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ON SOME BOUNDARY VALUE PROBLEMS FOR AN
ULTRAHYPERBOLIC EQUATION

S. KHARIBEGASHVILI

ABSTRACT. The correct formulation of a characteristic problem and
a Darboux type problem in the special weighted functional spaces for
an ultrahyperbolic equation is investigated.

In the space of variables x1, x5, y1 and y2 we consider the ultrahyperbolic
equation

Uyryr T Uyoyy — Uziz; — Uzomg = F. (1)

Denote by D : —y1 < 21 < y1, 0 < y1 < +00, a dihedral angle bounded
by the characteristic surfaces S7 : x1 —y;1 = 0, 0 < y; < +o0, and S5 :
21 +y1 =0, 0 <y <400, of equation (1).

We shall consider a characteristic problem formulated as follows: in the
domain D find a solution u(x1, za, y1,y2) of equation (1) by the boundary
conditions

U|Si: fi7 1=1,2, (2)

where f;, i = 1,2, are given real functions on S; and (f; — f2) |s,ns,= 0.
Characteristic problems formulated similarly were considered in [1-3].
Let G = {(z1,&1,y1,&2) € R+ —y1 < 21 < y1, 0 < 1 < +oo;

—00 < & < 400, i =1,2}.

Denote by ®*(D), k > 2, the space of functions u(x1,z2,y1,92) of the
class C*(D) whose partial Fourier transforms (1, &1, y1, &2) with respect to
the variables 25 and ¥, are continuous functions in G together with partial
derivatives with respect to the variables z1 and y; up to kth order inclusive
and satisfy the following estimates: for any natural N there exist positive
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integers Cy = Cn(z1,y1) and Kn = Kn(x1,y1) not depending on &1, &
such that the inequalities

’8““2/83??8%2 a(x17§1’y1,€2)} < CNe ‘51‘+|§2|) O S il + 7:2 S kv (3)

are fulfilled for —y; < 21 < y1, 0 < y; < +o00 and |&] + [&2] > Kpn. Note
that

C?V(xlayl) = sup CN(x?7y§)) < +OO,
(@, y))el(z1,y1)
K]%(xhyl) = sup KN(J:?,y?) < +OO,

(z9,y))el(z1,y1)

where I(z1,y1) = {(3,49) € B2 : 0 < g8 — 2 <y — w1, 0 < yf +af <
y1 + 21} is the closed rectangle.

The spaces ®*(S;), i = 1,2, are introduced similarly. Note that the trace
u |g, of the function u from the space ®*(D) belongs to the space ®*(S;).

When considering a solution of problem (1), (2) in the space ®*(D),
k > 2, it will be assumed that F' € ®*~1(D), f; € ®*(S;), i = 1,2.

If u is a solution of problem (1), (2) of the class ®*(D), then after the
Fourier transformation with respect to the variables s and y9, equation (1)
and conditions (2) can be rewritten as

Vyiyr — Vzi24 + (5% - {%)’U = F07 (4)
U|lj:gj? j:1725 (5)

where v, Fy, g1, g2 are respectively the Fourier transforms of the functions
u, F', f1, fo with respect to the variables x5 and o, i.e.,

v(z1,y1,61,62) = // w(zy, T2, Y1, y2)e” TRV dyy dys,

—00 —O0

F(x17y1a517£2 F1’173327ylay2)€_m2§1_iy2§2d$2 dy27

9i(x1,91,61,&2) = 9;(T1,m2,y1,y2)e "2 282 4y dy,,

Zo
(xlyl) € ljv ] = 1723

and l1 :x1 —y1=0,0<y; <4oo,lp:x1+y; =0, 0 < y; < 400, are the
beams lying in the plane of variables x1,y; and outgoing from the origin
0(0,0).

Remark. Thus by the Fourier transformation with respect to the variables
x9 and yo the spatial problem (1), (2) is reduced to the Goursat plane
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problem (4), (5) with the parameters £ and & lying in the domain Dy :
—y1 < x1 < y1, 0 < y; < 400 of the plane of variables z1,y;. It is easy to
see that in the class of functions defined by inequalities (3), this reduction
is equivalent, i.e., problem (1), (2) is equivalent to problem (4), (5).

Using for the functions v, Fy, g; the previous notation, in terms of the
new variables

1 1
T = 5(2/1 +x1), y= 5(1/1*1”/1), (6)

problem (4), (5) takes the form

*v 9 .9
axay+(§l _6-2)/0_1707 (7)
v |'Yj: g5, j=1,2. (8)

Here the solution v = v(z,y,&1,&2) of equation (7) is considered in the
domain p : 0 < x < 400, 0 < y < +o00 of the plane of variables z,y, which
is the image of the domain Dy for the linear transform (6), and v : y = 0,
0<z<400,and 79 : 2 =0, 0 <y < 400, are the images I; and Iy for the
same transform (6).

With our assumptions for the functions Fy, g1, g2, problem (7), (8) has
a unique solution v of the class C?(€)y) which has the form [4]

v(z,y,&1,&) = R(x, 02, y)91 (2, &1, &) + R(0,y; 2, y) 92 (y, &1, &2) —

x

~R(0,0;2,)91(0, &1, €2) — /M
0

o€ 91(&,&1,82)dE —

" x Y
OR(0,n;
- [ PR 61,0+ [ de [ 6wz pFe 61 &)an, 9)

0 0 0

where g1 ($7£1a§2) = U(xv 0751762)a 92(y7fla€2> = ’U(O7y,£17€2) are the Gour-
sat data for v, and R(&,7n;z,y) is the Riemann function for equation (7).

For simplicity, we omit the dependence of R on the parameters & and &,.
It is well known that the Riemann function R(&,n;x,y) for equation (7)
can be expressed in terms of the Bessel function J; of zero order as follows:

R(&.m2.y) = Do(\/4(€} — )z — O)(y — ) =
oo 2 — OV (y— )k
DICEER e

k=0
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The representation [6] Jo(z) = 5= [ _exp(izsin6)d6 readily implies

1 for |&] > ||,
R(& m2,y)| < H
|R(&,m;,9)| {exp \/4‘51 Elx—&y—n) for [&] <& (11)

Using the equalities
To(z) = 721 /cos2 0 exp(izsin 0)do,
m

do(20/rE) N

dx s

—T

cos? 0 exp(i2\y/vrsin0)df, v >0,

we obtain

‘d.jo(2)n/wc)‘< 202y for X =0,
~ 12X Prexp2|A|yvz for Re) =0.

Hence for derivatives of R we easily derive the estimates

268 - )y for &1 > |&l,
OR(E,0;z,
’gﬁwa 2(¢¢ - &3) wmv%a )z &)y (12)
ro &) < [,

) 2(6 - &)vx for |&] > |€2|7
‘aR(OgZ?’x’y)‘ <28 -GV fceXp \/4 (& — &)=y —n) (13)
ro |6 < \§2|~

Next, we assume without loss of generality that for the functions Fpy, g1,
go estimates (3) hold with respect to &1, &, with the same integers Cl,
C%, Ky, and K%. Then, using (11)-(13), for the solution v(x,y,&1,&2)

of problem (7), (8) written in form (9) we obtain for |¢1] + |&2| > K% the
following estimates:

[v(z,y,81,82)| < lg1(x, &1, &2)| + [92(y, €1, 62)| + [91(0, 81, 62)

x exp \/ 416} — 3|y + 2|65 — EFVy exp \[4]€Z — & |zy x
x/\gmf,a,ggﬂdswméfsfwexp\/zlm%—fﬂzyx
0

Y x Y
x / 19201, €1, 2)|dn + exp /412 — [y / de / \Fo6,m, &1, €)ldn <
0 0 0
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< 203 exp(=N (€| + [&2]) + C} exp \/4]€F — oy x
x exp[=N (€] + [&])] + 213 — & v/yz exp \/4]€5 — Ef|zyCR x
x exp[=N (€] + [&])] + 2163 — & |Vay exp \/4]€5 — Ef|zyCR x

x exp[~N(|&1] + [&])] + zy exp /4]€5 — &F|eyCR x

x exp[—=N(I&1] + [&])] < [B4 2(Vay + Vyn)|&5 — &F] + 2y] x
xCR exp 2y/zy([&1] + |&|) exp[—N (€] + |&])]- (14)

Now choose a least natural number Ny = Ny(z,y) such that
No > N +2\/zy + 1. (15)

Taking into account that

An(z,y) = sup  CR,[3+2(Vay + Vyx)|&5 — &F] + xy] x
(&1,62)€R?

xexp [ — ([&1] + [&2])] < +oo,
from (14) and (15), for |&] + |&] > KY;,, we obtain

o(z,y,&1,62)] < [3+ 2(Vay + Vyr)|€5 — €| + 2y] CR, exp2y/zy X
x(|61] + [€2]) exp[-N(|&1] + [&])] < CR, [B + 2(Vaey + Vyx) €5 — 67| +
+ay] exp 2v/@y(|&] + [&a]) exp[— (1] + |€2])] exp [ — 2y/zy (61| + |€2])] X
xexp [~ (No = N —2/xy — 1)([&1] + [&2])] x
x exp[—N (|1 + [€2])] < An(,y) exp[—N(|€1] + [€2])]- (16)

The latter inequality implies estimate (3) for i; = i = 0. The proof of
this estimate for i1 + io > 0 is similar. Thus we have

Theorem 1. For any F € ®~1(D), f; € ®*(S;), i = 1,2, problem (1),
(2) is uniquely solvable in the class ®*(D), k > 2.

We denote by D1 : —koy; < x1 < b1y, 0 < y1 < 400, 0< k; < 1,1=1,2,
a dihedral angle bounded by the surfaces S? cxy —ky1r =0,0<y; <400
and S9 : x1 + koyy =0, 0 <y < +o0.

Let us consider a multidimensional variant of the second Darboux prob-
lem fomulated as follows: in the domain D; find a solution u(z1, y1, T2, y2)
of equation (1) by the boundary conditions

(Miug, + N1uy, + Mluzz + Nluyz + §1u)’3? = f1, (17)

(Mo, + Nouy, + Maug, + Nauy, + Sou)] s = f2, (18)
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where M;, N;, M;, N;, S;, i = 1,2, are given real functions on S%; the
coefficients M;, N, J\f/fi7 J\~fi, §i7 i = 1,2, depend only on the variables z;
and y;.

Note that some multidimensional variants of the second Darboux problem
for a wave equation are investigated in [7, 8].

Denote by %gﬁl), k > 2, a > 0, the space of functions u(x1,x2,y1,y2)
of the class C*(D;) for which
0" 9 Oy u(0, w2, 0, y2) = 0,
—00 < T < 400, —00< Yy < +oo 0<41 415 <k,

and whose partial Fourier transforms u(z1,&1,y1,82) with respect to the
variables xo and y, are continuous functions in

Gy = {(z1,&1,11,&) € R : —koyy < a1 < Ky,
0<y; < +o0; —00 <& < 400, i:1,2}

together with partial derivatives with respect to the variables 1 and y; up
to kth order inclusive and satisfy the following estimates: for any natural
N there exist positive integers Cy = Cn(x1,y1) and Ky = Kn(21,y1) not
depending on &7, & such that for —koyy < 1 < kyy1, 0 < 91 < +00, and
|&1] + |&2] > Kn we have the inequalities

|8i1+i2/8x?6y?ﬂ(x1,€17y1,§2)| < Oyyprorimize=N(alHeD - (19)

0<i1+i2 <K,

with
CZOV(xlvyl) = sup CN(I'?,ZJ?) < +OO>
(x9,y9)el (z1,y1)
K (z1,51) = sup  Kn(af,4)) < +oo,

(9,y0)el (z1,y1)
where I1(z1,y1) = {(2%,39) € R* : —kay) < 2 < kugf,pf — 2} < y1 —
21,y + 29 <yi 4 21, —koyr < @1 < kyyy } is the closed rectangle.
The spaces Ciﬁ(SiOL 1 = 1,2, are derived in a similar manner. Note that
the trace u|go of the function u from the space &)’;(51) belongs to the space

ok (S59).

Remark. When considering problem (1), (17), (18) in the class &Z (D),

we require of the functions F, f;, i = 1,2, and the coefficients M;, N;, M;,
N;, Si, i =1,2, in the boundary conditions (17), (18) that

Fedt (D)), fi e dE1(S0), i=1,2;
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Mi7N’La Mi7ﬁi, §z S Okil(sg), 1= 1, 2.

Using the notation wuy,, = vi, Uy, = V2, Uy, = V3, Uy, = V4, We reduce
equation (1) to the first-order system

Uy, = V1, (20)

Uiy, T U3y, — Voz, — Vig, = I, (21)
Vay, — Vizy =0, (22)

Uy, — U1y, = 0, ( )

(24)

V4yy — Vigy, = 07
and write the boundary conditions (17) and (18) in the form
(Ml'UQ+N1@1+M1U4+N1'U3+§1u)|51 = f1, (25)
(Myvg + Novy + Myvy + Navs + §2u)|52 = fa. (26)

Along with conditions (25), (26) we shall also consider the boundary condi-
tions

(0, — v2)’S?uS§ =0, (27)
(g, — U4)’S§’US§ =0, (28)
(ty, — v?,)|S?USg =0. (29)

Clearly, if u is a regular solution of problem (1), (17), (18) of the class
&)’;(bl), then the system of functions u, vy, va, v3, v4 will be a regular

solution of the boundary value problem (20)—(29), where v; € &Dg’l(ﬁl),
i=1,...,4. Conversely, let the system of functions u, v, v, vs, v4 of the
class ®%~1(D;) be a solution of problem (20)-(29). We shall prove that
then v1 = uy, V2 = Uz, , V3 = Uy,, V4 = Uy, and therefore the function u is a

solution of problem (1), (17), (18) in the class éﬁ (D1). Indeed, by equality
(22) we have

(u$1 - U2)y1 = (uy1)w1 — U2y, = Vigy — V2yy = 0,
which by virtue of the boundary condition (27) implies that vo = u, in D;.
Further, the use of equality (23) gives
(Uys = V3)yy = (Uyy )yo — U3y, = Uiy, — U3y, =0,

which by virtue of the boundary condition (29) implies that vs = u,, in D;.
Finally, on account of (24) and (28) we find by a similar reasoning that
V4 = Uy, in Dl-
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Thus problem (1), (17), (18) in the class &ﬂ;(ﬁl) is equivalent to the prob-

lem of finding a system of functions u, vy, vs, v3, v4 of the class &)g_l(Dl)
satisfying (20)—(29).

If w, vy, v, vs, v4 are a solution of problem (20)—(29), then, after the
Fourier transformation with respect to the variables xo and y., equations
(20)—(24) and boundary conditions (25)—(29) take the form

30

(30)

(31)

(32)

Usy, —i&a01 =0, (33)

Uay, — €101 =0, (34)

(M1v3 + N1v; +M1@4+N153+§1a)|11 = h, (35)
(36)

(37)

(38)

(39)

Uy, = V1,
Uiy, — Vag, + €203 — 16104 = F,

V2y, — Viz, = 07

(Maz + NaBy + Moty + Nots + )|, = fa, 36

(W, = D2)],,y, = 0 37

(Vg — z‘gla)|l1Ul2 =0, 38

(03 —i&u)], ,, =0, 39
where u, v;, j =1,...,4, F , fl, fz are respectively the Fourier transforms
of the functions u, vj, j = 1,...,4, F, fi1, fo with respect to the variables x

and yo; Iy 21 —ky1 = 0,0 < y1 < 400, ot w1 + koys =0, 0 < y1 < 400,
are the beams lying in the plane of the variables x1, y; and outgoing from
the origin 0(0,0). Here i = /—1.

Thus, after the Fourier transformation with respect to the variables o
and ys, the spatial problem (20)—(29) is reduced to the plane problem (30)—
(39) with the parameters & and & lying in the domain Q; : —koyy < x1 <
k1y1, 0 < y1 < +00, of the plane of variables x1, y;. It is easy to verify that
in the class éﬁ (1) of functions defined by inequalities (19) this reduction
is equivalent.

Assuming v = (01, 2) and vs = (v3,U4), we rewrite system (31), (32) in
the vector form

vy, — Avy, + Ayvs = Fi, (40)

0 1 i€y —i F
) 58 (D)

We easily see that with respect to v system (40) is strictly hyperbolic
and its characteristics Li(z9,y?) and Lo(29,y?) passing through the point

where
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(29,99) are the straight lines defined by the equations

Ly(af,9)) car —yr = af —9?, Lo(al,9)) t a1 + 91 =28 + 7.

i) ae (%),

then, as is easy to verify,

If

B = % (_11 1) . B'AB=A. (42)

Therefore by replacing v = Bw we can rewrite system (40) as
wy, — Aw,, + B~ Ajvs = BT'Fy. (43)

By virtue of (41)—(43), after replacing v = Bw, problem (30)—(39) is rewrit-
ten as

Uy, = W1 — Wa, (44)
P N
Wiy, — Wig, + 51521)3 - 551’04 = Fy, (45)

Wiy, + Wiz, — 515253 + 55154 = F3,

(46)
Usy, — i&2(w1 — w2) =0, (47)

Vay, — &1 (w1 —we) =0, (48)

[(My + Ny)wy + (My = Ny)wa + My + N3 + Sia)|, = fr,  (49)
(M + Na)wy + (Mj — Na)ws + Myt + NiBs + S|, = fa,  (50)
(W, — (w1 +w2))|,, , =0, (51)

(04 —i&10)], ,, = O, (52)

(V3 — ifzaﬂllulz =0, (53)

where (FQ,Fg) = B_lFl.
It is easy to see that the characteristic Li(x9,99) : o1 +y1 = 29 + ) of

equation (45) passing through the point (z9,y?) € Q; intersects the beam
l; at a single point whose ordinate is denoted by wq(2?,4?). In a similar
manner, the characteristic Lo(29,49) : 21 — y1 = 29 — ¢, (29,99) € Oy, of
equation (46) intersects Iy at a single point with ordinate wy (29, 4?). Clearly,

wl(x(l)ay?) € Coo(ﬁl)a WZ(x(ivy?) < y?v t=12 (54)

It should also be noted that a segment of each characteristic Li(29,49),
i=1,2, (29,99) € 1, drawn from the point (z9,3?) towards decreasing
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ordinate values to the intersection with one of the beams [; or I, admits a
parametrization of the form

€Tl = Zi(x(1)7y§);t)a n =t, w’t(l‘%y?) <t< y?v (55)

where z1(29,905t) = 29 + 4 —t € C®wi(29,49), 7], z2(2,99;t) = 2 —
Y+t € C®wa(2,y9), yi].

Remark. The functions u, wy, wa, U3, U4, Fo, Fs, ]?1, fz depend not only
on the independent variables x1 and x5, but also on the parameters &; and
&, For simplicity, these parameters will be omitted below. For example,
instead of u(x1,y1,&1,&2) we shall write u(xy, y1).

Using (44), (51) and the fact that @(0,0) = 0, for u € &)Z (D7) we obtain

Yy Y1

ﬂ(xl,yl) = /(k:luml + uyl)(klht)dt = /[(1 + kl)wl +
0 0
(1 — kl)’LUQ](klt,t)dt, (Il, yl) S ll, (56)
Wz, y1) = [ (—koug, +uy, )(—kot, t)dt = [[(1 — ko)wr +
/ /
+ (1 + kg)’ll)g](—k}gt,t)dt, (xl,yl) € ls. (57)

=

+

=

For (z1,y1) € Q; and x; > 0, by integrating equations (44), (47), (48)
with respect to the variable y; and taking into account the boundary con-
ditions (52), (53) and equalities (56), (57) we obtain

k;lrl
u(ry,y1) = / (1 + E1)wy + (1 — Ky )wo] (kat, t)dt +
"
+ / (’LUl — ’lUQ)(l’l,t)dt, (58)
ke
k;lml
v3(z1,91) = i&2 / [(1+ ky)wy + (1 — ky)wa)(kat, t)dt +
"
+ & / (U)l — ”(1)2)(1’1, t)dt, (59)

1
1 T
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—1
kl ]

Su(wr,m) = i€, /[O+%wwr+ﬂfkﬂwﬂhuwﬁ+

b6 / (w1 — ws) (21, 1), (60)

-1
kl xrq

and for (z1,y1) € Q1 and 2; < 0 we have

—k Tz
a(z1,1) = / [(1 = ko)wy + (1 + ko)wa](—kot, t)dt +
0
y1
+ / (w1 — wa) (21, t)dt, (61)
—ky Tz
—ky Tz

Byl ) = it /[u—mM+u+bmﬂ4%wm+

(=)

vt [ (- )t (62)
—k;lxl
—k;lwl
Ua(z1,91) = &1 / (1 = k2)wr + (1 4 ka)wa](—kat, t)dt +

0
Y1

+ig, / (w1 — wa) (. £t (63)

—k;lzl
Now, by integrating equations (45) and (46) along the respective charac-

teristics from the point (z1,y1) € Q to the intersection points of these
characteristics with the beams {; and [y we obtain

wi(z1,y1) = wi (kw1 (w1, 1), wi (@1, 91)) +

Y1
1. . . ~
+§Z / (&104—&203) (21 (21, y15t), t)dt+Fo (21, y1), (64)
w1(w1,y1)

wa(21,y1) = wa(—kawa (1, 1), w2 (x1,91)) +
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71
i (€485 —£10) (za(r, y: ), O)dt+ Fo(ar,mn), (65)
wa(z1,y1)
where
y
Fy(z1,y1) = / Fy(21(21,y131),t)dt,
wi(z1,y1)
Y1
Fy(x1,y1) = / Fy(zo(z1,y1;1), t)dt.
wa(x1,y1)
We set

o =wily, P=uws,.
On substituting the obtained expressions for u, wq, way, U3, 04 from (58)—
(65) into the boundary conditions (49), (50) and taking into account that

1— ko
wi(z,y)|, =y, wi(z,y) = T 0
1—k
W?(xhyl) = myl, w2($1,y1)\lz =Y

we obtain

(M + N)g(n) + (Ms = NaJ(raya) + (Ms — Ny)5i %

Y1
X / (€203 — &104) (22 (k1yn, y13t), t)dt + (Mli& + Nyiga 4 S1) x
T2Y1

x /[(1 +k)wy + (1 = k)ws(kat, 8)dt = f1(y1) — (My + Np)(y1) x
0

X Fy(k1y1, y1) — (My — N1)(y1) Fa(kayr, v1), (66)

(M + NoYo(muan) + (M — NoJo(wn) + (Ms + No) i x
Y1
x / (€104 — &903) (21 (—kay1, y1: 1), )t + (Mai€y + Nai€s + 55) x

T1Y1
Y1

« /[(1 — k)wr + (1 + ko )wa] (—kat, )dt = Fa(yr) —
0

— (M + Na)(y1) Fo(—koyr, y1) — (Ms — No)(y1) Fs(—kayn, y1).  (67)
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Now, since 0 < k; < 1, i = 1,2, we have

1—k 1—k
0<71=Hk2<1, 0<T2:1+k1
1 2

<1, 0<7=mm<1. (68)

It will assumed below that
(My+ Ny, #0, (Mz—Ny)|, #0.

Since by assumptions the functions M;, N;, j = 1,2, do not depend on
the variables x5 and y», these conditions are evidently equivalent to the
conditions

(M1+N1)|5? # 0, (69)
(M — N2)|Sg # 0. (70)

Solving system (66), (67) with respect to ¢ and 1, we obtain

o(y1) —alyr)e(ryr) = (T1(w))(y1) + (T2(vs)) (1) + g1 (y1),  (71)
Y(y1) = b(y)Y(ryr) = (T3(w))(y1) + (T5(vs))(y1) + g2(v1),  (72)

where

a(yr) = [(My — N1)(My + N1) 7' (y1) [(Ma + Na)(Ma — No) ™' (ra31),
b(y1) = [(Ma + N2)(Mz — No) '] (y1) [(My — Ny )(My + Ny) ' (1),

and Tj, 7 =1,...,4, are linear integral operators of the form

Y1

(T1(w))(y1) = (E11&1 + Ei2éa + E13)/w(k1t,t)dt +

0
T2Y1

+ (E14é1 + E1562 + Erg) / w(—kqt, t)dt,

0
Y1

(T2(vs))(y1) = (E21&1 + Fa262) / vs(z2(kry1, ya;t), t)dt +

T2Y1
T2Y1

+ (Ea3é1 + E24&2) / v (21 (—kaoy1, T2y15t), t)dt,

TY1
Y1

(T3(w))(y1) = (E31&1 + E3282 + E33) /w(—k2t,t)dt +
0
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T1Y1
+ (Es4é1 + E3562 + Es) / w(kit, t)dt,
0
Y1
(Ty(vs))(y1) = (Enéi + Ey2éo) / vs (21 (=kay1,y1:t), t)dt +
T1Y1
T1Y1
+ (Ea3é1 + E14éo) / vs(22(kimy1, myast), t)dt.
TY1

Here vs = (U3,04), E;; are the completely defined 1 x 2 matrices of the
class C*~!, and g1, g are functions expressed in terms of the well-known
functions F' and fy, fo.

As mentioned above, in equations (58)—(65), (71), (72) the unknown
functions and the right-hand sides depend on the parameter £ = (&1, &2),
which we omit for simplicity.

Remark. As follows from the above reasoning, if conditions (69), (70)

are fulfilled, then in the class 61%’31 (D;) problem (1), (17), (18) is equivalent
to the problem of finding a system of functions u, w1y, we, U3, U4, ¢, and ¥
from equations (58)—(65), (71), (72), where

aa wi, wa, %\3, 64 € &)Zil(ﬁl)v ¥ € %§71[0,+OO)7 1/1 € &)271[074»00)
and

Fy, F3 e é2—1(§1)7 g1 € &)2‘1[0,+oo), g2 € &’2_1[07+00)-

Let Q(29,4?) € Q1. Denote by P, and P, the points of intersection of
the characteristics L1(29,9?) : 1 —y1 = 29 — o and La(29,9?) : 21 + 941 =
29 + 4 from system (40) with the beams I; and ls, respectively. Denote by
Qg C O a rectangle with vertices at the points O(0,0), Py, P2, and Q.

We set
(M — N1)(Ms + Na) (0)
(My — No)(My + Ny) ’

where a(y;) and b(y;) are the coefficients in equations (71), (72).

o = a(0) = b(0) = |

Lemma 1. Let conditions (69), (70) be fulfilled. Then for k + a >
log|o|/logT 4+ 1 the boundary value problem (44)—(53) is uniquely solvable

in the class &)’g_l(ﬁl); the domain of the dependence of the solution of this
problem for the point Q(x9,y?) € Q1 is Q1.

Remark. As mentioned above, the boundary value problem (44)—(53)
is equivalent to the system of integro-functional equations (58)—(65), (71),
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(72). When problem (44)—(53) is considered in the domain ¢, it is suf-
ficient to investigate equations (71) and (72) on the segments [0,d;] and
[0, ds], where d; and dy are the ordinates of the points P; and Ps.

Let us consider the functional equations

(K1j(9)(y1) = o(y1) — aj(y1)e(tyr) = x, (1), 0<y <di, (73)
(K25 (¥))(y1) = ¥(y1) — bi(y1)Y(ty1) = X, (y2), 0< w1 <dp, (74)

where a;(y1) = m7a(y1), bj(y1) = 77b(y1), j = 0,1,...,k — 1. Note that if
we differentiate j-times the expression (Ki0(p))(y1), which is the left-hand
side of equation (71), with respect to y;, then in the obtained expression
the sum of the terms which contain the function p(y;) with its derivative
09 (y1) gives (K1;(¢9))(y1). A similar statement also holds for Ky;.

Let in equations (73), (74) the right-hand sides x, (y1) € ®x—14a—;[0, dp],
p = 1,2. Tt is assumed that ®¥[0,d,] = ®,[0,d,] for k = 0. In that case,
by the definition of the space &)k,pra,j [0,d,], for any natural number N
there exist positive numbers C, = Cy,(y, N, x,), By, = Bp(y1, N, x,), not
depending on & = (&1, &2), such that for 0 < y; < d, and [¢| = |&1]+]&| > B,
the inequality

I, ()] < Cpyy ™1 e NI

is fulfilled and

Coy1) = sup Cp(y)) <+oo, BY(y1) = sup By(y)) < +oc.
0<y9<y: 0<y?<y1

Lemma 2. Let conditions (69), (70) be fulfilled. Then for k—1+a >

—%J:l equations (73) and (74) are uniquely solvable in the spaces &’k—1+a—j

[0,d1] and ék,pra,j [0,ds], and for || > By and |§| > By the estimates
(B () )| = lely)] < o1Cryy 07 NIl (75)
(K5t 06 ) ()] = [(y1)| < 020y~ 077 e VI (76)

hold, where the positive constants o1 and oo do not depend on N, &, and the
functions x,, X,-

The proof of this lemma repeats the reasoning from [9].
To prove Lemma 1, we shall solve the system of integro-functional equa-
tions (58)—(65), (71), (72) with respect to the unknowns

ﬂ, ’u}l,wg,i)\g,,@; S (%g_l(ﬁl@), (RS &)ﬁ_l[O,dl], ’lﬂ S &)’;_1[07(12]

by the method of successive approximations.
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We set

ug(r1,y1) =0, wio(r,y1) =0, wao(21,91) =0,
U30(z1,91) =0, Vso(z1,91) =0, @o(y1) =0, Po(y1) =0,

B ey
Guanon) = [ (14 Bwrnor + (1= Busnoal (Gt 0)dt +
0
Y1
+ (w1 n—1 — w2 pn—1)(z1,t)dt, (77)
B~1lx,y
B

Ugn(71,91) = i&2 / (1 + Bywinr + (1 = Bwan](BE; t)dt +
0

Y1

+Z§2 / (wl,n—l - w2,n—1)(xl7t)dt7 (78)
Bz
B ey

Banlen,yn) = i€y / (14 B)wrms + (1 — B)wsn_1)(B,0)dt +

(=)

Y1
+i&1 / (W11 — W n—1)(x1,t)dt, (79)
B~ txy

ki1 for x>0, 1
= < f , € Mo,
B {_k2 for 2, <0, B wy <y for (x1,y1) 1Q

w10 (21,91) = Pn(wi(z1,91)) +

Y1
ti [ @Bt = @Bt Odt + Faorn), (80
wi(z1,91)
wan(T1,Y1) = Yn(w2(z1,91)) +
Y1
+%i / (€951 — E1Tan1)(za(@1, y1: ), )t + By(wr, ). (81)
wa(x1,y1)

To define the functions ¢, (y1) and %, (y1), we shall use the equations

(K10(pn))(y1) = (T1(wn-1))(y1) + (T2(v5,n-1))(¥1) + 91(v1),  (82)
(K20(¥n)) (Y1) = (Ts(wn-1))(y1) + (Ta(v5,n-1)) (Y1) + g2(y1),  (83)
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where Vs = (63, 51\4)

If the conditions of Lemma 2 are fulfilled, then using estimate (75), (76)
for j = 0 and applying (54), (68), also the inequality f~tz; < y; for
(z1,91) € Qg, Q(z9,9)) € 4, and taking into account the Volterra struc-
ture of the integral operators contained in equalities (77)—(78), for |¢| > 3
we obtain by the method of mathematical induction the inequalities:

*Mn n_ — 77. a
|tnt1 (21, 91) = Un(z1,91)| < M oy (1 [gyre NIElyprhite (ga)

n

*M — n a
‘wp;n,-‘rl(xlayl)_wp,n<xlay1)’ <M (1+|f|)n ngl o (85)

p=12,
~ ~ *M: n, —N|&| n+k 14+«
[Bgn41(@1,91) = Tgon (21, 91) | < M (L4 [€])"e , (86)
q=3,4,
*Mn n —N|¢| n+k 1+a
|ont1(y1) — enlyr)| < M*==(1+[¢])"e (87)

n

M
[Uns1(y1) — ¥n(y1)| <M= u (1+|§|)" ~NIglyntk=lta (88)

where the positive numbers ézé(z?, y?, N, fi1, fo, F), Mi=M, (29,49, 01, 02)
and M* = M* (29,49, N, f1, f2, F,01,02) do not depend on &; oy and oo are
the constants from (75) and (76).

Remark. As follows from equalities (77)—(79), for z; > 0 and 21 < 0
the functions U, U3, and U4, are defined by different formulas. This does
not cause discontinuities of the functions u,, vs,, and U4, and their partial
derivatives with respect to 1 and y; up to order (k — 1) inclusive along
the axis Oy; : 1 = 0, since it is assumed that the functions ﬁg, ﬁg” g1, 92
from (72)—(83) and their derivatives up to order (k — 1) inclusive are equal
to zero at the point O(0,0).

After differentiating equalities (77)—(83) with respect to z; and y; and
using the above estimates (84)—(88) and (75), (76), for |¢| > §j1+j2 we
obtain by the method of mathematical induction the inequalities

M, :
1072 @ = @)1, 0)] < My g, — 22 (1] N1E)

x gy e (89)
* + —
|[8]17]2 (wp,n+1 _ wp,n)($1,y1)‘ < ]\4]1+j2 *:;' J2 (1 + |£|)ne NI¢| X

xyp TR p=12, (90)

ML
|[631’32(U P n)(iv1,y1)\ < Mj*l+j2 *;;Jr]z (1+ |§|)ne—N|€| %
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« y?+k+afj1fj2717 q=3.4, (91)
di1+iz M
[y (onen =) )] < M, =02 (e e
% e—N\g\y?-&-k—&-a—ﬁ—jz—l) (92)
dirtiz . Mf y
HW(%H - T/Jn)}( )‘ < Mj 4, ;;! =14+ (€
1
% e—N‘E‘y’{lﬁFkH’Oé*jjszfl’ (93)
where 97172 = 9112 /92 9yf*, 0 < ji + j2 < k — 1; By, My, and M.,
p=1,...,k — 1, are positive integers not depending on &.
By (89) we find that for 0 < j; + jo < k — 1 the series
(o]
Ujrgp (T1,91) = lim [0, ] (21, 1) Z (07192 (@, — )] (21, 91)

converges uniformly in ﬁlQ and for the sum of this series we have the esti-
mate

‘ajhjz (xl,yl)’ < Mj e fm+jz(1+|€|)y1e—N\E\yf+a—j1—j2—1_ (94)

This estimate implies that u;, ;, € &%,Ha,jl,jz (Q1g), since, as is easy to
verify, the operator of multiplication by the function

eMejr+i2 (1+I€DY1

transforms the space &nﬁ_pra_jl_h (Q1¢) into itself. This in turn implies

that @'(z1,91) =To,o(21, y1) € O5 (o) and Uy, j(x1,91) =072 (21, 1)
By (90)-(93) we find in a similar manner that the series

o0
w (301,1/1)— lim w5 (21, 91) Z Wp.n (21, Y1) —Wpn—1(x1,41)), p=1,2,
n=1
oo
vl(xlayl)— hm an xlayl Z Uq, 331,311 ﬁq,n—l(xlyyl))a q:3547
n=1
converge in the space &ﬂ“jl(ﬁlQ), and the series
o0
Pl y) = i oa(y) = (ealyr) = en-1(y1)),
n=1

WHy) = lim () = Y (Yalyn) = a1 (1)
n=1
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converge in the spaces Ciﬂgfl[(),dl] and (ilgfl[o,dg], respectively. Hence by
virtue of (77)—(83) it follows that the limit fnctions @', w!, ¥3, v, !, and
! satisfy the system of equations (58)—(65), (71), (72). Thus to prove
Lemma 1 it only remains to show that the system of equations (58)—(65),
(71), (72) has no other solutions in the classes considered above. Indeed,
let us assume that the functions u*, w*, v, v}, ¢*, and ¢¥* from the classes

proved above satisfy the homogeneous system of equations corresponding
o (58)—(65), (71), (72), i.e., for

F,=0, F;=0, g1=0, g2=0. (95)

To this system with the homogeneous conditions (95) we apply the me-
thod of successive approximations, assuming that the functions u*, w*, 3,
vy, ¢*, and 9* are zero approximations. Since this system of functions
satisfy the homogeneous system of equations, each of the following approx-
imations will coincide with it, i.e.,

Uy (z1,91) = 0™ (z1,91), wy(@1,y1)
n

w (@1, 91), V3, (21,91) = 05(z1,91),
52711(951,191) = vy (71, 91), =

en(y "), dn(yn) = ¢ ().

By the same reasoning as for estimates (84)—(88), for |¢| > B* we obtain

n

A~ e — M* B -
[ (@, )| = [, (o, )| € M= (14 [g])em Vielyp e,

M’n
S fgl)re My p =12,

n
*

*M
| (x17y1)‘*|vqn(x17y1)|<M n

lwp (1, 91)| = [wy (@1, 91)] < M*

(1 + |g)re Nelyprhta=l g =3 4,

*Mn n,— n a—
0" (y)l = len ()] < M7 — = (1 +[€])"e Nlelypthta=t,

n

W ()| = [ ()] < M* *(1+\5|)" ~NIElyptktast,

Hence, passing to the limit as n — oo, we find that
u'=0, wi=0, wy;=0, v3=0, Uy =0, p*=0, P*=0,
which completes the proof of the lemma.
Let Qo(29,23,4%, 49 € Dy. Denote by
D1, : —kan < w1 < kayr, y1—a1 <y —af, 1+ @1 <y +af

a subdomain of the domain D; bounded by the surfaces SY, S9 and the

characteristic hyperplanes 51 y1— 21 = y) — 2 and S’g y1+21 =30 + 29
passing through the point Q.
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Since problem (1), (17), (18) is equivalently reduced to problem (44)-
(53), Lemma 1 immediately implies

Theorem 2. Let conditions (69), (70) be fulfilled. Then for k + « >

—hff’g“:' + 1 problem (1), (17), (18) is uniquely solvable in the class &ﬂoﬂ(ﬁl)

for any F € &)’;*1(51) and f; € &ﬁ’l(S?), i =1,2; the domain of the de-
pendence of the solution u of this problem for the point Qo € D1 is contained
m Dng .

Note that if conditions (69), (70) or the inequality k + « > —lffg‘;" +1
are invalid, then problem (1), (17), (18) may turn out to be formulated

incorrectly.
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