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Abstract. Recognizing the deficiency that C. Guenther’s arguments can
not solve the stability of Ricci flows because of the Ricci flow equation
being not strictly parabolic, our previous paper first studied the stability
of Ricci flows based on Killing conditions. In this paper, we consider
the stability of Ricci flows, and of quasi-Ricci flows based on bounded
curvature conditions, and also obtain some interesting results.
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1 Introduction

It is interesting to investigate the stability of Ricci flows. The study of Ricci flows
has been an active field over the past several decades. It is well known that, in the
early days of 1983, R. Hamilton [12], drawing inspiration from the work by J. Eells
Jr and J. H. Sampson [9], introduced the celebrated Ricci flows as follows

(1.1) o9 =~2Relg], 9(0) = g
A fundamental and difficult problem in differential geometry is to find a standard
metric satisfying some prescribed conditions over a Riemannian manifold. For in-
stance, concerning the celebrated Yamabe problem [20], it is essential to find a metric
with a constant scalar curvature; and for the constant Ricci curvature, one needs to
solve an Einstein equation. The study of Ricci flows, in general, is exactly to find
a standard metric satisfying the given conditions, and to solve Ricci equation. The
typical problem related to Ricci flows is the following short-time existence theorem:
Given a compact and smooth Riemannian manifold (M™, go), there exists a unique
smooth solution g(t) defined on a short-time-interval such that g(0) = go.
It is natural to ask that in which case the long-time existence theorem of Ricci
flows is tenable and the solution converges to a constant curvature metric. The
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usual cases in this respect are those with positive curvatures. Moreover, the study
of the singularity [18] of solutions to Ricci flows and the estimation [24] of geometric
invariants associated with different pinch-conditions have achieved relatively profound
and sufficient development.

There are many interesting results related to Ricci flows [4], [11]-[16] since Ricci
flows were introduced by R. Hamilton. However, there are many important and
interesting problems being open. Anyone of them is the stability problem of Ricci
flows. These questions can be written as follows.

Let the solution g(t) of Ricci flows with initial value go converge, and gy belong to
a neighborhood of go, then, is it true that the solution G(t) of Ricci flows with initial
value go converges ?

In [24], Ye studied the stability of Ricci flows with a metric of constant non-zero
sectional curvature and he replaced the original Ricci flows by the value-normalized
Ricci flows

%g = —2Rc[g] + %(% Rdp)g, g(0) = go

where § Rdu = I flzullf .

Ye also derived that there exists a C?—neighborhood N (gg) of go such that, for
any go € N (go), the solution of Ricci flows g(t) corresponding to gg converges to go if
go is a Riemannian-Pinched Einstein metric with non-zero scalar curvature. For the
stability of Ricci flows of the flat metric, he has not obtained a solution. Following
on the heels of Ye’s work, C. Guenther etc [10] first introduced center manifolds [6]
and maximal regularity theory [17, 21] and derived the stability of Ricci (DeTurck)
flows in constant curvature spaces. The maximal regularity theory says that if A is
a suitable quasi-linear differential operator acting on an appropriate function space,
and if its linearization DA at a fixed point has an eigenvalue on the imaginary axis,
then the evolution of solutions starting near that fixed point can be described by the
presence of exponentially attractive center manifolds.

Since the Ricci flow evolution equation (1.1) is not a strictly parabolic system,
the maximal regularity theory can not be applied directly to it. It is known that a
strictly parabolic evolution equation, i.e., the DeTurck [7] equation,

a J—
at? =
can replace the Ricci flow equation. In fact, the solution of (1.2) is equivalent to that
of (1.1) up to a simple parameter diffeomorphic transform group. Hence, one can
study the stability of convergent Ricci flows by virtue of the stability of convergent
DeTurck flows.

C. Guenther [10] studied the stability of Ricci flows corresponding to initial value
metric with non-zero constant curvature, but in this setting the DeTurck flow does
not satisfy maximal regularity theory: no matter what u takes, any stable solution to
this equation does not exist. Thus, we will consider the normalized DeTurck equation
as follows

(1.3 550 = ~2Belg) — Pulg) + 2 (f Rawg. 9(0) =

(1.2) —2Rc[g] — Pu(g), 9(0) =go

In fact, in this setting, u = go is a stable solution of (1.3).
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Since a Riemannian manifold of quasi-constant curvatures is the special quasi-
Einstein space [26, 27], we generalized naturally the problem (1.2) to the quasi-
constant curvature manifold, i.e., we will consider the quasi-DeTurck flows [3] as
follows

0 9 R-T nT

(149)  gg=-2Relg] - Pulg) + 20— g+ 2" —c@E 9(0) = g0

where £ is a unit vector field, and T is the Ricci principal curvature corresponding to
¢. Notice that the stability here is different from the one that is posed in [28].

We know that the DeTurck flows, given by C. Guenther [10], are in fact obtained by
adding P, (g) to Ricci flows such that all the quadratic terms up to Laplace operator
vanishes, and thus they shared the same principal symbols with Laplace operator.

Motivated and inspired by the structure of DeTurck flows, in our previous paper
[25], we considered the stability of Ricci flows in terms of Killing conditions, but we
adopted the other arguments to derive similar interesting conclusions, this argument
successfully avoids DeTurck flows and makes consideration directly to Ricci flows.
In this paper [25], we studied the following problem and obtained some interesting
conclusions

(a) The stability of the solution of Ricci flows with Killing conditions in a constant
curvature space.

Moreover, for the quasi-Ricci flows [3]

0 R-T nT — R
(1.5) 59 = “2Relgl +2-—Fg+2——-E@¢& 9(0) =90

we also derived that

(b) The stability of the solution of quasi-Ricci flows with Killing conditions in a
quasi constant curvature space.

It is well known that the Killing condition is too strong, thus we wish to eliminate
this condition and replace it by curvature conditions. In other words, we study the
stability of Ricci flows and quasi-Ricci flows based on bounded curvature conditions,
and will get some interesting results.

The organization of this paper is as follows. In Section 2, we will recall some
necessary notations and give terminologies. Section 3 is devoted to the proofs of main
theorems. The main results are related to the stability of Ricci flows over a constant
curvature space and stability of quasi-Ricci flows over a quasi-constant curvature
space.

2 Preliminaries

For convenience, we first give some preparatory knowledge. Let M be a closed con-
nected smooth manifold, and denote by S3(M) the bundle of symmetric covariant
2-tensors over M, and by S5 (M) the subset of the positive definite tensors. In this
setting, a smooth Riemannian metric g is an element of C>°(S5"(M)). On the other
hand, we denote briefly by Sy = C°°(S2(M)) and S5 = C*(S5 (M)), and denote
also by SY = C>(S§(M)) the space of all metrics with the same volume element
given by g, and by S . C>(SY " (M)) the collection of positive definite tensors of
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C>(SY(M)). Denote by AP = AP(T* M) the p—form bundle on M, and denote by
P = C(AP) the differential p—form bundle.

Assume that D(M) is the smooth diffeomorphic group: (h,¢) — ¢*h acting on
SF, and it is easy to check that g is of Einstein if and only if ¢*g is of Einstein, where
¢ is a Riemannian metric on M and its volume form is du.

Define a map § = d, : So — Q' by

(2.1) §:hs 8h=—g9V,;hjpda”

whose formal adjoint under the L? inner product

(.,.)i/M<.7.>dM

is the map 6* = 4; : Q' — S, given by §* : w 1L,1g = 2 (Viwj + Vjw;)da' ® da?,
where w® is a vector field metrically isomorphic to w.
Define G : S;’ X 8o — Sz, by virtue of [7], as

1 ) )
(g’ u) = G(ga u) = (uij - igkluklgij)dxl (9] dx?

and P: Sy x Sf — S, as
(9:u) = P(g,u) = Pu(g) = =205 (u™"04(G(g, w)))

Thus, one can consider the following evolution equation (DeTurck equation)

0
(2.2) 59 = ~2Relgl = Pulg), 9(0) = g0
For the sake of convenience, we call A,(g)g = —2Rc[g] — P.(g) the DeTurck

operator, then, the formula (2.2) can be rewritten as

o9 =~2Rclg] ~ Pulg) = Aulg)g, (0) = o

It is well known that the DeTurck operator A, (g)g, in the local sense, can be written
as

2
_ ki a kl a kl
(.Au(g)g>” = G/(.’L', u, g)iqu 8xp3xq 9kl + b($7 u, 3u, g)sz (9:171’ gkl + C('T7 u, 8u)wgkla
where a(z,-,-),b(z,-, -, "), c(z,, ) are smooth functions with respect to x € M™, re-

spectively, and are analytic with respect to the remaining arguments.

On the other hand, the right hand of (2.2) and Laplacian operator have the same
symbol. It is easy to see that, for any u € S; , the equation (2.2) is strictly parabolic,
and its unique solution g provides a unique solution ¢; g of (1.1) with initial value go,
where the diffeomorphisms ¢, are generated by integrating the vector field

. o 1
VE= g”ujklgklgpq(vpuql - ivlupq)

Assume that (M, g) is a Riemannian manifold, and denote by A = ¢¥V,;V; the
Laplace operator. Let A; be the Licherowicz-Laplace operator such that A; : So — Ss
given by

Athji = Aihji + 2Rjpgih? — Rihy; — Rihyp,.
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Lemma 2.1 ([10]). Let g € S, h € Sz, and define H = tryh = ¢7'h;i, divhy, =
VPhyp. Let g = g+ €h, and denote by I', R, dji the Christoffel coefficient, curvature
tensor, volume element of g, respectively. Then, one arrives at

%ffj(g)\ezo = 29" (Vihji + Vjhy — Vihi;);
%Rlijk(g)‘e:o = %(vivkhé — ViVihjp — V;Viht + V; Vi,

+ R b — R™ichl));

%dﬂ(g”f:O = %Hdu;
L5 e=0 = —g"*glhy = —hid;
%(L:Xg)iﬂe:O = X*Vihij + hiViXE 4+ hjp Vi X

Let ©¢,01,Zp, =21 be the Banach spaces such that there holds!2!: Zo = R0t >
Op = AP D E; = h?T7 D O = h?TP, where 0 < 0 < p < 1, A" TP(r € N,p €
(0,1)) is the special little Holder space. Assume that || - ||,4, is the Hélder norm of
C"(M,S;). Taking 6 = £5% € (0,1), by using [2, 8, 22|, one gets O = (Zo,Z1)y and
01 = (E0,Z1)1+6-

Forthegiven0<e<<1and%§ﬁ<a<1,let

Gﬁ = GQ(U,E) = {g S (@0,@1)5 g > GU}, Gy = Ga(u,e) = Gﬂ n (607@1)(1

where g > eu implies that it holds g(X, X) > € for any X satisfying |X|? = 1.
Moreover, for any g € Gg, A,(g) can be regarded as a linear operator acting
on h?*t?. Denote by Az, (g9) : =1 € Zg — Zo the unbounded linear operator on
Zo, its dense domain D(Ag,(g9)) = Z;. Make corresponding changes and denote
by fl@l(g) : 1 € O9 — Op the unbounded linear operator whose dense domain
D(Ae,(g)) = ©1. At the same time, the functions g — Ag, (¢) and g — Az, (g) define
the analytic maps given by G, — L(01,0¢), Gg — L(Z1,Ep), where L(©1,00) is
the vector space of all bounded linear operators from ©; to ©y, and for any g € Gg,

A, (g) is the minimal generator of a strongly continuous analytic semigroup.

Theorem 2.1 ([10, 17, 21, 25]). Let ©1 C ©¢ be a continuous dense inclusion of
a Banach space. For a given 0 < 8 < a < 1, suppose that ©, and ©g are the
corresponding interpolation space. For the following equation

9 _
59~ A(g9)g, 9(0) = go

(2.3)
where A(-) € C*(Gg, L(©1,0y0)), and k is a positive integer, Gg C Op is an open
subset. Assume that there exist a pair Banach space Eg O E; and a prolongation
A(+) of A(+) to domain D(A(-)) that are dense in Zy. In addition, for any g € Go =
Gz N Oy, then there holds

- A(g) € L(E1,Ep) generates a strongly continuous semigroup on L(Eg,R) =
L(Zo); 3 3

- O = (EOaD<A(g)))97@1 = (EO’D(A(Q)))1+979 € (071); where (',')9 are the
continuous interpolations [8, 22]; -

- A(g) is identical to A(g) on D(A) C Op;



On stability of Ricci flows based on bounded curvatures 39

- By — ©g — Ey is a continuous dense inclusion and there exists ¢ > 0,9 € (0,1)
such that for any n € 21 there holds

= )
Inlle, < cllnllz;* Inllz,

Let § € G4 be a fixed point of (1.2) and the spectral decompositions™ 3 of
the linearization operator DA|, be of Y- = > U . where Y.  C {z : Rez < 0},
> ow C{z: Rez >0} and Y, NiR # &, then it holds

(1) If one denotes by S(A) the eigenspace of A € }__ , then ©, admits the decom-
position 0, = © & O for all o € [0,1], where O = & S(\);

AEY cu

(2) For any r € N, there exists d, > 0 such that for all d € (0,d,], there is
a bounded C" map ¢ = ¢} : B(O{“,§,d) — ©F with ¢(g) = 0 and Dy(g) = 0.
The image of ¢ lies in the closed ball B(©%,§,d), and its graph is a C" manifold

= {(v,p(7)) v € B(O§"),§,d} C O satisfying the following

Cu ~v cu
T!?Mloc = Y1

If ., C iR, we call M a local center manifold [6] and a local center unstable
manifold otherwise;

(3) There are constants C,, > 0 (« € (0,1)) independent of § and constant w > 0
and d € (0, do] such that for each d € (0,d], one arrives at

I7°9(t) — p(x*g(t))lle, < t?_aa e”“!Img(0) — (7 g(0))lle,,

for all solutions g(t) with g(0) € B(©,, §,d) and all times ¢ > 0 such that the solution
g(t) remains in B(O,, §,d), where 7°, 7" say the projections from B(©,, J,d) onto
0%, and ©", respectively.

3 Main theorems

We first state some necessary notations and terminologies in this subsections. In fact,
we know that for Ricci flows one can write down by virtue of Lemma 2.1 the following

1 . .
DRj; = 5(Ahji+ V,;ViH = Vjdivh; = Vidivh; + 2Rpig™ — Rjihl — RyhY),
then, one gets
—2[D(RC)]ji = Ahﬂ — Vin — Vin + Sji

where X; is of the 1-form defined by X; = ¢PIV,hy; — %Vj (g"h,,), and S;i —
2R;pqig"? — Rjihl — Ryhl.
Moreover, let V, W be two vector bundles over a manifold M™, and £ : C*(V) —

C*° (W) be a linear differential operator with order k. Denote by L(v) = Y. L,0%,
la| <k
where £, € hpm(V, W) is a bundle homomorphism for each multi-index a. If £ €

C>(T*M™), then we call o[L](§) = Y, Lo(I1;€%7) the total symbol of £ in the
la|<k
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direction £. We also call 6[L](§) = Y. Lo(I1;€%7) the principal symbol of £ in the
a|=k
direction &. “

A linear partial differential operator L is said to be elliptic if its principal symbol
&[L](€) is an isomorphism where £ # 0. A nonlinear operator L is said to be elliptic
if its linearization DL is elliptic.

In other words, one arrives at the following

[=2D(Re)](€)(h) = |]*R

This implies that the linearized Ricci flow in view of Killing 1-form is elliptic. In
this setting, we call A(g)g = —2Rc[g] + %(f Rdu)g the Ricci operator. The volume-
normalized Ricci flow [24] can be rewritten as

(3.1) %g = A(9)g, 9(0) = go

In the following subsection, we will also pay our attention to the linearization of
the Ricci operator.

Lemma 3.1. Assume that M™ is a compact manifold of constant curvature, then the
linearized Ricci operator A(g)g at go is as follows

2R
(3.2) [(DA(9)9)|gohlji = Ahji + 2R jpgi hP7 — 2 i ]{M Hdp+ (Lx:g)ji

where H = ¢g7"h;.

Proof. According to Definition and Lemma 2.1, one has

2 2
(DAL9)aoh = ~2DRely, + ~D(§ Rilgyg + =  Huh.

(=2DRclg,h)ji = Ahji = V(g™ Vphyi) = Vi(g"Vphyp;)
+V;iVi(g" hpg) + 26" R pjihrg — g7 Riphiqg — g™ Riphijq.
Since (M™, go) is of an Einstein manifold, we get
. 2R
(=2DRe|gh)ji = Ahji +2¢" R pjilrg — —=hji + (Lx19) -

%D(% Rdp)g = g[%(%(R— ?{Rd,u)H— < Re,h >)dulg = —%[}{ < Re,h > dulg.

n

Thus, we have

2R 2
(DAW(G)|goh)ji = Ahji+ 2R pgihpg — thi - 5[7{ < Re,h > dp)gji
2R
+ —hji+ (Lxsg);i
2R [y, Hdp
= Ahﬂ + 2ijqihpq — F[ﬁ}gy + (Exﬁg)ji.

n
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This ends the proof of Lemma 3.1. |

Notice that go is a stable point of (1.5) for Quasi-Constant curvature spaces [3, 24].
Then, we can state and derive the main conclusions in the next subsection.

Theorem 3.1. Let M™ be a compact manifold of constant curvatures, and |Rm| <

2A(A —1), where A = mf{%}, h is of a (0,2)-type tensor. © is of a closure of

SE(D Séﬁ) in the sense of || - |24, for a fized p € (0,1), then there holds the following

(1) TQOSS+ >~ © has a decomposition: TgOSéL+ =0° P O°;

(2) For each r € N, there exists a C"-center manifold M, . that is tangential to
©° in an neighborhood O, of go on © and is locally invariant for solutions of (3.1) as
long as they remain in O,;

(3) There exist positive constants C' and w, and neighborhoods O.. of go in © such
that

I7°3(6) — (7 G(E)llap < Ce[7°5(0) — p(x°5(0))ll2+,
for all solution g(t) of (3.1) and all times t > 0 such that g(t) € O..

Remark 3.1. Theorem 3.1 in [25] is a generalization of Theorem 3.1 in [3] with
symmetric conditions being replaced by Killing conditions. In [3], we considered the
stability of DeTurck flows, but the stability of Ricci flows here is studied here. On the
other hand, Theorem 3.1 in this paper is also a further generalization of Theorem 3.1
in [25] with Killing conditions being replaced by curvature conditions.

Proof. We take S = C>(S5(M)) as the space of all metrics with the same
volume element given by go. By [19], one knows that the elements in 82+ can be
changed into those in 8§ by using homothetic deformations and the tangent space
TS of 8§ consists of all zero-trace elements in So, then on T'Sy, there holds H = 0.
On the other hand, it is well known that g is a stable point of (3.1), then formula
(3.2) can be simplified as

0

gelii = Lhii = Ahji + 2Rjpgih®! — (Lxs9)ji
= Ahji + 2ijqihpq — Vin — Vin
Since
/ W' Rjpgih™ hijdp = / Rijpgig? 9" hum hjidp
Mn Mn
_ / R. hnhlmhﬂd,u
Mn
(3.3) < / AA — 1)humhyidp
< 2A(A = 1)( / h} d,u%/ ?idu)%

= 2AA = 1)||hllZ

By using the hypothesis and formula (3.3), it is not hard to see by a direct computation
that there holds the following

(Ch.h) < —2 / |Vh|2du+2A<A1>||h%2+2</M |Vh|2du>%</ hPdp)* <o,

n
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where h € 89 is of an non-zero element. Considering the operator £ acting on S, it
is not hard to see by virtue of [10] that Theorem 3.1 is tenable. O

Theorem 3.2. Assume that (M™, go) is a quasi-constant curvature space, ||Rm|| <

. Vh|?
FA(A — 1), where A = Hﬁf{ffMl\hP!

Ricci principal curvature T satisfies T > n — 1. For a fized p € (0,1), let © be a
closure of S§ in the sense of || - ||24p. Then it holds

(1) TgoSg+ = © has the following decomposition: TgoSg+ =0°¢ 0O°;

(2) There exists a constant dy > 0 such that for all d € (0,dy], there is a bounded
C™ map ¢ : B(O©%go,d) — ©O° satisfying ¥(go) = 0,D1(go) = 0, the image of
Y dependent on the closed ball B(©%,go,d) and its graph Mg, = {(v,%(y)) : v €
B(©°,go,d)} C ©1 satisfying T,, Mf . = O°;

(3) There are constants C > 0,w > 0 and d.. € (0,dy] such that for each d € (0,d,],
one arrives at

I7*g(t) = (x°g(t) 245 < Ce™ " [[7"5(0) — $(w°G(0))l|2+,

for all solutions §(t) of the quasi-Ricci flow (1.5) with §(0) € B(0, go,d) and all times
t > 0, where 7, ¢ denote the projections onto ©° O respectively.

}, € is a unit vector field and its corresponding

Remark 3.2. Similar to Remark 3.1, Theorem 3.2 can be regarded as a generalization
of Theorem 3.2 in [25] and of Theorem 3.1 in [3]. In this note, we use the curvature
conditions to replace the symmetry conditions of (0,2) tensors given in [3], and the
Killing conditions posed in [25] to consider the stability of Ricci flows not that of
DeTurck flows.

Proof. By a similar argument in [25], we now denote firstly by A(g)g of (1.5) at
go, and then consider the linearization of the right-hand (1.5), we have
0 R-T nlT — R

et = (D(Au(9))lgoh)ji = —2(DRelgy h)ji + 2D(——=95i + ——77€i&j)lgo-

and gets, by using Lemma 2.1 and [5], the following
DR|,, = —AH+VPVih,,— < h,Rc>;
DT,y = D(E¢Ry) =-m'& Ry —EmIRy; + ¢ DRy;
o o 1. .
= *mlijij — flmJRij + §flfj (V”Vihjp + V”thip — Ahu — VZ‘V]'H),

where m is of the variation of £&. Thus, by a direct computation similar to [3], we
know

R-T

QD(ﬁgij)bo n—1 (=AH + VPNV hypg— < h, Rc >)gi
2
+ ﬁ[mkflel +&"m! Ry
1
= S8 (VIVihiy + VPVihigy = Al = ViViH)lgi;
2

n—1
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and

T—-R DT DR
R = Gl - oo G+ —(nT — R)D(E)

2n 1
= —[—m’*‘&lel = &'m' Ry + S €8 (VI Vi + VP Vil

n—1
2§z§j

2D(

— Ahy — VleH)Kigj

(—AH + VPVh,,

—1
— < h,Re>)+ (nT R)D(&&;).

Since M is a quasi-constant curvature space, and by a direct computation, then we
have

—2[D(Re)(h)]ji = Ahji + 2Ripgih? — (Lx:9) i
2y — (UGG + ),

where X = X(g, h) is of 1-form defined as Xy, = gV hgr, — 5 V(g9 hyq).
From these formulae above and [25], then we obtain

0

Ehji = Ah]z + 2R’quj (‘CX“g)
2 R-T nlT — R
(3.4) + g CAH VIV hyg — o H = = hP880) (95 — &56i)
ghe!

+

— ( 2h + vakhlp + valhkp Ahy — VleH)(gji — nfjfl)

Adopting similar arguments in Theorem 3.1, we now take Sy = C'°(S5(M)) as
the space of all metrics with the same volume element given by go, and by [19], one
knows that the elements in 8; can be changed into those in 8§ by using homothetic
deformations, and the tangent space T'S4 of S5 consists of all trace-zero elements in
8. Then, on TSY, there holds H = 0. Thus, from (3.4), we arrive at

0 2 T — R
Shiy = = (VPV gy — T G695 — §i€5) — (Lxs)se
k¢l
+ ’/lg—fl (—Qhkl + Vkahlp + Vlehkp — Ahkl)(gij — nflfj)
2(R — 2T)
35 ML Rl ey s L
2(nT — R
i (n(—nl)(n—)2)(gij£p£thq = 9iq&p&ih™* — 9pi&i&qh"?)

Considering the acting on equation (3.5) with &% and &7, we have

D 2T
fzfj(&hij — 2Ah” — thj + mh” + vaihjp + Vijhl-p — (»CXﬁg)ji) = 0.
Since £ is of arbitrary, this implies that
0 2T - »
(36) ah” — 2Ah” — thj + 77’7/ — 1hij +V Vihjp +V thip — (ﬁxng)ji =0
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We compute attentively and simplify (3.6) as follows

0 2T

+9"P(R*iphjr + R jphir + RFijhiy + RFjihiy) +2(Lx:9) i

According to the proof of Theorem 3.1, it is not hard to derive that there holds

(Lh,h) < 2 Ah~hd,u+2/ (ki)hzdu
Mn n n — 1

+ 20(A = DRI + 419kl 2 ]2
T
< o[ V(TR = [VAIP) + 201 - ) AP
Mn n-
+ 20~ Al + 41VA bl
< -2 [ [VhPdu+ 204 - DRI
M’V‘L
T 2
+ 4IVAa bl — 2T = DIAIE <o,

where h € &9 is of a non-zero element. Considering the operator £ acting on S, it
is not hard to see by virtue of [10] that Theorem 3.2 is tenable. O

Acknowledgments The authors would like to thank Professors Li H., Sun Z.,
Song H. and Yang X. for their encouragement and guidance. This work was supported
by a Grant-in-Aid for Scientific Research from Foundation of Nanjing University of
Science and Technology (XKF09042, KN11008) and the Natural Science Foundations
of Province, China (10771102). The authors are grateful to the reviewer for his
comments and claims regarding the stability of the deviated Ricci flow, which will
play an important role in their forecoming research.

References

[1] M. Berger, D. Ebin, Some decompositions of the space of symmetric tensors on
a Riemannian manifold, J. Differential Geom., 3 (1969), 379-392.

[2] P. Butzer, H. Johnen, Lipschitz spaces on compact manifolds, J. Funct. Anal.,
7 (1971), 242-266.

[3] Q. H. Cai, P. B. Zhao, Stability of quasi-DeTurck flows in Riemannian manifolds
of quasi-constant sectional curvatures, Chinese Annals of Mathematics, Series
A 29,1 (2008), 97-106.

[4] H. D. Cao, Recent developments on the Ricci flow, Bull. Amer. Math. Soc. 31, 1
(1999), 59-74.

[5] B. Chow, D. Knopf, The Ricci flow: An introduction, American Mathematical
Society, 2005.

[6] G. Da Prato, A. Lunardi, Stability, instability and center manifold theorem for

fully nonlinear autonomous parabolic equations in Banach space, Arch. Rational
Mech. Anal., 101, 2 (1988), 115 -141.



On stability of Ricci flows based on bounded curvatures 45

)
8]
9]

[10]

11]

12)

13]

[14]

M. Deturck DE, Deforming metrics in the direction of their Ricci tensors, J.
Diff. Geom., 18 (1983), 157-162.

G. Dore, A. Favini, On the equivalence of certain interpolation methods, Boll.
Un. Mat. Ital., 4, B (7) (1984), 1227-1238.

J. Eells Jr, J. H. Sampson, Harmonic mappings of Riemannian manifolds, Amer.
J. Math., 64 (1964), 109-160.

C. Guenther, J. Isenberg and D. Knopf, Stability of the Ricci flow at Ricci-flat
metrics, Comm. Anal. Geom., 10 (2002), 741-777.

R. Hamilton, The inverse function theorem of Nash and Moser, Bull. Amer.
Math. Soc. (N.S.), 7,1 (1982), 65-222.

R. Hamilton, Three manifolds with positive Ricci curvature, J. Differential
Geom., 18 (1983), 255-306.

R. Hamilton, Four manifolds with positive Ricci curvature, J. Differential Geom.,
24 (1986), 153-179.

R. Hamilton, The Ricci flow on surfaces, mathematics and general relativity
(Santa Cruz, CA, 1986), Contemp. Math., 71, Amer. Math. Soc. Providence,
1988, 237-262.

R. Hamilton, The formation of singularities in the Ricci flow, Surveys in Differ-
ential Geometry., 2 (1995), 7-136.

R. Hamilton, Non-singular solutions of the Ricci flow on three-manifolds, Comm.
Anal. Geom., 7,4 (1999), 695-729

D. Henry, Geometric theorem of semilinear parabolic equations, Springer Verlag,
Berlin, 1981

J. Isenberg, M. Jackson, Ricci flows of locally homogeneous geometries on closed
manifolds, J. Diff. Geom., 35 (1992), 723-741

J. Moser, On the volume element of a manifold, Trans. Amer. Math. Soc., 120
(1965), 286-294.

R. Schoen, Conformal definition of a Riemannian to constant scalar curvature,
J. Diff. Geom., 20 (1984), 479-495.

G. Simonett, Center manifolds for quasilinear reaction-diffusion systems, Dif-
ferential Integral Equations, 8,4 (1995), 753-796.

H. Triebel, Interpolation theory, function spaces, differential operators, Johann
Ambro. BarthVerlag Heidelberg, 1995.

K. Yano, Differential geometry on complex and almost complex spaces, Perfamon
Press Let, 1965

R. Ye, Ricci flows, Einstein metrics and space forms, Trans. Amer. Math. Soc.,
1993 (2), 871-896.

P. B. Zhao, Q. H. Cai, Stability of Ricci flows based on Killing conditions, J. of
the Korean Math. Soc., 46, 6 (2009), 1193-1206.

P. B. Zhao, H. Z. Song, Quasi-Finstein hypersurfaces in a hyperbolic space, Chi-
nese Quarterly J. of Mathematics, 13, 2 (1998), 49-52.

P. B. Zhao, X. P. Yang, On quasi Finstein field equations, Northeast Math. J.,
21, 4 (2005), 411-420.

P. B. Zhao, X. P. Yang, On stationary hypersurfaces in FEuclidean spaces, Acta
Mathematica Scientia, Series B, 26, 2 (2006), 349-357.



46

Authors’ addresses:

Qihui Cai

Department of Applied Mathematics,

Nanjing University of Science and Technology,
Nanjing, 210094, P.R. China.

E-mail: c-gada@126.com,

Peibiao Zhao

Department of Applied Mathematics,

Nanjing University of Science and Technology,
Nanjing, 210094, P.R. China.

E-mail: pbzhao@mail.njust.edu.cn

Qihui Cai and Peibiao Zhao



