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Abstract. We introduce an iterative process which converges strongly to
a common fixed point of a finite family of uniformly continuous generalized

asymptotically nonexpansive mappings in Hilbert spaces. As a consequence,
results on convergence to a common fixed point of a finite family of uniformly
continuous asymptotically nonexpansive in the intermediate sense and asymp-
totically nonexpansive mappings are proved.

1. Introduction

Let C be a nonempty subset of a real Hilbert space H; a mapping T : C → C is
called a L-Lipschitzian if and only if there exists L ≥ 0 such that

∥Tx− Ty∥ ≤ L∥x− y∥, ∀x, y ∈ C.(1.1)

If in (1.1) we have that L ≤ 1 then T is called nonexpansive. T is said to be
asymptotically nonexpansive [10] if and only if there exists a sequence {kn} ⊂ [1,∞)
with kn → 1, as n → ∞, such that for all x, y ∈ C the following inequality holds:

∥Tnx− Tny∥ ≤ kn∥x− y∥, ∀ n ≥ 1.(1.2)

T is said to be asymptotically nonexpansive in the intermediate sense [3] if and only
if it is continuous and the following inequality holds:

lim sup
n→∞

sup
x,y∈C

(∥Tnx− Tny∥ − ∥x− y∥) ≤ 0.(1.3)

Put

νn := max{0, sup
x,y∈C

(∥Tnx− Tny∥ − ∥x− y∥)}.

It follows that νn → 0, as n → ∞. In fact, we see that (1.3) is equivalent to

∥Tnx− Tny∥ ≤ ∥x− y∥+ νn, ∀n ≥ 1, x, y ∈ C,(1.4)

where νn ∈ [0,∞) with νn → 0, as n → ∞.

It is worth mentioning that, when C is bounded, the class of mappings which are
asymptotically nonexpansive in the intermediate sense contains properly the class
of asymptotically nonexpansive mappings (see e.g., [15]).
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Let C be a closed subset of a Hilbert spaceH and T be a self-mapping nonexpansive
mapping. The classical Mann iteration method [17] given by

xn+1 = αnxn + (1− αn)Txn,(1.5)

where {αn}n∈N is a sequence of real numbers in [0, 1], has extensively been investi-
gated in literature (see, e.g., [4, 8, 23, 34, 35] and references therein). If the control
sequence {αn} is chosen so that

∑∞
n=0 αn(1 − αn) = ∞, then the sequence {xn}

generated by (1.5) converges weakly to a fixed point of T (this is indeed true in a
uniformly convex Banach space with a Frechét differentiable norm [23]). Related
works can also be found in [2, 6, 12, 19, 21, 22, 28, 29, 33]. However, this con-
vergence is in general not strong (see the counter example in [9]; see also [11]).
Attempts to modify the Mann iteration method (1.5) so that strong convergence
is guaranteed have recently been made. Nakajo and Takahashi [18] proposed the
following modification of the Mann iteration method (1.5):

x0 ∈ C chosen arbitrarily,
yn = αnxn + (1− αn)Txn,
Cn = {z ∈ C : ||yn − z|| ≤ ||xn − z||},
Qn = {z ∈ C : ⟨xn − z, x0 − xn⟩ ≥ 0},
xn+1 = PCn∩Qn(x0), n ≥ 0.

(1.6)

They proved that the sequence {xn}n∈N defined by (1.6) converges strongly to the
fixed point of nonexpansive self-mapping T .

It is worth mentioning that Scheme (1.6) involves computation of intersection of
closed convex subsets Cn and Qn of C for each n ≥ 1 and hence is not easy to
compute.

In [26], Schu introduced a Mann type process given by

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 1,(1.7)

to approximate fixed point of asymptotically nonexpansive self-mapping. He proved
that, if C is a nonempty, closed and bounded and T is completely continuous asymp-
totically nonexpansive self-mapping with sequence {kn} ⊂ [1,∞), for all n ≥ 1, and∑∞

n=1(k
2
n − 1) < ∞ then the sequence {xn} given by (1.7) converges strongly to

some fixed point of T .

Rhoades [24] and Chidume et al. [5] extended the results of Schu [26] to uniformly
convex Banach spaces which are more general than Hilbert spaces using a modified
Ishikawa iteration method [13] under different settings. In [20], Osilike and Ani-
agbosor proved that the theorems of Schu and Rhoades remain true without the
boundedness condition imposed on C, provided that F (T ) ̸= ∅.

Recently, Chidume et al. [7] proved that, if T is completely continuous an asymp-
totically nonexpansive mapping in the intermediate sense with a sequence {νn} such
that

∑
νn < ∞ with F (T ) ̸= ∅, then, for arbitrary x0 ∈ C, the sequence defined

by:

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 1,(1.8)

where {αn} is a sequence in [ϵ, 1 − ϵ], for some ϵ > 0, converges strongly to some
fixed point of T . They also proved weak convergence of the scheme without the
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assumption that T be completely continuous.

But it is worth mentioning that in all the above results, either compactness assump-
tion or completely continuous, is imposed on the map T or the convergence is weak
convergence. Our concern now is the following:

Let C be a nonempty, closed and convex subset of a real Hilbert space H. A
mapping T : C → C is said to be generalized asymptotically nonexpansive if and
only if there exist {µn}, {νn} ⊂ [0,∞) such that µn, νn → 0, as n → ∞, satisfying
the following inequality:

||Tnx− Tny|| ≤ ||x− y||+ µn||x− y||+ νn, ∀x, y ∈ C.(1.9)

An example of generalized asymptotically nonexpansive mapping is the following:

Example 1.1. Let C := (−∞, 1] and for k ∈ (0, 1) define T : C → C by

T (x) =


x, x ∈ (−∞, 0),

kx, x ∈ [0, 1
2 ],

0, x ∈ ( 12 , 1].

Then, clearly F (T ) = (−∞, 0]. Let C1 := (−∞, 0), C2 := [0, 1
2 ] and C3 := ( 12 , 1].

Then, if x, y ∈ C1, x, y ∈ C2 or x, y ∈ C3 we get that |Tnx−Tny| = |x−y|+kn|x−y|.
If x ∈ C2 and y ∈ C1 then we obtain that

|Tnx− Tny| = |knx− y| = |knx− kny + kny − y| ≤ kn|x− y|+ kn|y|+ |y|
≤ |x− y|+ kn|x− y|+ kn|x− y| = |x− y|+ 2kn|x− y|(1.10)

If x ∈ C1 and y ∈ C3 then we get that |Tnx− Tny| = |x| ≤ |x− y|. If x ∈ C2 and
y ∈ C3 then we have that

|Tnx− Tny| = |knx| ≤ |knx− kny + kny| ≤ kn|x− y|+ kn|y|
≤ |x− y|+ kn|x− y|+ kn|y|(1.11)

Therefore, from the above discussions we have that T is generalized asymptotically
nonexpansive mapping with µn = 2kn and νn = kn.

The class of generalized asymptotically nonexpansive mappings was introduced by
Shahzad and Zegeye [27]. It is clear from the definition that a class of generalized
asymptotically nonexpansive mappings includes the classes of asymptotically non-
expansive in the intermediate sense, asymptotically nonexpansive and nonexpansive
mappings. In [32], Shahzad and Zegeye proved that if Ti, for i ∈ {1, 2, ..., N}, are
continuous generalized asymptotically nonexpansive self mappings of C subset of a
real Hilbert space H with F := ∩N

i=1F (Ti) ̸= ∅, then Mann’s type scheme given by:

x0 ∈ C, xn+1 = α0xn + α1T
n
1 xn + ...+ αNTn

Nxn, ∀n ≥ 1,

where {αn} ⊂ (0, 1) satisfying certain conditions, converges strongly to a common
fixed point of mappings {Ti : i = 1, 2, ..., N} provided that the interior of F is
nonempty. In fact the assumption that interior of F is nonempty is a severe re-
striction.
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It is our purpose, in this paper to construct an explicit iterative scheme which
converges strongly to a common fixed point of a finite family of uniformly con-
tinuous generalized asymptotically nonexpansive mappings in Hilbert spaces. As
a consequence, results on convergence to a common fixed point of a finite fam-
ily of uniformly continuous asymptotically nonexpansive in the intermediate sense
and asymptotically nonexpansive mappings are proved. Our theorems improve and
unify most of the results that have been proved for this important class of nonlinear
mappings.

2. Preliminaries

In what follows, we shall make use of the following lemmas.

Lemma 2.1. Let H be a real Hilbert space. Then the following inequality holds:

(1) ||x+ y||2 ≤ ||x||2 + 2⟨y, x+ y⟩, for all x, y ∈ H.
(2) If {xn} is a sequence in H weakly convergent to z, then lim supn→∞ ||xn −

y||2 = lim supn→∞ ||xn − z||2 + ||z − y||2, ∀y ∈ H.

Lemma 2.2. [31] Let H be a real Hilbert space and BR(0) be a closed ball of H.
Then, for any given subset {x0, x1, ..., xN} ⊂ Br(0) and for any positive numbers

α0, α1, ..., αN with
∑N

i=0 αi = 1, we have that

||α0x0 + α1x1 + α2x2 + ...+ αNxN ||2 ≤
N∑
i=0

αi||xi||2 − αiαj ||xi − xj ||2,

for any i, j ∈ {0, 1, 2, ..., N} with i < j,

Lemma 2.3. [16] Let {an} be sequences of real numbers such that there exists a
subsequence {ni} of {n} such that ani < ani+1 for all i ∈ N. Then there exists an
increasing sequence {mk} ⊂ N such that mk → ∞ and the following properties are
satisfied by all (sufficiently large) numbers k ∈ N:

amk
≤ amk+1 and ak ≤ amk+1.

In fact, mk is the largest number n in the set {1, 2, ..., k} such that the condition
an ≤ an+1 holds.

Lemma 2.4. [1] Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let x ∈ H. Then x0 = PCx if and only if

⟨z − x0, x− x0⟩ ≤ 0, ∀z ∈ C.

Lemma 2.5. Let {an} be a sequence of nonnegative real numbers satisfying the
following relation:

an+1 ≤ (1− αn)an + αnδn + γn, n ≥ n0,

where {αn} ⊂ (0, 1) and {δn} ⊂ R satisfying the following conditions: lim
n→∞

αn =

0,

∞∑
n=1

αn = ∞, and lim sup
n→∞

δn ≤ 0 and γn

αn
→ 0, as n → ∞. Then, lim

n→∞
an = 0.
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Proof. Let θn = γn

αn
then by the hypothesis we have that θn → 0, as n → ∞. Thus,

we obtain that γn = αnθn and that lim sup
n→∞

(δn + θn) ≤ 0 and hence the conclusion

follows from Lemma 2.1 of Xu [30]. �
Lemma 2.6. Let C be a nonempty, closed and convex subset of a Hilbert space H
and T : C → C be a continuous generalized asymptotically nonexpansive mapping.
Then I − T is demiclosed at zero in the sense that if {xn} is a sequence in C such
that xn ⇀ x̄ ∈ C and lim sup

m→∞
lim sup
n→∞

||xn − Tmxn|| = 0, then (I − T )x̄ = 0.

Proof. Since {xn} is bounded, we can define a function onH by f(x) = lim sup
n→∞

||xn−

x||2, x ∈ H. By Lemma 2.1, the weak convergence xn ⇀ x̄ implies that f(x) =
f(x̄) + ||x− x̄||2, x ∈ H. In particular, for each m ≥ 1, we have that

f(Tmx̄) = f(x̄) + ||Tmx̄− x̄||2.(2.1)

On the other hand, since T is generalized asymptotically nonexpansive we get that

f(Tmx̄) = lim sup
n→∞

||xn − Tmx̄||2

= lim sup
n→∞

||(xn − Tmxn) + (Tmxn − Tmx̄)||2

≤ lim sup
n→∞

[
||xn − Tmxn||+ ||Tmxn − Tmx̄||

]2
= lim sup

n→∞

[
||xn − Tmxn||2 + ||Tmxn − Tmx̄||2 + 2M ||xn − Tmxn||

]
≤ lim sup

n→∞
||xn − Tmxn||2 + lim sup

n→∞
||Tmxn − Tmx̄||2

+ lim sup
n→∞

2M ||xn − Tmxn||
]

≤ lim sup
n→∞

||xn − Tmxn||2 + lim sup
n→∞

[
(1 + µm)||xn − x̄||+ νm

]2
+ lim sup

n→∞
2M ||xn − Tmxn||

]
,

for someM > 0. Now, taking lim sup
m→∞

both sides and using the facts that lim sup
m→∞

µm =

0, lim sup
m→∞

νm = 0 and lim sup
m→∞

lim sup
n→∞

||xn − Tmxn|| = 0, we obtain that

lim sup
m→∞

f(Tmx̄) ≤ lim sup
n→∞

||xn − x̄||2.(2.2)

Now, from (2.1) and (2.2) we get that lim sup
m→∞

||x̄ − Tmx̄|| = 0, that is, Tmx̄ → x̄

and hence by continuity of T we obtain that T x̄ = x̄. �

3. Main Result

We now state and prove our main theorem.

Theorem 3.1. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let Ti : C → C be uniformly continuous generalized asymptotically non-
expansive mappings with sequences {µn,i} and {νn,i}, for i = 1, 2, ..., N . Assume
that F := ∩N

i=1F (Ti) is nonempty. Let {xn} be a sequence generated by
x1 = w ∈ C, chosen arbitrarily,
yn = αnw + (1− αn)xn,

xn+1 = βn,0xn +
∑N

i=1 βn,iT
n
i yn, n ≥ 1,

(3.1)
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where αn ∈ (0, 1) such that limn→∞ αn = 0,
∑∞

n=1 αn = ∞,
µn,i

αn
→ 0,

νn,i

αn
→ 0, as

n → ∞, {βn,i} ⊂ [a, b] ⊂ (0, 1), for i = 1, 2, ..., N , satisfying βn,0+βn,1+...+βn,N =
1, for each n ≥ 1. Then {xn} converges strongly to an element of F .

Proof. Let x∗ ∈ F . Let µn := max{µn,i : i = 1, 2, ..., N} and νn := max{νn,i : i =
1, 2, ..., N}. Then, from (3.1) and generalized asymptotically nonexpansiveness of
Ti, for each i ∈ {1, 2, ..., N}, we have that

||xn+1 − x∗|| = ||βn,0xn +
N∑
i=1

βn,iT
n
i yn − x∗||

≤ βn,0||xn − x∗||+ ||
N∑
i=1

βn,i(T
n
i yn − x∗)||

≤ βn,0||xn − x∗||+ (1− βn,0)(1 + µn)||yn − x∗||+ (1− βn,0)νn

≤ βn,0||xn − x∗||+ (1− βn,0)(1 + µn)
[
αn||w − x∗||

+(1− αn)||xn − x∗||
]
+ (1− βn,0)νn

≤
[
βn,0 + (1− βn,0)(1 + µn)(1− αn)

]
||xn − x∗||

+
[
(1− βn,0)(1 + µn)αn

]
||w − x∗||+ (1− βn,0)νn

≤ δn
[
||w − x∗||+ 1

]
+
[
1− (1− ϵ)δn

]
||xn − x∗||

= (1− ϵ)δn
[
(1− ϵ)−1(||w − x∗||+ 1)

]
+
(
1− (1− ϵ)δn

)
||xn − x∗||,(3.2)

where δn = (1−βn,0)(1+µn)αn, since there exists N0 > 0 such that µn

αn
≤ ϵ(1+µn)

and νn

αn
≤ (1 + µn), for all n ≥ N0 and for some ϵ > 0 satisfying 0 ≤ (1− ϵ)δn ≤ 1.

Thus, by induction,

||xn+1 − x∗|| ≤ max{||xN0 − x∗||, (1− ϵ)−1(||w − x∗||+ 1)}, ∀n ≥ N0,

which implies that {xn}, and hence {yn}, is bounded. Moreover, from (3.1) and
Lemma 2.1 we obtain that

||yn − x∗||2 = ||αn(w − x∗) + (1− αn)(xn − x∗)||2

≤ (1− αn)||xn − x∗||2 + 2αn⟨w − x∗, yn − x∗⟩.(3.3)

Furthermore, from (3.1), Lemma 2.2, generalized asymptotically nonexpansiveness
of Ti, for each i = 1, 2, ..., N , and (3.3) we have that

||xn+1 − x∗||2 = ||βn,0xn +

N∑
i=1

βn,iT
n
i yn − x∗||2

≤ βn,0||xn − x∗||2 +
N∑
i=1

βn,i||Tn
i yn − x∗||2

−βn,0βn,i||xn − Tn
i yn||2

≤ βn,0||xn − x∗||2 + (1− βn,0)(1 + µnM
′)||yn − x∗||2

+(1− βn,0)M
′νn − βn,0βn,i||xn − Tn

i yn||2,
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which implies that

||xn+1 − x∗||2 ≤ βn,0||xn − x∗||2 + (1− βn,0)
[
(1− αn)||xn − x∗||2

+2αn⟨w − x∗, yn − x∗⟩
]
+ (1− βn,0)µnM

′||yn − x∗||2

+(1− βn,0)M
′νn − βn,0βn,i||xn − Tn

i yn||2

≤ (1− θn)||xn − x∗||2 + 2θn⟨w − x∗, yn − x∗⟩+ (µn + νn)M

−βn,0βn,i||xn − Tn
i yn||2(3.4)

≤ (1− θn)||xn − x∗||2 + 2θn⟨w − x∗, yn − x∗⟩
+(µn + νn)M,(3.5)

for some M ′,M > 0, where θn := αn(1− βn,0).

Now, the rest of the proof is divided into two parts:

Case 1. Suppose that there exists n0 ∈ N such that {||xn − x∗||} is decreas-
ing for all n ≥ n0. In this situation, {||xn − x∗||)} is convergent. Then from (3.4)
we have that

xn − Tn
i yn → 0, as n → ∞,(3.6)

for each i ∈ {1, 2, ..., N}. Moreover, from (3.1) and (3.6) and the fact that αn → 0,
we get that

||xn+1 − xn|| = βn,1||Tn
1 yn − xn||+ ...+ βn,N ||Tn

Nyn − xn|| → 0,(3.7)

and

yn − xn = αn(w − xn) → 0,(3.8)

as n → ∞ and hence

||yn+1 − yn|| ≤ ||yn+1 − xn+1||+ ||xn+1 − xn||+ ||xn − yn|| → 0,(3.9)

as n → ∞. Furthermore, from (3.6) and (3.8) we get that

||yn − Tn
i yn|| ≤ ||yn − xn||+ ||xn − Tn

i yn|| → 0, as n → ∞.(3.10)

Therefore, since

||yn − Tiyn|| ≤ ||yn − yn+1||+ ||yn+1 − Tn+1
i yn+1||+ ||Tn+1

i yn+1 − Tn+1
i yn||

+||Tn+1
i yn − Tiyn||,

≤ ||yn − yn+1||+ ||yn+1 − Tn+1
i yn+1||+ (1 + µn+1)||yn+1 − yn||

+νn+1 + ||Ti(T
n
i yn)− Tiyn||,(3.11)

we have from (3.9), (3.10), (3.11) and uniform continuity of Ti that

||yn − Tiyn|| → 0, as n → ∞, for each i = 1, 2, ..., N ,(3.12)

and hence again uniform continuity of Ti for each i ∈ {1, 2, ..., N} implies that

lim sup
m→∞

lim sup
n→∞

||yn − Tm
i yn|| = 0.(3.13)

Moreover, since {yn} is bounded and H is reflexive, we choose a subsequence {yni}
of {yn} such that yni ⇀ z and lim sup

n→∞
⟨w− v, yn − v⟩ = lim

i→∞
⟨w− v, yni − v⟩, where

v = PF (w). Then, from (3.13) and Lemma 2.6 we have that z ∈ F (Ti), for each
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i = 1, 2, ..., N . Hence, z ∈ ∩N
i=1F (Ti). Therefore, by Lemma 2.4, we immediately

obtain that

lim sup
n→∞

⟨w − v, yn − v⟩ = lim
i→∞

⟨w − v, yni − v⟩

= ⟨w − v, z − v⟩ ≤ 0.(3.14)

Thus, now putting x∗ := v in inequality (3.5) we get that, for n ≥ n0,

||xn+1 − v||2 ≤ (1− θn)||xn − v||2 + 2θn⟨w − v, yn − v⟩
+M(µn + νn)(3.15)

for some M > 0. Note that θn satisfies lim
n

θn = 0 and
∑∞

n=1 θn = ∞. Thus, it

follows from (3.15) and Lemma 2.5 that ||xn − v|| → 0, as n → ∞. Consequently,
xn → v.

Case 2. Suppose that for each n0 ∈ N, {||xn − x∗||}n≥n0 is not decreasing. Then
there exists a subsequence {ni} of {n} such that

||xni − x∗|| < ||xni+1 − x∗||
for all i ∈ N. Then, by Lemma 2.3, there exists an increasing sequence {mk}k≥n0

such that mk → ∞, ||xmk
− x∗|| ≤ ||xmk+1 − x∗|| and ||xk − x∗|| ≤ ||xmk+1 − x∗||

for all k ≥ n0. Then from (3.4) and the fact that θn → 0 we have

βmk,0βmk,i||xmk
− Tmk

i ymk
||2

≤ ||xmk
− x∗||2 − ||xmk+1 − x∗||2 + θmk

||xmk
− x∗||2

+2θmk
⟨w − x∗, ymk

− x∗⟩+M(µmk
+ νmk

) → 0, as k → ∞.

This implies that xmk
− Tmk

i ymk
→ 0, as k → ∞. Thus, as in Case 1, we obtain

that xmk
− ymk

, ymk
− Tiymk

→ 0, as k → ∞, and lim supm→∞ lim supk→∞ ||ynk
−

Tm
i ynk

|| = 0, for each i = 1, 2, ..., N and hence we get that

lim sup
k→∞

⟨w − v, ymk
− v⟩ ≤ 0.(3.16)

where v = PF (w). Now, putting x∗ := v in (3.5) we obtain that, for some M > 0,

||xmk+1 − v||2 ≤ (1− θmk
)||xmk

− v||2 + 2θmk
⟨w − v, ymk

− v⟩
+M(µmk

+ νmk
).(3.17)

Since ||xmk
− v||2 ≤ ||xmk+1 − v||2, (3.17) implies that

θmk
||xmk

− v||2 ≤ ||xmk
− v∗||2 − ||xmk+1 − v||2 + 2θmk

⟨w − v, ymk
− v⟩

+M(µmk
+ νmk

).

≤ 2θmk
⟨w − v, ymk

− v⟩+M(µmk
+ νmk

).

In particular, since θmk
> 0, we get

||xmk
− v||2 ≤ 2⟨w − v, ymk

− v⟩+ µmk

θmk

M +
νmk

θmk

M.

Then, from (3.16) and the fact that
µmk

θmk
,
νmk

θmk
→ 0, we obtain that ||xmk

− v|| → 0,

as k → ∞. This together with (3.17) give ||xmk+1 − v|| → 0, as k → ∞. But
||xk − v|| ≤ ||xmk+1 − v||, for all k ≥ n0, thus we obtain that xk → v. Therefore,
from the above two cases, we can conclude that {xn} converges strongly to an
element of F and the proof is complete. �
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The following example is a uniformly continuous generalized asymptotically non-
expansive mapping which is not Lipshitzian.

Example 3.2. Let C := [−1
π , 1

π ] and T : C → C be given by

T (x) =

{ x
2 sin( 1x ), x ∈ (0, 1

π ]

x, x ∈ [−1
π , 0]

Then it is shown in [14, 32] that T is uniformly continuous generalized asymptoti-
cally nonexpansive mapping which is not Lipschitzian.

If in Theorem 3.1, we assume that each Ti is asymptotically nonexpansive in the
intermediate sense we get the following corollary.

Corollary 3.3. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let Ti : C → C be uniformly continuous mappings which are asymp-
totically nonexpansive in the intermediate sense with sequences {νn,i}, for i =
1, 2, ..., N . Assume that F := ∩N

i=1F (Ti) is nonempty. Let {xn} be a sequence
generated by 

x1 = w ∈ C, chosen arbitrarily,
yn = αnw + (1− αn)xn,

xn+1 = βn,0xn +
∑N

i=1 βn,iT
n
i yn, n ≥ 1,

(3.18)

where αn ∈ (0, 1) such that limn→∞ αn = 0,
∑∞

n=1 αn = ∞,
νn,i

αn
→ 0, as n → ∞,

{βn,i} ⊂ [a, b] ⊂ (0, 1), for i = 1, 2, ..., N satisfying βn,0 + βn,1 + ...+ βn,N = 1, for
each n ≥ 1. Then {xn} converges strongly to an element of F .

Proof. Since every asymptotically nonexpansive mapping in the intermediate sense
is generalized asymptotically nonexpansive mapping with µn,i ≡ 0, for all n ≥ 0
and for i = 1, 2, ..., N , the conclusion follows from Theorem 3.1. �

If in Theorem 3.1, we assume that each Ti is asymptotically nonexpansive we
have that Ti is uniformly continuous generalized asymptotically nonexpansive with
νn,i ≡ 0, for all n ≥ 1 and for i = 1, 2, ..., N , and hence we get the following corollary.

Corollary 3.4. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let Ti : C → C be asymptotically nonexpansive mappings with sequence
{kn,i := (1 + µn,i)}, for i = 1, 2, ..., N . Assume that F := ∩N

i=1F (Ti) is nonempty.
Let {xn} be a sequence generated by

x1 = w ∈ C, chosen arbitrarily,
yn = αnw + (1− αn)xn,

xn+1 = βn,0xn +
∑N

i=1 βn,iT
n
i yn, n ≥ 1,

(3.19)

where αn ∈ (0, 1) such that limn→∞ αn = 0,
∑∞

n=1 αn = ∞,
µn,i

αn
→ 0, as n → ∞,

{βn,i} ⊂ [a, b] ⊂ (0, 1), for i = 1, 2, ..., N satisfying βn,0 + βn,1 + ...+ βn,N = 1, for
each n ≥ 1. Then {xn} converges strongly to an element of F .
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If in Theorem 3.1, we assume that each Ti is nonexpansive we get that Ti is gen-
eralized asymptotically nonexpansive with µn,i ≡ 0 ≡ νn,i, for all n ≥ 1 and
i = 1, 2, ..., N and hence the following corollary holds.

Corollary 3.5. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let Ti : C → C be nonexpansive mappings for i = 1, 2, ..., N . Assume
that F := ∩N

i=1F (Ti) is nonempty. Let {xn} be a sequence generated by
x1 = w ∈ C, chosen arbitrarily,
yn = αnw + (1− αn)xn,

xn+1 = βn,0xn +
∑N

i=1 βn,iT
n
i yn, n ≥ 1,

(3.20)

where αn ∈ (0, 1) such that limn→∞ αn = 0,
∑∞

n=1 αn = ∞, {βn,i} ⊂ [a, b] ⊂ (0, 1)
for i = 1, 2, ..., N satisfying βn,0 + βn,1 + ...+ βn,N = 1, for each n ≥ 1. Then {xn}
converges strongly to an element of F .

Remark 3.6. Theorem 3.1 provides convergent sequence to a common fixed point
of a finite family of uniformly continuous generalized asymptotically nonexpansive
mappings in Hilbert spaces. No compactness assumption is imposed either on T
or on C and our scheme does not involve computation of Cn+1 from sets Cn and
Qn for each n ≥ 1. Moreover, the assumption that interior of F := ∩N

i=1F (Ti) is
nonempty is not required.

Remark 3.7. Our results extend and unify most of the results that have been proved
for this important class of nonlinear mappings. In particular, Theorem 3.1 extends
Theorem 3.4 of Nakajo and Takahashi [18] and Theorem 1 of Kim and Kim [15] to a
more general class of generalized asymptotically nonexpansive mappings without the
compactness assumption on T or our scheme does not involve computation of Cn+1

from sets Cn and Qn for each n ≥ 1. Corollary 3.4 extends Theorem 2.1 and 2.2 of
Schu [25] and Theorem 3.3 of Zhou et.al. [36] to a more general class of generalized
asymptotically nonexpansive mappings without any compactness assumption on T
or C.

Acknowledgements: The authors thank the referee for his valuable comments
and suggestions, which improved the presentation of this manuscript.
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