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ANALOGUES OF THE KOLOSOV-MUSKHELISHVILI
GENERAL REPRESENTATION FORMULAS AND
CAUCHY-RIEMANN CONDITIONS IN THE THEORY OF
ELASTIC MIXTURES

M. BASHELEISHVILI

ABSTRACT. Analogues of the well-known Kolosov—Muskhelishvili for-
mulas of general representations are obtained for nonhomogeneous
equations of statics in the case of the theory of elastic mixtures. It is
shown that in this theory the displacement and stress vector compo-
nents, as well as the stress tensor components, are represented through
four arbitrary analytic functions.

The usual Cauchy-Riemann conditions are generalized for homo-
geneous equations of statics in the theory of elastic mixtures.

1. In this section we shall derive analogues of the Kolosov—Muskhelishvili
general representation formulas for nonhomogeneous equations of statics in
the theory of elastic mixtures. It will be shown that displacement and stress
vector components, as well as stress tensor components, are represented in
this theory by means of four arbitrary analytic functions.

The representations obtained here will be used in our next papers to in-
vestigate two-dimensional boundary value problems for the above-mentioned
equations of an elastic mixture.

In the two-dimensional case the basic nonhomogeneous equations of the
theory of elastic mixtures have the form (see [1] and [2])

a1 Au’ + by graddive' + cAv” + dgraddivu” = —p1 F' = ¢/,

1.1
cAu' + dgraddivu’ + asAu” + by grad divu” = —po F' =", (1.1)

where A is the two-dimensional Laplacian, grad and div are the principal

operators of the field theory, p; and py are the partial densities (positive
constants) of the mixture, F’ and F" are the mass force, v’ = (u}, u}) and
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224 M. BASHELEISHVILI

u” = (uf,uy) are the displacement vectors, ai,, b1, ¢, d, as, by are the
known constants characterizing the physical properties of the mixture. We
have

ay =p1 — A5, b =p1 +A+Xs *,071042/)2, as = flg — As,

c=p3+ X5, by =2+ Xo+ A5+ p lasps, (12)

d=p3+X3— s — p laopr = s+ M — A5 + o Lazps,
p=p1+p2, @2=2A3— A

where p1, po, w3, A1, A2, A3, A\g, A5 are new constants also characterizing
the physical properties of the mixture and satisfying the definite conditions
(inequalities) [2].

In what follows we shall need the homogeneous equations corresponding
to equations (1.1); obviously, they have the form (F' = F” = 0 or ¢/ =

W =0)
a1 Au' + by graddiva’ + cAu” + dgrad divu” = 0,

1.3
cAu' + dgraddivu’ + asAu” + by grad divu” = 0. (13)

In the theory of elastic mixtures the displacement vector is usually de-
noted by u = (v/,u”). In this paper u is the four-dimensional vector, i.e.,
u = (uy,Ug, U3, Ug) OF U = Uy, us = ub, ug = uf, ug = uj.

The system of basic equations (1.1) can (equivalently) be rewritten as

a1 A + cAu” 4 by grad @ + dgrad 0 = o/,

1.4
cAu' 4 asAu” 4 dgrad 0’ + by grad 8 = 4", (14)
where
o,  out ou  oulY
9/ _ 1 2’ i — 1 2 ) 15
6261 + 8172 3171 + 3172 ( )
For our further discussion we shall also need the functions
o - duy — Ouj 2 uy  duy (1.6)
8391 5‘:52 ’ 8.%1 8$2 ' )

As mentioned above, here we want to represent the solution (i.e., the dis-
placement vector components) of (1.1) and the stress vector components
(calculated by means of the displacement vector) and stress tensor compo-
nents through analytic functions of a complex variable. To this end, for the
basic equations of statics in the theory of elastic mixtures we shall general-
ize the method developed by Vekua and Muskhelishvili for nonhomogeneous
equations of statics of an isotropic elastic body in the two-dimensional case
(see [3] or [4]).
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We introduce the following variables:
Z:.T1+il’2, Zil’lfi;’]fg,

i.e.,

where
0 0 0 0 __(8 6)7

o 0z 97 o \o: oz

0 10 _,0y0 10 . 0) )
8z  2\0r dry/ 02 2\0zs Oxy/"
After performing simple calculations we obtain
2 / =/ " 1
A743 ,:8w+81ﬁ, 0,,:810 +aw7’
0z W 0z 0z 0z 0z (1.8)
6@’) e _i<aw// B 8@”)
0z N 0z 0z
where
w' =ul +iuy, W’ =l 4. (1.9)

On account of (1.7), (1.8), and (1.9) we can rewrite (1.4) as two complex
equations

6211)/ 82 " 89/ 89//
da; Y 4y % 2020 _
Nozer T Cozer T T T 110)
aQw/ 82 " 89/ 89” :
4 4 24 ob, 20— g
“oz0: T 550, T 9z T2 5z ’

where
— w/l +1wé7 \I/// — i/ _"_11/)/2/.
Obviously, (1.10) can be rewritten as

! 1’
J (4&1 Ow' | 40w +2b10’+2d0”) -

0z 0z 0z
0 ow’ ow” , A
£(4CE+4a2¥+2d9 + 2by0 ) —

which, after applying the Pompeiu formula [4], gives

/ 1

1 [ 0(ys,
day a“’ e g’ +2b10'+2d0" =4 (2) + — /Mdyldy2,
z g
D
(1.11)
8 / 8 1 1 \P//
de a“’ Fday S 240" +2b,0" = Al (2) +f/ W b2) gy,
z 0z T
D
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where 0 = 2z — (, ( = y1 + iy2, ¢}(2) and ¢,(z) are arbitrary analytic
functions which we have represented as derivatives of arbitrary analytic
functions, while multiplier 4 has been introduced for convenience. In (1.11)
D is a finite or infinite two-dimensional domain. In the case of an infinite
domain the functions ¥’ and ¥’ satisfy the definite conditions near the
point at infinity.

Remark. The integral terms (partial solutions) appear in (1.11) by virtue
of the fact that the Pompeiu formula

1 [ F(y,
w(zr) = = / 7@; v2) dy1 dys

™
D

holds (under certain assumptions) for the equation

8—7;0 =F=F +iF,.
0z
The proof of the Pompeiu formula for both a finite and an infinite domain
D is given in [4].
We shall give one more proof of the Pompeiu formula. Let w = u + iv.
Then, on separating the real and imaginary parts, the equation for w can
be written as two equations:

Dy ou
83:1 (3'%2 B b (9£E2 8951 a 2

If we now introduce new functions ¢ and ¢ by

o O o 0
_Op W A

u = , V=——— ,
Oxr,  Oxs Org 01y
the previous system for ¢ and 1 can be rewritten as
Ap=2F, Ay =F;.

By the well-known formula for a partial solution of the Poisson equation,
we obtain

1 1
p = */IHTFl dyy dya, = */IHT’FQdyl dya,
T T
D D

where

r=/(z1— 1)+ (22 — 12)? = |o].
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By calculating the partial derivatives of first order for ¢ and 1) we obtain

1 Ty —
u=— /( L ylF + 2 2y2 Fz)dyldyz,
7" T

>H'—‘

D
/ 2P+ r2y1 Fz)dy1dy2,
D

and hence

1 [F
w=u+iv=— / Fly1.92) dy; dys.
m o

D

The latter formula coincides with the Pompeiu formula. O

Combining (1.11) with the formulas obtained from (1.11), passing to
the conjugate values, and taking (1.8) into account, we obtain, after some
transformations for 6’ and 6”, the system of equations

1 o’
(a1 + b+ (c + A" =2Re [90'1(2) o [T, dyz}
b (1.12)

1 qj//
(e 0"+ 0z + b)8"=2Re [ () + - [ T2 gy .
D

where the symbol Re denotes the real part.
On subtracting the complex-valued values and again taking into account
(1.8), we obtain in a manner similar to the above the following system for

w' and w':

\I/I(ylayQ) dy1 dy2:|

(1.13)
dy: dyz],

1:[
1 / U (y1,y2)
o
D

where the symbol Im denotes the imaginary part.
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By solving system (1.12) for 6’ and 6" we obtain

2 1 [ (yq,
9’_d1Re{(a2+bg){ ()+él7r/(ll;_y2)dy1dy2:|
D

(C+d)[ 2(% )‘5‘;[[%@1@2]}7

2 , 1 W' (y1,
9" — dil Re{ — (C+d) {@1(2’) + E/ (y; y2) dyy dy2] +

1 \Il” ,
+ (al + b1 { E/ yl y2 diy dyg} }7

D

(1.14)

where di = (a1 + b1)(az + ba) — (¢ + d)?

For the unknown 88“;/ and 8(%/ system (1.11) gives

ow’ 1
T —eph(e) +eadh(e) + o [l e
D

dy, d
) Y1 ay2 +
o

1
+ — [(Cd — blag)ﬁl + (Cbg — da2)9”],
2ds

aw// / ! 1 / 1"
5 e201(2) + ez (z) + o | (¥ +es¥
D

(1.15)
dyy d
) Y1 ay2 n
ag

+ i [(Cbl — da1)9’ + (Cd — a1b2)9”}7
2ds

where

%a = < ez = %7 dy = aijag — > 0. (1.16)

€1 =
From (1.14) we obtain by elementary calculations
[(Cd b1a2)9 (Cbg — dag)H”] =

1
= Re {e4<p/1(z) + e5p05(2) + o /(64\1;/ +esuy L2
D

2dy

1

[(Cbl dal)H/ + (Cd — albg)ﬂ”] =
2dy

= Re |:e5<p/1(2:) + 664,0/2(2:) + P /(65\11/ + (36\11//)T
D
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where
(c+ d)(dag — b)) + (az + bz)(cd — braz)
€4 = )
dids
es = (a1 —+ bl)(CbQ - d(lQ) + (C + d)(CLle — Cd) _
dids (1.18)
_ (ec+d)(a1by — cd) + (az + b2)(cby — day)
B dido ’
eq = (a1 + bl)(Cd — a1b2) + (C + d)(dCLl — Cbl) )
dyds

After substituting (1.17) into (1.15), we can rewrite % and OBLZH in a
simpler form

ow’ €4 es
e =) )+ 5 A+ S
+ 7/ mlq// 2\D//)dyl dy? /64‘I’l+ \I/” dylidQQ’
o}
D
D (1.19)
w / €6 —
92 = mapy(2) + m3<p2( ) + - @1( )+ b} ©h(2) +
1 d d 1 dy; d
. /(mQ\Iﬂ +msU”) y1U Yo ?/ (5T + e6T") y% v2.
D D
where
e e e
m1=€1+§4, m2=€2+557 m3=€3+§6~ (1.20)

Since 2 = g(lna—i—ln )= 2 ~ In o, we obtain from (1.19) by integration

~ [eapi(2) + esih(=)] +

1
+ b1 (2) + > /(ml\Il’ +mo¥") In |o|dy; dys +
D

/ %(64@/ + e50")dy; dys,
b ; (1.21)
w" = map1(2) + mapa(z) + 3 les) (2) + ech(2)] +

1
2 + o [ (maW o mgW) ol dy dys +
D

1 o, — _
+ — / —(es V' + egU")dy; dys,
&t ) T
D

w' =myp1(2) + mapa(z) +

N
8
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where 11 (2) and ¥2(z) are new arbitrary analytic functions.

In the theory of elastic mixtures, formulas (1.21) obtained for the dis-
placement vector components are analogues of Kolosov—Muskhelishvili ge-
neral representation formulas.

If the system of equations (1.1) is homogeneous, i.e., ¥’ = ¢ = 0 or
U’ = 9" = 0, then the integral terms in (1.21) vanish and we obtain the
formulas

~[eadi () + esh ()] + i (2),

2 (1.22)
+ 5 esh(2) + €6 (2)] + va(2),

which are anlogues of Kolosov—Muskhelishvili formulas for the displacement
vector components of equation (1.3).

The integral terms in (1.21) are one particular solution of system (1.1).
To rewrite these terms in a different form we introduce the vectors u(® (z) =
(u, ub, uf,uf) and P(x) = (Pi, 5, Y, ¥Y). Now, after separating the real
parts, from (1.21) we have

w' = mp1(2) + mapa(z) +

w"” =mapi(z) + maps(z)

0
u() o(x — y)Y(y) dyr dya, (1.23)
27r
where
¢(z —y) =Rel'(z —y), (1.24)
Pz —y)=
eaa ie4 T e g ies O
mllngi 4 o 4 o _ m21n0+ 2 o) 4 o _
s mimo—g2 2 mymo— 42
- 50 ie5 O AE ieg O
m21no’j4a 4 o7 _ m3 In 0_1'4 1 o -~
ie5 O es o ieg O eg O
Lo malno — G2, T mslno — ¢ 2

Here ¢(x — y) is a fundamental matrix. Each term of matrix (1.24) is a
single-valued function on the entire plane and has at most a logarithmic
singularity at the point x = y. By direct calculations it can be proved that
each column of the matrix ¢(z — y) (considered as a vector) is a solution of
system (1.3) with respect to the cordinates of the point x for = # y. It is
obvious from (1.24) that ¢(xz — y) is a symmetric matrix.

Now we shall derive general complex representations for the components
of the stress tensor and stress vector in the theory of elastic mixtures. As
is known from [2], using the displacement vector u = (uf,u}, v/, uy) the
stress vector components can be written as follows:

(Tu)y = Ty +7yym2,  (Tu)z = T{pn1 + Thna,

(1.25)
(Tu)3 = 11 in1 + 19 na,  (Tu)y = T9n1 + Toena,
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where n = (n1,n2) is an arbitrary unit vector and

/ N Q202 ! o 201 Vi
Tnf(xl ; )9 +()\3 e )9 +
P o) 8u
Mla 8 71
o Ouly
TH = - + + A =+
01 = (1 5)8 (1 5)8 1
ouy oul
+ (3 + As) 4 + (13 = Xs) 5
0xo Oz
o o (1.26)
o = (14 As) 7 + (11 — As) o
Oxa 01
au// 8u//
- ! A 2
+ (u3 5) O + (p3 + As) 92,
r _ Qap2 _ Q2p1
TQT(Al ; )9 +()\3 e )9 +
Lo oul, 8u
M1a 8 zo
= ()\4 + a2p2)9/ ( + 042/)1)9,, +
/ auﬁl
2 20
+ M38 L4 28951
o)y ou
TQI_(/'L3+)\5)8 +(M3_)\5)a 2
1
0 ou
+ (n2 — As) it + (p2 + As) U
O0xo ox,’ (1.27)
ou, ou ’
"o )\ 1 )\ 2
Tio = (13 5)82 (13 + 5)81
8u// 8u//
+ (2 4+ As) 75— + (2 — As) 75—
0xo Oz
"o Q202 Q201 7
722_()\4+ p)9+(A+ p)9+
Ouly ouly
2 2
+ M38 2+ 2419 D’

where 0" and 6" are defined by (1.5).
Using (1.2), (1.8) and (1.9) and performing some simple transformation,
we obtain

/ "

+ (c+d—p3) o }

ow
711 + 75y = 4 Re [(al + b1 — p1) o
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ow”
Ty — Tag +i(To1 + 7o) = 4pi1 = 6* + dpz —— 57
ow'  ow”
7'21 7'12 —4)\51111( % s )

!/ "

ow w
i+ 7y = 4Re (4 d = jia) G+ (ag by — )

0z
ouw'’ ow"
11 — Tog +i(T2) + T1a) = dps = 9 +dpo —— 57
o' "
P Y L)

After substituting the expressions for w’ and w” from (1.21) into the above
formulas we have

) Thy = 2Re {(2 AL - BOG(2) — (Aa+ Ba)éh(z) +

1 dy1 dyo
— 2— A — BV — (A BV | ==
+ s [( 1— B1) (A2 + By)¥"] pae
D
11 — Tog — i(Ty + Tia) = 22[B1¢] (2) + Bagy (2)] + 4y (z) +
1 — — . dyy d
+4,UJ31/}£(Z) _|_ 7/ (Alq// + AQ\IJN)M —
2 o
D

1

27‘{' (Bl\I/ + BQ\I]//)dyl dyg,
D

o1 — Tip = 4A5 Tm {(61 —e2)@1(2) + (ea — e3)pn(2) +

dy1 dya } (1.28)

+ i/ [(e1 — €2)¥' + (ez — e3) V"] -
D

o = 2Re{ (s 4 Ba)gh(2) + (2 Au— Bgh(2) +

1
+— [ [= (A3 + By)¥' + (2 — Ay —B4)\Il”]dy17dy2
47T o

)

TV — Top — Z(7'21 + 719) = 22 [ B3¢ (2) + Ba ()] + 4psthy () +
1 — — . dy, d
Fapavh() + o [ (AT 4 A7) B
2T o
D

/ 5 (B30’ + ByU")dy, dya,
D

1
Corm
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= AXs T { (e2 — 1)@ () + (e — e2)gh(z) +

dy1 dyo
O' b

+ i/ [(62 — 61)\111 —+ (63 — 62)\11//]
D

where

Ay =2(pama + pgma), As = 2(uymag + pzms),

Az = 2(uzmy + pama), Ay = 2(uzma + pams), (1.29)
By = pieq + pses, By = pies + pses, '
B3 = usey + poes, By = pzes + paes,

and the constants ey, e, e3 are defined by (1.16).

It is easy to calculate the stress tensor components 711, Tas, T41, T12, T11s
Th, Tohs T15 by (1.28). They are expressed through four arbitrary analyic
functions and their derivatives. Since for the time being we do not need the
specific values of the stress tensor components, we shall not write them out.

For the stress tensor components formulas (1.28) are the generalized
Kolosov-Muskhelishvili formulas in the theory of elastic mixtures.

As said above, the four-dimensional vector u(®)(z) defined by (1.23) is a
particular solution of system (1.1). By using this solution one can always
reduce, without loss of generaliy, the nonhomogeneous equation (1.1) to the
homogeneous equation (1.3). Hence in what follows we shall consider only
equation (1.3).

Now the expressions for the stress vector components from (1.25) can be
rewritten in a simpler form. By virtue of (1.2), (1.5) and (1.6), we rewrite
(1.26) and (1.27) as

au/ au//
711 = (a1 +b1)0" + (¢ +d)0" — 211 5 2 s 672’
aul (%3’121,” T2
75 = —a1w’ — ' + 2 783:2 +2u3 8; ,
/ / " aull ' 3’1/1/ !
Tig = QW + cw’ + 2/,L1 + 2/1,3 , (130)
O %x% o
o = b1)¢’ 48" — 20y 2 9, 2
Tag = (a1 +01)0" + (¢ + d) 11 95, 13 7o
oul, oul’
11 = (c+ d)0" + (a2 + b2)0" — 2u3 auz — 25 auz :
au/ g,al/ z2
1 / 1 2 2
To1 = —CW — Gaw” + 243 + 2p2 ,
1y = e’ 4 agw” + 2u3 —> + 29 —=, (1.31)
O %1’2/ o
1= (et d) 4 (az + ba)0" — 2p5 2L 9, 2
T2 = (¢ +d) (a2 +b2) 18 oay — 1 Oy
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Now, applying (1.12) and (1.13) and introducing the notation

0 0 0
=Ny — —ng —, 1.32
Os(x) m Oy 2 ory ( )
which expresses the derivative with respect to the tangent when the point
x(z1,x2) is on the boundary, we obtain from (1.25) with (1.30) and (1.31)
taken into account

out ouy
T —9 ’ _97 / ) 2 2
(Tu)q Re ¢} (2)n4 m @7 (2)ng — 24 ds(x) 13 ds(z)’

ou' oul
Tu)y = 2Tm ¢ 2Re ] 2 5 s+ 2 5 s
(Tu)o m 7 (2)n1 + 2 Re i (2)ng + 21 ds(x) +2Hs ds(x)’

ou ouy
(Tu)3 = 2Re QD/Q(Z)nl - QIme/Q(Z)’HQ - 2’”'3 ?(;) o 2M2 K(;)’

ou ouf
2 .

0s(x) + 2 0s(x)

Hence, using notation (1.9) and (1.32) and performing some simple trans-

formations, we can write

(Tu)g = 2Im @h(2)ng + 2Re h(2)ng + 2u3

0
Os(x

0
95(2) (202(2) = 2psw’ — 2p0w”).

i(Tu); — (Tu)y = (2¢1(2) = 2w’ — 2uz3w”),

~

i(Tu)s — (Tu)g =

After substituting the expressions for w’ and w” from (1.22) into the
above formulas we easily obtain

S22 A ()~ Aaen(s) -

— 2[B1¢}(2) + B2 (2)] — 2p1tp1(2) — 2u312(2) },

i(Tu)s — (Tu)y = 85(?113){ — Azp1(2) + (2 — Ag)pa(z) —

— 2[Bs! (2) + Bah(2)] — 2us91(2) — 2p2v02(2) },

where Ay, Ay, Az, Ay and By, Ba, Bs, By are defined by (1.29).

Thus for the stress vector components we have obtained a general rep-
resentation expressed in terms of analytic functions. For the stress vector
components in the theory of elastic mixtures these formulas are the gener-
alization of the Kolosov—Muskhelishvili formulas.

Formulas (1.33) imply that M. Levy’s theorem does not hold in the theory
of elastic mixtures, i.e., the stress vector components depend on constants
characterizing the physical properties of an elastic mixture.

Z(T’Lb)l — (TU)Q =

(1.33)
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In the theory of elastic mixtures, in addition to the stress vector, much
importance is also attached to the so-called generalized stress vector

P ou
Tu=T — 1.34
u u—|—%as, ( )

where T'u is the stress vector, % is defined by (1.32), u is the four-dimensional
displacement vector, and ¢ is the constant matrix:

0 el 0 s
—m 0 —23 0

=10 s 0 el (1.35)

where s¢1, 30, 223 take arbitrary real values. We have written an arbitrary
matrix s in form (1.35) (some of its term are zero) due to system (1.3);
this is the highest arbitrariness that system (1.3) can provide. Note that
analogous generalized stress vectors were introduced by us for equations of
statics of isotropic and anisotropic elastic bodies in our earlier studies.

Let us consider some particular values of the constant matrix s. In

[e]
(1.35) we write 3¢ = 55 = 33 = 0, i.e., ¢ = 0. In that case T =T and the
generalized stress vector coincides with the stress vector. Assuming now
that 1 = 2u1, 20 = 2u2, 33 = 2u3, we obtain » = 3, and denote the
generalized stress vector by L. In view of the above calculations we have

(Lu), = [(a1 +00)0 + (c+ d)@”]nl — (a1’ + cw)ny =
= 2Re | (2)n1 — 2Im ¢} (2)na,

(Lu)y = (a1 4+ cw)ny + [(a1 + b1)8" + (c+ d)0" | n,
= 2Im ¢} (2)n1 + Re ¢ (2)na,

(Lu)s = [(c+ )0 + (a2 + b2)0"]n1 — (cw’ + asw)ng =
= 2Re ph(2)n1 — 2Im phH(2)na,

(Lu)y = (cw' + asw”)ng + [(c+ d)0' + (az + b2)0"|ny =
= 2Im ) (2)n1 + Re 5 (2)na,

where
. S 0p1(z) B _ 5 0¢2(2)
i(Lu); — (Lu)g = 2 ds(@) i(Lu)s — (Lu)y = 2 ds(x) " (1.36)
Since (1.34) implies
Lu=Tu+ s, Ou

’
S
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the generalized stress vector can be rewritten as

Tu=Lu + (e — %L)%,
which by virtue of (1.36) yields
o > 0
i(Tu); — (Tu)y = 75(2) [201(2) + (50 — 2p1)w’ + (365 — 2p3)w"],
B B P (1.37)

= B5() [202(2) + (563 — 2u3)w’ + (302 — 2p2)w"].
Let us consider one more specific value of the constant matrix » which is
important for studying the first boundary value problem in the theory of
elastic mixtures. Assume that in (1.37)
m m
w1 —2p1 = *A*S, g — 2 = —Il,
0 0 (1.38)

meo 2
%3—2#3:A7, Ao:mlmg—m2.
0

Then we have » = s, and we denote the generalized stress vector by V.
Performing simple calculations we obtain from (1.37)

0
(N = (Nu)z = 5o {01(2) + 210 7() + ()] -
- 71/’1( )+721/f2( ))
a (1.39)
i(Nu)s = (Nu)s = 500 {@2 )+ 2les (2) + eaidh(2)] +
R WEIORE W EO)
where
c €5M9y — €4M3 c €4Mo — €511
1= —aAx 3= T aAx
260 260 (1.40)
€gTMo €5M3 €5Mo €M
62 - 77 64 - 77

24, 24,

and ey, €5, eg and my, mo, mg are defined by (1.18) and (1.20), respectively.
Using the values m1, ms, m3 and ey, e5, g, we obtain, after obvious cal-
culations, the following new expressions for the coefficients ¢ (k = 1,4):

dpc1 = b1(2a2 + bg) — d(QC + d), pc3 = Z(dag — Cbg),
dpEa = 2(da1 — Cbl), = b2(2a1 + bl) — d(QC + d),
50 = (20,1 + bl)(2a2 + bg) — (20 + d)2
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The application of the generalized stress vector we have introduced here will
be discussed in our future works.

2. In this section the usual Cauchy—Riemann conditions will be generalized
for homogeneous equations of statics in the theory of elastic mixtures.
First we introduce the vectors

© = (91,92, 93, P4, P5, P6, P75 P8)

and
Y = (Y1, Y2, V3, Y, V5, V6, V7, Ps),
where
ouq Ous Ous Ouy
<P1=aix17 902287@, 903:87&’ 904257327
ouq Ous Ous Oug
@5287332’ 906:873317 907:87@7 908:873317 (2 1)
Ovy Ovo Ovs Ovy '
1/)1:871,1, 2:87302’ 7’03:8701’ 4:87332’
_ Ou _ Ovg _ Ous _ Ouy
1/)5_87332’ = o VT 9z V8T Bay

where u = (u1, ug, us, ug) and v = (v1,ve,v3,v4) are arbitrary differentiable
vectors.

Definition. The vectors u and v will be said to be conjugate vectors
or to satisfy the generalized Cauchy—Riemann conditions if the following
conditions are fulfilled:

where
A, 0 0, C
N RS N
a1+0b1, al"‘bl_%?ﬂ c+d, C+d+%§
Pl CERE v alei’ c+d+ 32, c+dm
c+d, cHd+R2,  aztby,  aptby— R
c+d+ 32, c+d, az+bz—Rt, az + by
—az, al_%7 ) C+%(21
B —a1 + 32, —ar, —c— &2, ¢
—C, C+%§, —az, GQ_%; ’

m
_C_Toa c, _a2+ffl)7 az
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ms, O7 —ma, 0
C = L 0, —ms, O, mo
AO —ma, O, mi, 0 ’
0, ma, 0, —ma
ms, O7 —ma, 0
D — i 0, ms, 07 —ma
AO —ma, O, my, 0
0, —ma, 0, mq

In (2.3) the symbol 0 denotes a four-dimensional matrix all of whose terms
are zero.

The matrix equation (2.2) immediately implies that if v a twice contin-
uously differentiable vector, then the vector u satisfies the homogeneous
equations (1.3).

Let us now prove

Theorem. Conditions (2.2) remain valid if the vectors o is replaced by

¥, and the vector v by (—¢). This means that the vector u must be replaced
by v, and the vector v by (—u).

Proof. By (2.2) we have

where

O, miy, 07 mo

07 ma, 07 ms3

(2.4)
m, 07 ma, 0
_ Oa —my, 07 —my
E= ma, 0, ms, 0
0, —ma, 07 —ms3

After long but simple calculations we obtain
ab™la = —b,

which implies that



THEORY OF ELASTIC MIXTURES 239

From the proven theorem it follows that the vector v is also a solution of
system (1.3).

Now multiply the first equality of (2.2) by n1, the fifth equality by (—n2),
and combine them. Then, recalling the definition of the operator N by
(1.38), we obtain

(Nu), = M3 oL _ 2 (2.5)

Quite similarly, with the operator N taken into account, we find from (2.2)
that

mo 81)1 mq 8’()3

Nu)s = —22 01, T 008 2.6
N = =R, 35 T3y 05 (26)
mo Oy  myp Ova
Nuyy=——"A"4 =22,
W ==X, 25 T &, os
Formulas (2.5) and (2.6) can be rewritten as
Ov
Nu=m~""— 2.7
u=m" o, (2.7)
where m is defined by (2.4) and
ms, O, —Mma, 0
mfl — L 07 ms, 07 —m2
Ay |[=m2, 0, mi, 0 |’ (2.8)
0’ —ma, 07 my

— 2
AQ =mims3 — My.

By virtue of the above-proven theorem one can easily verify that, along with
(2.7), the formula

L 0u

No=—
v mn Os

(2.9)

is also valid.
Therefore the conjugate vectors u and v satisfy conditions (2.7) and (2.9).
We introduce the notation

w=u+ v; (2.10)
then (2.8) and (2.9) can be written as

_, Ow

E)

Nw=—im
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which enables us to rewrite (1.34) as

A B 8710
Tw=[—im '+ ( %N)}as.

For the stress vector we have

ow
Tw = (—im™ ' — 2, )—.
( N) 88
The generalized Cauchy-Riemann conditions written as (2.2) are rather
cumbersome as they contain eight scalar equations. Let us rewrite (2.2) in
a more convenient form. For this we solve the first, third, sixth, and eighth

equations of (2.2) with respect to the vector aa—;‘l and obtain

0 A11 — ].7 07 _A12
Ou |1 = A, 0, Aga, 0 Ou
oxy 0 —Asi, 0, Azz — 1|| Oz»
A41a Oa 1- A42, 0
A117 07 _A12 O
0, Ao, 0, —App|| Ov
— 2.11
+ —Asq, 0, Aso, 0 || 9z’ (2.11)
0, —Au, O, Asz
where
ma(c+ d) + ms(az + b2) maas + mac
A11 = And ) A21 = Ta
0dy odz
ma(ag + bz) + mi(c+d) maag + myc
Ay = Ad , Aoy = T Ad
0d1 0ds
ma(ar + b1) + ms(c+d) maay + msc
Ao = Aod AT TG
0dy odz
my (a1 + b1) + ma(c+d) mial + mac
o = Aod AR TN
0d1 0ds

In quite a similar manner, from system (2.11), which is valid by the above-
proven theorem, we obtain

0 A — 1, 0, —Aqp
Ov |1 — Ay, 0, Az, 0 | Ov n
dr1 0 —As1, 0, Az || Oz
Ay, 0, 1— Ay, 0
_A117 07 A12 0
0, — Aoy, 0, Ago Ju
—_— 2.12
Asq, 0, —Asg, 0 || 0z (2.12)

0, A, 0, —Agp
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Using (1.2), (1.18) and the formulas

a2+b2 C+d a1+b1
7 624’65:77, €
d1 dl

er+eq =

obtained from (1.16) and (1.18), we have with obvious transformations

A+ Ao =2, Ajp+ A =0,
Az1 + Ay =0, Aszp+ Ay =2.

We introduce the notation
An=1—¢€1, Aip=c¢€3, Az =¢€2, Azp=1-¢y,

where e (k = 1,4) is defined by (1.40). Now, by virtue of (2.11), (2.12)
with notation (2.10) taken into account we obtain

ow ow
—=P—, 2.13
8331 81,‘2 ( )
where
i(e1 — 1), —€1, €3, —€3
—&1, _i(€1 + 1)7 —E3, _i€3
P = . .
€9, —&2, 2(64 — 1), —&4
—&9, —i€q, —&y, —i(eq + 1)

The solution of system (2.13) gives
ow ow

——=Q -, 2.14
8.%‘2 Q 8.231 ( )
where
ile1 + 1), —€1, 1€3, —&3
—&1, i(l — 61)7 —E&s3, —’L'E3
Q= . _ - _
€9, €9, 7,(1 +€4), €4
—&2, —i&g, —&4, Z(l — 64)

Direct calculations prove that
PQ=QP=FE, detP=1,

where E is the unit four-dimensional matrix.

In what follows by the generalized Cauchy—Riemann condition we mean
(2.13) or (2.14).

Finally, note that for the vector u = (u),u),u},uY) we have written
a general representation through four analytic functions in for (1.22). To
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write a general representation for the conjugate vector v = (v1, ve, v3,v4) it
is sufficient to compare (1.39) and (2.7). We obtain

iv1 = vy = m1g1(2) + maea(2) — 5 [ead] () + esih (2] — Un2),

i3 — 2 = mapa(2) + mapa(2) — 5[5 (2) + eaph(2)] — Val2).

Now, using (1.22) and (2.15), for the components of the vector w = u + v
we have the following expressions:

(2.15)

wi = mip1(2) + maga(2) + 2 [eavh (2) + esh(2)] + 1 (2),
wy = (=) mio1(2) + maga(2) — = [eagh () + eaeh(2)] — ()]},

w3 = map1(2) + mapa(2) + %[65¢3(2)4—66¢§(2ﬂ + 12 (2)

ws = (=){mae(2) + maea(2) — 2 esih(2) + esh(2)] - a(2)

Hence we immediately conclude that
wy + dwy = 2[myp1(2) + mapa(2)], w3+ iwy = 2[mapi(2) + m3pa(2)]

are analytic functions.
The application of the formulas derived in this section will be given in
our next works.
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