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REALIZATIONS OF THE COMPLEX NILPOTENT LIE ALGEBRAS
WITH SMALL SECOND DERIVED QUOTIENT∗
ERNIE STITZINGER† AND LAURIE ZACK‡

Abstract. The fourteen complex nilpotent Lie algebras with a small derived quotient are
realized here using 7x7 matrices.
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1. Introduction. The Lie algebra analogue to the theory of p-groups with small
second derived quotient studied by Schneider [1] was given by Zack [2]. Similar to
the group case, she found that such an algebra is the central direct sum of ideals
K and U, and the structures of both K and U were found. For complex nilpotent
Lie algebras with a small second derived quotient, it was found that U is the direct
sum of a generalized Heisenberg algebra and an abelian Lie algebra, and that K is
one of fourteen algebras. For each of these algebras, a multiplication table was found
having a simple form, which we will call the canonical multiplication for the algebra.
The fourteen algebras divide evenly into two types such that each algebra of the first
type corresponds directly to an algebra of the second type. Here we realize these
algebras as matrices and the realizations are satisfying in that slight variations in the
generating matrices lead to all the canonical representatives for a given type. For this
paper, all matrices are 7 by 7 and the Lie algebra brackets that follow are for left
normed multiplication.
Let L be a complex nilpotent Lie algebra with dim(L /L )=3 and L = 0. Then L
contains a six dimensional ideal H with basis {a, b, [a,b], [a,b,a], [a,b,a,a], [a,b,a,a,b]},
multiplication [a,b,a,b]=0, [a,b,a,a,a]=0, and either [a,b,b]=0 or [a,b,b] = [a,b,a,a].
These two possibilities for [a,b,b] will be called type I and type II, respectively.
Then, for each type, K is one of seven classes, obtained by using H and 0, 1, 2 or 3
additional generators. For simplicity, let y=[a,b,a,a] and z=[a,b,a,a,b]. It was shown
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that the seven algebras of each type are as follows [2]:
1.
2.
3.
4.
5.
6.
7.

H
<H, u> with [u,a]=z and [u,b]=0.
<H, u> with [u,a]=0 and [u,b]=y.
<H, u> with [u,a]=z and [u,b]=y.
<H, u1 , u2 > with [u1 ,a]=z, [u1 ,b]=0, [u2 ,a]=0, [u2 ,b]=y and [u1 ,u2 ]=0.
<H, u1 , u2 > with [u1 ,a]=z, [u1 ,b]=0, [u2 ,a]=0, [u2 ,b]=y and [u1 ,u2 ]=z.
<H, u1 , u2 , u3 > with [u1 ,a]=z, [u1 ,b]=0, [u2 ,a]=0, [u2 ,b]=y, [u3 ,a]=0,
[u3 ,b]=0 and [u1 ,u2 ]=0, [u1 ,u3 ]=0 and [u2 ,u3 ]=z.

2. Realizations. The following are the realizations of the algebras for types I
and II.
Type I. Let a=E(1,2) + E(2,3) + E(3,5) + E(5,6) − E(6,7) and b=E(1,2) + E(6,7) where
E(i,j) are matrix units. Then let v=E(2,7) + E(1,6) and w=E(2,6) − E(3,7) + E(1,5)
Short calculations verify that the following list gives a set of generators corresponding to each of the algebras of type I.
1.
2.
3.
4.
5.
6.
7.

a,b
a,b,
a,b,
a,b,
a,b,
a,b,
a,b,

u=v
u=w
u=v+w
u1 =v, u2 =w
u1 =v+2E(4,7) , u2 =w+E(1,4)
u1 =v, u2 =w+E(1,4) , u3 = −2E(4,7) .

Type II. Let a=E(1,2) + E(4,5) + E(3,5) + E(5,6) and b=E(2,3) + E(6,7) + 3E(3,6) and
then let v= -3 E(2,7) and w=E(1,3) − E(1,4) .
As for Type I, the following are the generators corresponding to each of the seven
type II algebras.
1.
2.
3.
4.
5.
6.
7.

a,b
a,b,
a,b,
a,b,
a,b,
a,b,
a,b,

u=v
u=w
u=v+w
u1 =v, u2 =w
u1 =v+3E(4,7) , u2 =w
u1 =v, u2 =w, u3 = −3E(4,7) .
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