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ABSTRACT: A well-known result of Ankeney and Rivlin states that if p(z) is a polynomial of degree
n, such that p(z) # 0 in |2| < 1, then max,|=p>1 |p(2)| < (E—"{—l) max|,(=1 [p(2)|. In this paper we prove

some generalizations and refinements of this result.
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1 INTRODUCTION AND STATEMENT OF RESULTS.

Let p(z) = 37_¢a,2" be a polynomial of degree n, and let M(p,7) = max),=, |p(z)|- The following result

concerning the size of M(p,r) is well known.
THEOREM A. (S. Bernstein, cf. {1]) If p(z) = Y_}—¢ a,2” is a polynomial of degree n, then
M(p,R) < R"M(p,1) for R > 1, (1.1)
with equality only for p(z) = Az".
For polynomials not vanishing in |2| < 1, Ankeney and Rivlin [2] proved
THEOREM B. [2] If p(z) = S b_ga.2* 15 a polynomial of degree n, p(z) # 0 in |z| < 1, then

R +1
2

M(p,R) <( )M(p,1) for R > 1. (12)

The result is best possible with equality only for the polynomial p(z) = (A + pz"),|A| = |u).

Although the above result is best possible but still it seems very natural to ask the following questions

in connection with the above theorem.
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Q.1  What is the bound in (1.2) if we replace the condition p(z) # 0 in |z] < 1 by p(z) # 0 in
|2| < K, K > 1 or more generally if p(z) = an [[}=1(z — 2,), where |2,| > K, > 17

Q.2 Since (1.2) becomes equality only for polynomials p(z) = A+ p2z™,|A| = |ul, is it possible to obtain
a sharper bound in (1.2) if not all the coefficients a;,az,...,ax-1 in the polynomial p(z) = 3-J_oavz" are
zero? More generally, is it possible to obtain a bound in (1.2) which depends as well on some or all the
coefficients ay,az,...,a,-1,a,7

In an attempt to answer these questions, we prove

THEOREM Let p(z) = an [[2;(2 — 2.),a, # 0, be a polynomial of degree n > 2, and let lz,| > K, >
1,1 < v < n. Then

(R*+1) R -1 1 ,
M(p’R)S 2 [1_ R"+1)1+Zzn R_]_‘]M(pvl) (13)
- n—2
o -2, ya s
and

(R*+1) R*—1 (K, -1)(h2-1) ;o (R =1)2 )
M(pvR)S 2 [1_(R2+1) (1\11‘2 ) ]M(p7 IP(O)l—_2—_— (l'l)

ifn=2

Since for R > 1, @ is an increasing function of z, the expression |p’(0)|(ﬁ'—'n'—1 - R—"_z—l-) is always
nonnegative. Thus for polynomials of degree greater than 1, our Theorem generalizes and sharpens Theo-
rem B due to Ankeney and Rivlin [2]. (The case when the polynomial p(z) is of degree 1 is uninteresting
because then M(P, R) can be calculated trivially). In fact excepting the case when the polynomial p(z)
has zeros on |z| = 1 and p'(0) = 0, the bound obtained by our Theorem is always sharper than the bound

obtained by Theorem B.

Remark: The statement of our Theorems might suggest that we need to know all the zeros of the poly-
nomial in order to apply our theorem but this is not so. No doubt, the usefulness of the theorem will be
heightened if the polynomial is given in terms of its zeros. If in particular, we know that the polynomial
p(z) is product of two or more polynomials having zeros in |z > A1 > 1,|z| > K, > 1, etc. each of norm
< 1 (here ||p|| = M(p,1)) then p(2) would be of norm < 1, and we would have a better estimte for M(p, R)

by using our Theorem than one would get from Theorem B.
If the polynomial p(z) has no zeros in |z| < K, K > 1, we get from our Theorem, the following

COROLLARY 1 If p(z) = Y2_ga,2” is a polynomial of degree n > 2, having no zeros in |z| <
K,K > 1, then

-1 R"?
n—

MG, R) < (LM, 1) - fanl (% “Lyirn > (1)

and
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R+ K

Mp, 1) < (77

R-1)? .
1)~ ) B2 iy =2 (L6)
In particular, if we take K" = 1, we get

COROLLARY 2 If p(z) = Yi_ga,2” is a polynomial of degree n > 2, having no zeros in |z| < 1,

then
R + 1 R*-1 R“?2-1_ .
M(p,R) < (FE M) = (o = =), i n > 2 (L.7)
and
R* 41 R-1) .
M1 < B, -l B =2, (18)

Fquality in (1.7) and (1.8) holds for p(z) = (A + pz"),|A| = |pl.

Inequality (1.7) also appears in [4, Lemma 4].

For polynomials of degree greater 1, clearly Corollaries 1 and 2 provide a generalization and refinement
of Theorem B.

If in (1.5) and (1.6) we divide both the sides by R™ and make R — oo, we get

COROLLARY 3 If p(z) = Y2_pa,2” is a polynomial of degree n > 2, having no zeros in |z| <
K,K > 1, then

Jaa| 1
<
- (1 + K

lan] + )M(p,1) (1.9)

n
Taking A" = 1 in the above corollary, we get

COROLLARY 4 Ifp(z) = ¥F_ga.2” is a polynomial of degree n having no zeros in |z| < 1, then

Jai|

1
le M 1.10
w =3 (»1) ( )

laa| +

The result is best possible with equality for the polynomial p(z) = (A + p2™),|A] = |ul-

Inequality (1.10) is obviously an improvement over the known result

1
lanl < M (p,1) (L11)

and can also be obtained by applying Visser’s inequality [4] to the polynomial p/(z).
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2 LEMMAS

LEMMA 1 Ifp(z) = @, [[}=1(2~2.),a, # 0 is a polynomial of degree n,|z,| > K, > 1 for1 < v < n,
then

M, 1) <n{() % 1_ DI I‘:”f i)}M(p,l). (2.1

v=1 =1 1"’
Here and elsewhere M(p',1) stands for max,j=; [p'(2)|. In (2.1), equality holds for the polynomial p(z) =
(z+ K)", K > 1.

Above result is due to Govil and Labelle [5].
LEMMA 2 Let p(z) = 37_o a2 be a polynomial of degree n,n > 2. Then for all R > 1,
M(p,R) < R"M(p,1) = (B" = R""?)|p(0)]. (2.2)
The coefficient of |p(0)| is the best possible for each R.
Above result is due to Frappier et al {6, Theorem 2].

LEMMA 3 If p(z) = an[1}=1(2 — 2.),a, # 0 is a polynomial of degree n > 2,|2,| > K, > 1 for
1< v <nthen for R > 1,0 < ¢ < 2r, we have

n n I'u
(R4 < nR™ (Y /(D e} M 1) 23)
v=1 TV v=1 "V
—(R*™! = R*%)|p'(0))

Proof of Lemma 3. Since p(z) is a polynomial of degree > 2, the polynomial p’(z) is of degree > 2,

hence on applying Lemma 2 to the polynomial p'(z), we get

Ip'(Re?)| < R*IM(P, 1) = (R* ~ R*2)(0), (24)

which when combined with Lemma 1, gives Lemma 3.

3 PROOF OF THE THEOREM

For each ¢, 0 < ¢ < 2w, we have

p(Re"s) - p(e‘¢) = /R e‘¢p’(re'¢)dr.
1

Hence

R
p(Re) - p(e)] < / I (re'®)\dr, (3.1)

which when combined with Lemma 3 gives
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PRE) = W) < (2 I eI M e [ (32
v=1 ¥
- /1 (r"=t = +"=3)dr|p/(0)]
= (B = DY 7 )/(2 et Ly,
v=1 v

n o_ n—2
- 3 1‘——>| o)
n _ n _ n—-2 _
) - (2 - im0
g
B (12"—1) R -1 R*2-1,
= "+Z:.,- EE M(p,1) —( - ——n_—?—)ll’(oﬂ
lc j? R"-1 R2-1
= M(p,1) — L A——— P
EFEYS - 1) -(— — )p'(0)]
(R 1) 1 -1 R*?
= {4+ 5 - )}M(p,l)—( )Ip(O)I
_(Rr-1) 1 R* -1 R"‘2—1 ,
= 2 {' - |+ %Z:=1R:1_-_1}A1(p71)_( _T_T)IP(O)L

which gives

. (R* -1 1
Ip(Re*?)| < =5 {1—1+'2_'z,.=1rv1Tl}M(p,l)+M(p,1)
n __ "_,2_

5 1—”———1)11/(0)1

_ R +1 (R" - 1)/2 R -1 R*? ,
= 1+Zz"_,,\.l_}’”(”*1)‘(—n— Lo

(R +1) 1 1

{1—(}3"+ l)(l_’_%z,.:lﬁ)}M(p,l)

R*—1 R"?-1
n—2

=lp'(0)I( ),

which is (1.3).
The proof of (1.4) follows on the same lines as the proof of (1.3) but instead of Lemma 3 the corre-

sponding result for polynomials of degree 2, which is

(Ky = 1) (K2 — 1) ,
o ME ) - (&=

IP'(Re'*)| < R{1 -
We omit the details.
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