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Abstract

In this paper we study the reciprocals of the gcd-sum function and some related
functions and improve some results of Téth. The harmonic mean of the ged function

is also studied.

1 Introduction

Recently, L. T6th published a paper [3] about the ged-sum function P(n), called also Pillai’s
function [2] defined by

P(n) = ged(k,n).

In this well-written paper, Téth not only listed many classical results about this function,
its analogues and generalizations, but also proved several new results. The aim of this short
note is to improve some results in T6th’s paper.
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Let H(n) denote the harmonic mean of ged(1,n), ged(2,n),. .., ged(n, n), namely,

- 1 o n?
Hn)i=n (Z m) FRED) W

Jj=1

where ¢(n) denotes Euler’s function. Theorem 4 of Téth [3] states that

Z H7(1n) = Cylogz + Cy + O(z7179), (2)

n<x

where ('] and (5 are computable constants, £ > 0 is a small positive constant. As a corollary,
he deduced that

S H(n) = Cuo+ O(), 8

n<x

In this note we shall prove first the following

Theorem 1. We have the asymptotic formula

Z H(n) = Cyz + Cslogx + O((log z)*/?), (4)

n<x
where C and Cs are constants.
As a corollary of Theorem 1, we have

Corollary 2.

S W Grog 1 0y + O tog ). (5)

n<x

Remark 3. Téth [3] studied the average order of > _ H(n)/n first and then deduced an
asymptotic formula of » _ H(n) through it. However in this note we study >_ ., H(n)
first, then deduce an asymptotic formula for - _ H(n)/n.

Now we study the reciprocals of P(n) and some other related functions. We first recall
the definitions of some functions.

An integer d is called a unitary divisor of n if d|n and (d,n/d) = 1, notation d|ln. The
unitary analogue of the function P is defined by

n

P*(n) =) (j.n).,

j=1

where (j7,n). = max{d € N : d|j,d||n}, which was first introduced in Téth [4]. This function
P* (A145388) is multiplicative and for every prime power p*(a > 1) we have P*(p*) =
2p* — 1.

Let n > 1 be an integer of canonical form n = H;le?. An integer d is called an
exponential divisor of n if d = [[;_, p?-j such that bjla;(1 < j < r), notation d|.n. By
convention 1|.1. The kernel of n is denoted by x(n) = []}_, p;-
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Two positive integers m > 1,n > 1 have common exponential divisors iff they have the
canonical forms n = H;zlp?j and m = H;legj with a; > 1,b; > 1(1 < j < r). The

. « . . aq
greatest common exponential divisor of n and m is (n,m). = H;Zl § 3:b3) . By convention

define (1,1). = 1 and note that (1,m). does not exist for m > 1. Now deﬁne the function

P©)(n) by the relation
PO (n) = Z (j,n)e.

1<j<n

w(j)=r(n)
The function P®(see Téth [5]) is multiplicative and for any prime power p® (o > 1) we have
P (p”) Zp”)—zpsoa/d (6)
1<j<a

Now we recall another analogue of P. Let n > 1 be an integer and we say an integer j is
regular (mod n) if there exists an integer z such that j%z = j (mod n). Téth [6] introduced
the function (A176345)

P(n):= ) ged(jn),

j€Reg,

where Reg, = {1 < j < n : j is regular(mod n)}. T6th[6] showed that P is multiplicative
and .
n =n[[@-1/n). 7

The above mentioned functions have been extensively studied and many papers about
them have been published. See Té6th [3] and references therein.
Theorem 6 of T6th [3] states that

g = Ko+ Ollog) 1), s)
Z s~ Ko 4+ O(og) ) )
S b = Rl Offog) ), (10
; P(;( ;= K©logz + O(1), (11)

where K, K*, K , K©) are computable constants.
In this note we shall prove the following result.
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Theorem 4. Suppose N > 1 is a fized integer, then

N
S L S K (log ) 1 O((log ) ), (12)
n<zx P(n> j=0

. N
s = 2K (loga) 2 4 O((loga) ), (13)
n<x P (n) 7=0
1 Y
—— = Z KJ(IOg $)1/2_j + O((log x)_l/Q_N)7 (14)
n<w P(n) =0
1 (e (e) —17..2
; PO = K,”logx + K;” + O(z™" log” x), (15)

where K;, K;‘,}N{j, Kj(-e)(j > 0) are computable constants.

Notation. Throughout this paper, ¢ denotes a sufficiently small positive constant. ((s)
denotes the Riemann zeta-function. For any real number ¢, [t] denotes the greatest integer not
exceeding ¢, {t} = ¢ —[t], and ¢ () = {t} —1/2. For any complex number z, o.(n) = >_,, d*
and d,(n) denotes the generalized divisor function, u(n) denotes the Mdbius function.

2 Proof of Theorem 1
Define for s > 1 that .
Dy(s):=>_ H(n)n . (16)
n=1

Since H(n) is multiplicative, by Euler’s product we get

m@:HG+mewﬂ. (17)

We evaluate H(p®) first for any prime p and > 1. By (1) we have

H(p*) =p* x (HZPQH@— 1)) (18)

(e
fe% p— ]- N —
=" x (L+=—=) p¥)"
p =
J
p20¢+2_p2>71
p(p+1)

2a+1 4 q -1
(55
p+1

pp+1)  14p!
p2a+1_|_1 - 1+p72a71'

=p* x (1+
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Hence we have

a=1 m=0
=1+ (1 +p—1> Z(_l)mp mzp as—2am
m=0 a=1
. > p—s—2m
1 1 Hmp™™
+(1+p )T;)( T
—s 0 —s5—2m
- p —1 m, —m P
e e L )mz::l( )"p ==
1+p—1—s +(1+ 1)%(_1)m . pe 2m
== P L0
which implies that
L=p ™)L —p )L+ > Hp")p ™)
a=1
I 0 p—s—Qm
=l-p >+ (1-p)1-p " Y= m_mm

m=1

= 1+O(p—20—2 + (1 +p—a)(1+p o— 1)p—a 3)
— 1 + O<p—20—2 +p—o—3 +p—20—3 +p—3a—4)7

where 0 = Rs.
From (17), (20) and noting

we get

where

G(s)=[Ja-p )1 —-p=" <1+ZH a8>

p
such that if we expand G(s) into a Dirichlet series

=> gln)n

(19)

(21)

(22)

(23)

(24)



then this Dirichlet series is absolutely convergent for $ts > —1/2.
From (22) and (24) we have

For 0_1(n) we have

Soam) =3 =33 (26)

n<z nm<z n<z  m<z/n
11z 1 [z
-2 lE=2s (F5ve)
—xZn*Q——Zn*I Z— z)
n<x 2 n<x n<x n

)
|
B g,

where in the last step we used the well-known bound(see Walfisz [7])

> u(%) < (log )" (27)

n<x

From (25)-(27) we have

Y Hm) =) g(m) Y oan) (28)

n<x m<z n<z/m
l 1
— Ty o) OB )+ LS gm) ogm
m<x m<x m<z
+0 <10g2/3:€ Z |g(m)]> :
m<x

Recall that the Dirichlet series >~ 2, g(n)n~* is absolutely convergent for Rs > —1/2. Hence

for any U > 1 we have
Z lg(n)| < U1/,
U<n<2U

It follows that the infinite series 35~ g(m)m=", 37 - 1g(m)|, =, 5, 9(m)logm are all con-
vergent and that

> @ = i 9Um) . osr2+e), (29)

m
m<x m=1
S gm) =3 glm) + O(x~1/>)
m<zx m=1
S gm)logm < 1, 3" Jglm)] < 1.
m<x m<x

Now Theorem 1 follows from (28) and (29).
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3 Proof of Theorem 4

In this section we shall prove Theorem 4. We only prove (12) and (15) since the proofs of
(12), (13) and (14) are the same.

3.1 The generalized divisor problem

Suppose k > 2 (k € N) is a fixed integer. The divisor function di(n) denotes the number of
ways n can be written as a product of k£ natural-number factors. It is an important problem
in the analytic number theory to study the mean value of the divisor function di(n). It is
well-known that dj(n) are the coefficients of the Dirichlet series

de (Rs > 1).

Now suppose z is a fixed complex number and let d,(n) denote the coefficients of the
Dirichlet series

Z d.( (Rs > 1), (30)

where (*(s) = €#!96¢() such that for logs we take the main value log1 = 0. The function
d.(n) is called the generalized divisor function.

Suppose A > 0 is an arbitrary but fixed real number and N > 1 is an arbitrary but fixed
integer. Then uniformly for |z| < A we have

Zdz( = SL’ZC] (log2)*™ 4+ O(x(log z)™*~N=1), (31)

n<x

where the functions ¢;(z), - ,cn(z) are regular in the region |z| < A.
The above result is Theorem 14.9 of Ivi¢ [1].

3.2 Proof of (12)

Define P;(n) = n/P(n). Then by Euler’s product we have for s > 1 that

> P =]] (1 +) Pl(pa)p—05> . (32)

We evaluate P;(p*)(« > 1) first. The formula (14) of [3] reads
P(p®) = (a+1)p* —ap*™,
which implies that
p° 1

—1
(a+1)p* —apt  a+1 o). (33)

Pi(p) =
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Inserting (33) into (32) and recalling (21) we get that
ZH == (V2(s)G(s), Rs > 1, (34)

where

Gd@==IIﬂ-ﬂfﬂ”2<L+§:l%@ﬂpﬂ”> (35)

p

such that if we expand G (s) into a Dirichlet series

s) =Y qi(n)n”*, (36)
n=1
then this Dirichlet series is absolutely convergent for R8s > 1/2. For the function g; we have

the trivial estimate
> lgu(m)] <yt (37)

m<y

From (37) we get by partial summation that

Z g1 (m)[m ™ < 1, Z lga(m)jm~t <y (38)

m<y m>y

and for any fixed constant C' that

g1( log m g1( log m 1/94e
> T Z : +O(y 1), (39)

m<y

Let ec denote the value of the infinite series in (39).
Suppose [ is a real number which is not a non-negative integer. By Taylor’s expansion
we have

N
(1—uw)?®=Y"du’ + O(ju"*), Ju < 1/2, (40)
=0

where d\? = (=1)!8(8 —1)--- (8 — £+ 1) /¢!,
By the hyperbolic approach, (31) with A = z = 1/2, (38) and (39) with y = /2 and (40)



we get for any fixed N > 1 that

ZH(”) = Z dj2(n)g1(m) (41)

n<x nm<x
= qim) > dipn)+ D dipn) D gilm)
m<\/z n<z/m n<\/x Vz<m<z/n
= Z g1(m) Z dija(n) + O(a*/*+°)
m<y/z n<z/m
. N
- Z g1(m) (EZC] 1/2)(log — )1/2 J+O( (log z)~Y/%~ )>
m<yz J=1
—|—O( 3/4+€)
1/2 g1(m logm Ve
:chJ 1/2)(log z)'/*~7 Z ( logx>

m<./x
+0(z(logz)~1/*7Y)

N N
1
:mzcj(l/Q )(log )Y/~ JZdW 7) Z glm Og m
=1 =0

p Sy log’ x
N N+1,,
yv/2- ‘91 )| 10g
0 (=3 togaps - lnmillog
Jj=1 m<\/x g
+0(z(log z) Y2~ M)
N N '
=2 ¢;(1/2)(log ) > > " di"* Peylog ™ x
j=1 =0
+0(z(log z)~V/*N)
N
=z Z KC;(log 2)/*77 + O(x(log z) = />~ N),
j=1

where

j—1
Ki= Y c,(1/2d" ey =" ¢;(1/2)d) > e, (1<j < N).
J=i1+e =0
j1>1,£>0

From (41) we get (12) immediately by partial summation and some easy calculations.

3.3 Proof of (15)



Now we prove (15). Define Pl(e)(n) =n/P®(n). By Euler’s product we have for s > 1
that

oo

S P mn =] (1 +y P <pa>p—as> . (42)

Suppose p is a prime. From (6) it is easy to see that

PO (p) = p, P (p*) = p* + p, POD*) = p* + 2p, PO (p*) = p* + O(p™/?) (o > 4).

Hence
POp) =1, PO () = —— P = — (13)
’ L4 pt 142p2
e/ ay pa 1 - —a/2
P (p%) P+ O(p°/?) 1+ O(p-—o/?) =14+0(p ) (a0 > 4).
From (43) we get
L+ ROt )
a=1
=1+ Zp—as + Z(Pl(e)(pa) . 1)p—as
a=1 a=1
=1 p Y (PO -
a=1 a=2
S l—ps -1 —2 1
L=p L+p 1+2p g
— 1 + ( 1 _ 1)p—28 +0 p—3o—2 + ip—aﬂ—acr
b p_s ! + p_l a=4
— 1 + ( 1 . 1)p725 + O (p730'72 +p*40'*2)
1 — p—s 1 + p—l
1
— - P40 (p72072 432 +p74072)
1—ps
1 —1-2 —20-2 —46—2
= — S O oz o )
Hence we get
(1=p )1+ P p™p ) (45)
a=1

=1-p A -p )+ O (A +p ) (L +p77))
—1— p—1—2$ +p—1—35 4 9] (p—20—2(1 4 p—3a))
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and

1—=p )1 +p 7)1+ Z P p~Y) (46)

=1 _p7274s +p7173s +p 2—5s + O( —20— 2(1 _|_p 30’)(1 +p71720))
=1+p O (4T (L4 pT)

and

(L=p™)(A+p ')A —p77™ 1+ZP<6 “)p) (47)

=1 _p—2—65_|_0(p—20—2(1 +p- )(1 +p )(1 +p_1 30))
=1+0 (p—2—6o +p—2a—2<1 +p—3a)(1 +p—1—20>(1 +p—1—3a)) '

We write for o > 1

L+ PO p e (48)
=1

_ ot 1
1= p=s " 14pi-2s T 1 —pl-3s

X ((1 _p—s) % (1 +p—1—2s> « (1 —1- 33 1 + ZP(E —as )

1 1 _ p7172s 1
1— p—s 1 — p—2—4s 1 — p—l—Ss

’ <(1 =) < (L p ) x (L—p™ %) x (1 +ZP P) )

From (48) we may write for o > 1 that

o0

; Pl(e)(n)n_s = %Gﬂ(e)(s)a (49)

where

pre><s>:<<4s+2>H((1—p—5><1+p—1-%><1 i 1+zp<e S ) (50)

p

From (47) we see that if we write the function G (s) into a Dirichlet series

Pl

P(e) ng(e 87 (51)

11



then this Derichlet series is absolutely for ¢ > —1/6. This fact implies that

D_lgpo (] <1, ng(e) Z

n<x n<x

From (49), (51) and (52) we get
SPOm = Y M) (53)

g (e)
Py —7/6+a). (52)

ngng 1
n<zx n1n§n§n4<x
M ny)
= E 9P<e> n4) E E 1
Nang !
ny<z n2n3< & n1<—%
w(ng) x
= Z 9P<e> ny) Z el e +0(1)
nu<w n3nf< .z 2743 2703704
@ n4 M
2
=z E E 3 4 +O E |gpl<e>(n4)| x log” z)
na<z nini<-L na<z
n4
e) 714 /’L 1
_ 2
=z E g E i O(log” x)
n4sw na< ng< ()13
n4 n4n2

e) 714 2
wu(n ngn
=x g 5 ( )+ O( 12))+O(10g2x)
na<x no< /

_ ng(e (n4) Z w(n

na<z na<
n4

P,e(n4) ny 9
- xC(4) na<w : 1(7;4 <C<13) " O<;)) " O(log x)
() = Ipe () )
= xg(g) 2 + O(log” z)
_C4) = Ippe ()
x<<3) MZ:l o O(log” z)

> ™ = s+ O, (5)
i n~t < logy. (56)



Now (15) follows from (53) by partial summation.
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