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COMPUTING GAUSS-MANIN SYSTEMS FOR COMPLETE
INTERSECTION SINGULARITIES S,

A. G. ALEKSANDROV AND S. TANABE

ABSTRACT. The Gauss—Manin systems with coefficients having log-
arithmic poles along the discriminant sets of the principal deforma-
tions of complete intersection quasihomogeneous singularities S, are
calculated. Their solutions in the form of generalized hypergeometric
functions are presented.

INTRODUCTION

It is well known that the notion of hypergeometric series appeared in the
work of L. Euler in 1769 (see [1]) where he studied expansion in series of
a special type integral. This series satisfies a certain differential equation
which is called the hypergeometric equation. Its particular case is known
as the classical Legendre equation. In 1813 C. F. Gauss [2] investigated
the properties of the hypergeometric series and its generalization called the
hypergeometric function. After that many investigations were devoted to
the study of various generalizations of the hypergeometric functions (HGF)
as well as of the Legendre equation. The latter may be regarded as a spe-
cial case of more general type equations called Fuchsian equations. In turn,
Fuchsian equations belong to the class of equations with regular singular-
ities. During the last two decades systems with regular singularities have
been systematically and extensively studied by many authors. We shall
mention here only the names of P. Deligne, B. Malgrange, C. Sabbah, M.
Kashiwara and T. Kawai.

The theory of hypergeometric functions developed in a rather compli-
cated and intriguing way. Since the beginning of the 19th century there
has appeared a great many papers containing the description of various ap-

1991 Mathematics Subject Classification. Primary 32530, 33C20, 14D05; Secondary
32525, 14M10, 14F40.

Key words and phrases. Gauss—Manin connection, simple singularities, versal defor-
mations, hypergeometric functions, logarithmic differential forms.

401
1072-947X/96/0900-0401$09.50/0 © 1996 Plenum Publishing Corporation



402 A. G. ALEKSANDROV AND S. TANABE

proaches to this subject. Among them the investigations carried out by L.
Pochhammer have significant meaning in our studies (see Theorem 2.6).

The theory of singularities enables us to give a very fruitful and clear
interpretation of the previously obtained results from a sufficiently general
point of view. Thus, the classical Legendre equation can be considered as a
coordinate representation of the Gauss—Manin connection associated with
the minimal versal deformation of simple hypersurface singularity As.

E. Brieskorn was probably one of the first who developed these ideas.
In his famous work [3] he proved that the connection associated with 1-
parameter principal deformations of isolated hypersurface singularities could
be represented by systems of ordinary differential equations with regular sin-
gularities. Furthermore, it follows from his results that after matrix trans-
formations with meromorphic entries such equations reduce to the ones hav-
ing poles of the first order. The next step was taken by K. Saito. Having
calculated the connection associated with the total 3-parameter miniversal
deformation of As-singularity he came to the conclusion [4] that a very con-
venient representation of the corresponding system may be obtained if one
considers the coefficients of this system as logarithmic differential forms. We
will establish a similar result for the Gauss—Manin connections associated
with a series of complete intersection singularities .S, (see Theorem 3.1).

Another approach was developed by S. Ishiura and M. Noumi [5] who
described the Gauss—Manin systems in the A,-case by means of K. Saito’s
Hamiltonian representation. M. Noumi also treated some particular cases
of linear deformations of the Pham singularities [6]. More exactly, he gave
a concrete representation of solutions to the Gauss—Manin system in terms
of the known generalized hypergeometric functions.

It should be remarked that integrals of the type

J(t) = / EYo(2)FM (2,t) ... Fam (2, t)dz

have been studied by K. Aomoto [7], [§], I. M. Gelfand [9], and their followers
in the case where Fj(z,t), 1 < j < m, are linear functions with respect to
the variables z = (z1,...,2,) and Fy(z,t) is a linear function or a quadric.
In this work, we consider situations where both Fy(z,t) and Fi(z,t) are
quadrics or higher-order polynomials (m = 1). This point is an essential
difference from the earlier investigations which dealt with various represen-
tations of Gauss—Manin connections for nonisolated singularities given by
special arrangements of hyperplanes treated (see Remark 6).

So far we do not know of any publications concerning concrete calcula-
tions of the connections associated with deformations of isolated complete
intersection singularities. Herein we give some computational results in this
direction. It should be noted that similar calculations were carried out by
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S. Guzev [10] several years ago. We are grateful to V. P. Palamodov who
gave us a chance to become acquainted with this work.

1. NoTION OF GAUSS—MANIN CONNECTION FOR COMPLETE
INTERSECTIONS

Following B. Malgrange’s approach, E. Brieskorn [3] calculated Gauss—
Manin connections associated with isolated hypersurface singularities. The
main idea was used in the case of isolated complete intersection singularities
by G.-M. Greuel (see [11]).

Let us investigate a smooth mapping with isolated complete intersection
singularities f : X — S. We consider a flat deformation with smooth fi-
bres outside a certain hypersurface D in S called the discriminant set or,
equivalently, the set of critical values of the mapping f. The coherent sheaf
HP = HP(f.Q% /5 d) is defined as the pth cohomology group of a relative
de Rham complex. The restriction of this sheaf on S\ D is isomorphic to
the pth cohomology group HP(X;, C), t € S\ D. The transference of coho-
mology classes HP along the tangent directions on the complement S\ D
induces a connection

Vxss  HP(f.0%s) — HP(f.0%/s) @ Q5(D) (1)
given by the rule

k
Vx/slw] = Zh[ai] ® dt;/h,
i=1
where h is the defining function of the discriminant set D and Q%(D) denotes
the sheaf of meromorphic 1-forms with poles of the first order along D. Here
the symbol [a] means the corresponding relative de Rham cohomology class

of a in f*Q’;(/S/d(f*Qgg/g). Thus we have the decomposition

k
dw = dfiNoi, ;€ f.O%.
=1

From the formula (1) it follows immediately that the Gauss-Manin connec-
tion has poles of the first order in the case where h has no multiple factors.
In fact, Saito’s considerations [4], [12] imply that the connection can also
be rewritten as

Vx/s: HP(£.0%)s) = HP(£.0%)s) ® Qg(log D) (1)

if we define the connection on a slightly larger module. Here we will pay
attention to the difference between (1) and (1’) that consists in the presence
of the factor Q%(log D) in (1’). Asusual, Q%(log D) denotes the Og-module
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of logarithmic differential forms which is a submodule of le(D) possessing
various interesting properties (see [13], [14]).

2. PERIOD INTEGRALS ASSOCIATED WITH DEFORMATIONS OF
S,,-SINGULARITIES

The isolated complete intersection singularity of type S, p > 5, from
the list of M. Giusti [15] is determined by the following pair of equations
defined on C? :

filz,y,z) = 224y +2Y = 0
fQ('ray7Z) = yz = 07
where v =y — 3. Let
Fl(xyy,Z,S) = fl(xayvz)+svzu_1+"'+S2Z+51y_tl = 0
FQ(Iayvzas) = f2+8,/+1$—t2 = 0

be the minimal versal deformation of the germ X, given by the system
fi = 0, fo = 0. Denote by X, the fiber of the miniversal deforma-
tion over the point (s,t) in the p-dimensional base space S. Here s =
(81, 82,y S,/+1), t= (tl,tg).

We will consider integrals of the type

Ii(s,t) :/ gi(x,y, z)dx AN dy AN dz/dFy N dFy,
v(s,t)

where the integration is taken along some regularization of a real vanishing
cycle (s, t) € Hi(X(s4),C) (see [9]) and g;(z,y,2) are polynomials. It is
well known that there is an isomorphism

H' (X (s,0), C) = Qs [ (f1%s + 2% + dfs A dfy A Q).

This can be realized by multiplying the 2-form df; A dfs by the elements
of the cohomology group on the left side. It is not difficult to see that in
the case of S, 13-singularity the above quotient space is generated by the
following monomial forms:

{1,2,2%,..., 2", y,x}dx A dy A dz.

Our aim is to compute the Gauss—Manin system (1) associated with the
so-called principal deformation of the singularity Xy, that is, the defor-
mation over the (t1,%s)-parameter subspace T in the base space S of the
miniversal deformation:

Vxr: HH Q%) — H (f:Q%/7) © Qp(D).
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In effect, Leray’s residue theorem yields the identity

d / dw
il w= &i=1,2,
dti Jy(s) v(st) dfi

which has been proved in [3]. This fact implies that we can calculate the
Gauss—Manin system as the relation between the integrals instead of that
between cohomology classes.

Thus, the corresponding system of differential equations describes non-
trivial relations between the integrals

Ii(s,t) = / q;(x,y, z)dz A dy A dz/dfy A dfs
v(s,t)

and their derivatives. Here the functions ¢;(x,y,2), j = 1,..., i, are mono-
mials 1,2, 22,..., 2", y,x (cf. [11], 2.3), that is,

Pdde NdyNndz 2 ldz

df Ndfa 2z O<j=v
ydr Ndy Ndz  tadz

dfy Ndfa 22z’
xdr Ndy Ndz  —dy

dfy Ndfy 2y

Evidently, the last form can be easily integrated. So nontrivial integrals for
which the differential equation will be calculated are given by the following
set of differential forms consisting of ;1 — 1 elements:

{272dz/x, 2" dz [z, dz ]z, ..., 2" " dz/x}.

Suppose that s,41 = 0. Then the integrals I;(s,t) can be expressed in the
following manner:

217 1dz

I;(s,t) :/ =
! Nty T

B / 27 ldz B
((ta/2)2 4+ 2% + 8,21+ -+ -+t + 81(ta/2))1/2
B / 2dz
) (TR s, vt e 122 4 sytgr + 12)1/2]
where (z,y,2) € v(s,t), —1 < j < v. Denote

0 2I72dz
Jira(t) = —2-1;(0,t) = .
+2(t) oty (0.9 / (212 + t122 4 15%)3/2

Now the system of equations satisfying the integrals Jy(t), ..., J,42(t) will
be investigated. Let us consider the period integrals for the miniversal
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deformation of the singularity A, ., given by the equation z"*2 + s,2" +
-+ s12+590=0:

K}Ms) = /,z"(z”"'2 +5,2" + -+ s1z2+50)Mz, i=0,...,v+2
It is evident that the following relations between J;(¢) and K;(t) hold:
—1/2K;%2(12,0,41,0,...,0) = Ji(t), i=1,...,v+2. (2)

Proposition 2.1 ([16]). The period integrals K (s),..., K}, 5(s) satis-
fy the following overdetermined system of differential equations:

0
Z‘Sl Kz+z aSOK&\HH =K}, 0<i<uw, (3):

d , )
2855 Keﬂ (1/+2)a K)pyj=—(+1E}, —1<j<v. (4);

As remarked above for S,;s-singularities, we have v + 2 nontriv-
ial period integrals Ji(t),...,J,12(t) which correspond to the integrals
Ki(s0,82,0,...,0),..., K,12(50,82,0,...,0) in view of the relation (2). In
order to simplify the system that appeared in Proposition 2.1, we consider
a set of u period integrals

[(O(S/,O,...,O)7 [(1(8/70,...70)7 ey KV+2(8/,O,...,O)

(the notation s’ = (sg, s2) will be used in the sequel). The superscript A
can be omitted when no specification in needed. As a matter of fact, these
u period integrals are not independent elements of a certain D-module over
Cls] [8%0], that is, there are relations between the integrals. The first one is
as follows (see (4)o):

0 0]
—Ks(s',0) + (v +2)=—K,12(5',0) = —K(s',0).
8 S0 Jsg
This means that K, o is uniquely determined by Ky and K if we take
into account the homogeneity of K, 2. The latter follows easily from the
definition of the integral

v+3
+ 2

( 0 v 0

_ e A / _
50880+V+282882)KU+2(5,0) ()\+

) a(5',0).
Notice that K, has no relation with K;’s except that with K. It gives
us the second relation:

0
(Kl, Kl,+1)t == 0

(289,v + 2)3
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Using the homogeneity of the relation one can rewrite it as
—282
(v+2)

Hence it is enough to calculate the system of equations for v + 1 integrals
Ky, ..., K, in order to get the corresponding system for Ki,..., K, 9.

Ky+1(8/,0) = Kl(S/,O).

Proposition 2.2. The integrals Ko(s',0),...,K,(s',0) satisfy the fol-
lowing system of differential equations:

(0idy 1 +C(52)) K = (L + V(s52))K,

(950
where K denotes the vector column (Ko, ..., K,),
[0 0 0 0 0 e Egse ]
0 0 0 T582 0 0
0 0 0 0 582
Cls2) = | - : : : : ;
0 0 0 0 82
ﬁs% 0 0 0
—2v_ .2
K 0 s s 0 0 |
v+1
L =diagl A+ ——, ...
0 0 --- 0
V s _ : M P M
(s2) 0 0 b
ﬁ& 0O --- 0

Corollary 2.3. The period integrals Jo(t), ..., J,42(t) for the complete
intersection singularity S, 13 satisfy the following system of differential equa-
tions:

(i1 +C(0)) 5-3(0) = 20a(L+ V(1))

Joii(t) = %Jl o)
o ral0) = (V‘fz)<t1§’t2b<t> Tt olt)),

where
J(t) = (Jo(#),..., ()"
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The matriz L is the same as in Proposition 2.2 and the matrices C(t1) and
V(t1) can be obtained from the corresponding matrices by substituting the
variable ty for ss.

Taking into consideration the system obtained in Proposition 2.2, let us
try to solve the system of equations to get an explicit form of the integrals
Ko(s,0),...,K,42(s,0):

0 0

0 .
50750 —— K} + 53— D5 K)o+ 5 OKV+2+j MK, 0<j<u, (5);
0 0 . .
25288 Ko+ (v +2)8 K)oy =—( + DK}, -1<j<wv. (6),
Subtract relation (6); multiplied by 1/(v+2) from (5),. We obtain recursive
relations between the period integrals Ko(s,0),..., K,4+2(s,0):

VSo 6 A

0 . \ .
B = —K; <j<v-—
(050g = O G+ D/ 421G = Lo K 05T <w 2
o B 9 vsi 0
(00 = w1020 Ky = O 5 I = G g
0 9
(8078 5 — A+ Ww+1)/(v+2) ) — 8730 Do

By virtue of the commutation relation
s 9 i] __ 2
0 850 ’ 880 - 880 ’

that is to say,

0 0 0 0
(soa—so—a)a—so = a—so(soa—so—a—l),

we can deduce differential equations satisfied by Kj;(s,0) from the above
recursive relations. Thus we obtain

Proposition 2.4. (1) Assume v = 2m. Then the following differential
equations of order (m + 1) are satisfied by the integrals Ké\j, 0<j<m:

So’jfl(’l? +m — j, A)Sj’m(’l? - j, )\)KQJ' =
= ( — 282/(V + 2)) (?9 — ()\ + 1/2) +m —j + 1)¢mK2J (7)2j,e
For Kaji1, 0 <7 < m we have similar equations of order m:
Toj-1(0+m—J, \)Tjm-1(0 = j, ) K241 =
= (= 282/(v +2))¢" Kajy1. (M2 41,
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(2) Assume v = 2m+1. The differential operators annihilating the period
integrals K;‘, 0 <j<w, are of order (v + 1) for both even and odd cases:

S0 j-1(0+v =3, \)Tom—1(0+m—j+1,X) x
XSjm(@ =3 N0— A+ @+1)/(v+2) +v—j)Ka(s) =
= (250/ (v +2)) 22 (9 — (A + 1/2 + 7)) Ko (s), (7)2).0
Toj—1(0+v—75NSoma(@+m—j+1,A) x
XTjm( —mA)(0— (A+v/(v+2) +v—7—1)Kgj1 =
= (259/(v + 2))9*" (0 = (A +j + m)) Kojy1. (T)2j+1,0

Herein the following notation have been used both for v = 2m and for v =
2m +1:

o

Sas(XA) = [ (X = (A + (—vf+1)/(v +2))),
=
B8
Top(X.\) = [[ (X = (A + (-t +2)/(v +2))),
=«
v=(- Vsz/(V-l-?))aisO, 9= 303%'

Remark 1. The differential operators annihilating integrals K ]-A, 0<j5<
v, contain only the derivatives with respect to the variable sy. Therefore the
variable sy can be regarded as a parameter in their expressions. In other
words, the differential operators calculated above are essentially ordinary
differential operators.

Corollary 2.5. (1) Assume v = 2m. Then we get the following differ-
ential equations of order (m + 1) satisfied by the period integrals Jo;(t1,t2),
Jojr1(t1,t2), 0 < j < m, depending on parameters of the principal defor-
mation for S,is :

So,j_l(a +m — 7, —3/2)5]77”(9 -7, —3/2)J2j(t) =

= (=2t/(v+2))(0 +m — j +2)™ Ja;(t), (8)2,e
To,j-1(0 +m = j, =3/2)Tjm-1(0 — j, =3/2) Jaj1 =
= =2t1/(v +2)¢" J2j41. (8)25+1.e

(2) Assume v = 2m+1. Then we get the following differential equations
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of order (2m + 2) for the period integrals:

So,j—1(0+v—13,-3/2)Tom-1(0 +m —j+1,-3/2) x
X Sjm(0 =4, =3/2)(0 — (v +3)/2(v +2) + v — j) Jo;(t) =
= (2t1/ (v +2))° >0 — (N + 1/2 + 7)) Jo; (8), (8)2).0
Toj1(0+v—3,—-3/2)Som-1(0+m —j+1,-3/2) x
X Sim(0 —m, =3/2)(0 — (v +6)/2(v+2)) +v—j—1)Jo(t) =
= (2t1/(v 4+ 2))¢*™ (0 — j — m) T2 (1), (8)2j41,0

where the differential operators So.g, T are those defined in Proposi-
tion 2.4, while the other notations are as follows:

—th 0 - tz 0

PTavrn o T 200

Remark 2. All of the equations (8)2; . have the singular locus D = {t5(t3™
—20™(—t1/(v+2))™*T1) = 0} included in the discriminant set of the princi-
pal deformation. The equations (8)2;41,c, however, have the singular locus
Do = {(t3™ —2v™(—t1 /(v +2))™ 1) =0} = D\ {to = 0}. Here we observe
a phenomenon which can be interpreted as the splitting of a system of dif-
ferential equations into two subsystems corresponding to different singular
loci.

In the case of Ss-singularity (i.e. v = 2) one can check that the set
D defined above coincides with the discriminant set. It is obtained by
computing the determinant of the matrix defined by the coefficients of vector
fields tangent to the discriminant set. Explicit expressions of such vector
fields for S5 and Sg are presented in [14].

Let us try to write solutions of the differential equations obtained in
Corollary 2.5. As they have quite similar forms, we restrict ourselves to
writing solutions for equations (8)g . and (8)o,, only.

Theorem 2.6. (1) The case v = 2m. Equation (8)p. has (m + 1) solu-
tions Ug(t), 0 < k < m, that can be expressed by the series

Uy (t) = t; B P oy (7 —3/2),

where
A) =Y amesr(Nat,
£>0
= (k- A—l/m J/m+1)0) (=X +1/(v +2);¢)
ame-+i (A H (G +k)/m —1;0) (m—(A+1/2);0) "

j=0

= )=ty v +2)) T,
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(;0) =T(a+0)/T(a), and 0 < k < m. For k =0,...,m — 1 the charac-
teristic exponents py = k, while p,, = A +1/2 = —1.

(2) The case v = 2m+1. Equation (8)¢ , has (2m~+2) solutions Vi (t), 0 <
k < 2m + 1, that can be expressed by the series

Vilt) = t; @ ooy (02, —3/2),

where
Vi(w, A) = Za(2m+1)£+k(>\)x€7
£>0
a@m+1)y+k(N) =
ML (A= 14 (vj+ 1)/ (v+2) ,
( ; SOG4 2) + (ke m— A) /v - 1;0)
j=1
= 2m+1 ' ;
H1 (k+5)/v =10k =A=1/2)/v;0)
j=
tl v42\ —1/v
(- 4( ) ) 2 0<k<2m+1.
o ( I t3, 0<k<2m+
For k =0,...,2m the characteristic exponent py = k, while popmi1 = A +
1/2 = —1.

Proof. In view of the substitution t; = ss, t% = 50, we solve equation (7)g e
(respectively (7)o, ) to get a solution of equation (8)g e (respectively (8),o)-
To obtain the recursive relation between @y and @, e41)+1 (respectively,
between a(am1)e4k and @iam41)(e+1)+k) it is enough to take into account
the following trivial equality:

8 T T
T——a|t" =r—a).
( or ) ( )
Further calculations are performed in an elementary manner. [

Remark 3. The functions Uy (z, A) (Vi (z, X)) introduced in the above the-
orem can be regarded as generalized hypergeometric functions

k k k
m+1Fm(a§ ),“'aasnzrl; 5 )aaﬁr(rlf)kr)
k k k k
(2ms2Fomir (17, e 308 o 1 [2))

in Pochhammer’s notation (see [16]). This can be checked easily, as we find

the factor (0;£) = ¢! in every denominator of the expansion coefficients. The

(k) (k)
1

indices oy 7/, B3,", ... . are obtained from the expansion coefficients.
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Remark 4. The expressions obtained in Theorem 2.6 permit one to de-
scribe the monodromy of the period integral Jy(t) around the origin. It
is enough to see what happens by translation along a loop v : (t1,t2) —
(€2™t1, e*™ty). One observes that

m—+1

Yl (t, ) = exp (2m'( (/\ —pr) + %)) Uk(t, A), v =2m,

2+ (V+2)pk
14

Y Vi (t, A) = exp (271'2'()\— ))Vk(t,)\), v=2m+1.

Namely, monodromy is described by the matrix

e v=2m,
—ami(3R) omami(BERRER) | o—ami(MEE)]

)

.3 1 203 1+ 1 . 3m+1+4 +1
M {djag [P g-ami(ntppnl) | ori(dmiiinni

diag [e , v=2m+1.

This result is compatible with the well-known fact (see [17], Prop. 3.4.1)
that the Coxeter number for Sa,45 (resp. Sam44) singularity is equal to
2m (resp. to 2(2m + 1)). We also remark here that the monodromy for
quasihomogeneous hypersurface singularity has been calculated by means
of the Gauss—Manin system in [3].

3. CONNECTION WITH THE LOGARITHMIC DIFFERENTIAL FORMS

As for the relationship with the logarithmic differential forms studied by
K. Saito, we obtain

Theorem 3.1. Let D = {t € C?;tap(t1,t2) = 0} be the discriminant
set of the principal deformation for S,is-singularity. Then the Gauss—
Manin system for the period integrals J = (Jo,...,J,)t associated with
Sy43-singularity permits a representation as a Picard—Fuchs system (total
differential system) with coefficients from Q5(log D) as follows:

d(t ty(w

dJ = L(Am + (Hy(t) + Hz(tl,tg))M)J, 9)
t2§0 tQ(P

where L is the diagonal matrix corresponding to the weights of the basis of

the cohomology group which appeared in Proposition 2.2,

A=2diag(1/(2m+1),...,1/2m +1)), v=2m

)

A=4diag((2m+1)/(4m +3),...,2m+1)/(4m +3)), v=2m +1,
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2n 0 0 O 0
0 1 0 O 0
H1(t1):—mm71 3 T i Ty
(m+ )(_m_ ) 0 0 0 0
0 0 0 1 0
| O 0 0 0 1]
(v =2m),
[ 22m+1) 0 0 O 0 7
0 -1 0 0 0
= (t ) 8(2m—|— 1)2m+1t%’m+2
W)= 2m+3
(4m + 3)(2m + 3) 0 0 0 0
0 0 O -1 0
L 0 0 0 0 -1 ]
(v=2m+1),

Hy(t) is a matriz with polynomial entries with the zero diagonal part. All
the matrices given above have the size (v + 1) x (v + 1). The functions that
appear in the definition of the divisor D have the forms

(m+1)

o(t1,ta) = 3™ —2(2m)™ (— t1/(2m + 2)) v =2m,
(2m—+3)

Pt ta) = ta" T2 + 4(2m + 1)1 (1 /(2m + 3)) . v=2m+1.

The holomorphic 1-form v, (w) is defined by the interior product between

2)ty 0
the Euler vector field n = vti— + M— and the volume form

oty 2 Ot
w = dtl A dtg.

Remark 5. As we have mentioned in the introduction, the logarithmic
differential forms Q%(log D) constitute a strictly narrower class than the
differential forms Q%(D) with poles along D. In fact, the two meromorphic
forms d(tap)/tap, tn(w)/t2p form a free basis of Q% (log D) in this situation
where the divisor D is a generalized cusp.

Remark 6. Let us consider
J(t) = / Fo(2)FM (2,t) ... Fhm (2, t)dz,

where Fj(z,t) (1 < j < m) are the linear functions with respect to the
variables z = (z1,...,2,), and Fy(z) is a quadric (or a linear function).
As in [8], the Gauss-Manin systems defined for integrals J(t) admit as
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their coefficients logarithmic differential forms of type di(t)/1(¢) only. Our
Theorem 3.1 states, however, that if degFj(z,t) > 2 there may appear
coefficients corresponding to the torsion element of Q1 with D = {t € C" :
¥ (t) = 0}, which cannot be expressed in terms of logarithmic differential
forms of type di(t)/(t). Thus one can see an essential difference between
the hyperplane arrangement case and cases associated with configurations
of hypersurfaces.

Proof of Theorem 3.1. Before going into an analysis of period integrals Jy(t),
..y Ju(t), let us consider the integrals Ko(s),...,K,(s). The quasihomo-
geneity of these integrals implies

0 0
(wosoafso + wQSQa—SZ)K = LK,

where wy = 1, wy = v/(v + 2). The equation obtained in Proposition 2.2
and the quasihomogeneity yield

0 1 _
K = —(id, 11 +C(s2)/50) (L + V)K,
880 S0
1o} wo . —1
TSQK = WnSe (ldl,_H +C(32)/30) (C(SQ)L/SO — V)K
In summary,
0 0
K=-——K — Kdsy =
d D50 dsg + By dss
. - w ds
= (soidy1+C(52)) " (B + V(s2))dso + =2 (Cls2) L = sV (s2)) = ) K.
Wa 52
Consequently, for J we have a Picard—Fuchs system of the form
0 0
dJ = —Jdt| + =—Jdt; =
TR TR
= (t2id, 41 +C (1)) " ((2t2(L + V(t))dty +
w dt
+—2(C(t)L — t%V(tl))71>J- (10)
w2o tl

Thus to show the statement, it is enough to calculate the expressions

. -1 . -1
(B3idy+1 +C(t)) . (Bidup1 +C(1)) C(t). (11)
As for the remaining part of (10), it is easy to see that the expression

_ dt
(2id, 11 +C(tr)) " <2t2V(t1)dt2 - @@V(tl)—l)
w2 tl
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belongs to End(C"™1) @ Clt1, 2] - ty(w). This is evident from the equality
2wotydty — wotedty = 2uy(w)/(v + 2)

and the explicit form of the matrix V' obtained in Proposition 2.2.

Let us show how to calculate the two expressions in (11). In view of
the substitution sy = t2,s2 = t; the calculation is reduced to that of the
differential form-valued matrix

1 dSQ

. - w . —
(80 ldl,+1 +C(32)) 1d50 + £ (80 ldy+1 +C(82)) C(SQ) 59 (12)
We divide the expression into two parts to be calculated below:
(soidy 41 +C(s2)) 7, (13)
(soidy 11 +C(s2)) " C(s2). (14)

First of all we remark that

(50 id,,+1 +C(52))71 =

P(s) * * ek
1 0
 sou(s) . : so(soid, +C(s2)) ’
0

where C(s3) is the (v x v)-matrix defined as follows:

0 0 s 0 - 0
0 0 0 sy '
Cls2) =
0 0 0 LT sy
oy 0 0 : 0
L 0 (V_+22y)2 S% 0 o o 0 i

The function v (sg, s2) denotes a polynomial defined by

¢ = det (So idy +5(32))

and the first row of matrix (12) is uniquely determined by (sq id, +C/(s2))~".

For the sake of simplicity, further we will use the notation

up = —2vs3/(v+2)%,  uy = vsy/(v +2).
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By induction with respect to the size of matrix, one can show
U(s0,82) = ng—&-l +udus™ "t when v =2m+1;
¥ (80, $2) = (86" + ul(—ug)m_l)z, when v = 2m.

Below we will make use of the notation of function ¢(sg,s2) defined as
follows:

=1, when v=2m+1;

¢ =T+ ur(—u2)™ Y, when v =2m.

We divide the calculation procedure into several steps that are formulated
in the form of lemmas.

Lemma 3.2. Let us define a (v x v)-matriz R as follows:
R =1(soid, +C(s2)) .

The entries of R are given by the relations shown below.
The case v =2m :

Ri;=si !, 1<i<2m,

Roij41 = Raiy1,25 =0, 1<4,5 <m,
Rit1j+1 = Rij, 1<d,5 <2m,

Rigjp1 = (—So)j_luwgl_j_l, 1<j<m,
Roji11 = Sgl_j_l(—ug)j, 1<j<2m,
R Rj;=—sg *uud ", 1<, <2m.

The case v =2m +1:

Ri’i:S%m, 1< <2m+1,

Rit1j+1 = Rij, 1<i,j <2m,

Ry 95 = (=s0)™ " uguy ™7, 1<j<m,
j—1,,2,2m—j—1

Ry 2511 = (—s0)? " ujus; ) 1<j<m,

Rij-Rji=(=s0)* tufu3™", 1<i,j<2m+1

Using the matrix R defined above we get a concrete expression of matrix

(13).
Lemma 3.3. If we set

S = s0¢(s01d, 11 +C(82))_1,
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then the (v + 1) x (v + 1)-matriz S admits the following expression:

¢ soRa1 soRs1 - soRu1 Sun
0
S=1. ,
: SoR
0
where
Sit1,j+1 = S0l j, 1<4,j<v-—1,
Sj1=so0R;1, 2<j<u,

527”71 = (_u2)m7 V= Qma

Somt1,1 = —uiui™, v=2m-+1.

Calculating matrix (14), one gets the following

Lemma 3.4. Let us set
. -1
T = Sogf)(SO ldy+1 +C(82)) C(SQ)

Then the following equality holds for the off-diagonal entries of the matrices
S and T:

E,j = —8051'73', when i 7& ]

Proof. Tt is easy to see that the (i + 2)th column of the matrix product RC
coincides with the ith column of the matrix R multiplied by wus. The latter
in turn is equal to the (i +2)th column of the matrix R multiplied by (—sp).
These equalities immediately follow from Lemma 3.2. O

On rewriting (12) in terms of the matrices S and T defined above, we
have

) -1 w . -1 ds
(80 ldy+1 +C(82)) dSO + U}i;) (50 ldl,+1 +C(82)> 0(52)8722 =
1 wo dSQ
= =22,
80(]5 (SdSo + w2 S92 )

Lemma 3.4 implies that the (4, j)-element, ¢ # j, of this matrix admits the
expression

i(U)QSQdSQ — ’LU()S()dSQ) = +J Lg(@),
W252 W252

where

0
£:w080—+w232i, 0 = dsg A dss.
680 882

Note that \S; ;, 7 # 7, are always divisible by s from the concrete form of
the matrix given in Lemma 3.3. By the same lemma the diagonal elements
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of this matrix, except the (1,1)-element equal to 1/sg, can be written as

follows: J J
—¢7 v = 2m; —¢, v=2m-+ 1.
me vo
To summarize, we have shown for the integrals K = (Kj, ..., K, ) that
dK = L(A'dso/so + B'd¢/¢ + H'1¢(0)/s09)K,
where

A’ = diag(1,0,...,0),
B’ = diag(0,1/m,...,1/m) when v = 2m,
B’ = diag(0,1/v,...,1/v) when v =2m+1,
and H' is a matrix with the polynomial entries with the zero diagonal part.

On making the transition in the variables from (s, s2) to (t1,%2), we get a
total differential system for the integrals Jo(t),. .., J,(¢) :

dt d
dJ:L(zA'J+B'£+HLni)J. (15)
to ¥ tap
In order to see that it is possible to write (15) as a system with a single de-
nominator t2¢(t), we solve the equations below with respect to the matrices
A, Hy € End(C"™) @ CJt] :

QA’@jLB/dﬁJFHLn(W) :Ad(t%@) JrHan(W).
ty © tap top tap

Calculation of the matrices A and H; gives the desired formula (9). a

4. FURTHER REMARKS AND PROBLEMS

Consider the divisor
D={teC":h(t)=hi(t)...hn(t) =0}

where hy(t),...,hn,(t) € C[t] are irreducible factors, i.e.,

D=|JDi, Di={teC": hi(t) =0}
i=1
In the case where D;, 1 < i < m, form a set of normal crossing divisors so
that
(1) D; intersects transversally D;, i # j ;
(2) dimD,ND;NDy <n—3 for i #j#k#i,
it is known (see [13], (2.9)) that Q&. (log D) is generated by

dhy /by, ..., b T, (16)
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as an Ogn-module. In such a case, “a Pfaff system of the Fuchsian type”
is defined in quite a natural manner for a set of unknown functions I =

(I, ..., 1) -
" dh;
dl = § A—L)1, 17
(j_l th> (17)

where A; € End(C*) ® Ocn. Pfaff systems of this type were studied in [18].
Theorem 3.1, however, implies that when the components of the divisor
do not intersect transversally, there arise logarithmic differential forms like
tp(w) in (9), in addition to those of type (16). That is to say, it is natural
to think of a class of systems

n—1

dI = (A?+;Bja;j>1 (18)

with w; € TorsQ}, and A, Bj € End(CH) ® Ocn satisfying the integrability
condition

dh = w; Wi\ e w;dh

j=1

The above expression (18) is appropriate in describing a Pfaff system with
Q& (log D) coefficients in view of the following exact sequence proved in
[14]:

dh
0— WOC" + Q6w — Qg (log D) s Tors Qp — 0.

Here rank(Tors QL) = n—1. Furthermore, when Q.. (log D) is a free Ogn-
module, the integral variety defined by the dual free module Dercn (log D)
coincides with D = {t € C™ : h(t) = 0} (see [13] (1.9)).

Note that in the case where the divisor D consists of normally crossing
divisors D; that satisfy conditions (1) and (2) mentioned above, the Op-
module of torsion differentials T'ors Q}, is generated by (m — 1) differential
1-forms

hdhy /hy, ... hdh [hi . .. hdho [, 1<i<m,

where the ith form hdh;/h; is omitted. Therefore, in this situation system
(17) can be considered as a special case of (18). Thus one may regard a
system of type (18) as a natural generalization of “a Pfaff system of the
Fuchsian type” to the case of a divisor consisting of components that do
not cross normally.

The following two questions concerning systems of type (18) were pro-
posed by K. Aomoto.
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Question 1. Let us consider an arbitrary representation p € 71 (C™\ D).
Is it possible to find a system of form (18) such that its solutions induce
p as their monodromy representation? In other words, is class (18) wide
enough for the existence of solutions to the Riemann—Hilbert problem?

K. Aomoto gave positive answer (see [19]) to this problem in the case
where p is contained in a unipotent subgroup of GL(u, C).

Question 2. Describe the cases where there exists an appropriate finite
covering space X over C",

T™: X — C"
U U
D — D

such that the preimage of a system of type (18) under 7 has the form
m
- dhiN ~
di = (Z A; h—j) i,
Jj=1

where 4; € End(C*) ® Ox, hj € Ox, j=1,...,m,and D = U™, {z €
X : hj(2) = 0}. As K. Aomoto pointed out, that system (9) turns out to be
the case in question because its solutions are described by Pochhammer’s
hypergeometric functions that are interpreted as solutions to the following

system [20]:
d Ay Ao
Ei= ()0
where A;, Ay € End(C*).
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