in GG. Based on that result, Gustafson further obtained the up-
per bound of the commuting probability in a finite non-Abelian group to be g. Commuting
probability actually attains the upper bound of g in many finite groups, including Dg and
(g. A significant amount of work has been done in assessing the commuting probability for
various special cases of finite groups. For example, Lescot [20] studied the case of dihedral
groups. Clifton, Guichard, and Keef [7] studied the case of direct product of dihedral groups.
Erovenko and Surg [15] studied the case of wreath products of two Abelian groups. Gural-
nick and Robinson [17] studied the case of non-solvable groups. Additional information on
development of the subject and its applications is found in Dixon [11], Jezernik and Moravec
[19], and Lescot, Nguyen, and Yang [21].

Much research concerning probabilistic aspects of finite groups has been done since the
introduction of commuting probability. Many of these studies can be regarded as variations
of the commuting probability problem. For instance, Erdés and Straus [13] computed the
number of ordered k-tuples of elements of a group G that have pairwise commuting elements.
Another example is due to Pournakia and Sobhani [24], who determined the probability of
the commutator of two random group elements of G being equal to a given element of G.
In another example Blackburn, Britnell, and Wildon [2] obtained the probability that two
random elements of G are conjugate.

A variation of the commuting probability problem, leading to its generalization, is how to
compute the number of balanced G-valued labelings on various finite graphs. Cherniavsky;,



Goldstein, and Levit [4, 6] computed the number of balanced G-valued labelings on both
directed and undirected graphs, when the group G is Abelian. Cherniavsky, Goldstein, Levit,
and Shwartz [5] considered a non non-Abelian case.

A different direction in generalization of commuting probability appears in Das and Nath
8, 22]. They studied the probability Pr; (G) of the equality

-1 -1 -1 -1
ajag - -+ anflanaﬂ’n a’ﬂ'n_l e a7r2 a‘7T1 =g
for a fixed element ¢ in a finite group GG. The word
1 -1 -1 -1
102 Ap—10nQy Qr |+ Qpy Qs

where w denotes the product ajas---a, 1a, vary over all the elements of G. Nath [23]
generalized the classical study of the commuting probability for which w = ajasa; 'a; ' and
g=1.
In this paper we take a slightly different approach in generalizing the commuting proba-
bility. Let
T={(m Ty ... Tp)

be a permutation in S, written in a shortened form of the two-row notation. We define
Pr.(G) as the permutation probability of the equality

1ag - Qp = A Qpy ** A, Qp,

in G. Notice that Priy 1y(G) is just the commuting probability in G.
Notice also, that the probability

Pr.(G) = Pr(ajas - ap—1Gn = A Gy -+ A, Gr,)

is identical to Pr{(G), with

_ -1 -1 -1 -1
W= 010" Qp1QpCy G v G G,

as Das and Nath [8, 22] have defined it.
In this work we

e obtain a new description of Pr,(G) in terms of non-negative integers ¢;, . ;,..;(G). Inte-
ger ¢, i..i(G) is the number of different ways in which an element from a conjugacy

class €2; C G can be broken into a product of elements from the conjugacy classes
Q,,...,8;, CG.

e prove that Pr,(G), for a fixed finite group GG, depends only on the number of alternating
cycles in the cycle graph Gr(m) of the permutation .

e show that the spectrum of permutation probabilities in a finite non-Abelian group, as
7 varies over all the elements of S,,, is the partition of n! into a sum of the Hultman
numbers A164652.


http://oeis.org/A164652

The following three theorems constitute the main finding of this paper

e Theorem 67: Let G be a finite group. Let ¢ € S,, be a permutation whose cycle graph
Gr(¢) contains k alternating cycles. Then

Pr,(G) = Pr”*l_k(G) = Pr(ajas -+ Gp_rGni1—k = Qpi1—kQn_g - - - G207).

e Theorem 68: Let GG be a finite non-Abelian group. Let ¢ and € be two permutations
in S,. Then, Pry(G) = Pry(G) if and only if the number of alternating cycles in the
cycle graph Gr(6) equals the number of alternating cycles in the cycle graph of Gr(¢).
This implies that the spectrum of permutation probabilities in a non-Abelian group G
consists of exactly L%J + 1 different numbers, each number corresponding to its unique
Hultman class of permutations in S,,.

e Theorem 69: Let G be a finite group. Then

2t
Pre(G) = Pr(ajag - - - agy = agpags 1 -+ - aq)
= PI"(G1612G3CL4 s Qor—1Q2p = A2a10403 * - 'a2ta2t71)

S°  [Stab. Prod,(z1, 22, .., 7))

11,12,...,xt€G

|G|2t
c(G
— L . i:) ’QJ| ) 6121,i2,~-~,it§j<G)

11,82,..50¢,5=1

1.1 Basic definitions and notation

For a natural number n, S,, denotes the group of all permutations of n. We usually write a
permutation © € S, as
T=(m My ... W),

which is commonly known as “the shortened way of the two row notation”. Sometimes, we
also use the cyclic notation for a permutation 7 € S,,, in which case we use parentheses and
commas. Thus, for example, (61,05, 03) represents the cycle permutation

0, — 0y — 03 — 6. We refer to such cycle permutations as “cycles”.

We use G to denote a finite group. For a finite set S, we denote the size of S by |S].
Two elements g, g2 € G are called conjugate if there exists h € G such that g» = h='gih.
Conjugacy is an equivalence relation in GG. As such, it breaks G into conjugacy classes. Let
¢(@) denotes The number of conjugacy classes in G. Let €, ..., Q) denotes the conjugacy
classes. Let)(g) denotes the conjugacy class of g for g € G. The centralizer C(g) of an
element g € GG is the set of all elements of G that commute with g. Recall that for every all
g €G,

G = 12(g)] - [Calg)]-



Let C(G) denotes the set {€21,...,Qq) } of all conjugacy classes in G. Let G’ denotes
the commutator subgroup of GG, which is the minimal subgroup of G containing all elements
of G of the form ghg 'h™!, where g,h € G. We use the notation k9 to denote g~ thg. To
indicate that that g, h € G are conjugate in G we write g ~ h. The center Z(G) C G is the
subgroup of GG, consisting of all elements h € G for which h?9 = h for all g € G.

Let D,, denotes the dihedral group with 2n elements, let ()3 denotes the multiplicative
group of unit quaternions, which has 8 elements.

Definition 1. For a sequence (g1, o, ..., gn) of n elements of G, let
Stab. Prod,, (g1, g2, - - -, gn) denotes the set of all the sequences (ay,as,...,a,) of n elements
of G such that
a7 g1y - a5 goln - Ay Gnln = g1 g - Gn-
Notice that Stab. Prod, (g1, 92, .., 9,) is a generalization of the notion of the centralizer

of an element g € G. Indeed, Stab. Prod;(g) is just Ce(g).

Definition 2. The nonnegative integer ¢;, ;. .;(G) denotes the number of different ways
of breaking a fixed element y € Q;(G) into a product y = x1z9---x, of elements x; €

Qil(G)wrQ S Qm(G)’ R an<G>

The number ¢;, _;,..;(G) does not depend on the choice of the element y € Q;(G). Indeed,
if we take some other 3 € Q;(G), then there exists some g € G such that y' = gyg~' and
y = g '9/g. Then each product y = 125 - - - 7,, corresponds to the product

Y =gyg" = (gr1g7") - (gwag™) -+ (gzag ™),

in which each 2} = (gx;g7') belongs to the same conjugacy class §2;,(G) as x;. Vice versa,

each product ' = 2z} - - - &/ corresponds back to the product

y=g9 '"Wg=_(9""7g) (g ahg) - (g '}g).

Thus, we see that the number of such different products is the same for any y and ¢’ in
Q;(G).
Notice that ¢;, _;,.;(G) can be zero, and that ¢; ;(G) = 1if i = j, and ¢;;(G) = 0if i # j.

Definition 3. Let L.(G) denotes the number of different solutions of the equation

142 - Qp-10p = Q) Qry ©** Ag,, Ag,,

in G. Clearly, Pr.(G) = ng‘(lf)'

Definition 4. We define Pr"(G) as Pry, n—1 .. 2 1y(G).

For a permutation 7 € S, define w(m) as a formal expression a; - - - a, - a;' -+ -a;'. Then
Pr.(G) is identical to Pry(G), which was defined by Das and Nath [8, 9, 22]. Similarly,
Pr"(G) is identical to Pr}(G), as defined by Das and Nath [8, 9, 22]. For further information
on calculations, properties, and estimates of Pr7(G) and Pr{(G) we refer the reader to the
papers of Das and Nath [8, 9, 22].



Definition 5. Let Spec, (G) denotes the set of all Pr,(G), as 7 runs over all the permutations
from .5,,.

Definition 6. A finite group G is called generic if for two permutations 7,6 € S,,, Pr.(G) =
Pry(G) only if Pr,(H) = Pry(H) for every finite non-Abelian group H.

Definition 7. Let Part,, denotes the partition of S,, into subsets of permutations, for which
the permutation equalities have the same probability for every finite group.

For a generic group G, there is a natural isomorphism between the sets Spec, (G) and
Part,,. We refer to Spec, (G), for a generic group G, as the spectrum of permutation prob-
abilities. Theorem 57 makes use of [10, Thm. 6.8] in order to show that every non-Abelian
finite group is generic.

Definition 8. Hall [18] defined two groups G; and G to be isoclinic if the following three
conditions hold

e There exists an isomorphism « from G1/Z(G1) onto Go/Z(Gs);

e There exists an isomorphism f from the commutator subgroup G to the commutator
subgroup G5;

o If a(a1Z(Gh)) = aeZ(G2) and a(b1 Z(G1)) = by Z(Gs), then
ﬁ(aflbflalbl) = a;lbglang.
For example, every two Abelian groups are isoclinic. The dihedral group Dg and the
quaternion group (Jg are two non-Abelian groups, which are isoclinic.

Definition 9. Buckley [3] defined two groups G; and G5 to be weakly isoclinic if the first
two conditions of Definition 8 hold. Namely, if

e There exists an isomorphism a from G/Z(G1) onto Gs/Z(Gs);

e There exists an isomorphism 3 from the commutator subgroup G to the commutator
subgroup GY.

2 Preliminaries

In the Lemmas 10 and 11 we reproduce well-known group theory results, which are funda-
mental for our work.

Lemma 10. For any a,b € G we have ab ~ ba.

Proof. b(ab)b™! = babb™! = ba. O



Lemma 11. For any x and y from the same conjugacy class §2; C G, there are exactly

IGI

different ways to break x into a product x = ab of two elements a,b € G, so that ba = y.

Proof. Since x ~ y, there exists some b € G such that bxb~ = y. We define a = zb~!. Thus,
ab = xb~'b = x and ba = bxb~! = y. For each pair a’, V' € G, such that a't’ = z, there exists
a unique element g = 0'b~! = (a’)_l a in G, such that o’ = ag™! and ¥ = gb. Now,

ba' = gbag™ = gyg~".
Hence, the pairs (a’,b') of elements in G, such that ¢'b’ = x and V'a’ = y, are in one-to-

one correspondence with the elements g from Cg(Y'). So, the number of pairs of elements
a',b' € G, such that 't = x and b'a’ =y, is equal to |Cg(y)|. But

IGI

= |Ca(z)].

]

The following classical result on commuting probability, which is due to Gustafson [16],
follows immediately from Lemmas 10 and 11.

Theorem 12 (Gustafson). Pr*(G) = Pr(ajay = asa;) = C|(g|).

Proof. For each © € G there are exactly |A( |) different ways to write ab = x = ba with

a,b € G. Thus, for each ; there are |G| different equations ab = = = ba with a,b € G

and = € Q() Indeed, there are |Q(z)| different elements z in €;, and for each choice of =,

there are \f|l( I different ways to break that x into a product of commuting elements a,b € G.

Thus, Ly 1y(G) = |G| - ¢(G) and

20 _ |Gl c(G) _ (@)
Pro(G) = cE _1a

3 Calculation of Specs(G) and Spec,(G)

We address the general case of permutational equations in the following sections. In this
section we study permutational equations for permutations from S3 and S4, which is self-
contained and will help to illustrate the general case.



Lemma 13. For any permutation = € S,, with its inverse 71 € S,, the probability
Pr,(G) = Pr,—1(G).

Proof. By definition,
Pr.(G) = Pr(ajas - ap 16y, = GGy =+ A, )

Let by denotes ar,, by denotes ar,, ..., b, denotes ar, . Then a; = b-1),, az = br-1),, ...,
an = b(r-1y,. As a1, as,...,a, run over all the elements of G, so do by, by, ..., b,. Thus,

PI‘ﬂpfl (G) = :[DI‘(Z)(7T—1)1b(7|.—1)2 tee b(ﬂ-fl)nilb(ﬂfl)n = b1b2 cee bn—lbn) = PI'F(G)
[

We continue with Lemma 14, which is a particular case, in which n = 1, of a general fact
observed by Das and Nath [9] that for

-1 -1 -1
W1 = Q142 ** - AopAy Qg+ -+ Qg ,

Wy = 10y -+ Agny1G] Ay - a27n1+1,
and for any g € G, there is an equality Pry*(G) = Pry?(G).
Lemma 14. The probability Pr*(G) = Pri3 » 1)(G) = Pr(aiasaz = asasay) is equal to the

probability Pr*(G) = Prs 11(G) = Pr(aias = asay) < g|)|'

Proof. For convenience, we rename a; to a, as to b, and az to c¢. Now, from abc = cba we
obtain abch = cbab. Thus, the commutator [cb,ab] = 1. Therefore, if we choose and fix an
element b € G, then the other two elements a and ¢ should be chosen in a such way that
lab, cb] = 1.

Hence, for every of choice of an element a € GG, we must choose an element ¢ € G in such
a way that cb € Cg(ab).

Since G is a group, the product ab, as b € G is fixed and a runs over all the elements
of GG, produces elements x € G, and each x € (G is produced exactly one time. Similarly,
the product cb, as b € G is fixed and ¢ runs over all the elements of Cg(ab) - b~!, produces
elements y € Cg(ab), and each element y € Cg(ab) is produced exactly one time. Since
b € GG runs over all the elements of GG, we get

Ly 2 1(G) = 1G] ) 1Caly)l = |G- |C(G)].

yeG

Dividing Equation 3 by |G|?® gives us



We will now prove that for all five nontrivial permutations in S3, their probabilities are
the same. Notice that these five permutations have two alternating cycles in their cycle
graphs, but the identity permutation in S3 has four alternating cycles in its cycle graph.
A detailed explanation of cycle graphs and alternating cycles, followed by a clarification of
their relevance to probabilities, will be made in Section 4.

Theorem 15. For every nontrivial m € Ss, the probability
Pr(ai1a2a3 = ar, Gryar,) = C‘(GGl). Thus, the spectrum Specs(G) is {c‘(gf, 1}.

Proof. By Lemma 14, Pr(ajasas = asasay) = C‘(GG|). Clearly,

c(G
Pr(ajazas = asaias) = Pr(aias = axar) = |(G|)
and o
c
Pr(a1a2a3 = alagag) = Pr(a2a3 — agaz) — |G‘ )

To compute Pr(ajasas = asajas), notice that if g denotes the product ajay. Then,
as a; and as run over all the elements of GG, their product g will also run over all the
elements of GG, becoming equal to every element of G exactly |G| times. Thus, the number
L(ajasas = azajasy) of different solutions of the equation ajasaz = azajas in G is |G| times
the number of different solutions of the equation gaz = aszg in G. Hence,

|G]- 1G] - e(G) _ e(G)

Pr(ajasas = agajas) =

G R
By Lemma 13, we get
G
Obviously, Pr(ajasas = ajasaz) = 1. -

We now investigate permutation probabilities for Sj.

Lemma 16. For any nontrivial permutation w € Sy, if 1 = 1 or my = 4, then

Pr(G) = 952

Proof. 1f my = 1, then the equation ajasasas = ar ar,ar,a-, is equivalent to the equation
U20304 = QmyQnyar,. By Theorem 15, there are |G|? - ¢(G) different equations asazas =
UryrsGr, in G. Each of these equations corresponds exactly to |G| different equations of the
form ajasazas = gy Gryar,ar, (since a; can be any element of G). Thus L,(G) = |G|? - ¢(G)
and Pr (G) = C|(g|)' The same argument, but with a4 instead of aq, is applied for 7y = 4. [J




Lemma 17. For all nontrivial permutations m € Sy, such that m;x1 = 7 + 1 for some

1 <4 <3, the probability Pr,(G) = C‘(GGR.

Proof. The condition ;7 = m; + 1 implies that the permutation 7 keeps two consecutive
numbers 7; and m; + 1 in their consecutive order. Such are, for example, the permutations
4 312,341 2),(2 34 1),and {4 2 3 1),(4 1 2 3). Let g denotes the
product ar,ar,, . Then, as ar, and a,,,, Tun over all the elements of GG, their product g also
runs over all the elements of GG, becoming equal to each element of G exactly |G| times. By
Theorem 14, the equation ajasazas = Gr Ar,ar,ar,, in which we change arar,, ,, on both
sides, to g, has exactly |G| - ¢(G) solutions. But these solutions naturally correspond to |G|
different solutions of the equation ajaa3a4 = Gy, Aryryar,. Thus L (G) = |G|? - ¢(G) and

(e
Pr.(G) = Gl O
Lemmas 16 and 17 establish that for fifteen different permutations 7 in Sy, their prob-
abilities equal Pr (G) = C‘(GGR. Notice that these fifteen permutations have exactly three

alternating cycles in their cycle graphs Gr(m) (see Bafna and Pevzner [1]; Doignon and
Labarre [12]). For the identity permutation, which has five alternating cycles in its cycle
graph, the probability of the corresponding trivial permutation equation is 1.

The remaining eight permutations in S; have one alternating cycle in their cycle graphs.
We will now show that for these eight permutations, the corresponding permutations have

the same probability, which, in a generic group, is different both from 1 and from C‘(é;').

Theorem 18. For any finite group G we have

Pr*(G) = Pr(ajasasay = asasasay) = Pr(ajasasay = azaiasas)

E: |Stab.Prod2(x,y)| 1 (@)

::wyGG — . j{: E}d;ﬁiﬂigzz
a)* G2 1] 8]
c(G)
_ 1 Z 1] - ¢ini(G) - Ck,z';j(G)'
GF S Il

Proof. Notice that for any z,y € G, the set Stab. Prody(x,y) of all ordered pairs (g,h) of
elements of G, such that zy = g 'zgh~'yh, has an alternative description as the set of all
the ordered pairs (g € G, f~! € G), such that gryf = zgfy. Indeed, by setting f = h™,
the equation xy = g 'xgh~'yh becomes xy = g 'axgfyf~'. Multiplying the right by ¢ and
the left by f gives us gryf = xgfy.
Thus, for each fixed ordered pair (z,y) of elements in G, there are exactly

|Stab. Prody(x, y)| different equations gzyf = xgfy with g,h € G. As x and y run over all
the elements of G, we obtain that the total number of different equations gxyf = zgfy in
G is ) |Stab.Prody(x,y)l|.

z,yeG

10



Dividing the total number of different equations gryf = xgfy in G by |G|* gives us
>~ |Stab. Prody(z, y)|

z,yeG

Pr(ajasazay = asaiagaz) =

lels

Next, consider the equation ajasasay, = asazasa;. Let x denotes the product ajas, x’

denotes the product asaq, y denotes the product azay, and 3’ denotes the product asas. The
equation ajasaza, = a4a3a2a1 becomes xy = y'z’. By Lemma 10, we have z ~ 2’ and y ~ ¢/

Now con51der any z,2',y,y € G, such that x ~ z/, y ~ ¢/, and xy = y/2’. By Lemma
11, there are ‘Q( )I |Cg( )| different ways of breaking x into a product ajay in such a way

that ' = aga;. Again, by Lemma 11, there are |Q— = |Cq(y)| different ways of breaking
y into a product azay in such a way that ' = asaz. Thus, to each fixed equation zy = y'a’
correspond |Cg(x)| - |Ca(y)| different equations ajasazas = asaszasay.

Next, for each fixed z,y € GG, we count the number of different equations
zry = y'2’, where x ~ 7 and y ~ y'. Define 2”7 = (y~'wy). Thus, we get an equation
vy = y(ly~lzy) = ya”. Now, for each equation xy = 'z, as above, there exist some
g,h € G such that y = g 'yg and 2/ = h~'2”h. But, for each fixed z,y € G we have
|Stab. Prods(y, 2”")| different elements g, h € G, such that zy = yx” = g 'ygh~'2"h. For each
fixed pair g, h € G, such that yz”" = g~ lygh™1a"h, a pair ¢/, i’ € G satisfies (¢') "'yg’ = g yg
and (h')~'2”h' = h=1a”h, if, and only if, ¢'¢g' € Cg(y) and
W'h=t € Cg(2"). Thus, for each fixed x,y € G, there are exactly

|Stab. Prody(y, )|
[Ca(y)] - [Cala")|

different equations zy = y'2’, in which 2’ ~ z and ¥’ ~ y. But, |Cg(2”)| = |Ce(z)|. Thus,
for each fixed ordered pair (z,y) of elements of G, we have

|Stab. Prods(y, (y~'zy))|
1Ce()| - |Calz)]

different equations zy = y'z’. As we showed above, to each of these equations correspond
|Ca(z)| - |Ca(y)| different equations ajasazay = agazasay, in which ajay = z, azas = vy,
asa; = 7', and agaz = y'. Thus, to each ordered pair (x,y) of elements of G correspond
|Stab. Prods(y, (y~'zy))| different equations ajasazas = asazasa;, in which ajay; = z and
asy =Y.

Thus, to find Pr(ajasazas = agazasa;) we need to sum |Stab. Prods(y, (y~'zy))| over
all 7,y € G, and then divide that sum by |G|*. For each fixed y, the product v = y tay
runs over all the elements of G when x runs over all the elements of G. Thus, summing
|Stab. Prod2(y, (y'zy))| over all z,y € G is the same as summing [Stab. Prods(y,v)| over
all y,v € GG. Thus, we obtain

L s 2 1y(G) = ) |Stab. Prods(x, y),

y,veEG

11



and

Pr*(G) = Pr(ajasasay = asasasa;)
>~ |Stab. Prody(z, y)|

z,yeG
= . = Pr(ajazasay = asajagas).
G|
Now, fix an element z in some equivalence class (2, in G. For each equation zy = z = 2'y/
we have exactly

Cola)| - IColu)] = it
T TR0
different equations
(a1a2)(azay) = vy = z = 2y = (azay)(asaz).

Indeed, there are |Cq(z)| different ways to break z into a product ajas so that asa; = 2,
and there are |Cq(y)| different ways to break y into a product agas so that asaz =7/

Now, there are ¢; ;. ;(G) different ways to break z as a product zy so that x € €, and
y € Q. For each of these ¢;.;(G) different ways, there are ¢; ;(G) different ways to break
z as a product x’y’. Thus, for each ordered pair (€2;, Q) of conjugacy classes in G, there are
czk;j(G) different equations xy = z = 2y’ with z,2" € Q; and y,9y' € Q. The number of
different equations xy = z = 2’y with z, 2" € ; and y,y' € Q is the same for all z € Q.

Taking the sum of the number of different equations aiasazays = 2 = asaasaz, as z runs
over all the elements of G, and dividing it by |G|?, gives us

o(G) 2

1 3 €] - ¢4y (G)

Pr(a1a2a3a4 = a2a1a4a3) = = MEEARENULIV AN
G| ik, j=1 (2] - 162

Finally, fix an element z in some equivalence class (2; in G. For each equation zy = z =
y'x’ we have exactly
Cola)| - ICal)] = it

T TR
different equations
(a1a9)(azay) = 2y = z = y'x’ = (asa3)(azay).

Now, there are ¢;;.;(G) different ways to break z as a product zy so that x € €; and
y € Q. For each of these ¢y ;.;(G) different ways, there are ¢; ;(G) different ways to break
z as a product x'y’. Thus, for each ordered pair (£2;, Q) of conjugacy classes in G, there are
there are ¢; 1.;(G) - ¢,:,;(G) different equations zy = z = y'z’ with z, 2" € ; and y,y’ € Q.

Taking the sum of the number of different equations ajasazay = 2 = agaszasay, as z runs
over all the elements of G, and dividing it by |G|?, gives us

c(G)
PI‘(CL16LQCL3(I4 = a4a3a2a1) =1a5 Z J ki ,05] '
GI* =, Q- Q]
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To study the other four permutations in Sy, we first prove a lemma that is a particular
case of Theorem 43.

Lemma 19. Let m € Sy be a permutation such that w4y +1 = w3 =2 or my +1 = w3 = 3.
Then the equations
a10a2a304 — amawamam,

1020304 = Q) Ay Qg Qo

have the same number of solutions.

Proof. First, consider the case 74 + 1 = 3 = 2.
Rewrite the equation
1020304 = Qg Ar, Q207
as

1
alam Ar, 20304 = Ay Ar,A2a7 .

Let a denotes a,,ay. Then the equation
1020304 = Qg Ary Q207

becomes
~1
a10,, AG304 = Qr ad1, (1)

in which the variable a;; runs over all the elements of (G, and for each fixed value of a;21,
the variable a runs over all the elements of G.
Rewrite the equation
a1A20304 = Qr,A20710r,

as
-1
alamam 20304 = Qr, 02010y .

Let a denotes aja,,. Then the equation
(1020304 = Az Q2071 0y,

becomes
1 o
A, A20304 = O, (20, (2)

in which the variable a_} runs over all the elements of G, and for each fixed value of a_],
the variable a runs over all the elements of G.
Now, Equation 1 is obtained from Equation 2 by renaming a to a; and renaming ay to
a. Thus, they have the same number of solutions.
Finally, consider the case 74 + 1 = 73 = 3.
Rewrite the equation
a1a20304 = Qg Qr,A302

13



as

-1
CL1CL26L7T2 Ay A304 = Qg Ar, G342,

Let a denotes a,,as. Then the equation
1420304 = Q) Ar,A302

becomes
1
1020, A0y = Qr, G2, (3)

in which the variable a,;} runs over all the elements of G, and for each fixed value of a),
the variable a runs over all the elements of G.
Rewrite the equation
a1a20304 — amagagam

as

-1 .
a1A20r, aﬂ.2 a3ty = Az, A30207,.

Let a denotes asa,,. Then the equation
1020304 = Q) A30207,

becomes
~1
a1aa,, 4304 = Qr, a30, (4)

in which the variable a;! runs over all the elements of G, and for each fixed value of a;},
the variable a runs over all the elements of G.

Now, Equation 3 is obtained from Equation 4 by renaming a into a, and renaming ag
into a. Thus, they have the same number of solutions. O]

The following corollary of Lemma 19 provides examples of the z — —y exchange operation,
which will be introduced in Definition 33. It also illustrates the notion of the  — —y exchange
orbit, which will be introduced in Definition 42, and demonstrates how the 3 — cycle of
Proposition 38 works.

Corollary 20. The equations
1020304 = Q4030201
a102G304 = A4020103,
aijasazay — a4a10a3092
have the same number of solutions.
Proof. For permutation 7 = (4 3 2 1) we have my + 1 = w3 = 2. Thus, by Lemma 19, the
permutation equation of the permutation (4 2 1 3) has the same number of solutions as
the permutation equation of 7.
For permutation § = (4 1 3 2) we have my + 1 = 73 = 3. Thus, by Lemma 19, the

permutation equation of the permutation (4 3 2 1) has the same number of solutions as
the permutation equation of 6. O

14



The following corollary is based on Lemma 13, since (4 2 1 3)"' =(3 2 1 4) and
(11327 1=(2431).

Corollary 21. (i) The equations
a1G2G304 = A4020103,

a1a2a304 = A3A20104

have the same number of solutions.
(ii) The equations
a102a304 = 4010302,

1020304 = Q20403071
have the same number of solutions.

To study the remaining two permutation in Sy, we first prove the following.

Lemma 22. Let 7 € Sy be a permutation such that for some i € {1,2}, m; + 1 = w40 and
Tiq1 =m —2. Let j € {1,2,3,4} be such an integer that pi; = m; — 1. Let § € Sy be obtained
from m by interchanging 7; and 7;. Then the equations

1020304 = Q) Oy QrgQry

(1020304 = G, A9, Ag; g,
have the same number of solutions.

Proof. First, for permutations in Sy, the only option for the integer j is a unique element in
{1,2, 3,4}, which is different from all three integers i,7 + 1,7 + 2. Similarly, the only option
for the value p;, for m € Sy, is 3, and for the value p; is 2.

For simplicity of dealing with the indices, we will consider the cases 7 = 1,7 = 2, and
j =4,i =1 separately. Even though the permutation © € S, is uniquely determined in each
of these two cases, we will use the notation m; = x, m;1 = y, M40 = 2+1, and m; = y+1. This
is done to illustrate both the x — —y cyclic operation, which will be introduced in Definition
44, and the proof of the Theorem 52. Additionally, this proof, in which the z,y,z + 1,y + 1
notation is used, can be adopted for a more general case of substrings in a longer string,
which is the case for certain permutations in S,, with n > 4. An example of a substring of
that type in a longer string, for which this proof works, will be provided at the end of the
proof.

First, let j = 4,72 = 1. Then the equation

A1G20304 = Qg AryQrsQpy

can be written as
Qyly10g0z11 = QgQygy10y+1 (5)
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Similarly, the equation
a1a2a304 = Qp, Ae,Ap;Ag,

can be written as
Ay Qly 10Uy = Qyy10yQy 10, (6)

Now, define ¢ = a,a,41 and d = a,a, ', and insert them into Equation 5 as follows
dagay1¢ = azdca,q (7)

Notice that as random variables a,, a,, a,4+1 run over all the elements of GG, so do random
variables a,, c,d. Similarly, as random variables a., c,d run over all the elements of GG, so
do random variables a,, a,, ay4+1. Thus, there is a one-to-one correspondence between the
solutions of Equation 5 and the solutions of Equation 7. But Equation 7 is obtained from
Equation 6 by renaming a, to d and a,4; to c. Thus, Equation 7 and Equation 6, after
renaming the variables, have the same solutions.

Second, let j = 1,7 = 2. Then the equation

1420304 = Qg Qo QggApry

can be written as
AyQy 1 1Az A1 = Ay 10z 0y Qg1 (8)

Similarly, the equation
1020304 = Gg, A, Ag;Ag,

can be written as
Ayl 1 Qg Qg1 = OOy g1 Qi1 (9)

Now, define ¢ = a,a,41 and d = aya, ', and insert them into Equation 8 as follows
dagay1c = aza,idc (10)

Again, there is a one-to-one correspondence between the solutions of Equation 8 and the
solutions of Equation 10, but Equation 10 is obtained from Equation 9 by renaming a, to
d and a,y1 to ¢. Thus, Equation 10 and Equation 9, after renaming the variables, have the
same solutions.

Obviously, for our purpose in this section, the case j = 1,7 = 2 is of no interest, since
multiplication of Equation 8 by a;il on the right reduces it to a permutational equation
for a permutation in S;. However, it illustrates how the x — —y cyclic operation works,
when aya,110,0,11 and a,qiaza.0,41 are just substrings in a longer string, which is the
case for certain permutations in S, with n > 4. For example, the proof we provided here
adapts to show that the equations a;(asazasas)as = ag(azasazas)a; and aq(asazasas)ag =
ag(asasasas)a; have the same number of solutions. O
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Corollary 23. (i) The equations
1020304 = A201040s3,

ai1aoa3a4 — A3a10402

have the same number of solutions.
(ii) The equations
a102a304 = A2010403,

1020304 = Q2040103
have the same number of solutions.
Proof. The case of j = 4,7 =1 in Lemma 22 corresponds to y

x = 3,z+1 = 4. Thus, the equations of the permutations = = (3
have the same number of solutions. Specifically, Equation 5 is

Ly+1=2,
142andf=(214 3)

1020304 = A3Q10402

and Equation 6 is
1020304 = Q2A104Q3.

By Lemma 22, they have the same number of solutions.
Since (2 4 1 3)=(3 1 4 2)7! the equations

1020304 = A3Q1A4G2,

a1a20a304 = Q204071043
have, by Lemma 13, the same number of solutions. O

Thus, we obtain the following.

Theorem 24. The permutations
(4321),(2143),(4213),(4132),(3214),(243 1),

(3142),(2413)

in Sy have the same probabilities.
Proof. This theorem follows from Theorem 18 and Corollaries 20, 21, and 23. O]

In Theorem 57 we will show that every finite non-Abelian group is generic. Thus,
Pr(ajasazay = asajazay) # Pr(ajasasay = agazasay) (11)

for every finite non-Abelian group G. Since both probabilities, appearing in Equation 11,
cannot be equal to 1 in a non-Abelian group, it will Imply that the spectrum of probabilities,
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for permutations in Sy, consists of three different values. But now, in the Example 25, we
explicitly compute Pr(ajasasas = asaiasay) = Pr*(G) and Pr(ajasasay = asaiagas) =
Pr*(G) for the groups G = Dg and G = Qs. These probabilities, for both G = Dg and
G = Qs, are different. This permits us to avoid using Theorem 57 in establishing Lemma
26. In Example 58 we will perform the same calculations for the general case of Pr*"(G).
Results, similar to our calculations of Pr*(G) and Pr*(G) for G = Dg and G = Qg, but in a
much more general form and for a larger variety of groups, were obtained in [8, 22].

Example 25. Both G = Dg and G = (Yg have five conjugacy classes.

Thus, Pr*(G) = g for both of these groups. For both Dg and (g, the center consists of the
identity 1 and another element ¢, such that ¢ = 1. For both of these groups, the factor of
the group by its center is the Abelian group Ky = Z, X Z5. This means that if for some
x,y € G, vy # yx, then xy = cyr. Hence, the equation ajasazas = asaiasas is satisfied
either if ajas = asaq, and azay = agas, or if ajas = casa; and aszay = cagaz. The first option
has the probability 3 - 3 = g—i. The second option has the probability g . % = 2 Thus,

8 64
Pri(G) =2+ 2 = 5—5 Notice that Pr*(G) < Pr¥(G).

Now we may conclude with the following.

Theorem 26. For a generic finite non-Abelian group G, the spectrum of permutation prob-
abilities over Sy consists of only three probabilities

(&)

Spec,(G) = {1,Pr*(G) = G

P (G)}

Notice that the calculations for G = Dg and G = Qg show that the three probabilities
belonging to Spec,(G) are pairwise different for these two groups.

From the results of this section it is evident that permutational equalities of any two
permutations from Sy, S3, or Sy have the same probability if they have the same number
of alternating cycles in their cycle graphs. Consequently, the number of different permuta-
tions, corresponding to each probability in Spec,(G), Specs(G), or Spec,(G), is precisely the
Hultman number Sy (n, k), where n = 2,3,4 and k is the number of alternating cycles in
the cycle graphs of these permutations. In the following sections we extend the observations
and calculations of this section to S,,.

4 Probabilities of permutation equations, number of
alternating cycles, and Hultman decomposition

For the information on cycle graphs, decomposition to alternating cycles, and Hultman
numbers, as well as many other related definitions and notions, we refer to Doignon and

Labarre [12] and the On-Line Encyclopedia of Integer Sequences [25]. Here we briefly review
these notions.
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Definition 27. The cycle graph Gr(¢) of a permutation ¢ € .S, is the bi-colored directed
graph with n + 1 vertices ¢g = 0, ¢1, . .., ¢, whose edge set consists of

e black edges ¢n — ¢n717 (bnfl — ¢n727 ceey ¢1 — ¢07 ¢0 — ¢n7 and

e greyedges 0 --+ 1,1 --»2, ..., (n—1) --»n,n--+0.

The set of black and grey edges is decomposed in a unique way into edge-disjoint alter-
nating cycles in which the black and the grey edges alternate. It is called the decomposition
of Gr(¢) into alternating cycles.

Definition 28. The Hultman number Sy (n, k) is a nonnegative integer that counts the
number of permutations in .S,,, whose cycle graph decomposes into k£ alternating cycles.

Let S(1+ n) denotes the group of all permutations of the set {0,1,2,...,n}.

Definition 29. Let ¢* denotes the n + 1-cycle in a permutation ¢ € .S,,.

¢n_>¢n—1_>¢n—2_>"'_>¢l_>¢0_>¢n
in S(1 + n), which is the n + 1-cycle, composed of the black arrows of Gr(¢).

We will use the cyclic notation (¢o, ¢n, Gn_1,- .., P2, 1) for ¢*. Notice that there is a
trivial one-to-one correspondence between all the permutations of S,, and all the n+ 1-cycles
in S(1+4n). Namely, the entries of a n+ 1-cycle, starting from the one after 0, are interpreted
as the entries of the permutation, but read backwards, written in the shortened way of the
two-row notation. Thus, for any n + 1-cycle C' in S(1 + n), we can easily obtain the unique
permutation ¢ € S,,, for which the n + 1-cycle C' is its black cycle ¢°.

Definition 30. For a permutation ¢ € S, we define the corresponding permutation ¢° €
S(1+mn) tobe¢®-(0,1,...,n).

Notice that ¢° cannot contain m +— (m + 1) for any m =0, 1,...,n, since m — (m + 1)
isi--+(i+1) — (i + 1), but an (n + 1)-cycle ¢* cannot contain (i + 1) — (i + 1).

Theorem 31 (Doignon and Labarre’s theorem 8). There is a natural one-to-one correspon-
dence between the cycles in the cycle decomposition of the permutation ¢° and the alternating
cycles in Gr(¢).

Therefore, there is a unique way to decompose a permutation into alternating cycles.

Definition 32. We define H(S,) as a partition of S, into pairwise disjoint sets containing
permutations with the same number of alternating cycles in their cycle graph.
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Now we are going to introduce two operations, x — —y exchange operation in Definition
33 and x — —y cyclic operation in Definition 44, which transform permutations in S,,. Next,
we show that these two operations do not change the number of alternative cycles in the
cycle graph of a permutation. After that, we demonstrate that these two operations do
not change the probabilities of the permutation equations. Finally, we prove that any two
permutations that have the same number of alternating cycles in their cycles graphs, can be
connected to each-other by performing a finite number of these operations. This establishes
that any two permutations with the same number of alternating cycles in their cycle graphs,
have the same probabilities of their permutation equalities.

4.1 Exchange operation

Let ¢ € S,, be a permutation. We augment ¢ by defining ¢g = 0.

Definition 33. Let 0 < x = ¢;,y = ¢;,w,z < n, for some 0 < 4,5 < n, be four integers,
such that
z—=x->r+1—y

and
Yy —w

appear in some alternating cycles of Gr(¢). The black arrow x + 1 — y implies that x +1 =
®i+1. The black arrow 2 — x implies that z = ¢;4;. The black arrow y — w implies that
w = ¢;_1. All the arithmetic is performed modulo n + 1. The z — —y exchange operation is
defined as follows (compare it to Lemma 19)

o if x = w or if y = 2, then the x — —y exchange operation does not change ¢;
o if y = ¢y = 0, then the r — —y exchange operation changes
<¢1:(x+1) ¢j—1 ¢]:ZE ¢j+1:Z ¢n:w>

to

(bjr1=2 jra - on=w ¢1=(x+1) ... ¢;1 ¢ =1);
o if 1 = ¢g = 0, then the x — —y exchange operation changes

(pr=2 ... gir=w ¢gi=y gir1=1 ... ¢p)
to

(Pi=y dr=2 ... pisi=w Gip1 =1 ... Pn);
e if 1 <i+ 1< j,then the z — —y exchange operation changes

(P1 ... Pii=w ¢i=y dii=(x+1) ... ¢;= Pjr1=2 ... &)

to

(p1 . bir=w G =(r+1) ... dj=2 di=y djr1=2 ... Pn);
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e if 0 < j < i, then the x — —y exchange operation changes

(p1 ... ¢j=2 dji=2 ... pi1=w ¢i=y Gip1=(r+1) ... ¢

to
(o1 .. dj=2 di=y dju=2z ... pi1=w = (r+1) ... ).

Let us consider several examples of the x — —y exchange operation.

Example 34. Let ¢ = (4 1 6 2 5 7 3). We perform the 5 — —1 exchange operation on
¢. Here x =5 = ¢5 and y = 1 = ¢5. Hence, z = ¢ = 7 and w = ¢; = 4. The fact that
x4+ 1 =6 = ¢3 causes the condition z + 1 — y to be satisfied. The condition z +1 — y
is what makes the x — —y exchange operation possible. Now, ¢ = 2 and j = 5. Thus,
1 <i+1 < j and we get that the 5 — —1 exchange operation changes ¢ to (4 6 2 5 1 7 3).

Example 35. Let ¢ = (4 1 6 2 5 7 3). We perform the 4 — —2 exchange operation on
¢. Here x =4 = ¢y and y = 2 = ¢4. Hence, z = ¢ = 1 and w = ¢3 = 6. The fact that
x4+ 1 =15 = ¢5 causes the condition x + 1 — y to be satisfied. The condition z +1 — y is
what makes the x — —y exchange operation possible. Now, i =4 and j = 1. Thus, 0 < 7 <1
and we get that the 4 — —2 exchange operation changes ¢ to (4 2 1 6 5 7 3).

Example 36. Let ¢ = (4 6 1 2 5 7 3). We perform the 0 — —6 exchange operation on
¢. Here x = 0 = ¢ and y = 6 = ¢. Hence, z = ¢; = 4 and w = ¢5 = 5. The fact that
x+1 =1 = ¢3 causes the condition x+1 — y to be satisfied. The condition z+1 — y is what
makes the r — —y exchange operation possible. Now, ¢ = 2 and 7 = 0. Since x = ¢g = 0, we
get that the 0 — —6 exchange operation changes ¢ to (6 4 1 2 5 7 3).

Example 37. Let ¢ = (4 1 6 3 5 7 2). We perform the 3 — —0 exchange operation on
¢. Here x = 3 = ¢4 and y = 0 = ¢9. Hence, z = ¢5 = 5 and w = ¢; = 2. The fact that
x+1 = 4 = ¢, causes the condition z+1 — y to be satisfied. The condition x+1 — y is what
makes the x — —y exchange operation possible. Now, i = 0 and j = 4. Since y = ¢g = 0, we
get that the 3 — —0 exchange operation changes ¢ to (5 7 2 4 1 6 3).

Notice that after completing the  — —y exchange operation on ¢, y > x --» x4+ 1 — w
and z — y will appear in the alternating cycles of the cycle graph of the new permutation.

Proposition 38. Let ¢ and 0 be two different permutations in S,, such that 0 is obtained
from ¢ by an x — —y exchange operation. Then 0% is obtained from ¢°® by multiplying ¢* on
the left by the 3—cycle (x,y,w) € S(1 4+ n). Namely,

0 = (:r;,y,w) ’ ¢.'
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Proof. Since the x — —y exchange operation was permissible on ¢, and since this operation
changed ¢, the cycle ¢* must be of the form (z+1,y,w,...,z,z,...). Indeed, (z+1) - y — w
and z — x cannot intersect, since 6 # ¢. Here we are using the cyclic notation, in which the
cycles can be written starting from any entry. Now,

(,y,w)-¢* = (z+1L,w,...,z,y,x,...).

To construct 6 we need to rewrite the cycle (z + 1,w,...,2z,y,z,...), starting from 0. Then
the cycle will become (0,6, ...,60;), which permits us to obtain 8 = (; ... 6,). When we
rewrite the cycle (z + 1,w, ..., z,y,x,...), starting from 0, we can have four different cases

e if y = 0, then the cycle, after rewriting, becomes (y = 0,z,...,x + 1,w,...,2);

e if x =0, then the cycle, after rewriting, becomes (z =0,...,2+1=1,w,...,2,9);

e if 1 <i+4 1 < 7, then the cycle, after rewriting, becomes
0,....2,y,x,...,x+ 1,w,...);

e if 1 < j < i, then the cycle, after rewriting, becomes (0,...,z+ 1,w,...,z,y,2z,...).

In all these four cases we obtain the exact #, which is described in Definition 33 as the

result of the z — —y exchange operation. O]

Notice that the inverse of an x — —y exchange operation is not, in general, an x — —y
exchange operation. Indeed, #° might not contain (w + 1) — y — =, which is required to
perform a w — —x exchange operation on # and obtain ¢.

Proposition 39. Let 0 # ¢ be a permutation obtained from ¢ by some v — —y exchange
operation. Then the cyclic presentation of 6° is obtained from the cyclic presentation of ¢°
by relocating x from the place after (z — 1) and before y to the place after (y — 1) and before
w; i.e., the cycle of ¢° of the form (...,z —1,x,y,...) becomes (...,z —1,y,...), and the
cycle of ¢° of the form (...,y — L,w,...) becomes (...,y — 1, x,w,...). This, in particular,
implies that 0° and ¢° have the same number of cycles in their cyclic decompositions.

Proof. By Proposition 38, 6° = (z,y,w) - ¢*. This implies that

0°=06°-(0,1,...,n) = (z,y,w)-¢*-(0,1,...,n) = (z,y,w) - ¢°

Now, multiplication of ¢° on the left by (z,y,w) removes x from the cycle

(...,z—1,2z,y,...) and places it in the cycle (...,y — 1,w,...) between y — 1 and w. Thus,
z—1, instead of going to x, now goes to y. And z, instead of going to y, now goes to w. And
y — 1, instead of going to w, now goes to x. No other changes are done by multiplication of
¢° from the left by 3—cycle (z,y, w). O
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Recall that Bafna and Pevzner [1], for 1 < i < j < k < n+ 1, defined the permutation
p(i7j7 k) to be

pli, k)= ... i—=1) 45 ... (k=14 ... (j—=1);k ... n). (12)
Next, for a permutation ¢ € S,,, Bafna and Pevzner defined a block-transposition, which
exchanges places of the blocksi ... (j—1)and j ... (k—1) inside ¢, to be ¢ - p(i, ], k).

For any three pairwise different integers 1 < 4, j, k < n one can define

p(i,j, k) = p(i,k,j) = p(j,i,k) = p(j, k,1) = p(k,i,j) = p(k, j, ).

Since in one of these six expressions, i, j, k are placed in the increasing order, which makes
that expression well-defined by Equation 12, all six expressions are now well-defined and
represent the same permutation p(i, j, k). Finally, if two or more of the three integers 1 <
i,7,k < n+ 1 are equal, p(i,j, k) is defined as an identity permutation. Now p(i, 7, k) is
defined for any three integers 1 < 4,7,k < n + 1 and represents an appropriate block-
transposition. Clearly, if two or more of the three integers 1 <1, 5,k < n are equal, at least
one of the blocks is empty, which corresponds to no change performed to ¢. Now we can
relate our  — —y exchange operation to the block-transpositions.

Remark 40. Let ¢ be a permutation in S, extended by ¢y = 0, such that for some 0 <
¢;j =x,¢0; =y <n, ¢iy1 = x+ 1. Then performing the + — —y exchange operation is a
block-transposition, for which the permutation p is selected as follows

o if z = j =0, then select p(1,7,7 + 1);
e if y =i =0, then select p(1,j + 1,n+ 1);
e in all other cases select p(i,i+ 1,5+ 1).

Lemma 2.1 in Bafna and Pevzner’s work [1] asserts that a block-transformation can either
increase by two, or decrease by two, or keep unchanged the number of alternating cycles in
the cycle graph of a permutation. We now show that an x — —y exchange operation does
not change the number of alternating cycles in the cycle graph of a permutation.

Lemma 41. Let a permutation 6 € S, be obtained from a permutation ¢ € S,, by an x — —y
exchange operation. Then 0 and ¢ have the same number of alternating cycles in their cycle
graphs Gr(0) and Gr(¢).

Proof. The lemma directly follows from Proposition 39 and Theorem 31. However, we pro-
duce an alternative proof, based on Bafna and Pevzner’s analysis of block-
transformations.

Notice that the edges, which appear in Gr(¢) and which do not appear in Gr(#), are
precisely the three black edges ¢; =y — w = ¢;_1, ¢pip1 =2+ 1 =y = ¢;, and ¢j1; =2 —
Tr = ¢j'

23



Similarly, the edges, which appear in Gr(f) and which do not appear in Gr(¢), are
precisely the three black edges ¢;y1 = 2 +1 = w = @1, ¢j41 = 2 = y = ¢;, and
O =y —x =0

Since the black edges ¢;11 =2+ 1 =y = ¢; and ¢;11 = 2 — & = ¢; belong to the same
alternating cycle in Gr(¢), the above-mentioned three black edges y — w, * + 1 — y, and
z — x belong to, at most, two alternating cycles in Gr(¢). Similarly, since the black edges
Gis1 = +1 = w= ¢, and ¢, =y = x = ¢; belong to the same alternating cycle in
Gr(#), the above-mentioned three black edges © + 1 — w, z — y, and y — = belong to, at
most, two alternating cycles in Gr(¢).

In the proof of Lemma 2.1 in Bafna and Pevzner’s work [1],it is shown that if Gr(¢) and
Gr(0) differ by exactly three black edges, which in both graphs Gr(¢) and Gr(f) belong to

one or two alternating cycles, then Gr(¢) and Gr(#) have the same number of alternating

cycles. O
Definition 42. We say that the permutations ¢, € S, are in the same “r — —y exchange
orbit” if there exist some permutations 7y,...,7 € S, such that 7 = ¢, 7, = 6, and, for
eachi=1,...,k — 1, either 7; can be obtained from 7,,; by an x — —y exchange operation,
or 7,41 can be obtained from 7; by an x — —y exchange operation.

Notice that according to Definition 42, ¢,0 € S, can be in the same x — —y exchange
orbit, while neither of them can be obtained from the other by performing x — —y exchange
operations.

Theorem 43. Let ¢,0 € S,, be two permutations such that 6 is obtained from ¢ by an x——y
exchange operation. Then

Pr(ajas - - a, = ag,ag, - - - ay,) = Pr(aias - - - a, = ag,aq, - - - ag, ).

Proof. Compare this proof with the proof of Lemma 19 above. If x = y then § = ¢ and the
theorem follows. Hence, we assume that x # y.

First, we consider the case when z,z + 1, w, y, z are all different than 0. In that case, the
requirement that z — = --»  + 1 — y and y — w are present in Gr(¢) implies that the
product ag, ag, - - - ag, contains sub-products a,a,a,+1 and aza,. These two sub-products
Ay yay+q and aga, can “overlap” if and only if z = w. By overlapping we mean that they
have a common piece. For example, if z = w then a, = a, is the overlap of these two
products.

If the sub-product a,a,a,+1 appears in the product ag, ag, - - - ay, before the sub-product
aza,, then z # w. In that case, we rewrite the equation

a1 - Qplp1Qpd2 " Ap = Ay~ 2 Qg5 Aplylp1Qg, o~ Qg ApQz0g, o+ Ag,,
as
cagal\( ) el = g - ( ) (13)
aq CLxCLy QyQyy1)Ag42 Ap = Qg Qgp; o A\ Ay Q41 a¢i+2 a¢j71a$aza¢j+2 A,
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Similarly, the fact that y — x --» x+1 — w and z — y are present in Gr(#), implies that
the product ag, ag, - - - ag, contains sub-products a,a,a. and a,a,41. These two sub-products
can “overlap” if and only if either z = w or z = x + 1. But ¢;41 = 2 =2 + 1 = ¢;41 would
imply 7 = j and ¢; = 2 =y = ¢;. Thus, 0 = ¢. If v = w, then 0 = ¢ by Definition 33. So,
we can assume that a,a,a,41 and aza, do not overlap. Again, we rewrite the equation

ap - Qp 100z 1 Qg2 " Ap = Agy © A, o UyQg 1G9, q * " Ah;_o AzpyQzAg, o - A,

as

-1
ay v U1 (Agy) Ay Qg -+ Gy = gy +*  Ag,_yQoQpy10p,, * ** Ao, (Az0y)az00, ., -+ g, . (14)

Notice that as the random variable a, runs over all the elements of G, so does its inverse
a, . Also, for each choice of a,, as the random variable a, runs over all the elements of G,
so does the random variable b = (a,a,). Similarly, for each choice of a = a; ! as the random
variable a,1 runs over all the elements of G, so does the random variable ¢ = (a,a,41).

We show now that Equations 13 and 14, up to renaming variables, are identical. We
regard b = (a,a,) as one variable. Similarly, we regard ¢ = (a,a,+1) as one variable. Notice
that the left sides of Equations 13 and 14 have n + 1 variables in each, and their right
sides have n — 1 variables in each. Both left sides have the variables ay, ..., a,_1 in place of
1,...,x — 1, respectively, and the variables a, s, ..., a, in place of
x4+ 3,...,n+ 1, respectively.

Notice that for all 1 <r <i—1, ¢, = 0, and ay, = ag,. Similarly, for all j +1 <r < n,
¢r = 0, and ay, = ag,. Fori+1<r < j—2, ¢4 = 0, and ay, ., = ag,. Thus, the right sides
of Equations 13 and 14 carry the same variables in place of 1,..., 7 —landi+1,...,5 —2
and 7,...,n — 1.

The random variable a, appears in the z-th place on the left side of Equation 13 and in
the (j — 1)-th place on its right side. Similarly, the random variable b = (a,a,) appears in
the z-th place on the left side of Equation 14 and in the (j — 1)-th place on its right side.

The inverse a, ! of the random variable a, appears in the (z 4+ 1)-th place on the left
side of Equation 13 and does not appear on its right side. Similarly, the inverse a, L of the
random variable a, appears in the (z 4 1)-th place on the left side of Equation 14 and does
not appear its right side. The random variable a, cannot appear in the z-th, (x + 1)-th,
or (z + 2)-th place on the left side of Equation 13 or of Equation 14. Since the rest of the
places of the left sides of Equations 13 and 14 carry the same variables, a, must appear in
the same place in both left sides. The right sides of Equations 13 and 14 do not contain a,.

The random variable ¢ = (aya,41) appears in the (x + 2)-th place on the left side of
Equation 13 and on the i-th place on its right side. Similarly, the random variable a,
appears in the (x + 2)-th place on the left side of Equation 14 and in the i-th place on its
right side.

Thus, Equations 13 and 14, up to renaming variables, are identical. This implies that
they have the same number of solutions. This, in its turn, implies that

Pr(ajay - - a, = ag,a4, - - - ay,) = Pr(aay - - - a, = ag,aq, - - - agp,).
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Now, assume that the sub-product a,a. appears in the product ay, ag, - - -

aq, before the

sub-product a,aya,41. Then, if 2z = w, then a, is the same as a,, and we have the sub-
product aza,a,a,1 inside the product ag a4, ---ag,. In that case, the x — —y exchange
operation only exchanges the places of a,, and a,. We rewrite the equation

a1+ Oy 10505410542 " Ay = Qgpy *** Qg5 Qg Qoyly Uy 10, o * "

as

-1
ap - Qzp10z0, (ayaa:Jrl)aerQ ©lp

The equation

= Qg * - a@fgamaw(ayaxﬂ)a@w e

Qg

a¢n .

ar - Qp_10z0;410542 - Ap = Ay * ** a9i,3axaya'wa':c+la9i+2 st ag,

is identical to the equation

a1+ Ay 10505410242 " " Ay = Agpy *** A5 AUy QupUp 10, *

which we rewrite as

1
ap - - ax,l(amay)ay Upi1Ggya* An = Gy~ Qg4 (Azly) a1, o -

..a¢n7

a¢n .

(15)

(16)

Again, the random variable a, and its inverse a, Lappear in the same places in both Equations
15 and 16. The random variable ¢ = (aya,) in Equation 16 plays the role of the random
variable a, in the Equation 15. The random variable a,,; in Equation 16 plays the role
of the random variable b = (aya,41) in Equation 15. Thus, Equations 15 and 16, up to
renaming variables, are identical. This implies that they have the same number of solutions.

This, in its turn, implies that

Pr(ajay - - a, = ag,a4, - - - ay,) = Pr(ayay - - - a, = ag,ap, - - - agp,).

If z # w, then we rewrite the equation

a/l"'aa:—laxax—i-la'a:—f—Q”'an:a/¢1"'

as

ag--- am_lamay (ayam+1)am+2 ey = a¢l e

Similarly, we rewrite the equation

Ay Qp-10z05,410742 - Qp = Ag, * -

as

-1
ap - -- ax_l(axay)ay ax+1ax+2 ey = a91 e

Ay ApQzQps y  ** QaylyQy 10, Qg

aw<ayar+1>a¢i+2 e

Apj 1 AzlzQgpj g "

agjflamayazagjm s aw&erlClgHQ cc - dyg,
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o, (xQy)a.ag,, ;- Qulgi10o,,, - * - Gy, -
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Comparison of Equations 17 and 18, shows that, similarly to Equations 13 and 14, and
Equations 15 and 16, which we compared in detail above, a certain renaming of variables in
Equation 18 transforms it into Equation 17. Thus, again

Pr(ajay - - - a, = ag,a4, - - ay,) = Pr(aas - - - a, = ag,aq, - - - agp,).

Now, we consider the case when x = ¢g = 0y = 0. In this case y = ¢; = 04,
z=¢1 =0y Q2=03,...,0;1=0;=w, v+ 1=¢;1 =0;1;, =1, and
OGiro = 0iv9,...,0, = 0,. We rewrite the equation

102 -+ Ay = Az0gy g, QuwyU1Ge,,, -~ Ug,,
as
(ayai)ag -« Gp = ayazag, - - Qg 500 (aya1)ag, . - g, (19)

in which the random variable a; is omitted, and for each fixed value of a,, as a; runs over
all the elements of G, so does the random variable b = (aya;).
Now, compare Equation 19 with the equation

a1y - -+ Ay = QyQ, g, -~ - A, Qyp@10g, ., * - g, - (20)
Clearly, renaming b = (aya;) to a; turns Equation 19 to Equation 20. Thus, again
Pr(ajay - - a, = ag,a4, - - - ay,) = Pr(ayas - - - a, = ag,ap, - - - agp,).
Now we consider the case when © = n. In that case v +1 =0 = ¢y = 0y,
y = ¢, and w = ¢,,_; = #,. Observe, that in that case the equation
A1y -~ Qp = Qg Qg ** * Ag,,
is
a1Gg - Gy = Qg -+ Qg AplzQg, o Qg Oy (21)
Similarly, the equation
a1az - Gy = ag,ag, - - g,
in that case becomes
A1+ Ay = Agy Qg ApQyQzAg. o Qg oy,
which we rewrite as
a1y - - - (anay) = ag, -+ ag,_ (AnQy)az0g,,, - - Qg 000y (22)

Again, the random variable b = (a,a,) in Equation 22 plays the role of the random variable
a, in Equation 21. Thus, again

Pr(ajay - - a, = ag a4, - - - ay,) = Pr(aas - - - a, = ag,aq, - - - agp,).
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Finally, we consider the case when y = 0 = ¢y = 6. In this case x +1 = ¢; and w = ¢,.
Thus, the equation
A1ag -« - Qp = Q¢ Qgpy * * Qg

n

becomes
A1+ Ay = Qg y1Qgy "+ Qg AglzUg o Ag, Oy

On the other hand, the equation

a1ag - - Qp = a01a92 77}

n

becomes
A10g Ay = Az, A Qg y1Ug, * O, Oy

Let
7= G, 8= g1, A =01 g1, B = Apy20p13-an, P =ag, - ag,_,,

and Q = a.ag,,, - ag,_,ay. Then

1Az Ap = Qgy1Qgy *** Ag;  AzAz0g; o~ Agp, g Ou

becomes
ArsB = sPrQ@Q),
and
10 -+ Ap = Az0¢; o * ** g, QuyQyp10gy * ** Ag; Ay
becomes

ArsB = QsPr.

But Pr(ArsB = sPr@) is the same as Pr(rArsB = rsPr(@)), which is the same as Pr(yA0B =
0P~Q), where v = r, 0 = rs, which, in its turn, is the same as

Pr(yA0BQ'y~! = 0P). Notice that since the random element s does not appear in the
last equation, we regard § = rs as a random element from G. And yAIBQ '~~! = 0P is
equivalent to saying that A0BQ~! is conjugate to OP.

Similarly, Pr(ArsB = QsPr) is the same as Pr(ArsBs = QQsPrs), which is the same as
Pr(A0By = QvP0), where v = s,60 = rs, which, in turn, is the same as Pr(y 'Q 'A0By =
P0). Again, we regard § = rs as a random element from G. And v 'Q 'A0By = PO is
equivalent to saying that Q~1A0B is conjugate to P0.

Finally, notice that 0P = §(P0)0~! is conjugate to Pf, and
AOBQ™' = Q(Q1AIB)Q—1 is conjugate to Q1 A0B. Thus, AGBQ~! is conjugate to 0P if
and only if Q7' A0B is conjugate to Pf. Thus,

Pr(ajas - - a, = ag,ap, - - - ay,) = Pr(aiay - - - a, = ag,ap, - - - ag, ).
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4.2 Cyclic operation

Now we define and discuss © — —y cyclic operation. This material is illustrated by Lemma 22
above. Let ¢ € S, be a permutation such that ¢* € S(1+4n) contains some (z+1) — y — x.
In other words, for some 0 < i < n, we have ¢; = x, ¢;+1 =y, and ¢;1» = y. Notice that if
x = n, the condition (z 4+ 1) — y — = becomes

0=¢o=>y=0¢n = n=0dp1.

Definition 44. The x — —y cyclic operation on the permutation ¢ is defined as follows
o If y=1x+ 2, then the x — —y cyclic operation does not do anything to ¢;

o If y > x4+ 2, then in the long cycle ¢* we replace x + 1 by y — 1 and replace each
t=x4+2,...,y—1byt—1. In other words, the x — —y cyclic operation changes ¢* to

(y—1Ly—2,...,04+2z+1) ¢ (y—1Ly—2,...,2+2,x+1)
_ ¢o(y—1,y—2,...,x+27x+1)_

e If y=x —1, then the x — —y cyclic operation does not do anything to ¢;

o If y < x — 1, then in the long cycle ¢* we replace x by y + 1 and replace each
t=y+1,...,2—1byt+1. In other words, the x — —y cyclic operation changes ¢* to

(y+Ly+2,. . o—1La) ¢ (y+Ly+2,. .. o—1x)=¢Wvrdrio)

Since we can easily restore any permutation § € 5, from its corresponding long cycle
0* € S(1 4 n), Definition 44 unambiguously describes what an = — —y cyclic operation does
to a permutation ¢ € S,,. The fact that an x — —y cyclic operation always produces a long
cycle in S(1 + n), is straightforward from the definition.

The requirement that ¢* € S(1 + n) must contain (x + 1) — y — x, implies that the
permutation ¢° = ¢* - (0,1,...,n) has a cycle that contains
(x—y)=(r--»2+1—y), and a cycle that contains (y — 1 — z) = (y — 1 --» y — x).
Thus, ¢° has a cycle, which contains y — 1 — = — y.

Let us consider several examples of x — —y cyclic operations.

Example 45. Let ¢ = (6 5 3 1 4 2). Then ¢* = (0,2,4,1,3,5,6). We can perform a
1 — —4 cyclic operation on ¢ to obtain a new permutation ¢. Since y =4 > x + 1 = 2, we
get 0° = (0,3,4,1,2,5,6). Hence, 0 = (6 5 2 1 4 3).

Example 46. Let ¢ = (4 1 5 2 6 3). Then ¢* = (0,3,6,2,5,1,4). We can perform a
5 — —2 cyclic operation on ¢ to obtain a new permutation 6. Since y = 2 < x = 5, we get
0* =(0,4,6,2,3,1,5). Hence, 0 =(5 1 3 2 6 4).

Example 47. Let ¢ = (4 1 5 2 6 3). Then ¢* = (0,3,6,2,5,1,4). We can perform a
0 — —4 cyclic operation on ¢ to obtain a new permutation #. Since y =4 >z +1 =1, we
get 0* =(0,2,6,1,5,3,4). Hence, § =(4 3 5 1 6 2).
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Example 48. et ¢ = (4 1 5 2 6 3). Then ¢* = (0,3,6,2,5,1,4). We can perform a
6 — —3 cyclic operation on ¢ to obtain a new permutation 6. Since y = 3 < x = 6, we get
0* =(0,3,4,2,6,1,5). Hence, 0 =(4 3 5 1 6 2).

Example 49. Let ¢ = (4 1 5 2 6 3). Then ¢* = (0,3,6,2,5,1,4). We can perform a
3 — —0 cyclic operation on ¢ to obtain a new permutation 6. Since y = 0 < z = 3, we get
0* =(0,1,6,3,5,2,4). Hence, 0 = (4 2 5 3 6 1).

We now describe the transformation of ¢° under an x — —y cyclic operation. First,
write ¢° in the cyclic notation. Let ¢° consist of k cycles C4,...,C} of lengths hq, ..., hy,
respectively. We think of these cycles as consisting of boxes

Ol = Bl,l — BLQ = e Bl,hl —> Bl,la C. ,Ck = Bk71 — Bk’g = e Bk,hk — BkJ.

Each box in each cycle contains inside it one element of ¢°. Let Bj.)5(-) denotes the box
that contains it for every element z € ¢°. The requirement that ¢*® contains (z+1) — y — x,
asserts that k(y — 1) = k(z) = k(y) and h(y — 1) + 2 = h(z) + 1 = h(y). Let |B; ;| denote
its content for each box B; ;. We now fix the labeling of the boxes and start transforming
their contents. At any stage of the transformation, we permit the boxes to contain a single
element, two elements z; — 2z, with an arrow between them, or no elements. The last case,
namely that of a box with no elements in it, we permit only in a cycle in which at least one
of its remaining boxes is not empty. When we read a cycle, we treat an empty box as if
it, together with the arrow following it, are deleted. Thus, we regard a cycle containing an
empty box as if the arrow +— goes directly from the content of the first nonempty box before
the empty one, to the content of the first nonempty box following the empty one.

Lemma 50. Let 6 € S,, be obtained from ¢ € S, by an x — —y cyclic operation. Then the
xr — —y cyclic operation transforms ¢° to 6° as follows

o Ify=ax+2o0ry=ux—1, then 0° = ¢°;
o [fy>x+ 2, then perform the following steps

1. Inside the box Byyi1)nz+1) replace v +1 by y — 1 +— x. In other words, in the
cycle Cipt1), the piece |Bipityp@+—1] — © + 1 = |Biat1)n@t+1| becomes
| Br(@+1)h@+1)-1] = ¥ — 1 = @ = [ Brog1) pat 415

2. Inside each box By n), for allt =z +2,...,y — 1, replace t byt —1;

3. Delete the element x from the box By ). The box By nw) 15 now empty.
Notice that the box before By () n(x) 15 Br(y—1)n(y—1), and it now contains y—2. The
box after Bi(z)n(z) 15 Br(y)ny), and it still contains y. Thus, we obtain y—2 — y
in the cycle Clz).

o Ify<axz—1, then perform the following steps
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1. Inside the box Bjz—1)n—1) replace x — 1 by x +— y. In other words, in the
cycle Cyo—1), the piece |Bk(x Dh(e—1)-1| = & — 1 = [By@—1)h@-1)+1| becomes
\Bk (z—1),h(z—1) 71\ = r= Y= |Bk (z—1),h (g;f1)+1\;

2. Inside each box By ), for allt =y,...,x —2, replace t byt + 1;

3. Delete the element x from the box By ). The box By nw) 18 now empty.
Notice that the box before Bi(z)n) 15 Bry—1)ny—1), and it still contains y — 1.
The box after Bi(z)nz) 1S Biy)nw), and it now contains y + 1. Thus, we obtain
y— 1= y+1in the cycle Cyy.

In particular, the number of cycles in the cyclic decompositions of 0° and of ¢° is the
same.

Proof. We start by investigating the effect of replacements of elements in ¢* on ¢°. First,
notice that when in a piece ¢ — a — d we replace an element a by an element b, b replaces
a in two black arrows — in the beginning of the black arrow a — d, and also the end of the
black arrow ¢ — a. We study these two replacements separately.

e The replacement of a by b in the end of the black arrow — a transforms (¢ — 1) --»
¢ — a, which, in ¢°, is the arrow (¢c—1) — a, to (¢—1) --» ¢ — b, which is (c—1) + b.
To indicate that b element of ¢° is post the replacement of a by b in — a, we mark it as
b. Thus, we say that the replacement of ¢ — a by ¢ — b transforms (¢ — 1) --» ¢ — a,
which is (¢ — 1) = a to (¢ — 1) ==» ¢ — b, which is (¢ — 1) — b. From b we draw
a grey arrow b --» (b+ 1). If, at this point, the original element b of ¢* is still not
replaced in — b, we regard that original b as deleted, and do not use it in any further
replacements, marking, or arrow-drawing, except the future replacement of b in — b,
which eliminates that original b;

e The replacement of a by b in the beginning of the black arrow a — transforms (a—1) --»
a — d, which, in ¢°, is the arrow (a—1) + d, to (b—1) --» b — d, which is (b—1) — d.
To indicate that b element of ¢° is post the replacement of a by b in a —, we mark it
as b. Since this replacement replaces (a —1) in (@ —1) = of ¢° by (b—1), we also mark
(b—1) as (b—1). Thus, we say that the replacement of a — d by b — d transforms
(a—1) --» a = d, which is (a — 1) — d, to (b— 1) --» b — d, which is (b — 1) — d.
If, at this point, the original element b of ¢°® is still not replaced in b —, we regard
that original b as deleted, and do not use it in any further replacements, marking,
or arrow-drawing, except the future replacement of b in b —, which eliminates that
original b;

e If we need to mark b as both b and i), we write l;;
e If we need to mark b as both b and B, we write l;;

e If we need to mark b as both b and b, we write b;
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e If we need to mark b as b and b and b, we write b.

Notice that our notation permits us to study the effect of replacements of elements in
¢® on ¢° in several steps. Namely, if we have to replace elements aq,...,a,, by elements
bi,...,b,, we do not have to perform all the 2m replacements in the black arrows at once.
Instead, we can perform these 2m replacements in several steps, each time marking the
elements as described above. The final ¢°, after we perform all the 2m replacements, will be
the same, regardless of the selection of intermediate steps. Now we are ready to start our
investigation

If y > =+ 2, then the z — —y cyclic operation, applied to ¢°, replaces z+ 1 by y — 1, and
replaces each t, for t = x4+ 2,...,y — 1, by t — 1. Thus, y — x remains untouched by the
x — —y cyclic operation. This implies that 6° contains y — 1 — x. Notice that our marking
notation implies that after all the replacements in ¢°, ¢* will contain & instead of x and £
instead of ¢, forallt =x+1,...,y — 2, and (y - 1) instead of (y — 1). Altogether, we need
to perform 2(y — x — 1) replacements in the black arrows of ¢°.

At the first step, we perform the following four replacements

1. Replacement of (z +2) by (2 + 1) in the black arrow (z + 2) —. This changes z to

2. Replacement of (x + 1) by (y - 1) in the black arrows — (z + 1) and (z 4+ 1) —. This

<

changes (y — 2) to (y — 2);
3. Replacement of (y — 1) by (y - 2) in the arrow — (y — 1).

If ¢° contains (x + 1) — (y — 1), then, according to our notation, the original ¢* takes
u = |Bk(x+1)7h(m+1)_1] + 1 to x + 1. Indeed, in the original ¢° we must have an alternating
path

(u—1)--»u—(x+1)--»>(x+2) = (y—1)-»y—z-->(x+1)—y, (23
which is
(u—1)—=(z+1)—=(y—1) >z —y.
The four replacements of our first step transform Equation 23 to
(u—1) --»u — (y:l) - Y = T -3 (ZL'+1)—> (yLQ) --3 (y:I) — 1, (24)
which is . .
(u—1)—(y—1) =2~ (y—2)—y.

Notice that all four replacements in the black arrows appear in path 24. Thus, these
four replacements correspond to the replacement of x + 1 by (y - 1) —  inside the box
Bi(a+41),h(z+1), deletion of x from the box By n), and replacement of y — 1 by (y - 2) in
the box Bk(y—l),h(y—l)'
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If ¢° does not contain (z + 1) — (y — 1) then, according to our notation, the original
¢° takes u = ‘Bk(m+1)7h(x+1),1‘ +1to x+ 1, takes  + 2 to v = |Byat1),h(a+1)+1], and takes
p= |Bk(y,1)’h(y,1),1 + 1| to (y — 1). Indeed, in the original ¢° we must have an alternating
path

(u—1)-—»>u—(z+1) - (x+2) =, (25)

which is
(u—1)— (z+1) — v,

and an alternative path
p—1)--»>po>—=>(y—1)-->y—z--»(z+1) >y, (26)
which is
-1 y—1)—z—y
The four replacements of the first step transform path 25 to
(u—l)——+u—>(y:1)——ey—>i——+(x—.i.-1)—>v, (27)
which is .
(u—1) = (y—1) =2,

and transforms path 26 to

(p—1)——=p—=(y—2) - (y—1) =y, (28)

which is .
P=1) = (y—2)—uy.
Notice that all four replacements in the black arrows appear in paEhs 27 and 28. Thus,
these four replacements correspond to the replacement of x +1 by y — 1 +— Z inside the box
Bi(z+1),h(z+1), deletion of = from the box Bz n(x), and replacement of y — 1 by (y — 2) in
the box Bk(yfl),h(yfl)'
At the second step, we perform the following two replacements

1. Replacement of (z + 2) by (x 1 1) in the black arrow — (z + 2);

2. Replacement of (z + 3) by (z +2) in the black arrow (z + 3) —. This changes (z 1 1)
to (z + 1);

According to our notation, ¢*, modified by the first step, takes
U = |Bi(z+2) nw+2)—1] + 1 to & + 2 and takes  + 2 to v = | By(p42) h(a+2)+1]-

Indeed, after the first step, in ¢° we must have an alternating path

(u—1)-—>u— (z4+2)-—» (x+3) =, (29)
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which is
(u—1)— (z+2) — v.

The two replacements of the second step transform path 29 to

(u—=1) - u— (z+1) - (+2) =0, (30)
which is }
(u—1)— (z+1) —v.
Notice that both replacements in the black arrows appear in path 30. Thus, these two

replacements correspond to the replacement of x +2 by (z + 1) inside the box Bj(y42) n(x+2)-
At the third step, we perform the following two replacements

1. Replacement of (z + 3) by (x 1 2) in the black arrow — (x + 3);

-

2. Replacement of (z +4) by (z + 3) in the black arrow (z +4) —. This changes (z + 2)
to (z + 2);

According to our notation, ¢°*, modified by the first and second steps, takes
U = |Bi(z+3) h(x+3)—1]| + 1 to £ + 3 and takes x + 3 to v = | By(z43),h(a+3)+1|- Indeed, after the
second step, in ¢° we must have an alternating path

(u—1)-—>u— (z+3) - (x+4) =, (31)
which is
(u—1) = (z+3) — v.
The two replacements of the third step transform path 31 to

(w—1) > u— (x+2) -—» (x+3) = v, (32)

which is §
(u—1)— (z+2) — v

Notice that both replacements in the black arrows appear in path 32. Thus, these two
replacements correspond to the replacement of x + 3 by (z + 2) inside the box Bi(a43),h(2+3)-
We continue that way until at the last step we perform the following two replacements

1. Replacement of (y - 2) by (y - 3) in the black arrow — (y — 2);

2. Replacement of (y — 1) by (y — 2) in the black arrow (y — 1) —. This changes (y - 3)
to y — 3);
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According to our notation, ¢°, modified by all the previous steps, takes
U = |Bry—2)ny-2-1] + 1 to (y —2) and takes y — 1 to v = |Bjy—2)ny—2)+1|- Indeed, after
the previous step, in ¢° we must have an alternating path

(u—1)->u— (y—2) - (y—1) = v, (33)

which is .
(u—1)— (y — 2) — .

The two replacements of the last step transform path 33 to
(u—1) -=>u— (y—3) -—=» (y — 2) = v, (34)

which is }
(u—1)— (y —3) —v.

Notice that both replacements in the black arrows appear in path 34. Thus, these two
replacements correspond to the replacement of y ~— 2 by y — 3 inside the box
Biy-2)h(y—2), and to change of (y — 2) in the box Bjy—1)ay-1) to (¥ — 2).

At this point, we performed all the 2(y — x — 1) replacements in the black arrows of ¢°.
Our marking notation makes it easy to verify that all the required replacements in ¢* were
performed correctly. Thus the lemma is proved for y > x + 2. The proof for y < x — 1 is
done in a similar way, by using the same marking notation and performing the replacements

in steps. ]
Definition 51. We say that the permutations ¢,0 € S,, are in the same “x — —y cyclic
orbit” if there exist some permutations 7y,...,7 € S, such that 7 = ¢, 7, = 6, and, for
each i =1,... k — 1, either 7; can be obtained from 7;,,; by an x — —y cyclic operation or
T;+1 can be obtained from 7; by an x — —y cyclic operation.

Notice that according to Definition 51, ¢,0 € S, can be in the same x — —y exchange
orbit, while neither of them can be obtained from the other one by performing x — —y cyclic
operations.

Theorem 52. Let ¢,0 € S, be two permutations such that 6 is obtained from ¢ by an x——y
cyclic operation. Then

Pr(ajay - - - a, = ag,a4, - - - ay,) = Pr(aay - - - a, = ag,ap, - - - agp,).

Proof. We consider four different possible cases, and prove the theorem for each of them
Case 1 is when x # 0,n and y # 0. In this case, there exists some k, 1 < k < n — 2,
such that ¢ =z, ¢p11 =y, and @10 = x + 1. Hence, the equation
aiag - Ap = CL¢16L¢2 . 'CL¢

n

is of the form
A1A2 "« Qp = Qg gy« * Oy ApQyQr 1 Qg 5 - Qg (35)
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If y > x, then Equation 35 is equivalent to

a1 (Aplpi1) Ay G = gy Qg (Qai1) () Ayag11)Ag, - o, - (36)
We define
o by =aq; forallt <x andt > y;
® b, = a,a,41;
o by=as forallz+1<t<y—1;

L4 by—l = Qg41;
o b, = a;_il_lay.
Next, b,_; = a4+ and b, = a,},a, imply
° byflby = Qy;

-1
® byby_1 = a,, 10,0,41.

As random variables ay,...,a, run over all elements of G, so do random elements
bi,...,b,. Now, the Equation 36 is equivalent to the equation
biby - - - by, = by b, - - - bg, _ bybyb,_1bg, - bg,, (37)
where

e 0, = ¢, for all such ¢, for which 1 < ¢, <z ory < ¢y < n;
e 0, =y —1 for the t, for which ¢, = x + 1;

o 0, = ¢, — 1 for all such ¢, for which x +1 < ¢; < y.

This proves the theorem for the subcase y > x of the first case.
If y < x, then Equation 35 is equivalent to

apc ey (Appg1) G = gy Qg (A0aya; ) (pa41) g, 5+ Ao, (38)
We define
e by=aqa;forallt <yandt>uz+1;

i bz-i—l = QgQz41;

e by=a;, 1 forally+1<t<ua;
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® by = ay;

o by =a,a,.

Next, by11 = a, and b, = aya;il imply
® byby 1 = ay;

-1

® byi1b, = azaya; .

As random variables ay,...,a, run over all elements of G, so do random elements
bi,...,b,. Now, Equation 38 is equivalent to the equation
biby - - by = by, b, - - - be,_ byy1bybri1bg, ., -+ be,,, (39)
where

e 0, = ¢, for all such ¢, for which 1 < ¢, <zxorx+1< ¢, <n;
e 0, =y + 1 for the t, for which ¢, = x;
e 0, = ¢, + 1 for all such ¢, for which y < ¢, < x.

This proves the theorem for the subcase y < x of the first case.
Case 2 is when x = 0 = ¢g. In this case, ¢; = y and ¢ = 1. Hence, the equation
A1Gg -+ Qp = Qg g, =~ - g

n

is of the form

102 -+ Ay = AyQ1Qgy -~ Ay, (40)
Multiplying Equation 40 from the left by a;* gives us
az- - an = (ay ayay)ag, - ag, (41)

We define
o b = aqy for all t > y;
o by=uayq foralll <t <y—1;
i by—l = a1;
o b, =aja,

Next, b, ; = a; and b, = a;*

a, imply
o b, 1b, = ay;
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-1
o byb, 1 =a aya.

As random variables ay,...,a, run over all elements of G, so do random elements
by, ..., by.
Now, Equation 41 is equivalent to the equation

by -+ by, = byby_1bg, - - - by, (42)
where

e 0, = ¢, for all such ¢, for which ¢, > y;
e 0, =y —1 for the t, for which ¢; = 1;

e 0, = ¢, — 1 for all such t, for which 2 < ¢, <y — 1.

This proves the theorem for the second case.
Case 3 is when x = n. In this case, x +1 =0 = ¢g, ¢, = y and ¢, = © = n. Hence,

the equation
A1Gg -+ Qp = A, G, =+ - g

n

is of the form
19 -+ - Ay, = Qg -+ g, 5 An Gy (43)
We apply the inverse map inv(g) = g~' to both sides of Equation 43 and obtain
atat,-art = a;lagla;jd e a;ll (44)

Define c,y1 s = a;' and ¢} = n+ 1 — ¢py14, for all i = 1,... . n. Define 2/ = 0 and
¥y =n+1—y. Then Equation 44 becomes

C1Co "+ Cn = Cgl Cyp *** Cyr s (45)

in which ¢} = ¢" and ¢, = 1. We apply 2’ — —y’ cyclic operation to ¢’. In the study of Case
2, above, we showed that Equation 45 is equivalent to the equation

(46)

n?

by by = byby_1bg, - by,
where
e 0, =0¢,=n+1—¢,1 for all such ¢, for whichn+1—¢,1 =@, >y =n+1—y;
o 0, =y —1=n—y for the ¢, for which n+1 — ¢, 11+ = ¢, = 1;

o 0 =¢,—1 =n—¢pn14 forall such ¢, for which2 < n+1—¢, 114 = ¢, <y'—1 =n—y.
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Next, we apply the inverse map inv(g) = ¢! to both sides of the Equation 46 and obtain
byt byt = by 0510 b (47)

Define dn1—; = b; ' and ; = n+1—0/,.,_,, for all i = 1,...,n. Then the Equation 47
becomes
dy---dy, =d by, -do, ,,dy_1d,. (48)

Here
o Oy=n+1-0 ., ,=n+1-¢, ., , = ¢ forall such ¢, for which ¢y =n+1—-¢, ,_, <
n+l-—y =y
e 0=n+1-0,_, ,=n+1—-(n—-y)=y+1thet, for which g, =n+1-9¢, ., , =
n+1—-1=mn;
o O=n+1-0_, ,=n+1—(¢ ., —1)=¢+1fory+l=n+1—-(n—y) < ¢ =
n+l—-—¢,,,,<n+l-2=n-1

This proves the theorem for Case 3.

Case 4 is when y = 0 = ¢y. In this case, ¢; = z + 1 and ¢,, = z. Hence, the equation
102 - - Ap = Qg Ay~~~ Qg

n

is of the form
A1y - Ay = Gpy1Qgy Ay, Ay (49)

Multiplying Equation 49 on the left by a, gives us
ApQ1Q2 - - Ay (ApQyi1) -+ Qp = (AgQyi1)Apy - - - Qg 4 s (50)
We define
e by =aq; forallt >ux+1;

o ba:-i—l = Qzlz41

e by=ua; 1 forall 1l <t <u,

e by =a,.
As random variables aq,...,a, run over all elements of G, so do random elements
bi,...,b,. Finally, the Equation 50 is equivalent to the equation
by by = byt1bg, -+~ bg, b1, (51)
where

e (O, = ¢, for all such ¢, for which ¢; > x;
e (, =1 for the t, for which ¢; = z;
e 0, = ¢, + 1 for all such t, for which 1 < ¢; < .

This proves our theorem for Case 4. m
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4.3 Main results

Definition 53. Two permutations ¢, 0 € S, are called “xr — —y equivalent” if there exist
some permutations ¢ = 7,...,0 = 7, € S, such that 7; and 7;,1, for each
t=1,...,k—1, are in the same x — —y exchange orbit or in the same x — —y cyclic orbit.

Theorem 54. If 0 and ¢ are x ——y equivalent, then Gr(¢) and Gr(0) have the same number
of alternating cycles.

Proof. Since 6 and ¢ are x — —y equivalent, there exist some permutations ¢ = 7,...,0 =
Tr € S, such that 7; and 7, for each ¢ = 1,... k — 1, are in the same x — —y exchange
orbit or in the same x — —y cyclic orbit. For each t = 1,...,k — 1, if 7; and 7;,; are in
the same x — —y exchange orbit, then, by Lemma 41, Gr(7;) and Gr(7;41) have the same
number of alternating cycles. Else, if 7; and 7;,1 are in the same x — —y cyclic orbit, then, by
Lemma 41, 77 and 77, ; have the same number of cycles in their cyclic decompositions. Now,
Theorem 31 asserts, that Gr(7;) and Gr(7+1) have the same number of alternating cycles.
Hence, Gr(¢) and Gr(f) have the same number of alternating cycles. O

Theorem 55. If 6 and ¢ are v — —y equivalent, then

Pr(ajas - - a, = ag,ag, - - - ay,) = Pr(aias - - - a, = ag,ap, - - - ag, ).

Proof. Since 6 and ¢ are xr — —y equivalent, there exist some permutations ¢ = 71,...,0 =
Tr € S, such that 7; and 7, for each i = 1,... k — 1, are in the same x — —y exchange
orbit or in the same x — —y cyclic orbit. For each ¢t =1,... k — 1, if 7, and 7;,1 are in the
same x — —y exchange orbit, then, by Theorem 43,

Pr.,(G) = Pr,, ,(G). Else, if 7, and 7,41 are in the same x — —y cyclic orbit, then, by
Theorem 52, Pr,,(G) = Pr,,, (G). O

At this point, we proceed to show that in a finite non-Abelian group G two permutation
equalities have the same probability if, and only if, their permutations have the same number
of alternating cycles. The “only if” part implies that every finite non-Abelian group G is
generic. This part immediately follows from a stronger result, stated in Theorem 6.8 due to
Das and Nath [10].

Theorem 56 (Theorem 6.8 of Das and Nath). For any finite non-Abelian group G,
Pr*"2(G) < Pr*(G).

Theorem 57. Every finite non-Abelian group is generic.

Proof. Let ¢ € S, have k alternating cycles in its cycle graph Gr(¢), and 0 € S, have t
alternating cycles in its cycle graph Gr(f). Then, by Theorem 67, Pry(G) = Pr?*(G) and
Pry(G) = Pr*(G). Thus, by Theorem 56, Pry(G) = Pry(G) only if k = t. O

We illustrate Theorem 57 by the following example, which is a generalization of Example
25.
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Example 58. Let the group G be Dg or QQs. Then

Pr(a1a2a3a4 © A2k —1A2k A2k +1A2k+2 * * - A2p = A2A1040A3 * * - A2kA2k—1A2%+1A2k+2 * * * an)

é k+k—! § o § 2+k—! ? o §4+ (52)
8 21k —2)1 \ 8 8 Ak —4)!' \ 8 8
The last summand in the sum 52 is (%)k, for even k, or (g) k (%)k_l, for odd k. Indeed, in
order for the equation

is equal to

Q1020304 * * * A2k —1A2A2k+102k+2 * * * Ap = Q2010443 * * * A2k A2k—1A2k+1A2k+2 * * * Up,

to hold, an even number of the inverted pairs a;;1a; must be equal to caja;ii, where c is
the nontrivial element from the center of G. All the other inverted pairs a;ja; must be
equal to a;a;i;. But, for each 2t where 0 < 2t < k, there are m different choices of 2t
inverted pairs, for which aj1a; = ca;ja;+1. Now, Pr(ajia; = aja;11) = g and Pr(a;iia; =
ca;a;41) = 1 — g = %. This justifies the sum 52. A direct computation now shows that
for different values of k we get different probabilities for the corresponding permutation

equalities.

Next, we prove Theorem 66, which, for even n, asserts the opposite direction of the
statement of Theorem 54. This, in turn, permits us to prove Theorem 67, in which the “if”
part of the above statement is asserted. In order to prove Theorem 66, we need the following
several technical lemmas.

Definition 59. Let ¢ be a permutation in S,,. Let ¢ be any nonnegative integer smaller
than n + 1. We define the permutation ¢ +; 2 € S,,,» as follows

o iy =¢, fort=1,...,1;

® [liy1 =n+2;

® fi2 =mn+1;

o iy =0¢; ofort=0i+3,....,.n+2.

Notice that for i = n, our definition implies ¢ +;2 = (¢1 ... ¢, n+ 2 n+ 1), and, for
i =0, it implies ¢ +;2=(n+2n+1 ¢y ... ¢,). Observe that for all 0 <i < n,

(¢+12>.:(¢Z7n+17n+2)¢.: (¢i7¢7§—17'"7¢0a¢n7"'7¢i+17n+1an+2)’

Lemma 60. Let ¢ be a permutation in S,, i < n be a nonnegative integer, and
w=0¢+;2€ S,2. Then Gr(¢) and Gr(p) have the same number of alternating cycles.
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Proof. From p® = (¢;,n + 1,n + 2) - ¢* we obtain
p=pu*-0,1,....n,n+1,n+2)=(¢;,n+1,n+2)-¢*- (0,n+1,n+2)-(0,1,...,n)

Now, ¢° always contains (¢;41 — 1) — ¢; and n — ¢,. When ¢;;1 = 0 = ¢p, i = n and
¢ir1 — 1 =n. Thus, (¢ — 1) — ¢; is identical to n — ¢,,. With regard to p°, the following
holds

o If ¢;11 # 0 then p° contains (¢ — 1) — (n+1) — ¢; and n — (n+2) — ¢,. For
all j # ¢iy1 — 1,n,n+ 1,andn + 2, the piece p; — py, of p° is identical to the piece
¢j — ¢ of %

o If ¢; 11 = 0 then p° contains (¢4 — 1) =n— (n+2)— (n+1) — ¢; = ¢,. For all
J #n,n+1,andn + 2, the piece p; — i of p° is identical to the piece ¢; — ¢, of ¢°.

This shows that ©° and ¢° have the same number of cycles in their cyclic decomposition.
Hence, by Theorem 31, Gr(u) and Gr(¢) have the same number of alternating cycles. [

Lemma 61. Let ¢ be a permutation in S,. Leti < n and j < n be two nonnegative integers.
Let p = ¢ +;2 € Spyo and 7 = ¢ +; 2 € Spq2. Then the permutations T and 1 in Syyo are
r — —y equivalent.

Proof. If 1 = j then 7 = p and our lemma trivially follows. If 7 # j, we can assume that
i > j. Since u®* = (¢;,n+1,n+2) - ¢*, the r — —y exchange operation, where x = n+ 1 and
y = ¢;, by Proposition 38, produces a permutation 6 € S,,, 5, for which

0°=n+1¢i,¢0i-1) (Gisn+1,n+2)-¢°
=(pit,n+1,n+2) 0" = (Pi1,bi 2,00, Pny- -, Oi,n+ 1,n+2).

Thus, consecutively performing on i — j x — —y exchange operations, in which z =n + 1
and y = @4, ®it1, ..., ¢;—1, produces the permutation 7. O
Lemma 62. Let ¢,0 be v — —y equivalent permutations in So;. Then any two permutations

p=0¢+;2€ Syys and T =0+;2 € Syio are v — —y equivalent in S(2t + 2).

Proof. 1t is sufficient to prove that for any permutation € € Sy, which is obtained from
¢ € S9 by one x — —y exchange operation or one x — —y cyclic operation, there exist some
nonnegative integers ¢ and k, such that the permutation y = ¢ +,2 € Syyo is o — —y
equivalent to the permutation 7 = 0 4+, 2 € S5;,5. Indeed, our lemma then follows, based on
Definition 53 and Lemma 61.

We start by considering the situation when 6 was obtained from ¢ by one x ——y exchange
operation. In this case, we set ¢ to be equal to k. An x — —y exchange operation on ¢, by
Proposition 38, produces 0, such that 6° = (z,y, z) - ¢°.
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Ift =1 then ¢ = 6 and our lemma follows from Lemma 61 . If ¢t > 2 we select any k such
that ¢p & {z,y,z}. Then the sets {z,y, 2} and {¢y, 2t + 1,2t + 2} do not intersect. Then
applying the same x — —y exchange operation on p produces a permutation 7, such that

T = (x,y,2) p* = (,y,2) (¢, 2t + 1,2t +2) - ¢°
= (P, 2t + 1,2t +2) - (2,9,2) - -¢* = (¢, 2t + 1,2t +2) - 0°.

The cycles (x,y, z) and (¢a, 2t+1, 264 2) in the equation commute, because the sets {x,y, 2}
and {pa, 2t + 1,2t + 2} do not intersect. Thus, 7 is exactly 6 4+ 2 € Sor4o.

We conclude by considering the situation when 6 was obtained from ¢ by one z — —y
cyclic operation. It is evident from Definition 44, that the + — —y cyclic operation, applied
on 6, does not affect the (2t + 1) — (2t + 2) piece in the (2t 4 3)-cycle p®, since both 2t + 1
and 2t + 2 are strictly greater than x and greater than y. Thus, performing an x — —y
cyclic operation on = ¢ +,2 € Sy 4o produces a (2t + 3)-cycle 7°, which contains some
Or+1 — (2t + 1) — (2t + 2) — 0. This Shows that 7 =60 +5 2 € Sy40. O

Let ¢ be a permutation in Sy, with ¢o = 2t — 1 and ¢o; 1 = 2t. Let a be a nonnegative
integer, smaller than 2¢ + 1. Let 6 € Sy be defined by 6,4, = (¢; +a) mod (2¢t+ 1), where
X is such that ¢, = —a. For a = 0 we have 6 = ¢. Notice that

¢° = (Pat—2, P23, - -, 1,00 = 0,2t — 1,2¢)
and
0° = (por—2+a,0903+a,....01+a,pp+a=a,2t—14+a=a—2,2t+a=a—1).
Here all indices and all elements are modulo 2¢ + 1.
Lemma 63. The permutations ¢ and 0 are x — —y equivalent.

Proof. The lemma is trivial for a = 0. Assume, by induction hypothesis, that the lemma
holds for a. We prove our lemma for a + 2. This, by induction, implies our lemma for all
a+2,a+4,a+6,.... Since a+ 1 = a+ 2t + 2 modulo 2¢ + 1, this implies our lemma for
a+1.

For all ¢ = 1,...,2t — 2, let j, be such that ¢;,, = 2t — 1 — ¢. Since 0° contains
(a —2) — (a — 1), we can perform the (a — 3) — —(a — 1) exchange operation on §. Recall
that all the calculations are carried modulo 2¢+4 1. Thus, for example, —1 = 2¢, —2 = 2t — 1,
and —3 = 2t — 2. This (a — 3) — —(a — 1) exchange operation produces the permutation p[1]
such that

p[l].:(¢2t—2+aa¢2t—3+aa---7¢j1—1+a>2t+a:a_17¢j1 +a':a_37"'7

b tadota=a2t—1+a=a—2).
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Since p[1]® contains (a — 1) — (a — 3), we can perform the (a — 2) — —(a — 3) exchange
operation on p[1]. This (a —2) — —(a — 3) exchange operation produces the permutation o[1]
such that

9[1].:(¢2t—2+a7¢2t—3+a’7"'a¢j1—1+aa2t+a:a_1’¢j1+1+a7"'7

i ta,dota=a,¢, ta=a—32t—1+a=a—2).

Since p[1]* contains (a — 3) — (a — 2), we can perform the (a —4) — —(a — 2) exchange
operation on g[1]. This (a —4) — —(a —2) exchange operation produces the permutation p[2]
such that p[2]* contains (a —2) — (a —4). Thus, we perform an (a — 3) — —(a — 4) exchange
operation on p[2] and obtain p[2]. Notice that p[1]® is obtained from

0° = (poyota,9 3+a,....,01+a,po+a=a2t—14+a=a—2,2t+a=a—1)

by adding 2 to 0,.;, = ¢;, +a =a — 3 and to 0,1, = ¢;, + a = a — 4, and subtracting 2
from 2t — 14+ a=a—2 and 2t + a = a — 1. Continuing this way, we produce permutations
o[3],...,0[2t — 2]. Now,

o2t = 2]° = (P 2+ a+ 2,09 3+a+2,....,010+a+2,¢9+a
=a,2t —1+a—[2t — 2]
=a+ 1,2t +a—[2t — 2]
=a+2).

Finally, we perform an a——(a+2) exchange operation on p[2t—2] and obtain the permutation
¢, for which

"= (b 2ta+t2,¢y3+a+2,....01+a+2,¢+a+?2
=a+2,2t—1+a+2
=a,2t+a+2
=a+1).

Thus, we proved the lemma for a + 2. O

Lemma 64. Any permutation ¢ € Ss, such that ¢* = (...,a,b,a —1,...), where a and b
are between 0 and 2t, is x — —y equivalent to some permutation 0 € Sy, such that

9. = (02t—27 egt_g, ce ,91, 90 - O, 2t — 1, 2t)

Proof. First, we show, that ¢ is x — —y equivalent to some p € Sy, such that p® contains some
k — k+1. Indeed, if b = a+1, then we let k£ = b. Otherwise, if b > a+1, then an (a—1)——b
cyclic operation on ¢ produces permutation p, such that p* = (...,b—1,b,a—1,...). Thus,
we set k =b—1. And if b < a — 1, then an (a — 1) — —b cyclic operation on ¢ produces
permutation p, such that p®* = (...,a,b,0+ 1,...). Thus, we set k = b.
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Next, let 4,7 be such that, in p*, p; = k and p; = k+ 2. If ¢« = j, then we set o = p.

Otherwise, a consecutive performance of k——p;, k——p;11, ..., k——p; exchange operations,
just like in the proof of Lemma 61, produces a permutation o = (..., k+2,k,k+1,...).
Lemma 63 now establishes that p, and, hence, ¢, is * — —y equivalent to 6. O

Lemma 65. Let ¢ € Sy be a permutation, different than the identity. Then ¢ is v — —y
equivalent to some permutation 60 € So;, such that

9. - (62,572, 92,5,3, ‘e ,90, 2t - 1, Qt)

Proof. There exists some number a between 0 and 2¢, such that ¢* does not contain a —
(a —1). Otherwise, ¢ is the identity permutation. Now, let ¢* contain some path

a—by —by— - —=b.— (a—1), (53)

where k& > 1. First, assume that k£ > 2. Then we look for b(7),
where 1 < i < k—1, such that (b(:)—1) ¢ {b(1),...,b(k)}. If we find such a b(i), we perform
the (b(i) — 1) — —b; 41 exchange operation on ¢, which shortens the path 53 to

a—>b—-—b —=>big— - —=>b— (a—1).

If we do not find such a b(i), then (b(k) —1) & {b(1),...,b(k)}. In this case, we perform the
(a — 1) — —=b(1) exchange operation on ¢, which changes the path 53 to

a—>by— - —=b,—=>b — (a—1).
Now we perform the (b(k) — 1) — —b; exchange operation, which shortens the path 53 to
a—>by— - = by — b —(a—1).

By repeating the argument of shortening the path 53, we can assume that £ = 1. The
lemma now follows from Lemma 64. O]

Theorem 66. If two permutations ¢ and 6 in So; have the same number of alternating cycles
in their cycle graphs Gr(¢) and Gr(0), then they are x — —y equivalent.

Proof. We prove the theorem by induction on t.

Basic step. For t = 1 we only have one permutation (2 1) € Sy with one alternating
cycle in its cycle graph, and one permutation (1 2) € S, with two alternating cycles in its
cycle graph. Hence, the proof is completed for ¢ = 1.

Induction. Assume that the induction hypothesis is true for t. We will now prove it for
t+ 1.

If Gr(¢) and Gr(@) have only one alternating cycle, then ¢ = 6 is the identity permutation,
and the proof is finished.
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Otherwise, by Lemma 65, there exist permutations g and 7 in Sy o such that

1 = (phat; foe—1, - - - po, 26 + 1,2t + 2),

7—. = (7—2t77—2t—17 N ,7_07 Qt + ]_7 2t —I'— 2)’

and p is x — —y equivalent to ¢, 7 is x — —y equivalent to 6.
By Lemma 60, the permutations p = (u; po ... fpiog—1 flor) and
0= (m To ... To_1 To) in Sy have the same number of alternating cycles in their cycle

graphs as the permutations p and 7, which, in turn, by Theorem 54, have the same number
of alternating cycles in their cycle graphs as the permutations ¢ and . Now we apply the
induction hypothesis to obtain that p and g are x — —y equivalent in S5. This, by Lemma
62, establishes that p and 7 are  — —y equivalent in Sy o. Thus, ¢ and 6 are x — —y
equivalent in S 9, which completes the proof. m

At this point we are ready to state and prove the two main findings. They generalize the
observation, made at the end of the previous section, that the probability of a permutation
equality in a fixed finite group G depends only on the number of the alternating cycles in
the cycle graph of the permutation.

Theorem 67. Let ¢ € S, be a permutation such that Gr(¢) contains k alternating cycles.
Then, for all positive k < n,

Pry(G) = Pr" ™ M(G) = Pr(ajay - - - G pns1—k = Gna1—kln_j - - - G2a1)

Since, as shown in [12], n — k must be an odd number, k < n implies k <n —1. Ifk >n
then k =n+1 and ¢ is the identity permutation, which implies Pry(G) = 1.

Proof. 1f n is an even number then, by Theorem 66, the permutations ¢ and
(Apy1-k .- Q1 Gpyo g ... a,), both having k alternating cycles in their cycle graphs, are
x — —y equivalent in S,,. Next, Theorem 55 asserts that Pry(G) = Pr" ™ %(G).

If n is odd then define p € S,,11 by p=(¢1 ... ¢, (n+1)). Notice that Gr(p) contains
the same k alternating cycles as Gr(¢) plus one additional alternating cycle (n+1) --» 0 —
(n+1), which is (n+1) + (n+1). Since n+1is even, Pry(G) = Pr,(G) = Pr"*2-*D(G) =
PR (@), O

Theorem 68. Let G be a finite non-Abelian group. Let ¢ and 6 be two permutations in S,,.
Then, Pry(G) = Pry(G) if, and only if, the number of the alternating cycles in the cycle graph
Gr(¢) equals the number of alternating cycles in the cycle graph Gr(0). Thus, the spectrum
of probabilities of permutation equalities for permutations from S, in a finite non-Abelian
group G consisting of exactly L%J + 1 different numbers, each number corresponding to its
unique Hultman class of permutations in S,,.

Proof. This theorem follows trivially from Theorem 67 and Theorem 57. [
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5 Two explicit formulae for Pr*(G)

We provide two explicit formulae for Pr*(G). Our first formula expresses Pr*(G) in terms
of Stab. Prod,(zy, o3, ..., 2;). Our second formula expresses Pr*(G) in terms of Ciyoninij (G).
These results constitute a generalization of what was shown in Theorem 18 for permutations
in 54.

Theorem 69. Let G be a finite group. Then
> |Stab. Prody(z,za, ..., x4)|

2,1t €G
Pr(ajas - - - ay = agag—1 -+~ a1) = e G2 (54)
(G) 2
1 - 41 - ¢ iy,inii(G)
Pr(ajas - ag = oo+ a1) = —— - . 55
(12 2t 2tU2t—1 1) ‘G’t Z |Ql“91”92’ ( )
11,82,..,0¢,J=1 ! 2 t
Proof. Let us consider a generic equation
A10Gg -« -~ Gt = A2¢A2¢—1 ** ~ A7.
Let x; denotes the product ag;_jas; for all i = 1,... t. Let x} denotes the product ag;ag;_1.
Notice that by Lemma 10, we have z; ~ 2.
The equation
A1z -+ - At = A¢A2¢—1 * - A1
then becomes
T1Xg - Ty = x;fx;—l . ‘/E?I_
Now, consider any equation
T S A < €
such that z; ~ z for all i = 1,...,¢. Then, by Lemma 11, there are exactly
= |Cq(z;)| different ways to break each x; into a product as;_jas; in such a way tha
s = |C. different to break each z; int duct in such that

X = ag;az—1. Thus, to each fixed equation
AW /
T1Xo Ty = xtxtfl . .xl

corresponds to

[Calz)] - [Calaa)] - |Ca ()]

different equations
Q1A -« - Qg = A2¢A2¢—1 * *~ A1-

Notice that for any fixed elements xy, xs,...,z; € G, we can define an element

1 —1 —1 -1 -1
) = (voxs - wy)  xy(wows -+ ) =X, Ty Ty T1Toly - Ty
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and obtain an equation
/!
T1To Ty = T4Lp—1 " " * 1‘23';1‘

Now, for any general equation

) /
XT1T9 - Ty :xtxt_l...ajl’

in which x; ~ « for all 7, there exist some elements g1, go, ..., g € G, such that
7, = gialgyt and, for all i = 2,3, ... ¢, i = giw,g; .
Thus, if we select and fix elements xq, xo,...,2; € G, we will have

|Stab. Prody(zy, . . ., x9, )|
[Co(@)]---- |Ca(ws)| - |Ca(a?)]

different equations
! ! /
T1Tg - Ty = xtl‘t—l . .I17

in which 2 ~ z; and for all i. Indeed, every ordered t-tuple
(Gt,Gt—1,- -, 92,97) € Stab. Prod,(zy, . . ., 2, 2,
by setting o} = g;x;9; ', for all i = ¢,...,2, and x/, = g12"g; ", produces an equation
T1Tg Ty = TyT, T

And any two of these equations produced from the equation xjxo---z; = x4 - - - 20!
are identical if, and only if, g; € Cg(x;), for all i = ¢,...,2 and ¢; € Cg(2”). Now,
|Ce ()] = |Ca(z1)|. Thus, for each fixed ordered t-tuple (z1,zs,...,x:) of elements of G

we have
|Stab. Prody(zy, . . ., x2, )|

[Co(@)] - |Ca(ws)| - [Calw)

different equations
! ! /
T1Tg -+ Ty = Ty Ty -+ Ty

As we showed above, to each of these equations correspond

[Calxr)] - [Calaz)] - |Ca ()]

different equations
a1Qg - - - Gg¢ = A2Qop—1 * ** A1.

Thus to each ordered t-tuple (z1, x9, ..., x;) of elements of G' correspond
|Stab. Prod(xy, . .., x9, z])| different equations

a1ag - - - Agg = Q2¢Q2¢—1 * * * Q7.

Hence, to find
Pl"(alCLQ crc Qo = Ag¢¢—1 CL1)
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we need to sum |Stab. Prod(x;, 41, ... 22, 27)|, as x1, za, ..., x; run over all elements of G.

Since x1, 9, ..., x, run over all the elements of G, and for each fixed x4, ..., 2z, 1 there
is a one-to-one correspondence between zf and z;, the sum remains the same if we sum
|Stab. Prod,(x¢, 241, ..., 22, 21)|, as z1,xa,...,x; run over all elements of G. That proves

Equation 54.
Now, select and fix an element 2z in an equivalence class §2; of G.

Let xq,...,x¢, 2, ..., 2, € G be such, that x; ~ z} for all 4, and
TTo- oy = 2 = 2haly -1 (56)
For each i = 1,...,t, there are |Cg(x;)| different ways to break z; into a product as;_jas; so

that ag;ag_1 = z4. Hence, for each (fixed) Equation 56 we have exactly |Cq(z1)| - |Ca(22)] -
-+ |Cq(xy)| different equations

(alaz)(a3a4) ce <a2t—1a2t) = X112 Ty

=y = :E;_‘T/Z e x; = (a2a1)(a4a3) e (a/Qta/Qtfl)'

But,
(Colan)|-ICalan)] -+ - ICalao) o]
clx1)] - |Cglz2)| - |Caly)| = .
Qx| - [Qz2)| - - [ Q)]

Now, for z € Q; there are ¢;, 4, . ;,.;(G) different ways to write z as a product z1zs - - - x4,
where z; € ; for all i = 1,...,¢, and ¢;, 4, 4,.;(G) different ways to write z as a product
ahaty -y, where 2 € Q; for all ¢ = 1,...,t. Thus, for each z € Q; there are ¢} ;, . .(G)
different equations of the form

xle...xt:Z:xlll‘;...I;,
in which z;,2; € Q; for all i = 1,...,¢. Thus, for each z € Q; there are
c(G) 2
|G|t . Z Cil,ig,..l,it;j (G)
i17i27-~~7it:1 |Q7/1| ' ‘912’ e ’QZt’
different equations of the form
(G1G2)(a3a4) T (a2t—1a2t) =z = (agal)(a4a3) T (a2ta2t—1)'
We make z run over all the elements of G and obtain
c(G) 2
Pr(ajas - - - ax—1a9: = agay - - - agpoi—1) = = - o R .
’G‘t 74'177:27%7]':1 ‘Q“’ ’ ’9742‘ ..... |Q’Lt‘

Since both permutations ¢ = (2t 2t —1 ... 1)and 0 =(2 1 4 3 ... 2t 2t —1) have
exactly one alternating cycle in their cycle graphs Gr(¢) and Gr(#), Equation 55 follows
from Theorem 68. O
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6 Conclusion

In conclusion, we recall two known results. The first result relates Pr**(G) to the commutator
subgroup G’ and the quotient group G/Z(G), and the second result relates Pr*(G) to the
notion of isoclinism of groups. We give a counter-example to the opposite direction of the
second result. We conjecture a weaker form of the opposite direction of the second result.
Finally, we give an example, demonstrating that the isoclinism in the second result cannot
be replaced by weak isoclinism. From that it follows that the opposite direction of our
conjecture is false.

Theorem 70. The first result, established by Das and Nath [9], is

lim Pr* (@) !

o0 el

Theorem 71. The second result, established by Das and Nath [9] If two finite groups G,
and Gy are isoclinic, then Pr*(Gy) = Pr*(Gy) for allt = 1,2, .. ..

For example, every two Abelian groups are isoclinic. Clearly, Pr*(G) = 1 for all ¢, for
every Abelian group. The dihedral group Dg and the quaternion group (g, both of order 8,
are isoclinic. As we showed in Example 58, Pr*(Dg) = Pr*'(Qg) for every t > 1.

Now, notice that the opposite direction of the second result is not true. Two finite groups

Gy and Gy, for which Pr*(G,) = Pr*(G,) for all t = 1,2, ..., do not have to be isoclinic.
For example, the groups

.2 2 _ 2 _ 2 _ 2 _ 2 _
G1 :<a1,a2,a3,a4,a5,a6 D] = Q4,04 = Q6,09 = Ay = Ay = g = 1,

[Ch,ag] = as, [a17a3] = [ag,a4] = as,

la1, as] = |ag, as] = [as, as] = [ag, a3] = [as, as] = [az, ag] = [as, ag] = 1)
and

2 92 9 9 9 o
Gy =(ay,as,a3,a4,a5,a6 : af =a; = a; = a; = a; = ag = 1,

lay, az] = as, [a1, as] = |ag, as] = as,
a1, as] = [a1, as5] = [ay, ag] = [ag, az] = [az, as] = [as, a]

= [a3,a4] = [CL3,G5] = [@3706] = [04,%] = [a47a6] = [%;CLG] = 1>7

both of the order 64, are not isoclinic, not even weakly isoclinic. Indeed, G1/Z(G;) is a
non-Abelian group of order 16, while G5/Z(G>) is an Abelian group of order 16. The fact
that Pr*’(G,) = Pr*(G,), for every t > 1, is verifiable by a direct calculation.

From Theorem 70 it follows that, if for two finite groups G; and G5 we have
Pr?(G,) = Pr*(G,) for every t > 1, then |G| = |G%|. That motivates the following
conjecture, which, together with |G| = |G}|, is a weaker form of the opposite direction of
the second result.
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Conjecture 72. Let G| and Gy are two finite groups, such that Pr*(G;) = Pr*(G;) for
every t > 1. Then |G1/Z(G1)| = |G2/Z(G2)|.

The groups G5 and G35 = Dg x Dg give a counterexample to the opposite direction of
Conjecture 72. Moreover, G} is isomorphic to G4|, and G5 /Z(G5) is isomorphic to G3/Z(G3)].
Thus, G5 and G3 are weakly isoclinic. However,

Pr*(G,) = 2 # 2 = Pr*(G3). Hence, by Theorem 71, G5 and G5 are not isoclinic.
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