A NOTE ON DIRECT PRODUCTS AND EXT1
CONTRAVARIANT FUNCTORS
FLAVIU POP AND CLAUDIU VALCULESCU

Abstract. In this paper we prove, using inequalities between infinite cardinals, that, if R is an hereditary ring, the contravariant derived functor
Ext1R (−, G) commutes with direct products if and only if G is an injective
R-module.

1. Introduction
Commuting properties of Hom and Ext functors with respect to direct sums and
direct products are very important in Module Theory. It is well known that, if
G is an R-module (in this paper all modules are right R-modules), the covariant
Hom-functor
HomR (G, −) : Mod-R → Mod-Z
preserves direct products, i.e. the natural homomorphism
Y
Y
φF : HomR (G,
Ni ) →
HomR (G, Ni )
i∈I

i∈I

Q
induced by the family HomR (G, pi ), where pi : j∈I Nj → Ni are the canonical
projections associated to direct product, is an isomorphism, for any family of Rmodules F = (Ni )i∈I . On the other hand, the contravariant Hom-functor
HomR (−, G) : Mod-R → Mod-Z
does not preserve, in general, the direct products. More precisely, if F = (Mi )i∈I
is a family of R-modules, then the natural homomorphism
Y
Y
ψF : HomR ( Mi , G) →
HomR (Mi , G)
i∈I

i∈I

Q
induced by the family HomR (ui , G), where ui : Mi → j∈I Mj are the canonical
injections associated to the direct product,
Q is not, in general, an isomorphism. We
note that if we replace direct products i∈I Mi by direct sums ⊕i∈I Mi , a similar
discussion about commuting properties leads to important notions in Module Theory: small and self-small modules, respectively slender and self-slender modules,
and the structure of these modules can be very complicated (see [3], [9], [11]).
The same arguments are valid for the covariant(respectively, the contravariant) derived functors ExtnR (G, −) : Mod-R → Mod-Z (respectively, ExtnR (−, G) :
Mod-R → Mod-Z). In the case of hereditary rings, the modules G such that
Ext1R (G, −) commutes naturally with direct sums are studied in [6] and [17]. For
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commuting properties with respect to some limits and colimits we refer to [7] and
[13, Section 6.1 and Section 6.3].
A survey of recent results about the behavior of these functors is presented in [1]
and, although the authors treat the general case, they are focused on the context
of abelian groups.
In [5], Breaz showed that ψF is an isomorphism for all families F if and only if
G is the trivial module. Following a similar idea,
Q in this paper, we
Q will prove that,
if R is an hereditary ring, the Z-modules Ext1R ( i∈I Mi , G) and i∈I Ext1R (Mi , G)
are naturally isomorphic if and only if G is injective.
2. Main Theorem
Throughout this paper, by a ring R we will understand a unital associative
ring, an R-module is a right R-module and we will denote by Mod-R the category of all right R-modules. Also, we will use ExtnR (−, G) for the n-th contravariant derived functor, where n is a positive integer and G is an R-module.
If f : M → N is an R-homomorphism, then we denote the induced homomorphism
ExtnR (f, G)(respectively, HomR (f, G)) by f n (respectively, by f 0 ).
If M is an R-module and λ is a cardinal, then M λ (respectively, M (λ) ) represents
the direct product(respectively, the direct sum) of λ copies of M . Moreover, if
F = (Mi )i∈I is a family of R-modules then, for all positive integers n, we consider
the natural isomorphisms induced by the universal property of direct product
M
Y
χnF : ExtnR (
Mi , G) →
ExtnR (Mi , G)
i∈I

i∈I

respectively, the natural homomorphisms induced by the universal property of direct product
Y
Y
n
ExtnR (Mi , G).
ψF
: ExtnR ( Mi , G) →
i∈I

i∈I
n
χF (respectively,

n
) by χnM,λ (respectively, by
ψF
If F = (M )κ≤λ , then we denote
n
ψM,λ ).
A ring R is called hereditary if all submodules of projective R-modules are projective. We note that, R is hereditary if and only if ExtkR (M, N ) = 0, for all
R-modules M and N and for all integers k ≥ 2.
In order to prove our main result, we need some cardinal arguments. The first
lemma is a well known result(and it was proven, for example, in [4]), and the
second lemma is also well known(see, for instance, [15, Lemma 3.1]). Moreover,
these results were generalized by Štoviček in [16]. Let X be a set and let A be a
family of subsets of X. We say that A is almost disjoint if the intersection of any
two distinct elements of A is finite.

Lemma 2.1. Let λ be an infinite cardinal. Then there is a family of λℵ0 countable
almost disjoint subsets of λ.
Lemma 2.2. For any cardinal σ, there is an infinite cardinal λ ≥ σ such that
λℵ0 = 2λ . Consequently, for every cardinal σ, there is an infinite cardinal λ such
that σ ≤ λ < λℵ0 .
We have the following lemma, which is very important for the proof of the main
result.
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Lemma 2.3. Let R be a ring and let G be an R-module. Let λ be a cardinal and
let F = (Mκ )κ≤λ be a family of R-modules. Suppose that
Y
Y
1
ψF
: Ext1R (
Mκ , G) →
Ext1R (Mκ , G)
κ≤λ

κ≤λ

is an isomorphism. If
i:

M

Mκ →

κ≤λ

Y

Mκ

κ≤λ

is the natural homomorphism then the induced homomorphism
Y
M
i1 : Ext1R (
Mκ , G) → Ext1R (
Mκ , G)
κ≤λ

κ≤λ

is an isomorphism.
Proof. Consider the following commutative diagram
Q
L
i1
Ext1R ( κ≤λ Mκ , G) −−−−→ Ext1R ( κ≤λ Mκ , G)


 1
1 
ψF
.
y
yχF
Q
Q
id
1
1
κ≤λ ExtR (Mκ , G) −−−−→
κ≤λ ExtR (Mκ , G).
1
By hypothesis, ψF
is an isomorphism and, since χ1F is also an isomorphism, it
1
follows that i is an isomorphism too.


We also need the following useful lemma.
Lemma 2.4. Let R be an hereditary ring and let G be an R-module. If Ext1R (M, G) 6=
0 then Ext1R (M λ /M (λ) , G) 6= 0, for any R-module M and for any infinite cardinal
λ.
Proof. Let M be an R-module with Ext1R (M, G) 6= 0 and let λ be an infinite
cardinal. The R-homomorphism
θ : M → M λ /M (λ)
defined by
θ(x) = (x)κ≤λ + M (λ) = (x, x, x, · · · ) + M (λ)
is a monomorphism. Then, we have the following short exact sequence
θ

0 → M −→ M λ /M (λ) −→ Coker(θ) → 0.
Since R is hereditary, the induced sequence
θ0

∆0

0 → HomR (Coker(θ), G) −→ HomR (M λ /M (λ) , G) −→ HomR (M, G) −→
∆0

θ1

∆1

−→ Ext1R (Coker(θ), G) −→ Ext1R (M λ /M (λ) , G) −→ Ext1R (M, G) −→ 0
is exact, so that θ1 : Ext1R (M λ /M (λ) , G) → Ext1R (M, G) is an epimorphism. Since
Ext1R (M, G) 6= 0, it follows that Ext1R (M λ /M (λ) , G) 6= 0.

Now we give the main result of the paper.
Theorem 2.5. Let R be an hereditary ring and let G be an R-module. If M is an
R-module, then the following statements are equivalent:
1
(a) ψM,λ
: Ext1R (M λ , G) → Ext1R (M, G)λ is an isomorphism, for any cardinal
λ;
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(b) Ext1R (M µ , G) = 0, for any cardinal µ.
Proof. Let M be an R-module.
(a) ⇒ (b) Suppose that there exists a cardinal µ such that Ext1R (M µ , G) 6= 0.
1
Since ψM,µ
is an isomorphism, it follows that Ext1R (M, G) 6= 0.
We denote by X the R-module M ℵ0 /M (ℵ0 ) . By Lemma 2.2, there is an infinite
cardinal λ ≥ |HomR (M, G)| such that λℵ0 = 2λ . We have the following short exact
sequence
p

i

0 → M (λ) −→ M λ −→ M λ /M (λ) → 0,
hence the induced sequence
p0

i0

∆0

0 → HomR (M λ /M (λ) , G) −→ HomR (M λ , G) −→ HomR (M (λ) , G) −→
p1

∆0

i1

∆1

−→ Ext1R (M λ /M (λ) , G) −→ Ext1R (M λ , G) −→ Ext1R (M (λ) , G) −→ 0
is also exact. From Lemma 2.3, the natural homomorphism i1 is an isomorphism,
so that Im(p1 ) = Ker(i1 ) = 0. It follows that
∆0

HomR (M (λ) , G) −→ Ext1R (M λ /M (λ) , G) → 0
is exact, hence we have the inequality
λ

|HomR (M, G)| ≥ Ext1R (M λ /M (λ) , G) .
By Lemma 2.4 we know that Ext1R (M λ /M (λ) , G) 6= 0, hence HomR (M, G) 6= 0.
By Lemma 2.1, there is a family (Aα )α≤λℵ0 of λℵ0 countable almost disjoint subsets of λ. We view M Aα as embedded in M λ and we consider pα : M Aα → M λ /M (λ)
be the restriction to M Aα of the canonical projection p : M λ → M λ /M (λ) , for all
∼
α ≤ λℵ0 . We note that Ker(pα ) = M (Aα ) and
α ≤ λℵ0 . MoreP Im(pα ) = X, for all
λ
over, Bazzoni proved in [4] that the sum α≤λℵ0 Im(pα ) in M /M (λ) is a direct
sum.
L
Since α≤λℵ0 Im(pα ) is a submodule of M λ /M (λ) , there is a submodule M (λ) ≤
V ≤ M λ such that
ℵ0
V = V /M (λ) ∼
= X (λ ) .
From the fact that V is a submodule of the quotient M λ /M (λ) , we have the following
short exact sequence
j

q

0 → V −→ M λ /M (λ) −→ Coker(j) → 0.
By hypothesis, R is hereditary, hence we have the epimorphism
j1

Ext1R (M λ /M (λ) , G) −→ Ext1R (V , G) → 0,
and then we obtain
Ext1R (M λ /M (λ) , G) ≥ Ext1R (X, G)
It follows that
λ

|HomR (M, G)| ≥ Ext1R (X, G)
By Lemma 2.4,

Ext1R (X, G)

6= 0, so that

Ext1R (X, G)

λℵ0

Ext1R (X, G)
≥ 2λ

ℵ0

λℵ0

λℵ0

.

.

≥ 2, hence we have
λ

= 22 .
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Due to the fact that λ ≥ |HomR (M, G)| ≥ 2, it follows that
λ

2λ = |HomR (M, G)| ≥ Ext1R (X, G)

λℵ0

λ

≥ 22

which is a contradiction. Therefore Ext1R (M µ , G) = 0.
(b) ⇒ (a) Let λ be an arbitrary cardinal. We observe that M is a direct summand
of M λ . Hence Ext1R (M, G) = 0 since it is a direct summand of Ext1R (M λ , G). It
follows that both modules, Ext1R (M λ , G) and Ext1R (M, G)λ are the trivial modules,
1
and therefore ψM,λ
is an isomorphism.

Remark 2.6. The condition (b) cannot be replaced by Ext1R (M, G) = 0. For instance, if M is projective but M λ is not projective (e.g. M = R = Z and λ ≥ ℵ0 ,
cf.[10, Theorem 8.4]) there exists a module G such that Ext1R (M, G)λ = 0, but
Ext1R (M λ , G) 6= 0.
Using the main result we obtain the promised characterization:
Corollary 2.7. Let R be an hereditary ring and let G be an R-module. The following statements are equivalent:
Q
Q
1
(a) ψF
: Ext1R ( i∈I Mi , G) → i∈I Ext1R (Mi , G) is an isomorphism, for any
family of R-modules F = (Mi )i∈I ;
1
(b) ψM,λ
: Ext1R (M λ , G) → Ext1R (M, G)λ is an isomorphism, for any R-module
M and for any cardinal λ;
(c) G is injective.
Remark 2.8. The condition on R assumed in the hypothesis, i.e. R is hereditary,
could be replaced by the condition id(G) ≤ 1, where id(G) is the injective dimension
of the R-module G.
Remark 2.9. We note that we can replace the condition that “the natural homomorphism is an isomorphism” by the weak condition “there exists an isomorphism”.
In this case the problems discussed here can be more complicated (see [8], [12]),
and the solutions can be dependent by some set theoretic axioms (see [2, Section
3] or [14]).
By the same Theorem 2.5, we obtain some simpler versions for some results
proved in [12]. Recall that an abelian group G is a cotorsion group if Ext1 (Q, G) =
0.
Theorem 2.10. Let G be an abelian group. The following statements are equivalent:
1
(a) ψQ,λ
: Ext1 (Qλ , G) → Ext1 (Q, G)λ is an isomorphism, for any cardinal λ;
(b) G is cotorsion.

Proof. This follows from that fact that Qλ is a divisible torsion-free group, hence
it is a direct sum of copies of Q (cf. [10, Theorem 2.3]).
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