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Abstract. We extend the notion of homomorphisms and characters to
n-homomorphisms and n-characters on algebras, and then show that
some properties of characters are also valid for n-characters on commu-
tative lmc topological algebras, and the space of continuous n-characters
M(A,n) is relatively compact in A′ (the dual space of A), with the
weak* topology (Gelfand topology), whenever A is a commutative lmc
Q-algebra. We also find relations between characters, n-characters and
continuous n-characters on commutative Fréchet algebras.

Let B be a topological algebra and (Aα, ϕβα) (resp. (Aα, ϕαβ)) be
an inductive system (resp. a projective system) of topological algebras.
Then we obtain relations between n−Hom(Aα, B) and n−Hom(A,B),
or between lim−→M(Aα,n), the inductive limit, and M(A,n), where A =

lim−→Aα, is the inductive limit (resp. A = lim←−Aα, is the projective limit)

and n−Hom(Aα, B) (resp. n−Hom(A,B)), is the space of all contin-
uous n-homomorphisms from Aα (resp. A) into B.
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1. Introduction

We first bring notation, definitions and known results, which are related to our
work. Let A and B be two complex algebras and n ≥ 2 a fixed integer. A map
ϕ : A → B is called n-multiplicative if ϕ(a1a2 · · · an) = ϕ(a1)ϕ(a2) · · ·ϕ(an)
for all elements a1, a2, ..., an ∈ A. Moreover, if ϕ is linear then it is called an
n-homomorphism. If ϕ : A → C is a non-zero n-homomorphism, then ϕ is
called a complex n-character, or in brief, an n-character of A. Clearly every
2-character is just a character, in the usual sense. The set of all characters of
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A is denoted by SA and the set of all n-characters of A is denoted by S(A,n). If
A is a complex topological algebra, then the set of all continuous n-characters
of A is denoted by M(A,n). We call M(A,n) the n-spectrum or the continuous
n-character space of A. As usual, the set of all continuous characters of A is
denoted by MA. Obviously, each character is an n-character for every n ≥ 2,
but the converse is not true, in general. For example, if ϕ is a character and
n ≥ 2 is an odd number, then θ = −ϕ is an n-character, which is not a
character.

The notion of n-homomorphisms between Banach algebras was first in-
troduced, and some of their significant properties were discussed, by He-
jazian, Mirzavaziri and Moslehian in 2005 [4]. They also raised the following
question in this article: Is every *-preserving n-homomorphism between C*-
algebras continuous? This question was answered in the affirmative, by Park
and Trout in 2010 [13], but the even and odd n arguments are surprisingly
disjoint. They also presented many other interesting results in this article.
In 2007, Bračič and Moslehian studied the notion of automatic continuity of
3-homomorphisms on Banach algebras [1]. Later in 2010 and 2011 the prob-
lem of automatic continuity on n-homomorphisms between Banach algebras,
Fréchet algebras and topological algebras was discussed in [5], [7] and [6],
respectively. In 2012 the automatic continuity of higher derivations between
Banach algebras was studied by Mirzavaziri and Omidvar Tehrani in [12].

In this paper, we obtain some results on the interesting class of complex-
valued n-homomorphisms, which are called n-characters.

The set of all Gelfand transforms of elements of an algebra A is denoted
by Â. We endow S(A,n), M(A,n) and SA with the Gelfand topology, that is,

the weakest topology making all elements of Â continuous on S(A,n), M(A,n)

and SA, respectively. Hence a basis for the neighborhood system of a point
φ ∈ S(A,n) (resp. φ ∈M(A,n)) is given by all sets of the form

{ψ ∈ S(A,n) : |ψ(ai)− φ(ai)| < 1, i = 1, ..., r, ai ∈ A}

({ψ ∈M(A,n) : |ψ(ai)− φ(ai)| < 1, i = 1, ..., r, ai ∈ A}).
A locally multiplicatively convex (lmc) algebra is a topological algebra

whose topology is defined by a separating family P = (pα) of submultiplica-
tive seminorms. Note that here we have not assumed that the multiplication
map is jointly continuous. It is, in fact, continuous with respect to each com-
ponent. A complete metrizable lmc algebra is a Fréchet algebra. A topological
algebra A is advertibly complete if every Cauchy net {xα} in A converges in A
whenever for some x ∈ A, both xα�x = xα+x−xαx and x�xα = x+xα−xxα
converge to zero. An element a ∈ A is left (right) quasi-invertible if there ex-
ists b ∈ A such that b�a = 0 (a� b = 0). An element a ∈ A is quasi-invertible
if it is both left and right quasi-invertible in A. A topological algebra A is a
Q-algebra if the set of its quasi invertible elements (q − InvA) is open in A.

An ideal I of an algebra A is a regular (modular) ideal if there exists a ∈
A such that ax−x ∈ I and xa−x ∈ I, for every element x ∈ A. Equivalently,
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a proper ideal I is regular if and only if A/I is a unital algebra. A topological
algebra A is called n-functionally continuous if every n-character on A is
continuous, in other words, S(A,n) = M(A,n). Clearly every 2-functionally
continuous algebra is just functionally continuous, in the usual sense.

Let (I,≤) be a directed set and let {Aα : α ∈ I} be a family of sets
(algebras). Assume that, for every pair of indices (α, β) in I, with α ≤ β, we
are given a map (homomorphism) ϕβα : Aα → Aβ satisfying the following
two conditions:

(i) for all α ∈ I, ϕαα is the identity map (homomorphism),
(ii) for all α ≤ β ≤ γ, ϕγα = ϕγβ ◦ ϕβα.

Then (Aα, ϕβα) is called an inductive system of sets (algebras).

Now consider the set A0 = ∪α∈I{(x, α) : x ∈ Aα}. We say that two
elements (x, α) and (y, β) of A0 are equivalent (x ∼ y) if there exists an index
γ ∈ I with γ ≥ α and γ ≥ β such that ϕγα(x) = ϕγβ(y). Clearly, ∼ is an
equivalence relation. We now take

A = A0/ ∼, (1.1)

and let ψα : Aα → A0, defined by ψα(x) = (x, α), be the canonical injection
map for every α ∈ I, and let π : A0 → A be the quotient map. Thus
φα = π ◦ ψα : Aα→ A is the canonical map for every α ∈ I and it is easy to
see that A = ∪α∈Iφα(Aα). The set A is called the inductive limit of the given
inductive system of sets (or, algebras) (Aα, ϕβα), which is denoted by A =
lim−→(Aα, ϕβα), or simply by A = lim−→Aα. An inductive system of sets (resp.

algebras) (Aα, ϕβα), with respect to an index set I, is an inductive system
of topological spaces (resp. topological algebras) if for every α ∈ I, Aα is a
topological space (resp. topological algebra) and for each α, β ∈ I with α ≤ β,
ϕβα : Aα → Aβ is a continuous map (resp. continuous homomorphism).
If (Aα, ϕβα) is an inductive system of topological spaces (resp. topological
algebras) and A = lim−→Aα then A is called the inductive limit of topological

spaces (resp. topological algebras).

Let A = lim−→Aα, for an inductive system of topological spaces (resp.

topological algebras) (Aα, ϕβα), with respect to an index set I and let φα :
Aα→ A be the canonical map defined as above. The final topology on A,
defined by the maps φα, α ∈ I, is the strongest topology on A for which the
maps φα are continuous. If (Aα, ϕβα) is an inductive system of topological
algebras, then by [10, IV. pp. 111-112] A = lim−→Aα is an algebra, φα is a

homomorphism and by [10, IV. Lemma 2.2] A is a topological algebra with
the final topology.

Let (I,≤) be a directed set and let {Aα : α ∈ I} be a family of sets
(resp. algebras). Assume that for every pair of indices (α, β) in I, with α ≤ β,
we are given a map (resp. homomorphism) ϕαβ : Aβ → Aα in such a way
that the following two conditions are satisfied:

(i) for all α ∈ I, ϕαα is the identity map (resp. homomorphism).
(ii) for all α ≤ β ≤ γ, ϕαγ = ϕαβ ◦ ϕβγ .
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Then (Aα, ϕαβ) is called a projective system of sets (resp. algebras). Also the
set

A = {x = {xα} ∈
∏
α∈I

Aα : ϕαβ(xβ) = xα for every α, β ∈ I with α ≤ β}

is the projective limit of the given projective system of sets (resp. algebras)
(Aα, ϕαβ), which is denoted by A = lim←−(Aα, ϕαβ), or simply by A = lim←−Aα.

Now we define a family {φα} of canonical maps (resp. homomorphisms)
by the relation φα = πα|A : A → Aα, where πα is the canonical projection
map of

∏
γ∈I Aγ onto Aα. Thus φα is not a surjective map, in general, and

moreover, φα = ϕαβ ◦ φβ for every α, β ∈ I with α ≤ β. A projective sys-
tem of topological spaces (resp. toppological algebras) is a projective system
of sets (resp. algebras) (Aα, ϕαβ) as above, where Aα is a topological space
(resp. topological algebra) for every α ∈ I and the maps ϕαβ are continu-
ous maps (resp. homomorphisms) for all α, β ∈ I with α ≤ β. If (Aα, ϕαβ)
is a projective system of topological spaces (resp. topological algebras) and
A = lim←−Aα, then A is called the projective limit of topological spaces (resp.

topological algebras). By [10, III. Lemma 2.1] every projective limit of topo-
logical algebras A = lim←−Aα is a closed subalgebra of the cartesian topological

algebra
∏
γ∈I Aγ .

Let B be a topological algebra and let (Aα, ϕβα) be an inductive sys-
tem of topological algebras with respect to a directed index set I. Then
n-Hom(Aβ , B) is the space of all continuous n-homomorphisms of Aβ into
B for β ∈ I, with the topology of pointwise convergence. We now define
the maps Tαβ : n-Hom(Aβ , B) → n-Hom(Aα, B) by Tαβ(h) = h ◦ ϕβα for
α ≤ β. It is easy to see that (n-Hom(Aβ , B), Tαβ) is a projective system of
topological spaces.

For further details on the above concepts and properties one can refer,
for example, to [2], [3], [9] and [10].

In Section 2 it is shown that some properties of the continuous character
space MA are also valid for the continuous n-character space M(A,n), when A
is a commutative lmc algebra. We show that the kernel of every n-character is
a regular maximal ideal and there exists a surjection between M(A,n) and the
set of closed regular maximal ideals of A, whenever A is a commutative lmc
algebra. In fact, there exists a bijection between the class of all closed regular
maximal ideals of A and the equivalence classes of the elements of M(A,n).
Moreover, the space M(A,n) is relatively compact in A′ (the dual space of A).

In Section 3 we assume that B is a topological algebra and (Aα, ϕβα)
is an inductive system of topological algebras, or (Aα, ϕαβ) is a projec-
tive system of topological algebras. We obtain some relations between n −
Hom(Aα, B) and n−Hom(A,B), or between lim−→M(Aα,n) and M(A,n), when-
ever A = lim−→Aα is the inductive limit, or A = lim←−Aα is the projective limit,

respectively. Here n − Hom(Aα, B) (resp. n − Hom(A,B)), is the space of
all continuous n-homomorphisms from Aα (resp. A) into B.
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Finally, we show that if (Aα, ϕβα) is an inductive system of topological
algebras and A = lim−→Aα, is the inductive limit, then

M(A,n) ∪ {0} = M(lim−→Aα,n) ∪ {0} = lim←−M(Aα,n) ∪ {0}

within a homeomorphism of respective topological spaces. Moreover, we prove
that if (A, {pα}) is a complete lmc algebra, then lim−→M(Aα,n) = M(A,n) within
a continuous bijection of respective topological spaces, where Aα is the com-
pletion of A/ ker pα.

2. Relations between n-characters and characters

In general, the kernel of an n-homomorphism may not be an ideal [4]. In the
following key lemma we show that the kernel of an n-character is a regular
maximal ideal.

Lemma 2.1. Let A be an algebra and ϕ be an n-character on A. Then kerϕ
is a regular maximal ideal of A.

Proof. Since ϕ 6= 0, there exists aϕ ∈ A such that ϕ(aϕ) = 1. Now consider
the function ψϕ : A → C, defined by ψϕ(x) = ϕ(aϕx) for every x ∈ A. For
every x, y ∈ A

ψϕ(xy) =ϕ(aϕxy) = ϕ(aϕxy)ϕ(aϕ)n−1 = ϕ(aϕx)ϕ(yaϕ)ϕ(aϕ)n−2

=ϕ(aϕx)ϕ(yaϕ),

ϕ(yaϕ) =ϕ(aϕ)n−1ϕ(yaϕ) = ϕ(an−1ϕ yaϕ) = ϕ(aϕ)n−2ϕ(aϕy)ϕ(aϕ)

=ϕ(aϕy).

Therefore, ψϕ(xy) = ψϕ(x)ψϕ(y) and hence ψϕ : A→ C is a homomorphism.
Moreover, for every x ∈ A we have

ψϕ(x)n−1 = ψϕ(xn−1) = ϕ(xn−1aϕ) = ϕ(x)n−1ϕ(aϕ) = ϕ(x)n−1. (2.1)

It is now clear by (2.1) that kerψϕ = kerϕ. Hence kerϕ is a regular maximal
ideal of A by [10, II. Lemma 7.1]. �

Corollary 2.2. Let A be a topological algebra. Then A is n-functionally con-
tinuous if and only if it is functionally continuous.

Proof. Since every character is an n-character it follows that A is functionally
continuous whenever A is n-functionally continuous. Conversely, let A be
functionally continuous. If ϕ ∈ S(A,n) then by the above lemma there exists

ψϕ ∈ SA = MA such that ψn−1ϕ = ϕn−1 and hence kerψϕ = kerϕ. Since ψϕ
is continuous, kerψϕ is closed and hence ϕ is continuous. Consequently, A is
n-functionally continuous. �
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It is known that Q-algebras are functionally continuous [11, Lemma E4]
and hence by the above corollary they are n-functionally continuous. Actually,
E. A. Michael posed the question in 1952 as whether each multiplicative linear
functional on a commutative Fréchet algebra is automatically continuous [11].
This question, known as the Michael’s problem, have been intensively studied
but only partial answers have been obtained so far. For example, it is a result
of R. Arens that if A is finitely generated then it is functionally continuous.

Theorem 2.3. Let A be a commutative lmc algebra. Then there exists a surjec-
tion between M(A,n) and the set of closed regular maximal ideals of A, which
may not be an injection, in general. However, there is a bijection between
the set of closed regular maximal ideals of A and the collection of equivalence
classes of the elements of M(A,n).

Proof. By [10, II. Corollary 7.2] and Lemma 2.1, it is clear that ϕ 7→ kerϕ is
a surjective map between M(A,n) and the set of closed regular maximal ideals
of A. But, unlike the characters, the equality kerϕ = kerψ for ϕ,ψ ∈M(A,n)

may not imply the equality ϕ = ψ, in general. For example, if ϕ ∈ M(A,n)

then −ϕ ∈ M(A,n) for odd n and kerϕ = ker(−ϕ), whereas ϕ 6= −ϕ. Hence
the map ϕ 7→ kerϕ is not an injection, in general.

We now define an equivalence relation∼ onM(A,n). For ϕ1, ϕ2 ∈M(A,n),
we say that ϕ1 ∼ ϕ2 if ψϕ1

= ψϕ2
, where ψϕ1

and ψϕ2
are the elements of

MA, presented in Lemma 2.1, corresponding to the elements ϕ1 and ϕ2.
Since kerϕ1 = ker(ψϕ1) and kerϕ2 = ker(ψϕ2), it follows that ϕ1 ∼ ϕ2,
or equivalently, [ϕ1] = [ϕ2] if and only if ker(ϕ1) = ker(ϕ2). Hence the
map [ϕ] 7→ kerϕ is a bijection between the equivalence classes of elements of
M(A,n) and the collection of all closed regular maximal ideals of A. �

Proposition 2.4. Let A be a real topological algebra. If n > 2 is even, then
M(A,n) = MA.

Proof. Let ϕ ∈M(A,n). By the argument in Lemma 2.1 there exists ψϕ ∈MA

such that ψn−1ϕ (x) = ϕn−1(x) for every x ∈ A. Since n − 1 is odd and ϕ is
real-valued, it follows that ψϕ = ϕ and hence ϕ ∈MA. �

Proposition 2.5. Let A be a commutative lmc algebra such that all maximal
ideals of A+, the unitization of A, are closed. Then a ∈ A is quasi-invertible
if ϕ(a) 6= 1 for every ϕ ∈MA.

Proof. If a is not quasi-invertible, then eA+−a is not invertible. Thus eA+−a
is in a closed maximal ideal of A+. By [10, II. Corollary 7.2], there exists
ψ ∈MA+ such that ψ(eA+ −a) = 0. On the other hand, there exists ϕ ∈MA

such that ψ(a, λ) = ϕ(a) + λ, for every (a, λ) ∈ A+. Thus we have ϕ(a) = 1,
which is a contradiction. �

It is interesting to note that in every commutative lmc Q-algebra A, or
in each commutative lmc algebras A, which is advertibly complete and MA

is equicontinuous, all maximal ideals of A+ are closed [10, III. Theorem 6.3].
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If A is a non-unital complex algebra, then the spectrum of a is

spA(a) = {0} ∪ {λ ∈ C \ {0} :
1

λ
a /∈ q − InvA},

where q − InvA is the set of quasi-invertible (quasi-regular) elements of A.
If A+ is the unitization of A, then spA(a) = spA+((a, 0)) and so νA(a) =
νA+((a, 0)) for all a ∈ A. In the following we show that there exists a rela-
tionship between M(A,n), S(A,n) and the spectral radius νA.

Proposition 2.6. Let A be a commutative lmc algebra such that all maximal
ideals of A+ (the unitization of A) are closed. Then for every a ∈ A

{|â(ϕ)| : ϕ ∈M(A,n)} ∪ {0} = {|â(ϕ)| : ϕ ∈ S(A,n)} ∪ {0} =
{|λ| : λ ∈ spA(a)} ∪ {0}.

Moreover, νA(a) = supϕ∈M(A,n)
|ϕ(a)| = supϕ∈S(A,n)

|ϕ(a)|.

Proof. Let ϕ ∈ M(A,n) and ϕ(a) = λ 6= 0. We define ψϕ : A → C by

ψϕ(x) = ϕ( 1
λax), which is a character and moreover, ψn−1ϕ (x) = ϕn−1(x) for

every x ∈ A, by the proof of Lemma 2.1. If ψϕ(a) = λ′ then λ′ ∈ spA(a), by
[10, II. Corollary 7.4]. On the other hand, since |λ| = |λ′|, we have

|â(ϕ)| ∈ {|λ| : λ ∈ spA(a)}
and hence

{|â(ϕ)| : ϕ ∈M(A,n)} ∪ {0} ⊆ {|λ| : λ ∈ spA(a)} ∪ {0}.

If λ ∈ spA(a) with λ 6= 0, then 1
λa is not quasi-invertible. Hence, by Propo-

sition 2.5, there exists ϕ ∈MA such that ϕ( 1
λa) = 1 and thus λ ∈ â(M(A,n)).

Therefore, {|λ| : λ ∈ spA(a)} ∪ {0} = {|â(ϕ)| : ϕ ∈M(A,n)} ∪ {0}.
With a similar argument we can also show that

{|â(ϕ)| : ϕ ∈ S(A,n)} ∪ {0} = {|λ| : λ ∈ spA(a)} ∪ {0}.
Since, by the definition of spectral radius, we have

νA(a) = sup{|λ| : λ ∈ spA(a)},
the second assertion is clear.

�

A relatively compact subspace (resp. relatively compact subset) Y of a
topological space X is a subset whose closure is compact. We now state the
following known result, which is used in the sequel.

Theorem 2.7. [8, Theorem 1, p. 201] Let A be a topological vector space. Then
every equicontinuous subset of A′ (topological dual space of A) is relatively
compact with the weak* topology.

It is known that the character space of a unital Banach algebra (resp.
Q-algebra ) is a compact (resp. relatively compact) space, with the weak*-
topology (resp. Gelfand topology) [9, Theorem 1.2.8] (resp. [10, II. Proposi-
tion 7.1.]). In the following we show that this is also true for M(A,n), when A
is a commutative lmc Q-algebra.
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Theorem 2.8. Let A be a commutative lmc Q-algebra. Then M(A,n) is rela-
tively compact in A′, with the weak*-topology.

Proof. Since A is a Q-algebra, by [10, I. Lemma 6.4] there exists a balanced
neighborhood U of 0 ∈ A such that U ⊆ q−InvA. We show that U ⊆M◦(A,n),
where M◦(A,n) is the polar set of M(A,n). Suppose on the contrary that there

exists x ∈ U and |ϕ(x)| > 1, for some ϕ ∈ M(A,n). Then |ψϕ(x)| > 1,
where ψϕ has been defined in the proof of Lemma 2.1. Thus ψϕ(x) = λ 6= 0
such that | 1λ | < 1, which implies that 1

λx ∈ U and ψϕ( 1
λx) = 1. By [10, II.

Lemma 7.4] 1
λx is not quasi-invertible, which contradicts 1

λx ∈ U ⊆ q−InvA.
Therefore, U ⊆ M◦(A,n) and hence |ϕ(x)| ≤ 1 for every x ∈ U and ϕ ∈
M(A,n). Therefore, M◦(A,n) is a neighborhood of 0 ∈ A and thus M(A,n) ⊆
M◦◦(A,n) is an equicontinuous subset of A′. By Theorem 2.7, M(A,n) is relatively

compact. �

Proposition 2.9. Let A be a topological algebra. Then the following statements
are equivalent:

(i) an element a ∈ A is quasi-invertible if and only if |ϕ(a)| 6= 1 for
every ϕ ∈M(A,n),

(ii) an element a ∈ A is quasi-invertible if and only if |ϕ(a)| 6= 1 for
every ϕ ∈MA.

Proof. It is clear that MA ⊆ M(A,n). By the proof of Lemma 2.1, for each
ϕ ∈M(A,n) there exists ψϕ ∈MA with |ϕ| = |ψϕ|, which implies that

{|ϕ(a)| : ϕ ∈M(A,n)} = {|ϕ(a)| : ϕ ∈MA}.
Hence (i) and (ii) are equivalent.

�

Let A be a topological vector space (TV S). The filter of neighborhoods
F(x) of the point x ∈ A is the family of sets x+ V , where V varies over the
filter of neighborhoods of the neutral element zero, denoted by F(0). By [15,
Part I, Theorem 3.1] if a filter F of A is the filter of neighborhoods of the
origin in a topology compatible with the linear structure of A, then every
U ∈ F contains some V ∈ F which is balanced. A filter F on a subset E of
the TV S A is said to be a Cauchy filter if for every neighborhood U of 0 in
A there is a subset B of E, belonging to F , such that B −B ⊂ U .

In the following we prove a result similar to that of [10, III. Lemma 5.2].

Theorem 2.10. Let A be an lmc algebra and every x ∈ A be quasi-invertible
if and only if |ϕ(x)| 6= 1, for every ϕ ∈MA. Then A is advertibly complete.

Proof. Let F be a Cauchy filter on A such that for some x ∈ A,

lim(x � F) = lim(F � x) = 0.

We claim that x is a quasi-invertible element of A. Otherwise, by the assump-
tion, there exists an element ϕ ∈ MA with |ϕ(x)| = 1. By the continuity
of ϕ the set U = {y ∈ A : |ϕ(y)| < 1

8} is an open neighborhood of 0 in
A. Since F is a Cauchy filter and U is an open neighborhood of 0, by [15,
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3, 3.1], there exists a balanced element B ∈ F such that B − B ⊂ U and
x � B = {x � y : y ∈ B} ⊆ U . Since B is balanced there exists z ∈ B such
that |ϕ(z)| < 1

8 . Hence |ϕ(y)| < 1
8 + |ϕ(z)| < 1

4 and |ϕ(x � y)| < 1
8 for every

y ∈ B. Therefore,

1

8
> |ϕ(x � y)| = |ϕ(x) + ϕ(y)− ϕ(x)ϕ(y)| ≥ 1− 2|ϕ(y)| > 1

2
,

for every y ∈ B, which is a contradiction. We omit the proof of the remaining
part, for it is similar to the proof of [10, III. Lemma 5.2]. �

Proposition 2.11. The character space SA is a subset of M(A,n) for each
commutative Fréchet algebra A and for each n ≥ 2, where the closure is
taken with respect to the Gelfand topology on S(A,n).

Proof. Suppose on the contrary that there are ϕ ∈ SA and a1, ..., am ∈ A
such that

{ψ ∈ SA : |ψ(ai)− ϕ(ai)| < 1, i = 1, ...,m} ∩M(A,n) = ∅. (2.2)

Since ϕ ∈ SA, there exists c ∈ A such that ϕ(c) 6= 0. Set a0 = c, λi = ϕ(ai)
and bi = ai − λieA+ = (ai,−λi), for i = 0, 1, 2, · · · ,m. Since MA ⊆ M(A,n),
by (2.2), we have

{ψ ∈ SA : |ψ(ai)− ϕ(ai)| < 1, i = 1, ...,m} ∩MA = ∅. (2.3)

If φ ∈ MA+ and b̂i(φ) = 0 for 0 ≤ i ≤ m, then φ(ai) = ϕ(ai) and φ(a0) 6= 0.
Hence

φ |A∈ {ψ ∈ SA : |ψ(ai)− ϕ(ai)| < 1, i = 1, ...,m} ∩MA,

which contradicts (2.3). Therefore, b̂0, b̂1, ..., b̂m have no common zero onMA+

and hence, by [9, 6.1.10], there exist c0, c1, ..., cm ∈ A+ such that

m∑
i=0

cibi = eA+ .

Now define the function ϕ+ : A+ → C by ϕ+(x, λ) = ϕ(x) + λ. It is easy
to see that ϕ+ ∈ SA+ and since ϕ+(bi) = ϕ+(ai,−λi) = ϕ(ai) − λi = 0
for each i = 0, 1, ...,m, it follows that b0, b1, ..., bm ∈ kerϕ+, implying that
ϕ+(eA+) = 0, which is a contradiction. �

Corollary 2.12. The character space MA = M(A,2) is a dense subset of SA
for each commutative Fréchet algebra A, i.e. MA = SA, where the closure is
taken with respect to the Gelfand topology on SA.

To present more properties of n-characters we first state the following
notion: We define Mm

(A,n) = {ϕm : ϕ ∈M(A,n)}, where ϕm(a) = (ϕ(a))m for

ϕ ∈M(A,n) and a ∈ A.

Proposition 2.13. If A is a commutative Fréchet algebra then Mn−1
(A,n) = Sn−1A

for every n ≥ 2.
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Proof. By Lemma 2.1 Mn−1
(A,n) = Mn−1

A ⊆ Sn−1A ), implying that Mn−1
(A,n) ⊆

Sn−1A . By Proposition 2.11 we conclude that SA ⊆ M(A,n), which implies

that Sn−1A ⊆ (M(A,n))
n−1 ⊆Mn−1

(A,n). Therefore, Mn−1
(A,n) = Sn−1A .

�

Proposition 2.14. Let A be a commutative Fréchet algebra and n ≥ 2. For
a1, a2, ..., am ∈ A let F be defined by

F : S(A,n) → Cm, ϕ 7→ (ϕn−1(a1), ϕn−1(a2), ..., ϕn−1(am)).

Then F (M(A,n) ∩ S(A,n)) = F (SA) = F (MA).

Proof. By Proposition 2.11 we have F (SA) ⊆ F (M(A,n) ∩ S(A,n)). Hence, by

the proof of Lemma 2.1 it is easy to see that (0, 0, ..., 0) ∈ F (M(A,n) ∩S(A,n))
if and only if (0, 0, ..., 0) ∈ F (SA). We now assume that there exists

(λ1, ..., λm) = λ ∈ F (M(A,n) ∩ S(A,n)) \ F (SA) ∪ {(0, 0, ..., 0)}.

So there exists ϕ ∈M(A,n)∩S(A,n) such that F (ϕ) = λ and hence ϕn−1(ai) =

λi for i = 1, 2, ...,m. Next we define bi = an−1i −ϕn−1(ai)eA+ . If φ ∈M(A+)

and b̂i(φ) = 0, then φn−1(ai) = ϕn−1(ai) = λi. Since λ 6= (0, 0, ..., 0),
it follows that φ |A∈ MA ⊆ SA and λ ∈ F (SA), which contradicts λ ∈
F (M(A,n)) \ F (SA). Thus b̂1, ..., b̂m have no common zero on M(A+). Hence

by [9, 6.1.10] there exist c1, ..., cm ∈ A+ such that
m∑
i=1

cibi = eA+ .

Now consider the function ϕ+ : A+ → C, defined by ϕ+(x, λ) = ψϕ(x) + λ,
where ψϕ has been defined in Lemma 2.1. It is easy to see that ϕ+ ∈ SA+ and
b1, ..., bm ∈ kerϕ+, which is a contradiction. Finally, the equality F (SA) =
F (MA) follows by [9, Prop. 10.1.3]. �

3. Relations between n-Hom(Aα, B) and n-Hom(A,B)

In this section we first obtain a relationship between n-Hom(A,B) [M(A,n)]
and n-Hom(Aα, B) [M(Aα,n)], where B is a topological algebra, (Aα, ϕβα) is
an inductive system of topological algebras and A = lim−→Aα.

Theorem 3.1. Let B be a topological algebra and (Aα, ϕβα) be an inductive
system of topological algebras with respect to an index set I. If A = lim−→Aα,
then

n-Hom(A,B) = n-Hom(lim−→Aα, B) = lim←−n-Hom(Aα, B),

within a homeomorphism of the respective topological spaces.

Proof. By a similar argument as in [10, V, P. 152] we can get a projective
system of topological spaces (n-Hom(Aβ , B), Tαβ) from the inductive system
of topological spaces (Aα, ϕβα), where Tαβ is defined as follow:
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Tαβ : n-Hom(Aβ , B)→ n-Hom(Aα, B)
Tαβ(h) = h ◦ ϕβα,

for α ≤ β. Suppose that φα : Aα → A are the canonical continuous maps.
We define a map

gα : n-Hom(A,B)→ n-Hom(Aα, B)
gα(h) = h ◦ φα,

for α ∈ I. It is easy to see that, φβ ◦ ϕβα = φα for every α ≤ β in I. Thus

Tαβ(gβ(h)) = Tαβ(h ◦ φβ) = h ◦ φβ ◦ ϕβα = h ◦ φα = gα(h),

for every h ∈ n-Hom(A,B) and α ≤ β in I. Hence

{gα(h)}α∈I ∈ lim←−n−Hom(Aα, B)

for every h ∈ n−Hom(A,B). Now we define the map

G : n-Hom(A,B)→ lim←−n-Hom(Aα, B)

G(h) = {gα(h)}α∈I ,

such that gα = pα ◦ G, where pα : lim←−n-Hom(Aα, B) → n-Hom(Aα, B) is

the corresponding canonical map for every α ∈ I. Let f, g ∈ n-Hom(A,B)
such that f 6= g. The relation A = lim−→Aα = ∪α∈Iφα(Aα) implies that

G(f) 6= G(g), i.e, G is one-to-one. For each {kα}α∈I ∈ lim←−n-Hom(Aα, B)

we define h ∈ n-Hom(A,B) by the relation kα = h ◦ φα for every α ∈ I.
Clearly, G(h) = {gα(h)}α∈I = {h ◦ φα}α∈I = {kα}α∈I and G is onto. Since
lim←−n-Hom(Aα, B) is endowed with the initial topology, defined by the maps
pα, for α ∈ I, we conclude that pα is continuous for all α ∈ I. Clearly gα and
consequently G are continuous for every α ∈ I.

Now to prove the continuity of the inverse map of G, let {fα}δα∈I =

{fδα}α∈I , δ ∈ K, be a net in lim←−n-Hom(Aα, B) converging to an element

{kα}α∈I in lim←−n-Hom(Aα, B). Then it follows that the net {fδα}δ∈K con-

verges to kα in n-Hom(Aα, B). Let G(hδ) = {fδα}α∈I for each δ ∈ K. If
x ∈ A = ∪α∈Iφα(Aα) then x = φα(xα) and hδ ◦ φα = fδα for some α ∈ I.
Consequently,

lim
δ
hδ(x) = lim

δ
hδ(φα(xα)) = lim

δ
fδα(xα) = kα(xα) = kα ◦ φ−1α (x),

such that

G(kα ◦ φ−1α ) = {gα(kα ◦ φ−1α )}α∈I = {kα ◦ φ−1α ◦ φα}α∈I = {kα}α∈I .

Therefore, the net {hδ}δ∈K converges to G−1({kα}α∈I) in n-Hom(A,B) and
hence the inverse map of G is continuous. �

Corollary 3.2. With the same hypothesis as in Theorem 3.1, if B = C then

M(A,n) ∪ {0} = M(lim−→Aα,n) ∪ {0} = lim←−M(Aα,n) ∪ {0},

within a homeomorphism of respective topological spaces.
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Theorem 3.3. Let (Aα, ϕβα) be an inductive system of topological algebras
with respect to a directed index set I. Let A = lim−→Aα and φα : Aα → A
be the canonical continuous map for every α ∈ I. Moreover, assume that
ϕβα(Aα) ∩ (Aβ\ ker(f)) 6= ∅ and φα(Aα) ∩ (A\ ker(g)) 6= ∅ for every f ∈
M(Aβ ,n), g ∈M(A,n) and all α, β ∈ I. Then

M(A,n) = lim←−M(Aα,n),

within a continuous bijection of respective topological spaces.

Proof. We define the maps Tαβ : M(Aβ ,n) →M(Aα,n) by Tαβ(hβ) = hβ ◦ϕβα,
for every α ≤ β in I. Then Tαβ is well defined, by the fact that

ϕβα(Aα) ∩ (Aβ\ ker(f)) 6= ∅.

It is easy to see that (M(Aβ ,n), Tαβ) is a projective system of topological
spaces. Now we define the map G : lim←−M(Aα,n) → M(A,n) by G({hα}) = h,
where hα = h ◦ φα, for every α ∈ I. The map G is, in fact, well defined by
the assumption φα(Aα) ∩ (A\ ker(g)) 6= ∅ and considering the relation

Tαβ(hβ) = hβ ◦ ϕβα = (h ◦ φβ) ◦ ϕβα = h ◦ (φβ ◦ ϕβα) = h ◦ φα = hα.

Finally, by using a similar argument as in the proof of Theorem 3.1 we can
show that G is a continuous bijection map. �

We now obtain a relation between M(A,n) and M(Aα,n), where (Aα, ϕαβ)
is a projective system of topological algebras and A = lim←−Aα. We first bring
the following lemmas, which are easy to prove.

Lemma 3.4. Let (Aα, ϕαβ) be a projective system of topological algebras with
respect to a directed index set I. If for every α ≤ β in I, ϕαβ : Aβ → Aα has
dense range, then (M(Aα,n), Tβα) is an inductive system of topological spaces,
where the map Tβα : M(Aα,n) → M(Aβ ,n) is defined by Tβα(hα) = hα ◦ ϕαβ
for α ≤ β in I.

Proof. Since hα is a continuous n-character and ϕαβ is a continuous homo-
morphism, Tβα is a well defined continuous map for every α ≤ β in I. It is
easy to see that the other properties of an inductive system of topological
spaces hold for (M(Aα,n), Tβα). �

Let (Aα, ϕαβ) be a projective system of topological algebras with respect
to a directed index set I. If for every α ≤ β in I, ϕαβ has dense range and the
canonical map φα : A = lim←−Aα → Aα has also dense rage for every α ∈ I,

then the system (Aα, ϕαβ) is a strictly dense projective system of topological
algebras and A = lim←−Aα is the strictly dense projective limit of topological
algebras.

Lemma 3.5. If (A, {pα}) is a complete lmc algebra, then A = lim←−Aα is a
strictly dense projective limit of Banach algebras, where Aα is the completion
of A/ ker pα.
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Proof. Let (A, {pα}) be a complete lmc algebra. By [10, III, Theorem 3.1]
A is a projective limit of the net of Banach algebras {Aα}α∈I , where Aα is
the completion of A/ ker pα for every α ∈ I. Moreover, by [10, p.176], the
canonical map φα : A = lim←−Aα → Aα has dense range for every α in I, and
hence A = lim←−Aα is a strictly dense projective limit of Banach algebras. �

We now bring a known result and then extend it to the n-characters.

Theorem 3.6. [14, p. 139, 4.4] Let (Aα, ϕαβ) be a projective system of lo-
cally convex spaces and A = lim←−Aα such that the canonical map φα : A =
lim←−Aα → Aα has dense range for every α in the directed set I. Then the dual

A′, with the weak* topology (c.f. [14, p. 131, 3.2]), can be identified with the
inductive limit of the family (A′α, ϕ

′
βα), where ϕ′βα is the adjoint mapping of

ϕαβ, for every α ≤ β in I.

Theorem 3.7. Let (Aα, ϕαβ) be a strictly dense projective system of topo-
logical algebras with respect to a directed index set I. If A = lim←−Aα, then
there exists a continuous injection of lim−→M(Aα,n) to M(A,n). If Aα has con-
tinuous multiplication for every α ∈ I, then lim−→M(Aα,n) = M(A,n), within a
continuous bijection of respective topological spaces.

Proof. By the hypotheses and Theorem 3.6 we have

A′ = lim−→A′α = ∪α∈Iφ′α(A′α),

where the canonical map φ′α : A′α → A′ is defined by φ′α(hα) = hα ◦φα. Note
that φα : A = lim←−Aα → Aα is the canonical map for every α ∈ I. Clearly

the restriction of φ′α to M(Aα,n) yields a continuous map φ′α|M(Aα,n)
:= Sα :

M(Aα,n) →M(A,n). Now we define a map G : lim−→M(Aα,n) →M(A,n) such that
Sα = G ◦ Tα, where Tα : M(Aα,n) → lim−→M(Aα,n) is the canonical continuous
map for every α ∈ I. Then G is a continuous map by the continuity of Sα
and Tα for every α ∈ I. Now we show that G is one to one. Suppose that
h1, h2 ∈ lim−→M(Aα,n) such that G(h1) = G(h2). By [10, IV, Lemma 1.1] there

exist α ∈ I and hα, h
′
α ∈ M(Aα,n) such that h1 = Tα(hα) and h2 = Tα(h

′

α).
Hence for every x = {xα} ∈ A we have

hα(xα) = hα ◦ φα(x) = Sα(hα)(x) = G(h1)(x) = G(h2)(x)

= Sα(h
′

α)(x) = h
′

α ◦ φα(x) = h
′

α(xα).

The last relation yields hα = h
′

α on φα(A). Since φα has dense range, by the

continuity of φα one gets hα = h
′

α on φα(A) = Aα. Therefore, G is one to one.
If Aα has continuous multiplication for every α in I, then we show that G is
onto. Since A′ = lim−→A′α = ∪α∈Iφ′α(A′α), for every element h ∈ M(A,n) ⊆ A

′

there exists h
′ ∈ A′

α for some α such that h = Sα(h
′
) = h

′ ◦ φα. Therefore,

h
′

is certainly non-zero n-multiplicative on φα(A) ⊆ Aα, and hence h
′ ∈

M(φα(A),n). By the continuity of φα and multiplication of Aα we can extend

it uniquely to an element h′ ∈M(Aα,n). If h
′′

= Tα(h′) ∈ lim−→M(Aα,n) then

h = Sα(h
′
) = h

′
◦ φα = h′ ◦ φα = Sα(h′) = G ◦ Tα(h′) = G(h

′′
).
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Thus G is an onto map and so it is a bijection between lim−→M(Aα,n) and
M(A,n). �

Corollary 3.8. If (A, {pα}) is a complete lmc algebra, then

lim−→M(Aα,n) = M(A,n),

within a continuous bijection of respective topological spaces, where Aα is the
completion of A/ ker pα.
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