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Abstract

Let ¢ > 2 be a prime number and define A\, := (g) where 7(n) is the number

of divisors of n and 7 is the Legendre symbol. When 7(n) is a quadratic residue

modulo ¢, then the convolution (A; * 1) (n) could be close to the number of divisors of
n. The aim of this work is to compare the mean value of the function A\;x1 to the well
known average order of 7. A bound for short sums in the case ¢ = 5 is also given, using
profound results from the theory of integer points close to certain smooth curves.

1 Introduction and main result

If Q(n) stands for the number of total prime factors of n and A = (—1)% is the Liouville
function, then
¢(2s)

C(s)

L(s,\) = (0 >1).

This implies the convolution identity
Z (Ax1)(n) = Lxl/ﬂ ,
n<x

where, as usual, F' % GG is the Dirichlet convolution product of the arithmetic functions F
and G given by

(F+G)(n) =Y F(d)G(n/d).

dn
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Define A3 := (1) where 7(n) is the number of divisors of n and ( ) is the Legendre

3
symbol. Then from Proposition 3 below

wl

¢(3s)
¢(s)

L(S, /\3) =

implying the convolution identity

> (Asx1)(n) = [2'/3] .
n<e
Now let ¢ > 2 be a prime number and define A\, := (g) where <5> is the Legendre
symbol. Our main aim is to investigate the sum

> (Agx1)(n).

n<a
When 7(n) is a quadratic residue modulo ¢, one may wonder if (A, x 1) (n) has a high prob-
ability to be equal to the number of divisors of n. Note that this function is multiplicative,
and, for any prime p, (A\,x1)(p) = 1+ (3) Consequently, when 2 is a quadratic residue
modulo ¢, then (A, x 1) (n) = 7(n) for all squarefree numbers n. On the other hand, when 2
is a quadratic nonresidue modulo ¢, then (A, x 1) (n) = 0 unless n = 1 or n is squarefull, so

that ), ., (A1) (n) < 2'/2 in this case. It then could be interesting to compare this sum
to the average order of the function 7, i.e.,
ZT(TL) =z (logz +2y— 1)+ O (2%9), (1)
n<e
where
1 131
the left-hand side being established by Hardy [5], the right-hand side being the best estimate
to date due to Huxley [6].
To state our first main result, some specific notation are needed. For any prime q > 3,

let ¢, respectively d,, be least positive integer m € {1,...,¢ — 2} for which (%) =+ (mTH>,
respectively <%) #* — (mTH> Note that ¢, and d, are well-defined, since it is known from
[3, p. 75-76] that the number of m for which (%) = (mTH> and <%) = - (mTH) are
respectively (¢ — 3) and 2(¢ — 1). Hence there is at least 3(¢ — 3) integers m for which
<%) #++ (m—“> For convenience, set ds = 3.

q
As usual in number theory, we adopt Riemann’s notation s = o + it € C and ( is the

Riemann zeta function, and define the FEuler products

o[ £ (5 ()t) -0

p




and

Ryl H(HZ((m“) (%))pis) (0>1).

Theorem 1. Let ¢ > 3 be a prime number.
(a) If ¢ = +1 (mod 8)

5 0+ 1) () = @ B0 (g + 21— 1+ 45 0) + 32

q

( )) _'_Oqz-:( max(l/cq,G)Jre)’

n<x
where 0 is defined in (1) and (2).
(b) If ¢ = £11 (mod 24)
D (1) (m) = 2'77¢ () Ry (3) + O (#1°7%)
n<e
(¢) If ¢ = £5 (mod 24), there exists ¢ > 0 such that
~1/5

1/4)3/5 1
S g # 1) (n) < a/2ec(lomet/?) 7 (toglosa' )

n<T

Furthermore, if the Riemann hypothesis is true, then for x sufficiently large

Z (Ag* 1) (n) <4 g 1/4e(log vz)''? (loglog Va)P/re

n<x
Example 2

> (Arx1)(n) = 0.454x (logx + 2y + 0.784) + O, (2/2%) .

n<x

D (Aasx1)(n) = 0899z (logx + 2y — 0.678) + O, (¢'*1/415%¢) .

n<x

D (Msx1)(n) =1.9692" + O (')

n<x

S (s w 1) () < /2emclioet )" (ons)

n<x



2 Notation

¥
not need to be the same at each occurrence, ¢ always denotes an odd prime number, (6) is

- ()

where 7(n) := 3>, 1. Also, 1 is the constant arithmetic function equal to 1.

In what follows, x > e* is a large real number, ¢ € (O ) is a small real number which does

the Legendre symbol and

For any arithmetic functions F' and G, L(s, F)) is the Dirichlet series of F, and F~! is
the Dirichlet convolution inverse of F'. If r € Z-o, then

1, itn=m"
ar(n)::{’ it n=m";

0, otherwise.
For some ¢ > 0, set

50(1') = e_c(log:E)S/S(loglogw)_l/i’) and w(x) — 6(10g1)1/2(10g10g$)5/2+5'

Finally, let M(xz) and L(x) be respectively the Mertens function and the summatory
function of the Liouville function, i.e.

M(z) := Zp(n) and L(z):= Z)\(n)

nx n<x

3 The Dirichlet series of )\,

Proposition 3. Let ¢ > 3 be a prime number. For any s € C such that o > 1

> If ¢ = £1 (mod 8)

v =cee T 1+ S (%) (%) 5

P m=cq

> If ¢ = £3 (mod 8)

- S 1 (20 (2)




Proof. Set x, = (E) for convenience. From [8, Lemma 2.1], we have

Lish) = ]I 1+§:M>ZH<1+PS§:%>

P a=1 psa P a=2
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(7)) ()
q)) pme q) pla—bs

m=2
(5 () s
= — )+ (= -
—~ q q)) s pe
We achieve the proof noting that, if ¢ = +1 (mod 24), then (2 ) — %) = ‘é - (%) =0
and, similarly, if ¢ = £11 (mod 24), then (3) + (2> = 0 whereas (4) + <§> =2 O

4 Proof of Theorem 1

4.1 The case ¢ = +1 (mod &)

For 0 > 1, we set

oir-co 1+ £ () () ) -comeo -0

n=1
This Dirichlet series is absolutely convergent in the half-plane o > é, so that
Z | gq | Lqe pl/cate
n<x
By partial summation, we infer

S UL )+ 0 (o)

n<x

> # log% = C(q)P,(1)logx + qPy(1)¢'(q) + Py(1)¢(q) + O (x~ ')

n<x



From Proposition 3, \; x1 = g, x 7. Consequently

D Ogx)(n) = Y gyd) Y (k)

n<w d<z k<z/d
€T 0+¢
= qu ( log = +(27—1)d+0(<3) )>
d<z

=z (C(q)Py(1)log x + P, (1) (q) + Py(1)¢(q) + (27 — 1)¢(q) By(1))
+0 (xmax(l/cqﬂ)-i-e) 7

where 6 is defined in (1) and where we used

7€Z|g {I/Cq , iqu_IEQ;

— otherwise.

4.2 The case ¢ = +11 (mod 24)

For 0 > 1, we set

wao =Tl (18 ((75) + (3)) ) - coomer - 2

m

Since ¢ > 5, this Dirichlet series is absolutely convergent in the half-plane o > %, so that
Z ’h ’ Lqe x1/3+5
n<x

From Proposition 3, Ay x 1 = h, % as, hence

S (Ax1)(n) = th(d)L gJ

n<z d<z

he(d)
_ . 1/2 q + O (213

PV, (1) 40 (200

4.3 The case ¢ = £5 (mod 24)

In this case, it is necessary to rewrite L(s, \,) in the following shape.



Lemma 4. Assume ¢ = £5 (mod24). For any o > 1, L(s, \,) =
(<(55)7 if q=75;

K,(s) = C(4s)Ly(s), if ¢ =+£19,£29 (mod 120);

if ¢ = 443,453 (mod 120);

o =Tl (12 T ()« (3) )

m=6

and

25_1

Ly(s) = C(QS)H(l—( e

AR IR

- (p> — 1§):S(p28 +1) qz_i ((mTH) ’ (%)) pis) '

m=6

The Dirichlet series Ly is absolutely convergent in the half-plane o > %, and the Dirichlet
series L, is absolutely convergent in the half-plane o > %.

Proof. From Proposition 3, we immediately get

L(S, )\5) =

Now suppose ¢ > 5 and ¢ = £5 (mod 24). In this case, (%) + (%) = —2 and <§> + <§> =0
so that we may write by Proposition 3

o = ST 2 () 4 (1) )

K6 -
C(s)¢(2s)
where
Kals) = ¢lgs) 1;[ (1 TS 1— )2 (p2sp4—s 1) :; ((mTH) (%)) p}m)



Assume ¢ = £19,4+29 (mod 120). Then
5 4 6 5
q q q q
K,(s) can therefore be written as

K,(s) = C((gs) H (1 + i 5;;_21)2 + (p2sp4_5 1) :121 ((m—H " (%)) p:“)

p

q
_ 2(p* +p* + 1) p23+1q1((m+1) (T)) !
~ s [] <1+ e o ) )) e

P
= ((45)Ly(s).
Similarly, if ¢ = £43, £53 (mod 120), then

SRORCROR
Hence
Ky(s) = Clgs) ] (1 = 1_ 1) + (pzspis 1)? “6 ((mTH) " (%)) p’l’“)

Ly(s) _
((4s)
The proof is complete. O

We now are in a position to prove Theorem 1 in the case ¢ = £5 (mod 24).

Assume first that ¢ = £19, £29 (mod 120) and let ¢,(n) be the n-th coefficient of the
Dirichlet series L,(s). From Lemma 4, A, x 1 = £, x ay x a;* and therefore

> 0ex 1)) d;g ZMM(W\D S 4,0) (\D

m<(z/d) d<e

Since L(z) < z0.(z) for some ¢ > 0

S < o2y ) <\/§)

nx d<z
1/2 |4g(d)] T
<oy y ) Bl ()
d<y/z  z<d<z
l
< x1/25 1/4 21/2 Z |
d>\/x



The Dirichlet series Ly(s) := > 0" | £y(n)n=* is absolutely convergent in the half-plane o > £

consequently
ZM ‘ L Z1/5+5

d<z

and by partial summation

Z \E <<q _ o3/104<

d>z

We infer that

S (g% 1) () < 226, (24) + 27/0% < g1/25, (211)

n<x

Now suppose that the Riemann hypothesis is true. By [1], which is a refinement of [9], we
know that M(z) <. z'/2w(z). The method of [9, 1] may be adapted to the function L
yielding

L(z) <. zl/zw(z) log z.

Observe that, for any a > 2, ¢ > 0 and z >

log z exp (\ /log z (log log z)“) < exp (\/ log z (log log z)“+€>

so that L(z) <. 2z"/?w(z) and hence

> O 1) () << S DL (2 i (v 30 1 v (v

n<x d<zx d<z

completing the proof in that case. The case ¢ = 5 is similar but simpler since Asx1 = as*a; '

by (3).
Finally, when ¢ = £43,+53 (mod 120), we proceed as above. Let v,(n) be the n-th
coefficient of the Dirichlet series £,(s). Then A\, x 1 = v, xa;' xa," from Lemma 4, so that

1 Jx
S0 D= @ X am (oz/%)
n<e d<z m<(x/d)t/4
and estimating trivially yields
1/2 |vq(d)] 1 1z
S o< S I  La(1
n<x d<z m<(x/d)1/4

and we complete the proof as in the previous case. O
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Remark 5. Let us stress that a bound of the shape

Z (A * 1) (n) < at/4*e

n<x

for all = sufficiently large and small ¢ > 0, is a necessary and sufficient condition for the
Riemann hypothesis. Indeed, if this estimate holds, then by partial summation the series

o2 (Ag*1) (n)n=* is absolutely convergent in the half-plane o > ;. Consequently, the

function K,(s)¢(2s)~! is analytic in this half-plane. In particular, ((2s) does not vanish
in this half-plane, implying the Riemann hypothesis, proving the necessary condition, the
sufficiency being established above.

5 A short interval result for the case ¢ =5

5.1 Introduction

This section deals with sums of the shape

> (Asx1)(n)

r<n<x+y

where 2° < y < x. From Theorem 1

Z ()\5 * 1) (n) < 371/26_6(1(%x1/4>3/5(10g10gx1/4)71/5

r<n<r+y

and if the Riemann hypothesis is true, then

3 e x1) (n) <. at/elionvE) " oslos vipreee

r<n<r+y

The purpose is to improve significantly upon these estimates when y = o(x), by using
fine results belonging to the theory of integer points near a suitably chosen smooth curve.
To this end, we need the following additional notation. Let § &€ (O, %l), N € Z-, large,
f : [N,2N] — R be any map, and define R(f, N,J) to be the number of elements of the
set of integers n € [N,2N] such that || f(n)|| < d, where [|z|| is the distance from z to its

nearest integer. Note that the trivial bound is given by

Z Asx1) (n) < Z T(n) < ylogx.

r<n<r+y r<n<r+y

11



5.2 Tools from the theory

In what follows, N € Z; is large and § € (0,1). The first result is [7, Theorem 5] with
k = 5. See also [2, Theorem 5.23 (iv)].

Lemma 6 (5th derivative test). Let f € C°[N,2N]| such that there exist Ay > 0 and X5 > 0
satisfying Ay = N5 and, for any x € [N,2N]

FO@)] =X and [fO(@)] = K.

Then
1/4

R(f, N,8) < NS + NoY6 4 (6x,1) " + 1.

Remark 7. The basic result of the theory is the following first derivative test (see [2, Theorem
5.6]): Let f € C*[N,2N] such that there exist \y > 0 such that |f'(x)| < A\1. Then

R(f,N,0) < NA\y + N&+ A" + 1. (4)
This result is essentially a consequence of the mean value theorem.
The second tool is [4, Theorem 7| with k£ = 3.

Lemma 8. Let s € Q*\ {£2,+1} and X > 0 such that N < X'/*. Then there exists a
constant ¢z == c3(s) € (O, %) depending only on s such that, if

N25 g C3 (5)

then

1/7 1/21

R <n£ N, 5) < (XN?=) 7T+ 6 (XN

Our last result relates the short sum of A5 x 1 to a problem of counting integer points
near a smooth curve.
Lemma 9. Let 1 <y < x. Then

Z (As*1)(n) < max R(H%,N, L) log x + ya~ Y2 4 271525,
r<n<aty (16y2z—1)/5 < N<(22)'/° n VvV N5z
Proof. Using (3), we get

S0 )= 3w | ()

n<x d</x

12



so that

> GerD) - Zu<d>({(xd§y)%J—{(%)”J% > u
r<n<r+y d<y/z U - Vr<d<yzty
< 21 e

< Z Z 1—|—y93_1/2

d<y/x z<d?n®<z+y

< Z Z 14 yx’l/z

n<(2a:)1/5 (%)1/2<dg(L+5y)1/2

r+y x ~1/5,2/5 ~1/2
< Z (\‘ : J — { —5J> +x y '+ yx
(16y2z— 1) /5 <ng(22)1/° " "

and for any integers N € } (16y2x*1)1/5 , (2x)1/5] and n € [N,2N]

r+y T Y 1
nbd n® Noy 4
so that the sum does not exceed
£ Y ~1/5,2/5 ~1/2
< max R —, N, >logx+x YT +yx
(1622~ 1)/5 < Ng(22)"/° ( nd vV N°x
as asserted. ]

5.3 The main result

211/20

Theorem 10. Assume y < c3 where ¢3 1= c3 (g) is given in (5). Then

Z (As*1)(n) < ($1/12 + yx’A‘/g) log z.

r<n<r+y

Furthermore, if y < ¢ 29/

Z (A5 % 1) (n) < 2/ log z.

r<n<T+y

Proof. We split the first term in Lemma 9 into three parts, according to the ranges
(16227 )"° < N <2010 22Y10 < N <226 and  22V/6 < N < (22)'°.

13



In the first case, we use Lemma 6 with Ay = (zN~13)"% and As = (zN~15)"/? which yields

= 4 1/12 —1/40, 1/6 —3/20, 1/4
max R(+/—,N, < /124 g g .
(16y22—1)Y/5 < N<221/10 ( nd \ /N5$> Y Y

For the second range, we use Lemma 8 with X = 2'/2, s = 2 and § = y (N°z 2 Notice
2

that the conditions N > 221 and y < ¢3 2'1/?° ensure that § < % and N2§ < c5. We get

T Y 1/12 —4/9
ma R — N, —=— | K=z T .
2x1/10<N§2x1/6 ( nd’ "’ \/N5x) Y

The last range is easily treated with (4), giving

T Y 1/12 —3/4
max R —, N, <Luw + yx .
201/6 < N<(2x)'/® < n’ v N%) Y

Using Lemma 9, we finally get

Z (s * 1) (n) < (:pl/l? +l,—1/40y1/6 +x_3/20y1/4 —|—y:v_4/9) 1ng+$_l/5y2/5

r<n<e+y

and note that 2= 1/40y1 /64 g=3/2091/4 4 2=1/512/5 « 2112 35 s00n as y < 2'%/?°. This completes
the proof of the first estimate, the second one being obvious. m
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