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ABSTRACT. Let ∆ be a simplicial complex on vertex set[n]. It is shown that if∆ is complete inter-
section, Cohen-Macaulay of codimension 2, Gorenstein of codimension 3 or 2-Cohen–Macaulay of
codimension 3, then∆ is vertex decomposable. As a consequence we show that if∆ is a simplicial
complex such thatI∆ = It(Cn), whereIt(Cn) is the path ideal of lengtht of Cn, then∆ is vertex
decomposable if and only ift = n, t = n−1, orn is odd andt = (n−1)/2.

INTRODUCTION

Let ∆ be a simplicial complex on vertex set[n] = {1, · · · ,n}, i.e. ∆ is a collection of subsets of
[n] with the property that ifF ∈ ∆, then all subsets ofF are also in∆. An element of∆ is called a
faceof ∆, and the maximal faces of∆ under inclusion are calledfacets. We denote byF (∆) the set
of facets of∆. Thedimensionof a faceF is defined as dimF = |F |−1, where|F| is the number of
vertices ofF. The dimension of the simplicial complex∆ is the maximum dimension of its facets.
A simplicial complex∆ is calledpure if all facets of∆ have the same dimension. Otherwise it is
called non-pure. We denote the simplicial complex∆ with facetsF1, . . . ,Ft by ∆ = 〈F1, . . . ,Ft〉. A
simplex is a simplicial complex with only one facet.

For the simplicial complexes∆1 and∆2 defined on disjoint vertex sets, the join of∆1 and∆2 is
∆1∗∆2 = {F ∪G : F ∈ ∆1, G∈ ∆2}.

For the faceF in ∆, the link, deletion and star ofF in ∆ are respectively, denoted by link∆ F,
∆\F and star∆F and are defined by link∆ F = {G∈ ∆ : F∩G= ∅, F ∪G∈ ∆} and∆\F = {G∈
∆ : F * G} and star∆F = 〈F〉 ∗ link∆ F.

Let R = K[x1, . . . ,xn] be the polynomial ring inn indeterminates over a fieldK. To a given
simplicial complex∆ on the vertex set[n], the Stanley–Reisner ideal is the squarefree monomial
ideal whose generators correspond to the non-faces of∆. We say the simplicial complex∆ is
Complete intersection, Cohen–Macaulay or Gorenstein ifK[x1, . . . ,xn]/I∆ is complete intersection,
Cohen–Macaulay or Gorenstein respectively.

The facet ideal of∆ is the squarefree monomial ideal generated by monomialsxF = ∏i∈F xi

whereF is a facet of∆ and is denoted byI(∆). The complement of a faceF is [n]\F and is denoted
by Fc. Also, the complement of the simplicial complex∆ = 〈F1, . . . ,Fr〉 is ∆c = 〈Fc

1 , . . . ,Fc
r 〉. The

Alexander dual of∆ is defined by∆∨ = {Fc : F 6∈ ∆}. It is known that for the complex∆ one has
I∆∨ = I(∆c).

The simplicial complex∆ is (non-pure) shellable if its facets can be orderedF1,F2, . . . ,Fr such
that, for all 2≤ i ≤ r, the subcomplex〈F1, . . . ,Fi−1〉∩ 〈Fi〉 is pure of dimension dim(Fi)−1.

Let I ⊂ R be a monomial ideal. We denote byG(I) the unique minimal system of monomial
generators ofI . We say thatI has linear quotients with respect to the linear orderu1, . . . ,ur of G(I)
if for all i = 2, . . . , r, the colon ideal(u1, . . . ,ui−1) : (ui) is generated by linear forms. It is well
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known that ifI has linear quotients and generated in one degree, thenI has a linear resolution, see
[8]. In [10] the authors showed that the simplicial complex∆ is shellable if and only ifI∆∨ has
linear quotients.

Billera and Provan [2] introduced the concept of pure vertexdecomposable simplicial com-
plexes. Then Björner and Wachs [4] extended the concept of vertex decomposability to non-pure
complexes. An analogous extension ofk-decomposability to non-pure complexes was given by
Woodroofe [14]. Then Jonsson [11] extended Björner and Wachs’s definition of shedding vertex
in non-pure complexes to shedding face.

Definition 0.1. Let∆ be a simplicial complex on vertex set[n]. Then a face F is called a shedding
face if every face G ofstar∆F satisfies the following exchange property: for every i∈ F there is a
j ∈ [n]\G such that(G∪{ j})\{i} is a face of∆.

Definition 0.2. [14] A simplicial complex∆ is recursively defined to be k-decomposable if either
∆ is a simplex or else has a shedding face F withdim(F)≤ k such that both∆\F and link∆ F are
k-decomposable.

Note that the complexes{} and {∅} considered to bek-decomposable for allk ≥ −1. 0-
decomposable complexes are of special importance and called vertex decomposable.

It was shown by Billera and Provan [2] that ad-dimesional simplicial complex isd-decomposable
if and only if it is shellable. This result was generalized tonon-pure complexes by Woodroofe [14].
Also, since eachk-decomposable complex is(k+1)-decomposable, therefore we have the follow-
ing implications:
vertex-decomposable⇒ 1-decomposable⇒. . .⇒ d-decomposable⇔ shellable

This paper is organized as follows: In Section 1 we recall some definitions and some known
results which will be needed later. The main results of the paper are in section 2. First we show
that each complete intersection simplicial complex and each Cohen-Macaulay simplicial complex
of codimension 2 is vertex decomposable. In Theorem 2.5, Vertex decomposability of Gorenstein
simplicial complexes of codimension 3 are shown. We also prove that any 2-CM simplicial com-
plex of codimension 3 is vertex decomposable, see Theorem 2.13. LetCn denote then-cycle and
It(Cn) denote the path ideal ofCn of length t. We set∆t(Cn) for the simplicial complex whose
Stanley-Reisner ideal isIt(Cn). In Section 3 as an application of our results we show that∆t(Cn) is
vertex decomposable if and only ift = n, t = n−1, ort = (n−1)/2, which extend the main result
of [13].

1. PRELIMINARIES

For a monomialu = xa1
1 . . .xan

n in R, we denote the support ofu by supp(u) and it is the set of
those variablesxi thatai 6= 0. Letmbe another monomial inR. If for all xi ∈ supp(u), xai

i ∤ m then
we set[u,m] = 1, otherwise we set[u,m] 6= 1.

For a monomial idealI ⊂ R we setIu = (mi ∈ G(I) : [u,mi ] 6= 1) and
Iu = (mi ∈ G(I) : [u,mi ] = 1).

The concept of shedding monomial andk-decomposable monomial ideals was first introduced
by Rahmati and Yassemi in [12].

Definition 1.1. Let I be a monomial ideal and G(I) = {m1, . . . ,mr}. The monomial u= xa1
1 . . .xan

n
is called a shedding monomial of I if Iu 6= 0 and for each mi ∈ G(Iu) and each xl ∈ supp(u) there
exists mj ∈ G(Iu) such that〈mj : mi〉 = 〈xl 〉.

Definition 1.2. Let I be a monomial ideal and G(I) = {m1, . . . ,mr}. Then I is a k-decomposable
ideal if r = 1 or else has a shedding monomialu with | supp(u) |≤ k+1 such that the idealsIu and
Iu arek-decomposable. Note that since| G(I) | is finite, the recursion procedure will stop.
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A 0-decomposable ideal is calledvariable decomposable. Also, a monomial ideal is decom-
posable if it isk-decomposable for somek≥ 0.

A monomial idealI ⊂ R= K[x1, . . . ,xn] generated in a single degree is called polymatroidal if
for anyu,v∈ G(I) such that degxi (u) > degxi (v) there exists an indexj with degxj (u) < degxj (v)
such thatx j(u/xi) ∈ G(I). A squarefree polymatroidal ideal is called matroidal. Also, a monomial
ideal I is called weakly polymatroidal if for every two monomialsu = xa1

1 . . .xan
n > v = xb1

1 . . .xbn
n

in G(I) such thata1 = b1, . . . ,at−1 = bt−1 andat > bt , there existsj > t such thatxt(v/x j) ∈ I . It
is clear from the definition that a polymatroidal ideal is weakly polymatroidal.

The following results from [12] are crucial in this paper.

Theorem 1.3. [12, Theorem 2.10]Let ∆ be a (not necessarily pure) d-dimensional simplicial
complex on vertex set[n]. Then∆ is k-decomposable if and only if I∆∨ is k-decomposable, where
k≤ d.

Proposition 1.4. [12, Lemma 3.8]If I is an squarefree monomial ideal generated in degree2
which has a linear resolution, then after suitable renumbering of the variables, I is weakly poly-
matroidal.

Lemma 1.5. [12, Lemma 2.6]Let I ⊂ R be a monomial ideal with the minimal system of genera-
tors G(I) = {m1, . . . ,mr} and u a monomial in R. Then the ideal I is k-decomposable if andonly
if uI is k-decomposable.

Theorem 1.6. [12, Theorem 3.5]Let I ⊂ R be a weakly polymatroidal ideal. Then I is0-
decomposable.

2. SOME VERTEX DECOMPOSABLE SIMPLICIAL COMPLEXES

First, we recall that a Noetherian local ringA is a complete intersection ring if its completion
Â is a residue class ring of a regular local ringR with respect to an ideal generated by anR-
sequence. Note that a simplicial complex∆ is called complete intersection ifR/I∆ is a complete
intersection ring, i.e.I∆ = (u1, . . . ,um) where gcd(ui ,u j) = 1 for all i 6= j. It is easy to see that in
this caseI∆ =

⋂
xi j ∈supp(uj )(xi1, . . . ,xim). On the other hand we know thatI∆ =

⋂
F∈F (∆) PFc, where

PFc = (xi : i ∈ Fc). Therefore we have the following:

Remark 2.1. Let ∆ be a simplicial complex on vertex set[n]. Then∆ is complete intersection if
and only if there are disjoint subsetsA1, . . . ,Am of [n] such that[n] =

⋃m
i=1Ai andF is a facet of∆

if and only if F = [n]\{ j1, . . . , jm}, where j i ∈ Ai.

A matroid complex∆ is a simplicial complex with the property that for all facesF andG in
∆ with |F | < |G|, there existsi ∈ G\F such thatF ∪ {i} ∈ ∆. Since link and deletion of any
vertex of a matroid is again a matroid, induction on the number of vertices shows that any matroid
complex is vertex decomposable. It is easy to see from Remark2.1 that each complete intersection
simplicial complex is a matroid. Hence every complete intersection simplicial complex is vertex
decomposable. However in the following we give a different proof of this fact.

Theorem 2.2. Let ∆ be a complete intersection simplicial complex on vertex set[n]. Then∆ is
vertex decomposable.

Proof. Let G(I∆) = {u1, . . . ,um}. Since,u1, . . . ,um is a regular sequence, we have
gcd(ui ,u j) = 1 for all i 6= j. We setPui = (xi : xi | ui) for all i = 1, . . . ,m. Then it is easy to see
that I∆∨ = ∩m

i=1Pui = ∏m
i=1Pui . HenceI∆∨ is a transversal polymatroidal ideal and by Theorem 1.6,

I∆∨ is 0-decomposable. Thus the assertion follows from Theorem1.3 . �
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Theorem 2.3. If ∆ is a Cohen-Macaulay simplicial complex of codimension2, then∆ is vertex
decomposable.

Proof. Since∆ is Cohen-Macaulay simplicial complex of codimension 2, by aresult of Eagon and
Reiner [6],I∆∨ is a squarefree monomial ideal which has 2-linear resolution. Hence by Proposi-
tion 1.4 and Theorem 1.6,I∆∨ is 0-decomposable. It follows from Theorem 1.3 that∆ is vertex
decomposable. �

As an immediate consequence we have the following:

Corollary 2.4. Let ∆ be a quasi-forest simplicial complex which is not a simplex.Then∆∨ is
vertex decomposable.

Proof. It is proved in [15] that each quasi-forest is a flag complex. So I∆ is generated by quadratic
monomials and hence height(I∆∨) = 2. Since∆ is quasi-forest by [15, Corollary 5.5], we have
pd(K[∆∨]) = 2. Therefore∆∨ is Cohen-Macaulay of codimension 2 and by Theorem 2.3,∆∨ is
vertex decomposable. �

Next we consider Gorenstein simplicial complexes and provethe following:

Theorem 2.5. Each Gorenstein simplicial complex of codimension3 is vertex decomposable.

Our proof is based on the following structure theorem that can be found in [3].

Theorem 2.6. Let ∆ be a Gorenstein simplicial complex of codimension3 on vertex set[n]. Then
| G(I∆) | is an odd number, say| G(I∆) |= 2m+ 1 ≤ n, and there exists a regular sequence of
squarefree monomials u1, . . . ,u2m+1 in R= K[x1, . . . ,xn] such that

G(I∆) = {uiui+1 . . .ui+m−1 : i = 1, . . . ,2m+1},

where ui = ui−2m−1 whenever i> 2m+1.

We will use the following remarks for our proof.

Remark 2.7. Let ∆ be a Gorenstein simplicial complex of codimension 3 on vertex set[n] with

G(I∆) = {uiui+1 . . .ui+m−1 : i = 1, . . . ,2m+1},

whereui = ui−2m−1 wheneveri > 2m+ 1. Then after relabeling of the variables we may assume
thatu1 = ∏l1

i=1xi , u2 = ∏l2
i=l1+1xi , . . . , u2m+1 = ∏n

i=l2m+1xi .

Remark 2.8. If ∆ is a Gorenstein simplicial complex of codimension 3, then itis easy to see from
Theorem 2.6 thatI∆ =

⋂
(xti ,xr j ,xsk) with xti ∈ supp(ui), xr j ∈ supp(u j), xsk ∈ supp(uk), where

1 ≤ i < j < k ≤ 2m+ 1, and j − i ≤ m, k− j ≤ m, k− i ≥ m+ 1. ThusI∆∨ is generated by the
monomialsxti xr j xsk with xti ∈ supp(ui), xr j ∈ supp(u j), xsk ∈ supp(uk), where 1≤ i < j < k ≤
2m+1 and j − i ≤ m, k− j ≤ m, k− i ≥ m+1.

Example 2.9. Let ∆ be a simplicial complex with
F (∆)= {{1,2,4,5},{1,2,4,6},{1,2,5,6},{1,3,4,6},{1,3,4,7},{1,3,5,6},{1,3,5,7},{1,4,5,7},
{2,3,5,6},{2,3,5,7},{2,3,6,7},{2,4,5,7},{2,4,6,7},{3,4,6,7}}.

ThenI∆ = I3(C7)= (x1x2x3,x2x3x4,x3x4x5,x4x5x6,x5x6x7,x6x7x1,x7x1x2), andI∆ =
⋂

i, j,k(xi ,x j ,xk),
where j− i ≤ 3, k− j ≤ 3 andk− i ≥ 4. Therefore by Remark 2.8,∆ is Gorenstein simplicial com-
plex of codimension 3. Observe that 1 is a shedding vertex of∆.

Lemma 2.10. Let ∆ be a Gorenstein simplicial complex of codimension3, and xti xr j xsk ∈ G(I∆∨).
If k < k′ ≤ 2m+1 or 1≤ k′ < i, then for each xsk′

∈ supp(uk′), either xti xr j xsk′
or xr j xskxsk′

belongs
to G(I∆∨).
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Proof. We setv1 = xti xr j xsk′
andv2 = xr j xskxsk′

.
Case 1Let k < k′ ≤ 2m+ 1 and suppose on contraryv1 andv2 do not belong toG(I∆∨). Since
xti xr j xsk ∈ G(I∆∨), one hasj − i ≤ mandk′− i > k− i ≥ m+1, hencev1 /∈ G(I∆∨) if and only if

k′− j > m. (1)

Again sincexti xr j xsk ∈ G(I∆∨), we know thatk− j ≤ mandk′−k≤ m. Sov2 /∈ G(I∆∨) if and only
if

k′− j ≤ m. (2)

From(1) and(2) we get a contradiction.
Case 2The same argument works also in the case 1≤ k′ < i. �

Proposition 2.11. Let∆ be a Gorenstein simplicial complex of codimensiom3 on [n], and I= I∆∨ .
Then the following statements hold.

(i) xn is a shedding variable for I.
(ii) Let l′ + 1≤ l ≤ n− 1, where l′ is the smallest index such that there exists xix jxl ′ ∈ G(I)

with i < j < l ′. Then xl is a shedding variable for Ixn,xn−1,...,xl+1.

Proof. (i) : Since∆ is a simplicial complex on[n], Ixn 6= 0. Supposexti xr j xsk ∈G(Ixn) be an arbitrary
element withsk < n. Letuk be as in Theorem 2.6. Ifk= 2m+1, then by Remark 2.8,xn ∈ supp(uk)
and hencexti xr j xn ∈ G(I). If k < 2m+1, then by Lemma 2.10 eitherxti xr j xn or xr j xskxn belongs to
G(I). Hence in any case one of the monomialsxti xr j xn or xr j xskxn belongs toG(Ixn). This implies
thatxn is a shedding variable forI .

(ii) : By induction, we know thatIxn,xn−1,...,xl = (Ixn,xn−1,...,xl+1)xl . If xti xr j xsk ∈ G(Ixn,xn−1,...,xl )
with sk < l , then as we showed in case(i), by Remark 2.8 and Lemma 2.10 eitherxti xr j xl ∈
G(Ixl

xn,xn−1,...,xl+1
) or xr j xskxl ∈ G(Ixl

xn,xn−1,...,xl+1
). This completes the proof. �

Proposition 2.12. Let ∆ be a Gorenstein simplicial complex of codimension 3. Let1≤ l ≤ n and
Jl be the monomial ideal which is generated by the set of those quadratic monomials xix j , where
xix jxl ∈ G(I∆∨). Then Jl has linear quotients and in particular it is 0-decomposable.

Proof. We know by [9]∆ is shellable. HenceI∆∨ has linear quotients. Suppose thatG(I∆∨) =
{v1,v2, . . . ,vt} and it has linear quotients in the given order. Hence for eachvc andvd in G(I∆∨)
with c < d, there exists another monomialvd′ with d′ < d such thatvd′ : vd = xc′ for somec′ and
xc′ dividesvc : vd. We order the monomials inG(Jl ) by the induced order ofG(I∆∨) and claim
that Jl has linear quotients in this order. Letwp andwq be arbitrary two elements inG(Jl ) with
p< q. Thusvp = wpxl andvq = wqx1 belongs toG(I∆∨). Therefore there exists another monomial
vk′ with k′ < q such thatvk′ : wqxl = xs andxs divideswpxl : wqxl . It is easy to see thats 6= l and
xl | vk′ . Hencewk′ = vk′/xl ∈ G(Jl ), andwk′ : wq = xs which divideswp : wq. This implies thatJl

has linear quotients. Hence by Proposition 1.4 and Theorem 1.6, Jl is weakly polymatroidal and
0-decomposable. �

Proof of Theorem 2.5: By Theorem 1.3,∆ is 0-decomposable if and only ifI = I∆∨ is 0-
decomposable. By Proposition 2.11,xn is a shedding variable forI . Hence it is enough to show
that Ixn andIxn are 0-decomposable.
Since Ixn = 〈xix jxn : xix jxn ∈ G(I)〉 = xn〈xix j : xix jxn ∈ G(I)〉, hence by Proposition 2.12 and
Lemma 1.5,Ixn is 0-decomposable. Now we show thatIxn is 0-decomposable too. Again by using
Proposition 2.11 we havexn−1 is a shedding monomial forIxn. But Ixn−1

xn = 〈xix jxn−1 : xix jxn−1 ∈
G(Ixn)〉 = xn−1〈xix j : xix jxn−1 ∈ G(Ixn)〉. Then again by Proposition 2.12 and Lemma 1.5,Ixn−1

xn
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is 0-decomposable. In order to show that(Ixn)xn−1 = Ixn,xn−1 is 0-decomposable, we continue this
procedure as follows: Letl ′ be the smallest integer thatxix jxl ′ ∈ G(I) with i < j < l ′. Let l ′ +1≤
l ≤ n− 1 be an integer. Then as we showed in the above, one can see thatIxl

xn,xn−1,...,xl+1
is 0-

decomposable . Since(Ixn,xn−1,...,xl ′+2
)xl ′+1

= 〈xix jxl ′ : xix jxl ′ ∈G(Ixn,xn−1,...,xl ′+1
)〉= xl ′〈xix j : xix jxl ′ ∈

G(Ixn,xn−1,...,xl ′+1
)〉. So by Proposition 2.12 and Lemma 1.5,(Ixn,xn−1,...,xl ′+2

)xl ′+1
is 0-decomposable.

HenceI∆∨ is 0-decomposable and therefore∆ is vertex decomposable. �

Now we study the vertex decomposability property for another class of simplicial complexes,
that is 2-CM simplicial complexes. According to [1] a Cohen-Macaulay simplicial complex∆ is
2-CM (doubly Cohen-Macaulay) if the deletion∆\{k} is Cohen-Macaulay of the same dimension
as∆, for each existing vertexk∈ ∆ .

Theorem 2.13.Let∆ be a 2-CM simplicial complex of codimension 3 on vertex set[n]. Then∆ is
vertex decomposable.

Proof. We prove the theorem by induction on|[n]| the number of vertices of∆. If |[n]| = 0, then
∆ = {} and it is vertex decomposable. Now Let|[n]| > 0 andk ∈ [n] be a vertex of∆. Then the
simplicial complex link∆{k} is a complex on|[n]|−1 vertices and its dimension is dim∆−1. It
is known that link∆{k} is again 2-CM (see e.g. [1]) of codimension 3. Therefore by induction
hypothesis link∆{k} is vertex decomposable.

On the other hand since∆ is a 2-CM, for each existing vertexk∈ ∆, ∆\{k} is Cohen-Macaulay
of codimension 2 and by Theorem 2.3,∆ \{k} is vertex decomposable. It is easy to see that no
face of link∆{k} is a facet of∆\{k}. Therefore any vertexk is a shedding vertex and∆ is vertex
decomposable. �

Hochster’s Tor formula provides that each Gorenstein simplicial complex is 2-CM (see [1]).
Therefore, Theorem 2.5 is an immediate consequence of Theorem 2.13. But note that the proof of
Theorem 2.5 is algebraic while the proof of Theorem 2.13 is combinatorial.

3. PATH IDEALS OF CYCLES

As an application of the above results, we show that simplicial complexes where associated
to specific path ideals of ann-th cycle are vertex decomposable. Path ideal of a graph was first
introduced by Conca and De Negri in [5]. LetG be a directed graph on vertex set{x1, . . . ,xn}. Fix
an integer 2≤ t ≤ n. A sequencexi1, . . . ,xit of distinct vertices ofG is called apathof lengtht if
there aret −1 distinct directed edgese1, . . . ,et−1, whereej is an edge fromxi j to xi j+1. Then the
path idealof G of lengtht is the monomial idealIt(G) = (∏t

j=1xi j ), wherexi1, . . . ,xit is a path of
lengtht in G. LetCn denote then-cycle with directed edgese1, . . . ,en, whereei is from xi to xi+1

for i = 1, . . . ,n−1 anden is from xn to x1. HenceIt(Cn) = (u1, . . . ,un), whereui = ∏t−1
v=0xi+v for

all i = 1, . . . ,n, wherexd = xd−n wheneverd > n. In [7, proposition 4.1] it is shown thatR/I2(Cn)
is vertex decomposable/ shellable/ Cohen-Macaulay if and only if n = 3 or 5. Recently, Saeedi,
Kiani and Terai in [13] showed that if 2< t ≤ n, thenR/It(Cn) is sequentially Cohen-Macaulay if
and only if t = n, t = n−1 or t = (n−1)/2. As a consequence of our result we can extend the
main result of [13].

Theorem 3.1. Let3≤ t ≤ n and∆ be a simplicial complex on[n] such that I∆ = It(Cn). Then∆ is
vertex decomposable if and only if t= n, t = n−1 or t = (n−1)/2.

Proof. If t = n, then∆ is complete intersection. Ift = n−1, then∆ is Cohen-Macaulay of codi-
mension 2, and ift = (n−1)/2, then∆ is Gorenstein of codimension 3. Hence in these three cases
∆ is vertex decomposable. Ift is not one of the above cases, then by [13],∆ is not sequentially
Cohen-Macaulay and hence not vertex decomposable.

�
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For the simplicial complexes one has the following implication:

vertex decomposable⇒ shellable⇒ Cohen-Macaulay
Note that these implications are strict, but by the following corollary, for path ideals, the reverse

implications are also valid.
Combining the main result of [13] with our result we get the following:

Corollary 3.2. Let3≤ t ≤ n and∆ be a simplicial complex on[n] such that I∆ = It(Cn). Then the
following conditions are equivalent;

(i) ∆ is Cohen-Macaulay;
(ii) ∆ is shellable;
(iii) ∆ is vertex decomposale.

Moreover, these equivalent condition hold if and only if t= n, t = n−1 or t = (n−1)/2.

REFERENCES

[1] K. Baclawski, Cohen-Macaulay connectivity and geometric lattices, European J. Combi.3, (1982), no. 4, 293-305.
[2] L.J. Billera and J.S. Provan, Decompositions of simplicial complexes related to diameters of convex polyhedra,

Math. Oper. Res.5, (1980), no. 4, 576-594.
[3] W. Bruns, J. Herzog, on multigraded resolutions, Math. Proc. Cambridge Phil.Soc.118(1995), 234-251.
[4] A. Björner, M. L. Wachs, Shellable nonpure complexes and posets, II, Trans. Amer. Math. Soc.349, (1997),

3945-3975.
[5] A Conca, E. De Negri, M-sequences, graph ideals and ladder ideals of linear type. J. Algebra211 (1999), no. 2,

599-624.
[6] J. Eagon and V. Reiner, Resolutions of Stanley–Reisner rings and Alexander duality, J. Pure Appl. Algebra130

(1998), 265–275.
[7] C. A. Francisco. A. Van Tuyl, Sequentially Cohen-Macaulay edge ideals. Proc. Amer. Math. Soc. (2007). no. 8,

2327-2337.
[8] J. Herzog, T. Hibi, Monomial Ideals, Springer (2011).
[9] J. Herzog, A. Soleyman Jahan, S. Yassemi, Stanley decompositions and partitionable simplicial complexes. J.

Algebr. Comb.27(2008), 113-125
[10] J. Herzog, T. Hibi, X. Zheng, Monomial ideals whose powers have a linear resolution. Math Scand. 95. 23-

32(2004).
[11] J. Jonsson, Optimal Decision Trees on simplicial complexes. Electronic. J. Combin. 12(1):R3, (2005).
[12] R. Rahmati Asghar, S. Yassemi, k-decomposable monomial ideals. to appear in .
[13] S. Saeedi, D. Kiani, N. Terai, Sequentially Cohen-Macaulay path ideals of cycles. Bull. Math. Soc. Sci. Math.

Roumanie Tome54 (102) no. 4, 2011, 353-363.
[14] R. Woodroofe, Chordal and sequentially Cohen-Macaulay clutters, arXiv: 0911.4697.
[15] X. Zheng, Homological properties of monomial ideals associated to quasi-trees and lattices. ph.d thesis.

SEYED MOHAMMAD AJDANI, DEPARTMENT OFMATHEMATICS, SCIENCE AND RESEARCH BRANCH, ISLAMIC

AZAD UNIVERSITY, TEHRAN, IRAN

E-mail address: majdani2@yahoo.com

ALI SOLEYMAN JAHAN , DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KURDISTAN, P.O.BOX:66177-
15175, SANADAJ , IRAN

E-mail address: solymanjahan@gmail.com

7


	Introduction
	1. Preliminaries
	2. Some vertex decomposable simplicial complexes
	3. Path ideals of cycles
	References

