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Abstract. In this paper, the Riemann problem with delta initial data for the one di-
mensional transport equations is studied. The global existence of generalized solutions are
obtained constructively by using generalized Rankine-Hugoniot conditions and the entropy
condition. Moreover, a new kind of nonclassical wave appears, namely a delta contact
discontinuity, which is a Dirac delta function supported on a contact discontinuity. Fur-
thermore, it can be found that the generalized solutions are stable by making use of the
perturbation of the initial data.

1. Introduction:

The 1-D transport equations can be expressed as{
ρt + (ρu)x = 0,

(ρu)t + (ρu2)x = 0,
(1.1)

where ρ and u, respectively, stand for the density and the velocity of the gas. We also call

the system (1.1) zero-pressure gas dynamics. It can be derived from zero-pressure isentropic

gas dynamics [1]. The system (1.1) is referred to as the adhesion particle dynamics system to

describe the motion process of free particles sticking under collision in the low temperature

and the information of large-scale structure in the universe [16, 17]. We can also obtain the

system from the flux-splitting numerical schemes [2, 11].

For the Riemann problem of (1.1), it is not difficult to see that the delta shock and vacuum

do occur, see [22]. For more study of transport equations, we refer to [10, 26, 27, 28, 30]. In

order to deal with the interaction of delta shock with the vacuum states, we adopt the idea

proposed by Liu and Smoller [12] when they considered the vacuum problem for isentropic

gas dynamic equations, and then approximate them by a set of small non-admissible shocks

like as the front tracking algorithm [3]. The same method has been used in [19, 24]. As for

delta shock waves, we refer readers to [5, 6, 7, 8, 9, 10, 13, 14, 15, 18, 20, 21, 22, 25] and the

references cited therein for more details.
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In this paper, our main purpose is to investigate the Riemann problem with delta initial

data and possible interactions of delta shock waves and contact vacuum state for (1.1). It is

well recognized nowadays that the interactions of elementary waves play an strategic role of

building blocks for all fields of theory, numerics and applications. Thus, the perturbation of

Riemann initial data

(u, ρ)(x, 0) =


(u−, ρ−), x < −ε,
(u0, ω0/ε), −ε < x < ε,

(u+, ρ+), x > ε

(1.2)

where ε > 0 is sufficiently small, is firstly considered here. We constructively obtain the

solutions, global structure and large time-asymptotic behaviors of solutions for problem

(1.1)-(1.2). Moreover, a new kind of nonclassical wave is obtained, namely a delta contact

discontinuity, which is a Dirac delta function supported on a contact discontinuity and has

already appeared in the interaction process for the magnetohydrodynamics equations [15].

Let ε→ 0, under the stability theory of weak solutions, we obtain solutions for system (1.1)

with delta initial data

(u, ρ)(x, 0) =


(u−, ρ−), x < 0,

(u0, ω0δ), x = 0,

(u+, ρ+), x > 0,

(1.3)

where δ is the standard Dirac delta function. The global existence of generalized solutions for

problem (1.1) and (1.3) are obtained constructively by using generalized Rankine-Hugoniot

conditions and the entropy condition. Moreover, a new kind of nonclassical wave, namely

a delta contact discontinuity, appears too. Furthermore, if we let u0 = 0 and ω0 = 0, the

solution of (1.1) and (1.3) corresponds to the solutions of Riemann problem for (1.1). This

method have been used by Wang and Zhang [29] to study the Riemann problem with delta

initial data for the 1-D Chaplygin gas equations. Recently, there have some results on initial

data contain Dirac delta function. See [16, 31].

This paper is organized as follows. In section 2, we present some preliminary knowledge

for the system (1.1) and display the Riemann solutions of (1.1) with constant initial data.

In section 3, we firstly construct the solutions of (1.1) and (1.2) case by case. Then letting

ε→ 0, we obtain the generalized solutions of (1.1) and (1.3).

2. Preliminaries

In this section, we review the Riemann solutions of transport equations (1.1) with initial

data

(u(x, 0), ρ(x, 0)) = (u±, ρ±),±x > 0, (2.1)

where ρ± > 0, the detailed study of which can be found in [22]. For more details about the

Riemann problem for hyperbolic conservation laws, see [4, 23].

The transport equations (1.1) have a double eigenvalue λ = u with only one corresponding

right eigenvector r = (1, 0)>. By simple calculation, we obtain ∇λ · r = 0. Thus the system

(1.1) is linearly degenerate.
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Given two constant states (u±, ρ±), we can constructively obtain the Riemann solutions

of (1.1) and (2.1) containing contact discontinuities, vacuum or delta shock wave.

For the case u− < u+, the solutions can be expressed as

(u, ρ)(x, t) =


(u−, ρ−), x ≤ u−t,

(ξ, 0), u−t ≤ x ≤ u+t,

(u+, ρ+), x ≥ u+t.

(2.2)

For the case u− = u+, we connect the constant (u±, ρ±) by contact discontinuity.

For the case u− > u+, a solution containing a weighted δ-measure supported on a line will

be constructed to connect the constant (u±, ρ±). Consider a piecewise smooth solution of

(1.1) in the form

(u, ρ)(t, x) =


(u−, ρ−), x < uδt,

(uδ, ω(t)δ(x− uδt)), x = uδt,

(u+, ρ+), x > uδt,

(2.3)

where ω(t) and uδ are weight and velocity of Dirac delta wave respectively, satisfying the

generalized Rankine-Hugoniot conditions
dω(t)

dt
= uδ[ρ]− [ρu],

dω(t)uδ
dt

= uδ[ρu]− [ρu2],

(2.4)

with initial data ω(0) = 0, where [ρ] = ρ+ − ρ−. By simple calculation, we obtain

ω(t) =
√
ρ−ρ+(u− − u+) t, (2.5)

uδ =

√
ρ+u+ +

√
ρ−u−√

ρ+ +
√
ρ−

. (2.6)

We also can justify the delta shock wave satisfies the entropy condition:

u+ < uδ < u−, (2.7)

which means that all the characteristics on both sides of the delta shock are incoming.

Thus, we have obtained the solutions of the 1-D Riemann problem for transport equations.

3. Interactions of delta shock waves and contact discontinuity

In this section, we first consider the three pieces constant initial data (1.1)-(1.2) and

obtain the solutions constructively. Then letting ε → 0, we get the solution of (1.1) and

(1.3) under the stability theory of weak solutions. In order to cover all the cases completely,

our discussion should be divided into four cases. According to the different combinations

from (−ε, 0) and (ε, 0), the four cases can be expressed as

(1) u− < u0 < u+, (2) u0 < u− < u+(u− < u+ < u0),

(3) u0 < u+ < u−(u+ < u0 < u−), (4) u+ < u0 < u−.

Case 1: u− < u0 < u+.
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In this case, when t is small enough, the solution of the initial value problem (1.1) and

(1.2) can be expressed briefly as follows (see Fig. 3.1.):

(u−, ρ−) + J− + V ac+ J0
1 + (u0,

ω0

ε
) + J0

2 + V ac+ J+ + (u+, ρ+),

where“+” means “followed by”. The propagation speed of the J0
1 and J0

2 are u0. Thus we

see that the J0
1 can not overtake J0

2 at a finite time. So far, the solutions of (1.1) and (1.2)

have been constructed completely. Letting ε→ 0, we obtain a solution of (1.1) and (1.3) as

follows, see Fig. 3.1.,

(u−, ρ−) + J− + V ac+ δJ + V ac+ J+ + (u+, ρ+),

where the propagation speed of the δJ is u0. Note that a new kind of nonclassical wave

δJ , namely a delta contact discontinuity, which is a Dirac delta function supported on a

contact discontinuity appears. So we introduce the delta contact discontinuity as in [15, 20],

as follows.

Definition 3.1. Let Ω be a region where u is a continuous function and the curve Γ in

Ω of slope λ = u. A pair of distributions (u, ρ) ∈ C(Ω) × D′(Ω) is called a delta contact

discontinuity, if u is a weak solution of the equations (1.1) and ρ is a sum of locally integrable

function on Ω and a delta function on Γ which solves the equations (1.1) in the sense of

distribution.

If u0 = 0 and ω0 = 0, it is easy to see that the solution of (1.1) and (1.3) is consistent

with the Riemann solutions of (1.1) and (2.1), which implies that the solution constructed

here is stable under some perturbations.

Case 2: u0 < u− < u+ (If u− < u+ < u0, then the structure of the solution is similar.)

In this case, when t is small enough, the solution of the initial value problem (1.1) and

(1.2) can be expressed briefly as follows (see Fig. 3.2.):

(u−, ρ−) + δS1 + (u0,
ω0

ε
) + J0 + V ac+ J+ + (u+, ρ+).
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The propagating speed of δS1 is uδ1 which satisfies

uδ1 =

√
ω0

ε
u0 +

√
ρ−u−√

ω0

ε
+
√
ρ−

, u0 < uδ1 < u−.

The propagating speed of J0 is u0. Thus, it is easy to see that δS1 and J0 will meet at a

finite time. The interaction point (x1, t1) is determined by{
x1 + ε = uδ1t1,

x1 − ε = u0t1,
(3.1)

which gives

(x1, t1) = (
2u0ε

uδ1 − u0

+ ε,
2ε

uδ1 − u0

) (3.2)

Now at the time t = t1, we again have a Riemann problem with initial data

(u, ρ)(x, t1) =

{
(u−, ρ−), x < x1

(u, 0), x > x1,
(3.3)

where u satisfies u0 ≤ u ≤ u+, which is resolved by delta contact discontinuity δJ . Notice

that the right-side hand of δJ is vacuum state, we now turn our attention to the interaction

of delta contact discontinuity and vacuum. The generalized Rankine-Hugoniot conditions

can be detailed by 

dx(t)

dt
= uδ2,

dω(t)

dt
= −uδ2ρ− + ρ−u−,

dω(t)uδ2
dt

= −uδ2ρ−u− + ρ−u
2
−.

(3.4)

From (3.4), we have uδ2 = u−. When t > t1, the wave δJ begins to penetrate the vacuum

with speed of propagation u−. The process of penetration are determined by{
dx

dt
= u−,

x− ε = ut,
(3.5)
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where u satisfies u0 ≤ u ≤ u+. Differentiate the second equation of (3.5) with respect to t,

we obtain
dx

dt
=
du

dt
t+ u. (3.6)

From (3.5) and (3.6), we obtain
du

dt
t+ u = u−. (3.7)

Integrate (3.7), we have
u− − u0

u− u−
=

t

t1
. (3.8)

From (3.8), it is clear that t→∞ as u→ u−. Thus, the delta shock wave does not penetrate

vacuum completely. In brief, when t→∞, the solutions can be expressed as

(u−, ρ−) + δJ + V ac+ J+ + (u+, ρ+).

So far, the solutions of (1.1) and (1.2) have been constructed completely. Letting ε → 0,

from (3.2), we know that (x1, t1) tends to (0, 0). So we obtain a solutions of (1.1) and (1.3)

as follows, see Fig. 3.2.,

(u−, ρ−) + δS + V ac+ J+ + (u+, ρ+).

Now, we prove that the solution is reasonable. Integrate (3.4) from 0 to t with initial data

(x, ω, uδ2) = (0, ω0, u0), (3.9)

we obtain {
ω − ω0 = −ρ−x+ ρ−u−t,

ωuδ = −ρ−u−x+ ρ−u
2
−t.

(3.10)

From (3.10), we get

ω0u0 − ω0uδ = −ρ−uδx+ ρ−u−uδt+ ρ−u−x− ρ−u−t, (3.11)

i.e.,
d

dt
{1

2
ρ−x2 − ρ−u−xt− ω0x +

1

2
ρ−u2

−t2 + ω0u0t} = 0. (3.12)

Integrate (3.12) from 0 to t, we have

1

2
ρ−x

2 − ρ−u−xt− ω0x+
1

2
ρ−u

2
−t

2 + ω0u0t = 0. (3.13)

Solving (3.13), we obtain

x(t) =
ω0 + ρ−u− − ω(t)

ρ−
, (3.14)

and

x(t) =
ω0 + ρ−u− + ω(t)

ρ−
, (3.15)

where

w(t) =
√
ω2

0 + 2ω0ρ−u−t− 2ω0ρ−u0t. (3.16)

Differentiate (3.14) and (3.15) with respect to t, we obtain

uδ(t) =
ρ−u− − dw

dt

ρ−
, (3.17)
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and

uδ(t) =
ρ−u− + dw

dt

ρ−
, (3.18)

where

dw

dt
=

ω0ρ−(u− − u0)√
ω0 + 2ω0ρ−u−t− 2ω0ρ−u0t

. (3.19)

It is easy to conclude that the solution of (3.17) satisfies entropy condition. We give up the

solutions of (3.15) and (3.18) for (3.18) does not satisfy the entropy condition.

From (3.17) and (3.19), we know that

lim
t→∞

uδ = u−. (3.20)

So the delta shock does not penetrate vacuum completely. It also means that δS converts

to δJ when t→∞.

Remark 1. From (3.14) and (3.16), if u0 = 0, ω0 = 0, then (x, ω, u) = (u−t, 0, u−).

This is consistent with the results to the Riemann problem (1.1) and (2.1). It implies that

the solution constructed here is stable under some perturbations.

Case 3: u0 < u+ < u− (If u+ < u0 < u−, then the structure of the solution is similar.)

In this case, when t is small enough, the solution of the initial value problem (1.1) and

(1.2) can be expressed briefly as follows (see Fig.3.3.):

(u−, ρ−) + δS1 + (u0,
ω0

ε
) + J0 + V ac+ J+ + (u+, ρ+).

It is easy to see that the interaction point (x1, t1) satisfies (3.2). The interaction point (x2, t2)

is determined by {
x2 − x1 = u−t2,

x2 − ε = u+t2,
(3.21)

which means that

(x2, t2) = (
(ε− x1)u+

u− − u+

+ ε,
ε− x1

u− − u+

), (3.22)

where x1 satisfies (3.2).

When t > t2, the solution can be expressed by

(u−, ρ−) + δS3 + (u+, ρ+).

So far, the solutions of (1.1) and (1.2) have been constructed completely. Letting ε → 0,

we obtain a solution of (1.1) and (1.3), see Fig. 3.3. When t is small,the solution can be

expressed by

(u−, ρ−) + δS + V ac+ J+ + (u+, ρ+).
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Notice that the right hand of δJ is vacuum state, we turn our attention to the interaction

of delta shock and vacuum. The generalized Rankine-Hugoniot conditions can be detailed

by 

dx(t)

dt
= uδ,

dω(t)

dt
= −uδρ− + ρ−u−,

dω(t)uδ
dt

= −uδρ−u− + ρ−u
2
−.

(3.23)

From (3.23), like the case 2, we can obtain (3.17) and (3.19). It is easy to see that the delta

shock will interact J+ at a finite time t∗. From (3.17), it is clear that δS will meet J+ at a

finite time t = t∗. Now at the time t = t∗, we have a Riemann problem with initial data

(u, ρ)(x, t1) =

{
(u−, ρ−), x < x∗

(u+, ρ+), x > x∗.
(3.24)

when t > t∗, the solution can be expressed

(u−, ρ−) + δS + (u+, ρ+).

If u0 = 0, ω0 = 0, the solution of this case is consistent with the results to the Riemann

problem (1.1) and (2.1). It implies that the solution constructed here is stable under some

perturbations.

Case 4: u+ < u0 < u−.

In this case, when t is small enough, the solution of the initial value problem (1.1) and

(1.3) can be expressed briefly as follows (see Fig. 3.4.):

(u−, ρ−) + δS1 + (u0,
ω0

ε
) + δS2 + (u+, ρ+),

The propagation speed of the wave δS1 is uδ1, satisfying u0 < uδ1 < u−. The propagation

speed of the wave δS2 is uδ2, satisfying u+ < uδ2 < u0. Thus we see that the δS1 will overtake
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δS2 at a finite time. The interaction point (x1, t1) is determined by{
x1 + ε = uδ1t1,

x1 − ε = uδ2t1,
(3.25)

which means that

(x1, t1) = (
2uδ1ε

uδ1 − uδ2
− ε, 2ε

uδ1 − uδ2
). (3.26)

At the time t = t1, we again have a Riemann problem with initial data

(u, ρ)(x, t1) =

{
(u−, ρ−), x < x1,

(u+, ρ+), x > x1,
(3.27)

which is resolved by a new delta shock wave δS3 (See Fig. 3.4.). Letting ε→ 0, we obtain a

solutions of (1.1) and (1.3), see Fig. 3.4.

Now, we prove that solution is reasonable. The solution

(u, ρ)(x, t1) =


(u−, ρ−), x < x(t),

(uδ, ω(t)δ(x− x(t))), x = x(t),

(u+, ρ+), x > x(t),

(3.28)

satisfies the generalized Rankine-Hugoniot conditions:

dx(t)

dt
= uδ,

dω(t)

dt
= uδ[ρ]− [ρu],

dω(t)uδ
dt

= uδ[ρu]− [ρu],

(3.29)

where [ρ] = ρ+ − ρ−, with initial data (3.9). Like case 2, we obtain{
x(t) = 1

2
(u− + u+)t, [ρ] = 0,

x(t) = −ω0+[ρu]t+ω(t)
[ρ]

[ρ] 6= 0,
(3.30)
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where

w(t) =
√

(ω0 − [ρu]t)2 − [ρ]([ρu2]t2 − ω0u0t). (3.31)

From (3.30), we know that

lim
t→∞

uδ =

{ 1
2
(u− + u+), [ρ] = 0,
√
ρ+u++

√
ρ−u−√

ρ++
√
ρ−

, [ρ] 6= 0.
(3.32)

So we have

u+ < lim
t→∞

uδ < u−.

Remark 2. From (3.30) and (3.31), if u0 = 0, ω0 = 0, then

(x, uδ, ω)(t) =

 (1
2
(u− + u+)t, 1

2
(u− + u+), (ρ−u− − ρ+u+)t), [ρ] = 0,

(
√
ρ+u++

√
ρ−u−√

ρ++
√
ρ−

t,
√
ρ+u++

√
ρ−u−√

ρ++
√
ρ−

,
√
ρ+ρ−(u− − u+)t), [ρ] 6= 0.

This is consistent with the results to the Riemann problem (1.1) and (2.1). It implies that

the solution constructed here is stable under some perturbations.

So far, we have finished the discussion for all kinds of interactions. The global solutions for

the perturbed initial value problem (1.1)-(1.2) have been constructed completely. Moreover

we obtain the solutions of (1.1) and (1.3) by letting ε → 0 for the solutions of (1.1)-(1.2).

We summarize our results in the following.

Theorem 3.2. The solutions of (1.1) and (1.3) can be obtained by letting ε → 0 for the

solutions of (1.1)-(1.2). If letting (ω0, u0) = (0, 0), the solutions of (1.1) and (1.3) are

exactly corresponding to the solutions of Riemann problem (1.1) and (2.1). It implies that

the solution constructed here is stable under some perturbations.
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