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Abstract. In this paper, we propose new projection methods for finding a common
element of the set of fixed points of an infinite family of nonexpansive mappings and the
solution set of a pseudomonotone equilibrium problem. The iterative schemes are based
on the extended extragradient methods, fixed point methods and Armijo-type linesearch
techniques. We show that all of the iterative sequences generated by the scheme converge
to the common element under mild assumptions on parameters.
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1 Introduction

Let C be a nonempty, closed and convex subset of Rs and f be a bifunction from C × C
to R such that f(x, x) = 0 for all x ∈ C. Then f is called strongly monotone on C iff
there exists a positive constant α such that

f(x, y) + f(y, x) ≤ −α‖x− y‖2, ∀x, y ∈ C;

monotone on C iff
f(x, y) + f(y, x) ≤ 0, ∀x, y ∈ C;

pseudomonotone on C iff

f(x, y) ≥ 0 implies f(y, x) ≤ 0, ∀x, y ∈ C;

Lipschitz-type continuous on C if there exists positive constants c1 > 0, c2 > 0 such that

f(x, y) + f(y, z) ≥ f(x, z)− c1‖x− y‖2 − c2‖y − z‖2, ∀x, y, z ∈ C.

The equilibrium problem in the sense of Blum and Oettli [8] is presented as follows:

Find x∗ ∈ C such that f(x∗, y) ≥ 0, ∀y ∈ C. EP (f, C)

Denote the set of solutions of Problem EP (f, C) by Sol(f, C). Problem EP (f, C) contains
optimization problems, variational inequalities, minimax problems, fixed point problems,
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Nash equilibrium as special cases, and many methods have been proposed to solve this
problem (see [4, 8, 15, 19]). Recall that a mapping S : C → C is said to be nonexpansive
if

‖S(x)− S(y)‖ ≤ ‖x− y‖, ∀x, y ∈ C.

Denote the set of fixed points of S by Fix(S).
In this paper, we are interested in the problem of find a common element of the

solution set of Problem EP (f, C) and the set of fixed points ∩∞k=1Fix(Sk) of an infinite
family of nonexpansive mappings {Sk}, namely:

Find x∗ ∈ ∩∞i=1Fix(Si) ∩ Sol(f, C), (1.1)

where the function f and the mappings Sk(k = 1, 2, · · · ) satisfy the following conditions:

A1. f is pseudomonotone and continuous on C,

A2. ∩∞i=1Fix(Si) ∩ Sol(f, C) 6= ∅,

A3. For each x ∈ C, f(x, ·) is convex and subdifferentiable on C,

A4. If the sequence {tk} is bounded then {vk} is also bounded, where vk ∈ ∂2f(tk, tk),

A5. Sk is nonexpansive on C for all k = 1, 2, · · · .

An important special case of Problem (1.1) is that f(x, y) = 〈F (x), y − x〉, where
F : C → Rs and this problem is reduced to find a common element of the solution set
of variational inequalities and the set of fixed points of an infinite family of nonexpansive
mappings (see [1, 5, 9, 10, 12, 16, 21]).

The solution methods for finding a common element of the set of solutions of Problem
(1.1) have been recently well-studied in many research papers, for instance (see [2, 6,
11, 13, 17, 18, 20, 22]). Most of these algorithms are based on solving the underlying
approximation equilibrium problem, namely that the sequence {xn} is generated by x0 ∈ C
and, for each n ≥ 0, by

xn+1 ∈ C : f(xn+1, y) +
1
rn
〈y − xn+1, xn+1 − xn〉 ≥ 0, ∀y ∈ C,

where {rn} ⊂ (0,∞) satisfies the condition lim infn→∞ rn > 0.
Motivated by the viscosity method in [7] via an improvement set of iteration methods

in [3] under modified Armijo linesearch techniques, we introduce a new iteration scheme
for finding a common element of Problem (1.1). At each iteration n, the main work is to
solve a strongly convex program with a pseudomonotone bifunction without Lipschitz-type
continuous conditions and compute the projection of a point on a closed convex set. We
show that the iterative sequences generated by this algorithm converge to the common
element.

The paper is organized as follows. Section 2 recalls some concepts in equilibrium
problems and fixed point problems that will be used in the sequel and an iterative algo-
rithm for solving Problem (1.1). Section 3 investigates the convergence of the algorithms
presented in Section 2 as the main results of our paper. Application to find a common
element of the solution set of variational inequalities and the set of fixed points of an
infinite family of nonexpansive mappings is presented in Section 4.
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2 Preliminaries

For finding a common fixed point of an infinite family of nonexpansive mappings {Sk},
Aoyama et al. in [7] introduced an iterative sequence {xk} of C defined by x0 ∈ C and

xk+1 = αkx
k + (1− αk)Sk(xk), ∀k ≥ 0, (2.1)

where C is a closed convex subset of a real Hilbert space, {αk} ⊂ [0, 1] and ∩∞i=1Fix(Si) 6=
∅. The authors proved that the sequence {xk} converges strongly to x∗ ∈ ∩∞i=1Fix(Si).
Recently, this scheme has been extended by Jao et al. (see [19]) to find a common element
of the set of solutions of Problem (1.1) in a real Hilbert space:{

f(yk, x) + 1
rk
〈x− yk, yk − xk〉 ≥ 0, ∀x ∈ C,

xk+1 := αkf(xk) + βkx
k + γkWk(yk),

where f : C → C is contractive and Wk is W -mapping of {Sk}. Under mild assumptions
on parameters, the authors proved that the sequences {xk} and {yk} converge strongly to
x∗, where

x∗ = Pr∩∞i=1Fix(Si)∩Sol(f,C)

(
f(x∗)

)
.

In the following algorithm, the main steps are to solve a strongly convex problem, and
compute the next iteration point by fixed point and modified Armijo linesearch techniques.

Algorithm 2.1 Choose x0 ∈ C, γ ∈ (0, 1), 0 < σ < β
2 and {αk} ⊂ [a, b] ⊂ (0, 1).

Step 1. Solve the strongly convex problem

yk = argmin{f(xk, y) +
β

2
‖y − xk‖2 : y ∈ C} and set r(xk) = xk − yk.

If ‖r(xk)‖ 6= 0 then go to Step 2. Otherwise, set wk = xk and go to Step 3.

Step 2. (Armijo-type linesearch technique) Find the smallest positive integer number mk

such that
f
(
xk − γmkr(xk), yk

)
≤ −σ||r(xk)||2. (2.2)

Compute
wk = PrC∩Hk

(xk),

where zk = xk − γmkr(xk), vk ∈ ∂2f(zk, zk) and Hk = {x ∈ Rs : 〈vk, x− zk〉 ≤ 0},
and go to Step 3.

Step 3. Compute xk+1 = αkw
k + (1− αk)Sk(wk). Increase k by 1 and go back to Step 1.

To investigate the convergence of Algorithm 2.1, we recall the following technical
lemma which will be used in the sequel.

Lemma 2.2 (see [14]) Let H be a real Hilbert space, {αn} be a sequences of real numbers
such that 0 < a ≤ αn ≤ b < 1 for all n = 0, 1, · · · , {vn} and {wn} be sequences in H such
that

lim sup
n→∞

‖vn‖ ≤ c,

lim sup
n→∞

‖wn‖ ≤ c,

lim
n→∞

‖αnvn + (1− αn)wn‖ = c,
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for some c ≥ 0. Then,
lim
n→∞

‖vn − wn‖ = 0.

Lemma 2.3 (see [15]) Let C be a nonempty closed convex subset of a real Hilbert space
H. Suppose that, for all u ∈ C, the sequence {xn} satisfies

‖xn+1 − u‖ ≤ ‖xn − u‖, ∀n ≥ 0.

Then, the sequence {PrC(xn)} converges strongly to x̄ ∈ C.

3 Convergence Results

In this section, we show the convergence of the sequences {xn}, {yn} and {wn} defined
by Algorithm 2.1 which solves the problem of finding a common element of two sets
∩pi=1Fix(Si) and Sol(f, C) for a pseudomonotone bifunction f without Lipschitz-type
continuity. We now state and prove the convergence of the proposed iteration algorithm.

Theorem 3.1 Let C be a nonempty closed convex subset of Rs, Si : C → C for all i ≥ 1
and f : C ×C → R satisfy Assumptions A1-A5. Then the sequences {xk}, {yk} and {wk}
generated by Algorithm 2.1 converge to the same point x∗ ∈ ∩∞i=1Fix(Si) ∩ Sol(f, C),
where

x∗ = lim
k→∞

Pr∩∞i=1Fix(Si)∩Sol(f,C)(x
k).

Proof. We divide the proof into several steps.

Step 1. If there exists k0 such that xk = yk for all k ≥ k0 then the sequence {xk}
converges x∗ ∈ ∩∞i=1Fix(Si) ∩ Sol(f, C).
Proof of Step 1. If ‖r(xk)‖ = 0, then xk ∈ Sol(f, C) (see [3]). Then, we have

xk+1 = αkx
k + (1− αk)Sk(xk), ∀k ≥ k0.

By (2.1), the sequence {xk} converge to a point x∗ ∈ ∩∞i=1Fix(Si). So,
x∗ ∈ ∩∞i=1Fix(Si) ∩ Sol(f, C).

Step 2. If ‖r(xk)‖ 6= 0 then we show that there exists the smallest nonnegative integer
mk such that

f(xk − γmkr(xk), yk) ≤ −σ‖r(xk)‖2.

Proof of Step 2. For ‖r(xk)‖ 6= 0 and γ ∈ (0, 1), we suppose for contradiction that for
every nonnegative integer m, we have

f
(
xk − γmr(xk), yk

)
+ σ||r(xk)||2 > 0.

Passing to the limit above inequality as m→∞, by continuity of f , we obtain

f
(
xk, yk

)
+ σ||r(xk)||2 ≥ 0. (3.1)

On the other hand, since yk is the unique solution of the strongly convex problem

min{f(xk, y) +
β

2
||y − xk||2 : y ∈ C},
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we have
f(xk, y) +

β

2
||y − xk||2 ≥ f(xk, yk) +

β

2
||yk − xk||2, ∀y ∈ C.

With y = xk, the last inequality implies

f(xk, yk) +
β

2
||r(xk)||2 ≤ 0. (3.2)

Combining (3.1) with (3.2), we obtain

σ||r(xk)||2 ≥ β

2
||r(xk)||2.

Hence it must be either ‖r(xk)‖ = 0 or σ ≥ β
2 . The first case contradicts to ‖r(xk)‖ 6= 0,

while the second one contradicts to the fact σ < β
2 .

Step 3. For ‖r(xk)‖ 6= 0, we show that xk /∈ Hk.
Proof of Step 3. From zk = xk − γmkr(xk), it follows that

yk − zk =
1− γmk

γmk
(zk − xk).

Then using (2.2) and the assumption f(x, x) = 0 for all x ∈ C, we have

0 > −σ‖r(xk)‖2

≥ f(zk, yk)

= f(zk, yk)− f(zk, zk)

≥ 〈vk, yk − zk〉

=
1− γmk

γmk
〈zk − xk, vk〉.

Hence
〈xk − zk, vk〉 > 0.

This implies that xk /∈ Hk.

Step 4. For ‖r(xk)‖ 6= 0, we show that wk = PrC∩Hk
(ȳk), where ȳk = PrHk

(xk).
Proof of Step 4. For K = {x ∈ Rs : 〈w, x− x0〉 ≤ 0} and ‖w‖ 6= 0, we know that

PrK(y) = y − 〈w, y − x
0〉

‖w‖2
w.

Hence,

ȳk = PrHk
(xk)

= xk − 〈v
k, xk − zk〉
‖vk‖2

vk

= xk − γmk〈vk, r(xk)〉
‖vk‖2

vk.
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Otherwise, for every y ∈ C ∩Hk there exists λ ∈ (0, 1) such that

x̂ = λxk + (1− λ)y ∈ C ∩ ∂Hk,

where
∂Hk = {x ∈ Rs : 〈vk, x− zk〉 = 0}.

From Step 2, it follows that xk ∈ C but xk /∈ Hk. Therefore, we have

‖y − ȳk‖2 ≥ (1− λ)2‖y − ȳk‖2

= ‖x̂− λxk − (1− λ)ȳk‖2

= ‖(x̂− ȳk)− λ(xk − ȳk)‖2

= ‖x̂− ȳk‖2 + λ2‖xk − ȳk‖2 − 2λ〈x̂− ȳk, xk − ȳk〉
= ‖x̂− ȳk‖2 + λ2‖xk − ȳk‖2

≥ ‖x̂− ȳk‖2, (3.3)

because ȳk = PrHk
(xk). Also we have

‖x̂− xk‖2 = ‖x̂− ȳk + ȳk − xk‖2

= ‖x̂− ȳk‖2 − 2〈x̂− ȳk, xk − ȳk〉+ ‖ȳk − xk‖2

= ‖x̂− ȳk‖2 + ‖ȳk − xk‖2.

Using wk = PrC∩Hk
(xk) and the Pythagorean theorem, we can reduce that

‖x̂− ȳk‖2 = ‖x̂− xk‖2 − ‖ȳk − xk‖2

≥ ‖wk − xk‖2 − ‖ȳk − xk‖2

= ‖wk − ȳk‖2. (3.4)

From (3.3) and (3.4), we have

‖wk − ȳk‖ ≤ ‖y − ȳk‖, ∀y ∈ C ∩Hk,

which means
wk = PrC∩Hk

(ȳk).

Step 5. Claim that if ‖r(xk)‖ > 0 and the sequence {vk} is uniformly bounded by M > 0
then the sequence {‖xk − x∗‖} is nonincreasing and hence convergent. Moreover, we have

‖xk+1−x∗‖2 ≤ ‖xk −x∗‖2− (1− b)‖wk − ȳk‖2− (1− b)
(

γmkσ

M(1− γmk)

)2

‖r(xk)‖4. (3.5)

where ȳk = PrHk
(xk) and x∗ ∈ ∩∞i=1Fix(Si) ∩ Sol(f, C).

Proof of Step 5. By Step 4, we have wk = PrC∩Hk
(ȳk), i.e.,

〈ȳk − wk, z − wk〉 ≤ 0, ∀z ∈ C ∩Hk,

where ȳk = PrHk
(xk). Substituting z = x∗ ∈ C ∩Hk, then we have

〈ȳk − wk, x∗ − wk〉 ≤ 0,
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which implies that
‖wk − ȳk‖2 ≤ 〈wk − ȳk, x∗ − ȳk〉.

Hence

‖wk − x∗‖2 = ‖wk − ȳk + ȳk − x∗‖2

= ‖wk − ȳk‖2 + ‖ȳk − x∗‖2 + 2〈wk − ȳk, ȳk − x∗〉
≤ 〈x∗ − ȳk, wk − ȳk〉+ ‖ȳk − x∗‖2 + 2〈wk − ȳk, ȳk − x∗〉
= ‖ȳk − x∗‖2 + 〈wk − ȳk, ȳk − x∗〉
≤ ‖ȳk − x∗‖2 − ‖wk − ȳk‖2. (3.6)

Since zk = xk − γmkr(xk) and

ȳk = PrHk
(xk) = xk − 〈v

k, xk − zk〉
‖vk‖2

vk,

we have

‖ȳk − x∗‖2

= ‖xk − x∗‖2 +
〈vk, xk − zk〉2

‖vk‖4
‖vk‖2 − 2〈vk, xk − zk〉

‖vk‖2
〈vk, xk − x∗〉

= ‖xk − x∗‖2 +
(
γmk〈vk, r(xk)〉

‖vk‖

)2

− 2γmk〈vk, r(xk)〉
‖vk‖2

〈vk, xk − x∗〉

= ‖xk − x∗‖2 −
(
γmk〈vk, r(xk)〉

‖vk‖

)2

−2

[
γmk〈vk, r(xk)〉
‖vk‖2

〈vk, xk − x∗〉 −
(
γmk〈vk, r(xk)〉

‖vk‖

)2
]

= ‖xk − x∗‖2 −
(
γmk〈vk, r(xk)〉

‖vk‖

)2

−2γmk〈vk, r(xk)〉
‖vk‖2

[
〈vk, xk − x∗〉 − γmk〈vk, r(xk)〉

]
= ‖xk − x∗‖2 −

(
γmk〈vk, r(xk)〉

‖vk‖

)2

−2γmk〈vk, r(xk)〉
‖vk‖2

〈vk, xk − x∗ − γmkr(xk)〉

= ‖xk − x∗‖2 −
(
γmk〈vk, r(xk)〉

‖vk‖

)2

− 2γmk〈vk, r(xk)〉
‖vk‖2

〈vk, zk − x∗〉. (3.7)

It follows from vk ∈ ∂2f(zk, zk) that

f(zk, y)− f(zk, zk) ≥ 〈vk, y − zk〉, ∀y ∈ C. (3.8)

Replacing y by yk and combining with assumptions f(zk, zk) = 0 and zk = xk−γmkr(xk),
we have

f(zk, yk) ≥ 〈vk, yk − zk〉
= −(1− γmk)〈vk, r(xk)〉.
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Combining this inequality with (2.2) and assumption γ ∈ (0, 1), we obtain

〈vk, r(xk)〉 ≥ σ

1− γmk
‖r(xk)‖2. (3.9)

Substituting y = x∗ into (3.8) and using f(zk, zk) = 0, we have

f(zk, x∗) ≥ 〈vk, x∗ − zk〉. (3.10)

Since f is pseudomonotone on C and f(x∗, x) ≥ 0, ∀x ∈ C, we have

f(zk, x∗) ≤ 0.

Combining this with (3.10), we get

0 ≥ 〈vk, x∗ − zk〉. (3.11)

Using (3.7), (3.9) and (3.11), we have

‖ȳk − x∗‖2 ≤ ‖xk − x∗‖2 −
(
γmk〈vk, r(xk)〉

‖vk‖

)2

≤ ‖xk − x∗‖2 −
(

γmkσ

‖vk‖(1− γmk)

)2

‖r(xk)‖4. (3.12)

Combining (3.6) with (3.12), we obtain

‖wk − x∗‖2 ≤ ‖xk − x∗‖2 − ‖wk − ȳk‖2 −
(

γmkσ

‖vk‖(1− γmk)

)2

‖r(xk)‖4. (3.13)

Using (3.13) and xk+1 = αkw
k + (1− αk)Sk(wk), we have

‖xk+1 − x∗‖2 =‖αk(wk − x∗) + (1− αk)
(
Sk(wk)− x∗

)
‖2

≤αk‖wk − x∗‖2 + (1− αk)‖Sk(wk)− Sk(x∗)‖2

≤αk‖wk − x∗‖2 + (1− αk)‖wk − x∗‖2

≤‖xk − x∗‖2 − (1− αk)‖wk − ȳk‖2 − (1− αk)
(

γmkσ

‖vk‖(1− γmk)

)2

‖r(xk)‖4

≤‖xk − x∗‖2 − (1− b)‖wk − ȳk‖2 − (1− b)
(

γmkσ

‖vk‖(1− γmk)

)2

‖r(xk)‖4.

(3.14)

In the case ‖r(xk)‖ = 0, by Algorithm 2.1, we have wk = xk and

‖xk+1 − x∗‖ =‖αkxk + (1− αk)Sk(xk)− x∗‖2

=‖αk(xk − x∗) + (1− αk)
(
Sk(xk)− x∗

)
‖2

≤‖xk − x∗‖2. (3.15)

Using (3.15) and (3.14), we have

‖xk+1 − x∗‖ ≤ ‖xk − x∗‖, ∀k ≥ 0.
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So the sequence {‖xk − x∗‖} is nonincreasing and hence convergent. Since (3.14) and the
sequence {vk} is uniformly bounded by M > 0, i.e.,

‖vk‖ ≤M, ∀k ≥ 0,

we obtain (3.5).

Now we denote {xkj} which is a subsequence of {xk} such that

‖r(xkj−1)‖ 6= 0, ∀j ≥ 0.

Step 6. Suppose that x∗ ∈ ∩∞i=1Fix(Si) ∩ Sol(f, C) and the sequence {vk} is uniformly
bounded by M > 0, we show that

‖xkj+1 − x∗‖2 ≤ ‖xkj − x∗‖2 − (1− b)‖wkj+p − ȳkj+p‖2 (3.16)

− (1− b)
(

γ
mkj+pσ

M(1− γmkj+p)

)2

‖r(xkj+p)‖4.

where p = kj+1 − kj − 1, ȳkj+p = PrHkj+p
(xkj+p).

Proof of Step 6. If kj+1 = kj + 1 then it is clear from Step 5. Otherwise, we suppose that
there exists a positive integer p such that kj + p+ 1 = kj+1. Note that ‖r(xkj+i)‖ = 0 for
all i = 0, 1, · · · , p− 1. By r(xkj+p) 6= 0, (3.15) and Step 4, we have

‖xkj+1 − x∗‖2 =‖xkj+p+1 − x∗‖2

≤‖xkj+p − x∗‖2 − (1− αkj+p)‖w
kj+p − ȳkj+p‖2

− (1− αkj+p)
(

γ
mkj+pσ

M(1− γmkj+p)

)2

‖r(xkj+p)‖4

≤‖αkj+p−1x
kj+p−1 + (1− αkj+p−1)Skj+p−1(xkj+p−1)− x∗‖2

− (1− b)‖wkj+p − ȳkj+p‖2 − (1− b)
(

γ
mkj+pσ

M(1− γmkj+p)

)2

‖r(xkj+p)‖4

≤‖xkj+p−1 − x∗‖2 − (1− b)‖wkj+p − ȳkj+p‖2

− (1− b)
(

γ
mkj+pσ

M(1− γmkj+p)

)2

‖r(xkj+p)‖4

≤ · · ·
≤‖xkj − x∗‖2 − (1− b)‖wkj+p − ȳkj+p‖2

− (1− b)
(

γ
mkj+pσ

M(1− γmkj+p)

)2

‖r(xkj+p)‖4.

This implies (3.16).

Step 7. We claim that if ‖r(xk)‖ 6= 0 then Sol(f, C) ⊆ C ∩Hk.
Proof of Step 7. Suppose x∗ ∈ Sol(f, C). Using the definition of x∗, f(x∗, x) ≥ 0 for all
x ∈ C and f is pseudomonotone on C, we get

f(zk, x∗) ≤ 0. (3.17)
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It follows from vk ∈ ∂2f(zk, zk) that

f(zk, x∗) =f(zk, x∗)− f(zk, zk)

≥〈vk, x∗ − zk〉. (3.18)

Combining (3.17) and (3.18), we have

〈vk, x∗ − zk〉 ≤ 0.

By the definition of Hk, we have x∗ ∈ Hk. Thus Sol(f, C) ⊆ C ∩Hk.

Step 8. We claim that there exists c = lim
k→∞

‖xk − x∗‖ = lim
k→∞

‖wk − x∗‖, where x∗ ∈

∩∞i=1Fix(Si)∩Sol(f, C). Consequently, the sequences {xk}, {yk}, {zk}, {vk} and {wk} are
bounded.
Proof of Step 8. By Step 6, we denote

c = lim
k→∞

‖xk − x∗‖. (3.19)

From wk = xk if ‖r(xk)‖ = 0, wk = PrC∩Hk
(xk) if ‖r(xk)‖ 6= 0 and Step 7, it follows that

‖wk − x∗‖ ≤ ‖xk − x∗‖, ∀k ≥ 0.

Hence
lim
k→∞

‖wk − x∗‖ ≤ lim
k→∞

‖xk − x∗‖ = c. (3.20)

By the similar way as (3.15), for xk+1 = αkw
k + (1− αk)S̄k(wk), we have

‖xk+1 − x∗‖2 = ‖αkwk + (1− αk)Sk(wk)− x∗‖2

= ‖αk(wk − x∗) + (1− αk)
(
Sk(wk)− x∗

)
‖2

≤ αk‖wk − x∗‖2 + (1− αk)‖Sk(wk)− Sk(x∗)‖2

≤ ‖wk − x∗‖2.

Hence
c ≤ lim

k→∞
‖wk − x∗‖. (3.21)

From (3.21) and (3.20), it follows that

c = lim
k→∞

‖wk − x∗‖.

Since yk is the unique solution to

min{f(xk, y) +
β

2
‖y − xk‖2 : y ∈ C},

we have
f(xk, y) +

β

2
‖y − xk‖2 ≥ f(xk, yk) +

β

2
‖yk − xk‖2, ∀y ∈ C.

With y = xk ∈ C and f(xk, xk) = 0, we have

0 ≥ f(xk, yk) +
β

2
‖yk − xk‖2. (3.22)
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Since f(xk, ·) is convex and subdifferentiable on C, i.e.,

f(xk, y)− f(xk, xk) ≥ 〈sk, y − xk〉, ∀y ∈ C,

where sk ∈ ∂2f(xk, xk). Using y = yk, we have

f(xk, yk) ≥ 〈sk, yk − xk〉.

Combining this and (3.22), we obtain

〈sk, yk − xk〉+
β

2
‖xk − yk‖2 ≤ 0.

Hence
‖xk − yk +

1
β
sk‖ ≤ 1

β
‖sk‖. (3.23)

From Assumption A4 and (3.19), it implies that the sequence {sk} is bounded. Then, it
follows from (3.23) that {yk} is bounded and hence the sequences {zk = xk − γmk(xk −
yk)}, {vk} are bounded.

Step 9. We show that the sequences {xk}, {yk} and {wk} converge to x̄ ∈ ∩∞i=1Fix(Si)∩
Sol(f, C).
Proof of Step 9. Using Step 6 and Step 8, we obtain that the sequence {vk} is bounded
by M > 0 and

‖xnj+1 − x∗‖2 ≤ ‖xkj − x∗‖2 − (1− b)
(

γ
mkj+pσ

M(1− γmkj+p)

)2

‖r(xkj+p)‖4,

with p = kj+1 − kj − 1. Since {‖xk − x∗‖} is convergent, it is easy to see that

lim
i→∞

γ
mkj+p‖r(xkj+p)‖ = 0.

The cases remaining to consider are the following.

Case 1. lim sup
k→∞

γmkj+p > 0. This case must follow that lim inf
k→∞

‖r(xkj+p)‖ = 0. Since

{xkj+p} is bounded, there exists an accumulation point x̄ of {xkj+p}. In other words, a
subsequence {xkji} converges to some x̄ as i → ∞ such that r(x̄) = 0. Then by Step 1,
we have x̄ ∈ Sol(f, C).

Case 2. lim
k→∞

γmkj+p = 0. Since {‖xkj+p − x∗‖} is convergent, there is the subsequence

{xkji} of {xkj+p} which converges to x̄ as i→∞. Since mkj+p is the smallest nonnegative
integer, mkj+p − 1 does not satisfy (2.2). Hence, we have

f
(
xkji − γmkji

−1r(xkji ), ykji
)
> −σ||r(xkji )||2.

Passing onto the limit as i→∞ and using the continuity of f , we have ykji → ȳ and

f(x̄, ȳ) ≥ −σ||r(x̄)||2, (3.24)
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where r(x̄) = x̄− ȳ. It follows from (3.2) that

f(xkji
−1 − γmkji r(xkji ), ykji

−1) +
β

2
||r(xkji

−1)||2 ≤ 0.

Since f is continuous and passing onto the limit as i→∞, we obtain

f(x̄, ȳ) +
β

2
||r(x̄)||2 ≤ 0.

Combining this with (3.24), we have

σ‖r(x̄)‖2 ≥ −f(x̄, ȳ) ≥ β

2
‖r(x̄)‖2.

which implies r(x̄) = 0, and hence x̄ = ȳ ∈ Sol(f, C). Thus every cluster point of the
sequence {xkj+p} is solutions of Problem EP (f, C).

Let S be a nonexpansive mapping of C into itself defined by

S(x) = lim
k→∞

Sk(x) (3.25)

for all x ∈ C and suppose that Fix(S) = ∩∞i=1Fix(Si).
Now we show that every cluster point of {xkj+p} is fixed points of the nonexpansive

mapping S. Suppose that there exists a subsequence {xkji} of {xkj+p} which converges
to x̄, as i → ∞. By the above proof, we have x̄ ∈ Sol(f, C). Then {ykji} and {wkji}
converge also to x̄, as i→∞. For each x∗ ∈ Sol(f, C) ∩ Fix(S),

‖S(wkji )− x∗‖ = ‖S(wkji )− S(x∗)‖
≤ ‖wkji − x∗‖,

and using Step 7, we have

lim sup
i→∞

‖S(wkji )− x∗‖ ≤ lim sup
i→∞

‖wkji − x∗‖ = c.

Further, it follows from (3.19) and Step 7 that

lim
i→∞
‖αkji

(xkji − x∗) + (1− αkji
)
(
S(wkji )− x∗

)
‖ = lim

i→∞
‖xkji − x∗‖ = c.

By Lemma 2.2, we obtain
lim
i→∞
‖S(wkji )− xkji‖ = 0.

Then,

‖S(xkji )− xkji‖ ≤ ‖S(xkji )− S(wkji )‖+ ‖S(wkji )− xkji‖
≤ ‖wkji − xkji‖+ ‖S(wkji )− xkji‖. (3.26)

Applying the property of the projection PrC

‖PrC(x)− x‖2 ≤ ‖x− y‖2 − ‖PrC(x)− y‖2, ∀y ∈ C, x ∈ Rs,
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we have

‖wkji − xkji‖2 = ‖PrC∩Hkji
(xkji )− xkji‖2

≤ ‖xkji − x∗‖2 − ‖PrC∩Hkji
(xkji )− x∗‖2

= ‖xkji − x∗‖2 − ‖wkji − x∗‖2

→ 0 as i→∞, (3.27)

for every x∗ ∈ Sol(f, C) ∩ Fix(S). Combining (3.26) and (3.27), we have

lim
i→∞
‖S(xkji )− xkji‖ = 0.

Using xkji → x̄ as i→∞ and lim
i→∞
‖S(xkji )− xkji‖ = 0, we have x̄ ∈ Fix(S).

Thus, x̄ ∈ Sol(f, C) ∩ Fix(S), letting x∗ = x̄ and using Step 7, we have

c = lim
k→∞

‖xk − x̄‖ = lim
i→∞
‖xkji − x̄‖ = 0.

We conclude that the whole sequence {xk} converges to x̄ ∈ ∩∞i=1Fix(Si) ∩ Sol(f, C).
Consequently, the sequences {yk} and {wk} also converge to x̄.

Step 10. We claim that the sequences {xk}, {yk} and {wk} converge to x̄, where

x̄ = lim
k→∞

PrFix(S)∩Sol(f,C)(x
k),

where S is defined by (3.25).
Proof of Step 10. Suppose that tk := PrFix(S)∩Sol(f,C)(xk) and xk → x̄ as k →∞. By the
definition of PrC(·), we have

〈tk − xk, tk − x〉 ≤ 0, ∀x ∈ Fix(S) ∩ Sol(f, C). (3.28)

It follows from Step 8 that

‖xk+1 − x∗‖ ≤ ‖xk − x∗‖, ∀k ≥ 0, x∗ ∈ Fix(S) ∩ Sol(f, C).

Then, by Lemma 2.3, we have

tk = PrFix(S)∩Sol(f,C)(x
k)→ x̂ ∈ Fix(S) ∩ Sol(f, C) as k →∞. (3.29)

Pass the limit in (3.28) and combining this with (3.29), we have

〈x̂− x̄, x̂− x〉 ≤ 0, ∀x ∈ Fix(S) ∩ Sol(f, C).

This means that x̄ = x̂ and

x̄ = lim
k→∞

PrFix(S)∩Sol(f,C)(x
k).

It follows from Step 8 that the sequences {xk}, {yk} and {wk} converge to x̄, where

x̄ = lim
k→∞

Pr∩∞i=1Fix(Si)∩Sol(f,C)(x
k).

The proof is completed.
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4 Application to Variational Inequalities

Let C be a nonempty, closed and convex subset of Rs and F be a function from C into
Rs. In this section, we consider the variational inequality V I(F,C). The set of solutions
of V I(F,C) is denoted by Sol(F,C). Recall that the function F is called

• strongly monotone on C with β > 0 iff

〈F (x)− F (y), x− y〉 ≥ β‖x− y‖2, ∀x, y ∈ C;

• monotone on C iff
〈F (x)− F (y), x− y〉 ≥ 0, ∀x, y ∈ C;

• pseudomonotone on C iff

〈F (y), x− y〉 ≥ 0⇒ 〈F (x), x− y〉 ≥ 0, ∀x, y ∈ C;

• Lipschitz continuous on C with constants L > 0 (shortly, L-Lipschitz continuous)
iff

‖F (x)− F (y)‖ ≤ L‖x− y‖, ∀x, y ∈ C.

Since

yk = argmin{λf(xk, y) +
1
2
‖y − xk‖2 : y ∈ C}

= argmin{λ〈F (xk), y − xk〉+
1
2
‖y − xk‖2 : y ∈ C}

= PrC
(
xk − λF (xk)

)
,

and Theorem 3.1, the convergent theorem for finding a common element of the set of fixed
points of an infinite family of nonexpansive mappings {Sk} and the solution set Sol(F,C)
is presented as follows:

Theorem 4.1 Let C be a nonempty, closed and convex subset of Rs. Let F : C → Rs be
pseudomonotone and continuous, {Sk} be an infinite family of nonexpansive mappings of
C into itself, ∩∞i=1Fix(Si)∩Sol(F,C) 6= ∅, γ ∈ (0, 1), 0 < σ < β

2 , and {αk} ⊂ [a, b] ⊂ (0, 1).
Suppose that the sequences {xk}, {yk}, and {tk} are given as the following iteration steps:

Step 1. Solve the strongly convex problem

yk = PrC
(
xk − 1

β
F (xk)

)
and set r(xk) = xk − yk.

If ‖r(xk)‖ 6= 0 then go to Step 2. Otherwise, set wk = xk and go to Step 3.

Step 2. (Armijo-type linesearch technique) Find the smallest positive integer number mk

such that
(1− γmk)〈F (xk − γmkr(xk)), r(xk)〉 ≥ σ||r(xk)||2.

Compute
wk = PrC∩Hk

(xk),

where zk = xk − γmkr(xk), vk ∈ ∂2f(zk, zk) and Hk = {x ∈ Rs : 〈vk, x− zk〉 ≤ 0},
and go to Step 3.
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Step 3. Compute xk+1 = αkw
k + (1− αk)Sk(wk).

Then, the sequences {xk}, {yk} and {wk} converge to the same point x∗ ∈ ∩∞i=1Fix(Si) ∩
Sol(F,C), where

x∗ = lim
k→∞

Pr∩∞i=1Fix(Si)∩Sol(F,C)(x
k).

Acknowledgments. The work was supported by the Vietnam National Foundation for
Science Technology Development (NAFOSTED).

References

[1] P.N. Anh, A hybrid extragradient method for pseudomonotone equilibrium problems
and fixed point problems, B. the Malaysian Mathematical Sciences Society, 36 (2013),
pp. 107-116.

[2] P.N. Anh, Strong convergence theorems for nonexpansive mappings and Ky Fan in-
equalities, J. of Optimization Theory and Applications, 154 (2012), pp. 303-320.

[3] P.N. Anh, A hybrid extragradient method extended to fixed point problems and
equilibrium problems, Optimization, 62 (2013), pp. 271-283.

[4] P.N. Anh, and J.K. Kim, Outer approximation algorithms for pseudomonotone equi-
librium problems, Computers and Mathematics with Applications, 61 (2011), pp.
2588-2595.

[5] P.N. Anh, J.K. Kim, J.M. Nam, Strong convergence of an extragradient method for
equilibrium problems and fixed point problems, J. of Korean Mathematical Society,
49 (2012), pp. 187-200.

[6] P.N. Anh, and D.X. Son, A new iterative scheme for pseudomonotone equilibrium
problems and a finite family of pseudocontractions, J. of Applied Mathematics and
Informatics, 29 (2011), pp. 1179-1191.

[7] K. Aoyama, Y. Kimura, W. Takahashi, and M. Toyoda, Approximation of common
fixed points of a countable family of nonexpansive mappings in a Banach space,
Nonlinear Analysis, 67 (2007), pp. 2350-2360.

[8] E. Blum, and W. Oettli, From optimization and variational inequality to equilibrium
problems, The Mathematics Student, 63 (1994), pp. 127-149.

[9] Y.J. Cho, S.M. Kang, and X. Qin, Approximation of common fixed points of an infi-
nite family of nonexpansive mappings in Banach spaces, Computational Mathematics
and Applications, 56 (2008), pp. 2058-2064.

[10] C. Jaiboon, and P. Kumam, A hybrid extragradient viscosity approximation
method for solving equilibrium problems and fixed point problems of infinitely
many nonexpansive mappings, Fixed Point Theory and Applications, (2009),
doi:10.1155/2009/374815.

15



[11] J.K. Kim, P.N. Anh, and J.M. Nam, Strong convergence of an extragradient method
for equilibrium problems and fixed point problems, J. of the Korean Mathematical
Society, 49 (2012), pp. 187-200.

[12] N. Nadezhkina, and W. Takahashi, Weak convergence theorem by an extragradi-
ent method for nonexpansive mappings and monotone mappings, J. of Optimization
Theory and Applications, 128 (2006), pp. 191-201.

[13] J.W. Peng, Iterative algorithms for mixed equilibrium problems, strict pseudocon-
tractions and monotone mappings, J. of Optimization Theory and Applications, 144
(2010), pp. 107-119.

[14] J. Schu, Weak and strong convergence to fixed points of asymptotically nonexpansive
mapping, Bulletin of the Australian Mathematical Society, 43 (1991), pp. 153-159.

[15] W. Takahashi, Weak and strong convergence theorems for families of nonexpansive
mappings and their applications, Annales Universitatis Mariae Curie-Sklodowska.
Sectio A, 51 (1997), pp. 277-292.

[16] S. Takahashi, and W. Takahashi, Viscosity approximation methods for equilibrium
problems and fixed point problems in Hilbert spaces, J. of Mathematical Analysis
and Applications, 331 (2007), pp. 506-515.

[17] S. Wang, Y.J. Cho, and X. Qin, A new iterative method for solving equilibrium
problems and fixed point problems for infinite family of nonexpansive mappings,
Fixed Point Theory and Applications, (2010), doi:10.1155/2010/165098.

[18] S. Wang, and B. Guo, New iterative scheme with nonexpansive mappings for equilib-
rium problems and variational inequality problems in Hilbert spaces, J. of Computa-
tional and Applied Mathematics, 233 (2010), pp. 2620-2630.

[19] Y. Yao, Y.C. Liou, and J.C. Yao, Convergence theorem for equilibrium problems and
fixed point problems of infinite family of nonexpansive mappings, Fixed Point Theory
and Applications, (2007), dot:10.1155/2007/64363.

[20] Y. Yao, J.C. Yao, and H. Zhou, Approximation methods for common fixed points
of infinite countable family of nonexpansive mappings, Computational Mathematics
and Applications, 53 (2007), pp. 1380-1389.

[21] L.C. Zeng, and J.C. Yao, Strong convergence theorem by an extragradient method
for fixed point problems and variational inequality problems, Taiwanese Journal of
Mathematics, 10 (2010), pp. 1293-1303.

[22] J. Zhao, and S. He, A new iterative method for equilibrium problems and fixed
point problems of infinitely nonexpansive mappings and monotone mappings, Applied
Mathematics and Computation, 215 (2009), pp. 670-680.

16


