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ON THE RIEMANN-HILBERT PROBLEM IN THE
DOMAIN WITH A NONSMOOTH BOUNDARY

V. KOKILASHVILI AND V. PAATASHVILI

ABSTRACT. The following Riemann—Hilbert problem is solved: find
an analytical function ® from the Smirnov class EP (D), whose angular
boundary values satisfy the condition

Rel(a(t) +ib(t)) 2" (t)] = £(1).

The boundary I" of the domain D is assumed to be a piecewise smooth
curve whose nonintersecting Lyapunov arcs form, with respect to D,
the inner angles with values v, 0 < v < 2.

Let T' be a plane piecewise smooth closed Jordanian curve bounding
the finite simply-connected domain D, 0 € D; z = z(w) be the function
conformally mapping the unit circle onto the domain D; w = w(z) be its
inverse function. Denote by EP(D) the Smirnov class, i.e., the set of analytic
functions ® in D for which

sup [ [8(2)71dz] < o
re(0,1)
T,
where p > 0, and I', is the image of the circumference |w| = r for the
conformal mapping of the unit circle U onto the domain D. As is well
known, functions of the class EP(D) have, almost everywhere on I', angular
boundary values belonging to the class LP(T), i.e., to the set of functions
summable in power p on I' with respect to the arc length measure.

Let the real measurable functions a, b and f be given on I'; a and b being

bounded and f being from the class LP(T).

We shall solve the following Riemann—Hilbert problem: define a function
® € EP(D), p > 1, whose boundary values satisfy, almost everywhere on T,
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the boundary condition
Re [(a(t) + ib(t)) @ (t)] = f(t), teT. (1)

The Riemann-Hilbert problem and related singular integral equations under
various assumptions for I' and ® were investigated by many authors (see,
e.g., [1]-[20]); the case where I' is a nonsmooth curve was also considered,
(see, e.g., [10]-[20]). In the papers where the problem is treated in the
above-given (or close to the above-given) formulation, certain restrictions
are imposed on the angles under which there are arcs making up I". This is
done with the aim of establishing the Fredholmian property of the problem
or by the limited capacity of the investigation method used.

In this paper we investigate the problem for arbitrary piecewise Lyapunov
curves without cusps and also for curves having cusps with the inner angle
2m. The solvability is discussed and when the problem is not solvable we
give, as we think, an optimal and simple condition ensuring the existence
of a solution. In all cases where solutions exist, they are constructed using
Cauchy type integrals and the conformal mapping of a given domain onto
the unit circle. In achieving this aim, we establish a two-weighted inequa-
lity for singular integrals with an optimal condition imposed on the pair of
weights. Moreover, we give detailed consideration to the Dirichlet problem
with respect to a harmonic function which is the real part of a function
from EP(D). By virtue of these results, problem (1) is solved by Muskhel-
ishvili’s method, i.e., by reducing it to the linear conjugation problem [4], [5].
Though we have to solve the latter problem without making the traditional
assumptions with respect to coefficients, we nevertheless succeed in creating
the solvability situation and constructing solutions. In the conclusive part,
the problem is considered in Smirnov weight classes.

We made essential use of the fact that when I' is a piecewise Lyapunov
curve and C is its angular point with an inner angle v7, 0 < v < 2, then in
the neighborhood of the point ¢ = w(C') we have

Z(w) = (w— )" zo(w), (2)
where zo(w) is continuous and different from zero [21], ([7], Ch. I).

1°. A Two-Weighted Estimate for Singular Integrals. For a 27-
periodic summable function f on (—m,7) we set

foy= [ 19y,

eifE — ety
-

It will be assumed that 1 < p < oo and the positive number « is so large
that the function ¢ (z) = 2?~!In” € increases on (0,7), o > em.
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Theorem 1. Let 1 < p < o0 and zg € (—m,w). Then there ezists a
constant M (p) > 0 such that the inequality

[ 7@~ aol-tao <

< M(p) / F@Ple -zl P % e 3)

holds for arbitrary f for which the integral on the right-hand side is finite.
Moreover, the power p on the right-hand side with the logarithm is sharp,
that is, it cannot be replaced by any v < p.

The proof will be based on the following Hardy type two-weight inequal-
ity.

Theorem A ([22]). Let 1 < p < q¢ < oo and the functions u, w defined
on (0,7) be positive. Then for the equality

T x T

[ [ Fwas] ar < x) [w@irwras (1)
0

0 0

with the constant N(p) not depending on F to hold, it is necessary and
sufficient that the conditions

™ x

sup (/v(y)dy) <O/w1‘p/ (y)dy)p_1 < o0 (5)

x

(p = %) be fulfilled.

Proof of Theorem 1. It is assumed without loss of generality that x¢y = 0.
Note that if the integral on the right-hand side of (3) is finite, then, as
readily follows from the Holder inequality, the function f is summable on
(—m, ) and therefore f(x) exists almost everywhere. Indeed,

_1 Q 1_ _ (07
/\f<x>|dx=/|f<x>||x|1 P el ! e <

(/|f e 2 ) (/|x|1np ) <

l‘



282 V. KOKILASHVILI AND V. PAATASHVILI

Further we have

||

/ @) Plaptde = (p— 1) / Fla ( / Tp—2dT)dx:
=(p —1)]7”2( / |f(x)|pdm>dr§

>z >T

< 2r-1(p [/TM( / ] /Mdy’pdx>dr+
b

>|z|>T 7>|y|>F

+ZTP2( / ’ / %dy’%x)df]—

w>|z|>T 0<|y|<E

= 2p71(p — 1)([1 + IQ)

By Riesz’ theorem we conclude, that

Il:ij_2< O/f y)x{y: 7r_;|/y|>2}

w>|z|>T -

= /TH[/( wix{y: 7>yl > 7 })pdy}drg
<n, [ ([ wwpr)

>|y|>%

dx) dr <

By changing the integration order in the latter expression we obtain

2|y|

n<m [ f(y)l”( / Tp2dT)dy<

_ _ «
< M, / F@)PlyP~tdy < My / F@P W Sdy (6)

Let us now estimate Io. For 0 <7 <7, 7 > |z| > 7,0 < |y| < § we have
|z —y| < || +]yl < 7+F = F. Moreover, |z] < |z —y|+]y| < [z —y[+F <
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1lz| > 7. Also,

—yl_ 2
) > — e -yl

|z| and hence |x — y| >
T for m < |z —y| < 2T

zy|:2

1

|z —y|+ 3
.z
Sin

‘eiz —e
€| > 2sin 27

for ir < |z —y| <7, and e
By virtue of all of the above inequalities we obtain

1 p
£ >||em_eiy|dy) dx>d7+

I, < /TP_Q(
0 m>[z|>7  {y:|yl<FIn{F<|z—y|<m}
1 p
FO) o ) ) <
}

o

T
+/Tp_2
0 n>lz|>T {y: |y|<TIn{r<|z—y|<

éMs[j »e( éﬁ,(lyé Fwldy)” )ar +

T>|x|>T
y)|dy dT].

/TM /dxylzﬂ

T>|x|>T

Furthermore,

. P
1( / f(y)ldy> ar +
0 lyl<%
|dy )dT = 121 +122. (7)

+M3/TP 2< / dz /
m>z|>T  yl<g
Let us verify whether condition (5) is fulfilled for the pair of weights
,w(t) = P71 In” ¢, We have
dr (] dln g) b
In?” & B
0

</ P & dr> = M5/
T T

/dT
T T
0 x
1
:clnz < M.
T

1

o(r) = 7

x

o < M [ |f(@)Plap o da.
X

—T

Therefore we can use Theorem A to estimate Is;. We obtain
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Now we shall estimate I25 as

s

me [ [ a [ If(y)dy)pdfé

0 > x| >T |y|<%
. P
<w [ |x( / |f<y>|dy) dr <
- ly| <zl
= P
<M [ |x|-1( / f<y>|dy) i <
o lyl<!3
SM11/|f(x)|p|x|pfllnp|%|da:. (9)

By (6), (8), and (9) we conclude that

2 de. (10)

||

/'ﬂwﬂ”\ﬂp‘ld:cg M(p)/lf(:v)l”lxlp—llnp

It remains to show that in inequality (10) the power index p of the loga-
rithm cannot be replaced by a smaller number. Let us assume the contrary.
Let € € (0,1). Fix the number ¢ > 0 and set

& pr—0-7) 1, for 0<y< %
ft(y) = y y t .
0, for y@((), 5)

By substituting the function f; into inequality (10), where the power
index p of the logarithm is replaced by p — €, we obtain

1]

, 5
P < M ) e Sy =
; Y Y Y

%
1 ’
:M/fln(pfg)(lfp)lngdy.
J Y Y
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Hence

K

e

t

! p—1 [ L p-oa-p) &
dy | |x|P~ de <M gln m dy. (11)
0

On the other hand, it is obvious that

t/ﬂ(ji”tiy; dy>p|x|p_1dx> ]i(jfﬂy)dy)iix. (12)

t

By virtue of (11) and (12) we must have

™

3 ) :
1 ’
/dxx(/ft@)dy> < M/gln(pfe)ufp) %d%
0 0

t

i.e., the inequality

t 1 p—1
mZ( [ =m0 % g} <y (13)
t Yy Yy

must be fulfilled for 0 < ¢ < 7. But this is impossible, since

t . o1
(/ln@s)(lp’) ady> e Y (14)
v
0

Yy Yy
We have therefore proved the validity of the last part of the theorem.
‘We shall now formulate the theorem as needed for our further discussion:

Theorem 1’. Let 1 < p < oo, v be the unit circumference, ¢ € v. Then
the operator

T: f—Tf, (Tf)(CO):(CO_C);/(C )1/1]](5) (¢ C)dc
) —c)?’ In —C — 50

is continuous in LP (7).

20, Let I' be a simple piecewise Lyapunov closed curve bounding the
finite domain D. It is assumed that I' = U}}_, I'y,, where the non-intersecting
Lyapunov arcs 'y, meet at the points C' so as to form, with respect to D,
the inner angles

o =T, 0<1p <2, k=1n. (15)
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We shall investigate the following Dirichlet problem: In the domain D define
a function u by the conditions

Au=0, u=Red, @EEP(D)} (16)

ut(t)=f(t), feLPlI)

It will be sufficient for us to define a function ® € EP(D) whose angular
boundary values ®*(t) satisfy the condition

Re[®T(t)] = f(t). (17)

The latter condition is the particular case of problem (1).

The function ®(z(w)) is regular 1n the umt circle. In this case, ®(z) €
EP(D) iff the function ¥(w) = {/2'(w)®(2z belongs to the Hardy class
H? (see, e.g., [23], Ch. IX) Hence the solutlon of problem (17) in the class
EP(D) is equivalent to the solution of the boundary value problem

e L + = f(z =
e |2 ¥1(0] = SG0), =1 (19

in the class HP.
Following [4], [5], we introduce the function

U(w), |w| <1

1 .
\I/(:) lw| > 1
w

Qw) = (19)

It is not difficult to show that (see, e.g., [8], [19]) in a domain |w| > 1 the
function Q(w) — Q(00) is representable by a Cauchy integral. Therefore in
a complex plane cut along the circumference v = {¢ : |¢| = 1} the function
Q(w) is representable by a Cauchy type integral with the constant principal
part.

Let p > 1 and n be an integer > 0. We set

Kpn = {@ : dg, q(w) =ap+are+ -+ aw”, ¢ € LP(y),
1
2—/ d<+ )} (20)
¥

Denote /EI, =Ky and

G ={2: 3oerm) ow -5 [Eal e
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Thus, if U € H? is a solution of problem (18), then the function €2 defined
by (19) belongs to K,. It is not difficult to find that (see, e.g., [5], §41)

Qr Q) =~ Q7 (0 +9(0), (22)

where ¢(¢) = 2f(2({){/2'(¢). We therefore conclude that if ¥ € H? is a
solution of problem (18), then Q € Izp is a solution of the boundary value
problem (22). The converse statement is not true. For the restriction of
Q(w) onto the unit circle U to give a solution of problem (18), it is necessary
and sufficient that the equality

Qi (w) = Qw), (23)

where Q. (w) = Q(£) (see [5], Ch. 5), be fulfilled for any |w| # 1.

We have come to the problem: Define solutions Q € /E,, of problem (22)
satisfying the additional condition (23). If  is such a solution, then its
restriction onto U will give the desired solution of problem (18), while the
function

o(z) = (Yu'(2)) ' Qw(z)), =€ D, (24)

will be a solution of the class E?(D) of our main problem (17). Also, if £
is a solution of the boundary value problem (22), then the function

%(Q(w) + O, (w)) (25)

is a solution of problem (22) satisfying condition (23).

We introduce the notation G(¢) = —{/2/(¢)[{/2'(¢)]~!. The boundary
value problem

Q7(¢) = GO () (220)

will be called the homogeneous problem corresponding to the nonhomoge-
neous problem (22).

A function X defined on the set |w| # 1 will be called a factor-function
for G in the class IC, if it satisfies the conditions: (i) X(z) € UpKCpn,
X (2)] 71 € UnKoprnt (i) X*(Q[X~(Q)) ! = G(O): (i) the operator

9(¢)
(¢ —¢o)

gﬂm,wmmX;?/Xﬂ ¢ (26)

is continuous in LP(y).
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30, First, it is assumed that I has an angular point C' with the inner
angle vm, 0 < v < 2. We shall consider the following cases: (1) 0 < v < p;
2)p<v<2;,B)v=p 4 rv=2.

4%, The Case 0 < v < p. Consider the function

/2 (w), |w] <1

X(w)=<{" 1 . (27)
{ z’(:), lw| >1
w
In the case under consideration we have
1 v—1 1
—— < < —. 28
D D 4 (28)

By virtue of (2) it is easy to establish that (see, e.g., [8]) X is a factor-
function for G in K, and all solutions of problem (22) of the class K, are
given by the formula

_X@) [ e o
o) = S 7/X+(<)(<w)d” X (w), (29)

where « is an arbitrary constant.
Let us turn to condition (23). A general solution of problem (22y) is
given by the equality Q(w) = aX(w). But

al/z' (w), lw] < 1

o= i (2), w1 .

while the equality (aX). = aX implies @ = —a. Thus we have Rea = 0.
Hence it follows that all solutions of problem (22) have the form a{/z'(w),
Rea = 0 and by equality (24) we conclude that for f = 0 problem (16)
has only a trivial solution. Moreover, assuming additionally that o = 0 and
using (25), from (29) we obtain the solution of (22) satisfying condition (23)

_ 1] X(w) 9()
Hw) = 2[ 27i ZX+(C)(C—w) et

+ ( 2m1 )/ X+(é;((? 1) dc |- (31)
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Since X (w(z)) = — :/(2)7 X(1/w'(2)) = 1/%/w'(z), from (24) and (31)

we have the equality

~Re| L [ LG©) w(z) [ f(z(Q) d¢
u(z) =R {2m'7/C—w(z) dC+ 274 [ ¢ ¢C—w(2)] (32)

Eventually, we find that for 0 < v < p problem (16) is uniquely solvable
for any f € LP(T') and its solution is given by (32).

5%, The Case p < v < 2. This time we shall investigate the function

_VEW) <
- _w—c '’ _
X(w) = T . (27)
o > 1
w — C

~ v—p—1
By virtue of (2) we have X = O((w — ¢) > ) in the neighborhood of
the point ¢. Since —% < ”‘Tp_l < ﬁ (this is equivalent to the inequality
p < v < 2p which we have in the case under consideration), only the function

Qw) = )gﬁr?/f(ffudu (aw + B)X(B)

can be a solution of problem (22), and the function Qo(w) = (aw + 8)X (w)
a solution of problem (22(). Let us see for which « and S condition (23) is
fulfilled. We must have

1 = 2 (w aw + B) /2 (w
(k) S _ ot )Y
w T —cC w—c
Since ¢ = ¢!, we obtain
a =\ wc aw +
N
w c—w w—c

Hence Bc — a = 0, @c— = 0. This gives us 3 = @c. For arbitrarily chosen
0 we obtain « = Bc. Thus the function
1 whe+ B

z’(u}) w—c

wBc+
— R 7 — Re | ¥PETP
ug(z(w)) e [ z (w)} e [ P }
will be a solution of the homogeneous Dirichlet problem in the circle.
But if w = r€", ¢ = ¢ +icy = €%, = X+ ip, then
Bew+ _ (Bew+ B)(@—7) _ (Ber? — 52) — (Buw — )

w—c |w — ¢|? |w —¢|?
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and, keeping in mind that Re[fw — 3w] = 0 and assuming fc = d + ie, we
obtain

Re Bew + 3 :ReBCTQ — Be — Re (d+ie)r® — (d—ie) d(r?—1)

w—rc |w —¢|? |lw — ¢|?  |w—]

with d = Re Bc = Re[(A — iu)(c1 +ica)] = Aep + pca.
Thus

vy (Aer +pea)(1 —1?)
uo(2(re”)) = 1472 —2rcos(f —0.)’
where A, p are arbitrary real constants. Clearly, Ac; 4 pco runs through the
set of all real numbers so that

i0 c+w
UO(Z(TG )) ec w 5

where M is an arbitrary real constant. For f = 0 a general solution of
problem (16) is given by the equality

¢+ w(z)
c—w(z)’

uo(z) = M Re (33)
A particular solution of the nonhomogeneous problem is obtained after re-
placing in it X (w) by X (w). Finally, we obtain a particular solution of the

form

 omi

Thus for p < v < 2 the Dirichlet problem (16) is solvable for any f €
L?(T') and has an infinite number of solutions given by the equality u(z) =
uo(z) + u(z), where ug and u are defined by (33) and (34), respectively.

6°. The Case v = p. Let X be the function defined by (27). Then by (2)

we have X (w) = O((w— c)ﬁ) (including the case v = 2 = p). We shall first
consider the homogeneous problem. The function F(w) = Q(w)[X (w)]~!
satisfies the condition F™ = F~ and, in the domains |w| < 1 and |w| > 1,
belongs to the set N1 H?, where H® is the Hardy class (it is assumed that
F € H° in the domain |w| > 1 if F(1) € H? in the domain |w| < 1). We
shall show that F(w) is regular in the whole plane except the point c. Let
¢ be an arbitrary point on ~, different from c. Let us take a pair of points
(1 and (5 from the different sides of ¢ and consider the domain Szr which

is a sector of the circle U bounded by the radii passing through (; and (o
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and by the circumference arc (1, (2) containing ¢. Since for the function
) € HP we have by the Feyer—Riesz theorem (see, e.g., [24], p. 46)

1 27
/ Qrei®)Pdr < M / Qe )P,
0 0

it follows that Q € EP(SZ'). Hence we easily find that 2 € EP(S.), where

S¢ is the domain bounded by the arc v(¢1,¢2), by the continuation of the
radii passing through ¢; and (s, and by the circumference arc |w| =1+ 7,
1n > 0. For ¢ # ¢ points (3 and (5 can be chosen so that ¢ would not lie on
71(¢1, ¢2). Therefore the function [X (w)]~! is bounded in the domains Sg[
and hence in these domains the function F'(w) belongs to the Smirnov class
and is represented by the Cauchy integral

1 [ EQ
Flu) - %/c—fwd@ we st

wES_

d S¢
F(w) — 27T’L / C — C7 we

0, w€S+

)

3

where v, and 7, are the boundaries of the domains S and SE , respectively.
Within these boundaries there lies the arc ({1, ¢2) on which the integration
on 7y; and 7y, is performed in the opposite directions and on which F7({) =

F~(¢). Hence the function
FQ) . 1 [ F()
| et
Y1Uv2 3
¥3 = (71 U2)\7(C1, C2),

on the one hand, coincides in Sg U S; with the function F(w) (by virtue
of (35)) and, on the other hand, is analytic inside v3 and therefore in the
neighborhood of the point (. Thus F' is regular almost everywhere except
the point ¢ at which it may have only a first order pole, since otherwise it
could not belong to the class H°, § € (0,1). Therefore F(w) =
and only the function Qp(w) = aX (w) + Blw — ¢] "1 X (w) can be a solution
of problem (227). But since in the neighborhood of ¢ we have Qg(w) =

O((wfc)_%), Qg will belong to /E,, iff =0, i.e., for v = p the homogeneous
problem has only a solution of the form Qg(w) = aX (w). For this solution
to satisfy condition (23) we shall show, like we did in Subsection 4°, that
a=0.
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Returning to the nonhomogeneous problem, note that there are functions
in LP(v) for which it is not solvable (see Subsection 8° below),

We shall show now how using Theorem 1’ one can construct a solution
of problem (22)—(23) for a wide subclass of functions f € L?(T).

Assuming that

9(¢Q)In(¢ —¢) € L¥(v), (36)

we obtain g({) = ln(C( ) where g1 € LP(v) and therefore by Theorem 1’
the function

1

CO—C »’ 91(¢)
/ ’]n fc)C*CO

\\H

d¢ = (Go — ¢)* F(C)

~

belongs to LP(vy). Hence due to the inclusion F' € H? and the relation
1
X(w) =O((w —¢)?") it follows that the function

%w:/X%Kxc—w)“

belongs to Igp (we have used here Smirnov’s theorem: if ® € HP' has
boundary values ®* € LP2  py > p;1, then ® € HP?). Condition (36) is
equivalent to the condition f(¢)In|((t)—((c)| € LP(T"), since arg({(t)—¢(c))
is the bounded function. But in the case under consideration

C(t) = Ce) = (t=C) 7 Golt), 0<m < |Co(t)] <M

(see [21] or [7]). Therefore In|((t) — ¢(c)] < constln|t — C| and (36) is
equivalent to the condition

F)In|t — C| € LP(T). (37)

If this condition is fulfilled, then the nonhomogeneous problem (16) is solv-
able and its solution is given by equality (32).

7°. The Case v = 2. Equality (2) implies 2'(w) = (w — ¢)zo(w),
0 < m < |2(w)] < M. For p < 2 we shall establish, like we did in
Subsection 5%, that Qq(w) = (aw + B))Z'(w), where X is given by equality
(é?) Using corresponding arguments we again find that the homogeneous
Dirichlet problem has an infinite number of solutions given by (33), while
the function @ given by (34) is a particular solution of the nonhomogeneous
problem.

For p > 2 we have 2 = v < p (see Subsection 4°). If p = 2, thenv = p = 2
(see Subsection 6°).

To summarize, we have: for v = 2 the homogeneous Dirichlet problem
has only a trivial solution if p > 2. If however p < 2, then it has an infinite
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set of solutions given by equality (33). The nonhomogeneous problem is
solvable for any f € LP(T') if p # 2. When p = 2, for this problem to
be solvable it is sufficient that condition (37) be fulfilled. In that case, a
particular solution is constructed by (32) if p > 2, and by (34) if p < 2.

8Y. An Example of the Function f; € LP(T") for Which the Dirich-
let Problem (16) Has No Solution if I' Has an Angular Point with
an Angle prm.

To construct such a function we need to show first that a solution of the
Dirichlet problem, if it exists, has the definite form. We rewrite condition
(22) as follows:

(€= )2 (Q) = (= )G (C) + 9(O)(¢ — o).

It can be easily verified that if X is defined by equality (27), then the
function F(w) = (w — ¢)[X(w)]™! belongs to the class K, 1. Therefore
possible solutions of the class K,, of problem (22) lie in the set of functions

ﬁ(w)=f(_wiﬁ / ng%f{ e+ B ), 39)

—w) w—c

where o and (3 are arbitrary constants. Since O‘wwijf X(w)=a+ % X(w)

and the function aX (w) belongs to IEP, we conclude that Q(w) will be a
solution of the class k), only if the function

W= Pt e O

w w—=c

where D is some constant, belongs to this class. But Q € H 8 5 <1, and
therefore Q will belong to the class K, if the function Q*(¢) belongs to
LP(T"). For this it is necessary and sufficient that the function

oy X () 9(¢)(¢ —¢) DX™*(Co)
§l60) = Co—c 7/X+(C)(C—Co) d+ Go—c (40)

belong to the class LP(y).
Let us now find a function go € LP(vy) for which go ¢ LP(7y) no matter
what the constant D is. We set ¢ = 1 and assume that

mp X (C)
90(¢) = go(e?) = ¢—1 7 On <0< B ; (41)
0, 0 € (1,2m)
1

1
where Qn = My, = m
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. . . . +
Since in the case under consideration |<XTI| < M we have

c-117

oo Onta
g0l7ld¢] < /
!90 ; -1 =
- mP 1 1
<n¥1\/ . 21<E_TL+1)§

(1 —cosi)?4sin*d

oo
1
< tg —_ < .
= cons nzlnlnp(n—Fl) o

Thus go € LP(y). We shall show that go & LP(vy) no matter what the
constant D is. Since

9o(C) =

&) [ [ 90Q€—0)
(CO—C)[ O Gy XD

v

and, by (2) g(_cz = (Co — C)_%ZO(CO), 0 <m < |zo| < M, it is sufficient to
prove the equality

o [ 200
Go—1 (C) (¢ — CO)

~

d¢ = 0. (42)

Given a number K > 0, we choose N such that 3V, m > K and
assume that (o = €, 6 € (2 — 4, 27). We have

—Co
'/ dC‘ Zmn . Cn+1 Co‘ (43)
But
| S| G0
Cnt1 — Co sin %(,%H —0)

so that assuming that 6§ = 2r — a we obtain

+ 5 1
blnzln)‘>0’ OZG(O,*).
sin(% + 2(n+1))

Cn-l—l ‘ N

Now (43) implies

|g0 | >Zmnln

sin(§ + )

a
5 ‘
1
% + 2(n+1))
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>

M

a 1 : 1
2 COS(? + 4n(n+1) ) s 4n(n+1) )

sin(% + 5-+7)

my In (1 +
2(n+1)

1

3
Il

2008(5 + gpyy) SR g
my,

1
n+1)

> moK
. 1 — )
1 sin(§ + 2(n+1))

M=

n

where my = 2 cos %. Thus relation (42) is proved.

Clearly, the function fo(t) = go(w(t))[{/w’(t)]" belongs to LP(T') and
the corresponding Dirichlet problem is not solvable for it.

9°. Formulation of the Result on Problem (16) in the Case of
One Angular Point. Based on the arguments of Subsections 4°-8°, we
come to a conclusion that the following theorem is valid.

Theorem 2'. Let D be a finite singly connected domain with a piecewise
Lyapunov boundary, one angular point C with an inner angle v, 0 < v < 2.
Then for the Dirichlet problem the following statements are true:

If 0 < v < p, then the problem is uniquely solvable and its solution is
given by equality (32). If p < v < 2, then it has an infinite number of
solutions of the form

c+w(z)

u(z) = u(z) JrMRem , c=w(C),

where w(z) is the function mapping conformally the domain D onto the
unit circle, M is an arbitrary constant, and u is defined by equality (34). If

v = p, then the fulfillment of the condition f € LP(T') is not enough for the
problem to be solvable. However, if the condition

F()In|t — C| € LP(T) (37)

is satisfied, it has a (unique) solution given by equality (34).

10°. The Dirichlet Problem in a General Case. We shall formulate
the result for a more general case which follows from Theorem 2’.

Theorem 2. Let D be a domain bounded by a simple piecewise Lyapunov
closed curve with angular points Ci, k = 1,n, at which the inner angle values
are equal to vpm, 0 < v, < 2. Note that there are ny angular points with
values vy, from the interval (p,2] (it is assumed that (2,2] = {2}). In that
case, all solutions of the homogeneous problem (16) are given by the equality

up(z) = Z MkRem, cr = w(C), (44)

k
v €(p,2]
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where My, are arbitrary real constants. Generally speaking, the fulfillment
of the condition f € LP(T') is not enough for a homogeneous problem to be
solvable. Howewver, if the condition

f&m I =) e LP(I) (45)
k

is fulfilled, then the problem is solvable. In all cases in which a solution
exists, it is given by the equality u(z) = ug(z) +u(z), where ug(z) is defined
by equality (44), and

-0 5
wht(z) 1

Ck
k
+H=1)m e /
2mi
ol

E@NE |
¢ w(z) dc) p(w(z»] 48

where p(w) = [] (w—ck) and p(w) =1, when {vg : v € (p,2]} = 2.

k
vk €(p,2]

11°. The Riemann—Hilbert Problem in a Domain whose Bound-
ary Has One Angular Point. We make the same assumptions for I" as
in Subsection 3°. It is assumed that the coefficients a(t) and b(t) are mea-
surable and the function G(t) = (a(t) —ib(t))(a(t) +ib(t))~! belongs to the
class /Nl][,(lﬂ)7 ie, (1) inf |G| > 0, sup |G| < oo; (2) for each point t € T', ex-
cept perhaps the points t;, k = 1, m, there exists a neighborhood in which
the values G lie in some sector with the vertex at the origin, whose angle is
less than 27[max(p,p’)]™!; (3) in unilateral neighborhoods of points tx, G
satisfies the Holder condition, at points ¢ there exist limits G(tx, £), and
values of the angles §; between the vectors G(tx—) and G(tx+) are such
that%”<5k§%7fforp>2, %§5k<2?”for1<p<2and5k7§7rf0r
p=2.

For such a function we define, depending on p, the function ©,(t) =
arg, G(t) and the integer number s = »(p; G) = =[6,]r [13] ([¢]r denotes
an increment of the function when ¢ passes over the curve I').

Passing to the circle, we come to a problem of defining the function
Q2 € ICp(7y) by the set of conditions

15O 0-() + 9(C), CeT, -
Qu(w) = Qw), |w[#1,
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where A(¢) = a(z(¢)), B(C) = b(2(¢)), 9(¢) = 2f(2(0){/="({a(¢) +
iB(O)]", )

The function G~(¢) = G(z(¢)) belongs to A,(y). We need only to check
whether the Holder property takes place in the unilateral neighborhoods of
points 7, = w(tg). To this end, we recall that in our case the function z(¢)
satisfies the Holder condition with the index min(1,r) [21]. By [13] G4(C)
is factorized in KCp(7) and its factor-function has the form

L [6,()
exp (QM_/CP_wdC)7 lw| < 1
Y(w) = J . (48)
w™ ¥ exp (217”/ ?p(gz dC>, lw| > 1
8!

Assuming that I" has one angular point C # t1, k = 1,m, with an angle
v, 0 < v < 2, we shall consider the cases: (i) 0 < v < p; (ii) p < v < 2;
(i) v =p; (iv) v = 2.

(i) If 0 < v < p and the function X is given by (27), then the function

T(w) = AY (w) X (w), (49)

where A is an arbitrary constant, will be the factor-function for év ¢ =

—/2'(¢)[%/7'(¢)]"'G,(¢). By an appropriate choice of A [5] we can fulfill

the equality T (w) = w*T(w) and hence make the following conclusion: if
» > 0, then the homogeneous problem corresponding to problem (1) has an
infinite number of solutions given by the equality

©(z) = T(w(2)) Pr(w(2)) [{/w' (O],

where P,.(w) = ag + aqw + -+ 4+ a,,w* is an arbitrary polynomial whose
coeflicients satisfy the conditions ¢; = ¢,,_;, i = 1, 3. The nonhomogeneous
problem is solved unconditionally. If, however, » < 0, then the homoge-
neous problem has only a trivial solution, while for the nonhomogeneous
problem to be solvable it is necessary and sufficient that the conditions

/wk(t)wcztzo, E=0,1,...,|x -1, (50)

be fulfilled.

(i) p < v < 2. We set T(w) = AY (w)X (w), where Y and X are given
by equalities (48) and (/27), respectively. By an appropriate choice of A we
can fulfill the equality

To(w) = w* T T(w), |w| # 1.
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The result of (i) therefore remains in force if we replace s and T by » + 1
and T, respectively. We write the solvability conditions as

t)w' (¢
/wk(t)Mdt:O, k=0,1,..., | —2. (51)
] ()

(iii) » = p. Applying a reasoning similar to that of Subsection 6° we find
that only the function

Qo(w) = Y (w) [P%(w) n X (w)

w—c
can be a solution of the homogeneous problem. But for v = p we have
X(w) = (w— c)ﬁXo(w), while the assumptions made for G, imply that
|Y (w)| > mo > 0 in the neighborhood of the point ¢. Thus for the function
Qo to belong to the class Ep('y) we must set D = 0. So we obtain the same
result for the homogeneous problem as in the case (i). The nonhomogeneous
problem is not always solvable. Let the condition (37) be fulfilled for f.
Then the function

Qw) = T(w)/ 9(¢) d¢ (52)

271 () ¢ —w
v

will be a solution of problem (47) from the class Igp('y) iff conditions (50)
are fulfilled.

(iv) v = 2. We have a different situation for p # 2 and p = 2. When
p < 2, we can show, as above, that the function Q(w)[Y (w)X (w)]~! is ana-
lytically continuable onto the entire plane except the point ¢ and thus come
to the conclusion that the general solution of the homogeneous problem has
the form

Qo(w) =Y (w) X (w)(w — €)™ Pry1(w) (53)

(Poy1(w) = 0 for ¢+ 1 < 0). The nonhomogeneous problem is solved
unconditionally for >z > —1. If, however, » < —2, then for this problem to
be uniquely solvable it is necessary and sufficient that conditions (51) be
fulfilled. In all cases one can easily write all solutions.

If p > 2, then 2 = v < p and this case is considered in (i); if p = 2, the
v =2 = p and this case is treated in (iii).

Now we are able to summarize the results for the general case.

12°. The Riemann—Hilbert Problem in the General Case. We
introduce the notation

pwy= [ (w-c) (54)
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and assume that (2, 2] = {2}. If there are no points Cj for which v, € (p, 2],
then it is assumed that p(w) = 1.
The results of Subsection 119 give rise to

Theorem 3. Let the Riemann—Hilbert problem (1) from the class EP(D)
be considered in a finite simply connected domain D bounded by the curve
I'. It is assumed that :

(i) T 4s a simple piecewise Lyapunov curve with angular points Cy, k =
1,n, with the inner angles vim, 0 < vy < 2; ny is the number of points at
which vy, € (p,2];

(ii) G(t) = (a(t) — ib(t))(a(t) + ib(t))~" belongs to A,, Cj # ti, and
#(p,G) = 5=larg, G(t)]r (see Subsection 11°);

(i)
n = %(pa G) + ni,

YW
rw-] o (59)
w) = . 55
V(D) {/(2) 1
T M

Then:
(1) All solutions of the homogeneous problem are given by the equality

(=) = AT (w(2)) P (w(2) [¢/w' ()] (56)

where, for x >0, P,.,(w) = ag+aiw+---+a,,w” is an arbitrary polynomial
whose coefficients are related by the conditions ¢; = ¢,,—;, i = 1,n, P, (w) =
0 for 2 < 0, and the constant A is uniquely defined by the equality

(AT) s (w) = w”* AT (w).

(2) For the nonhomogeneous problem we have:
If >0 and

F(H)In e LP(T), (57)

H (thk)

k
Vi =P

then the problem is solvable.
If 52 < 0 and condition (57) is fulfilled, then for problem (1) to be solvable
it is necessary and sufficient that

N L
/w(t)T+(w(t))dt—0, k= 0,1, |5 — 1. (58)
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In all these cases the solution is representable by the formula
B(2) = B(2) + Po(2),

where @ is given by (56), and

@@:Twe» fMO)VW@

TN T IO Ve
——2 d(.
(o ) W) - oTEORe0

13°. The Riemann—Hilbert Problem in the Smirnov Weighted
Class. Let 3 be a real number, 7 € T' and 7(z) = (2 — 7)%, 2 € D. An
analytical function ®(z) in the domain D will be said to belong to the class
EP(D;r) if ®(2)r(z) € EP(D). When one considers problem (1) in this
class, it is of special interest to investigate the case where 7 coincides with
the angular point C (it is assumed that there is only one such point). On
rewriting the condition Re[(A(¢) +iB(())®1(2(€))] = f(2(C)) as

o {(A +iB(()) /2 (O)r(2())2T (=
Z(O)r(=(C))

we reduce problem (1) to a problem of form (22) in which {/2(¢) is replaced

by ¢/2'(Q)r(2(¢)). But r(2(¢)) = (r(¢) — 2(c))” and, since z(¢) satisfies the

Holder condition with the index 7 = min(1,v), we have {/2/({)r(2(¢)) =

D s @)

(¢ - c)%+%ro(g), ro # 0, in the neighborhood of ¢. Now, by setting
v3 = v+U0 and assuming that vg € (0, 2] we obtain analogues of Theorems
2 and 3 in which v is replaced by vg. We shall not go into details and write
only admissible values for

max(—1,—v) < 8 < min (2—V 2;1/). (61)
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