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Abstract. The notion of holomorphic bi-flag curvature for a complex
Finsler space (M, F) is defined with respect to the Chern complex linear
connection on the pull-back tangent bundle. By means of holomorphic
curvature and holomorphic flag curvature of a complex Finsler space, a
special approach is devoted to obtain the characterizations of the holo-
morphic bi-flag curvature. For the class of generalized Einstein complex
Finsler spaces some results concerning the holomorphic bi-flag curvature
are obtained.
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1 Introduction

In complex Finsler geometry, it is systematically used the notion of holomorphic
curvature in n direction, briefly holomorphic curvature, [1]. In the previous papers,
[3, 4], we initiated the study of holomorphic curvature of a complex Finsler spaces
with respect to the Chern complex linear connection, in brief Chern (c.l.c), as a
connection in the holomorphic pull-back tangent bundle 7*(T'M). Our goal was to
determine the conditions in which a complex Finsler metric has constant holomorphic
curvature. With this we marked out a special class of complex Finsler spaces which
we called generalized Einstein, (g.F.), for which the question has a favorable answer.
In another paper, [5], we gave a generalization of the holomorphic curvature of the
complex Finsler spaces named by us holomorphic flag curvature.

Our purpose is to obtain a generalization of the holomorphic flag curvature of
a complex Finsler space. The second section of the present paper is devoted to the
notion of the holomorphic bi-flag for such a space. We determine the link between
the holomorphic bi-flag curvature and the holomorphic flag curvature, (Proposition
2.3). We prove a necessary and sufficient condition that a complex Finsler space has
constant holomorphic bi-flag curvature, (Proposition 2.4). In §3 a special approach is
dedicated to the holomorphic bi-flag curvature of the (g.E.) complex Finsler spaces.
First, for the (g.E.) spaces we find the expression of the holomorphic bi-flag curva-
ture by means of holomorphic curvature (Theorem 3.1). The obtained information is
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used to establish some inequalities between the three kinds of curvature (holomor-
phic curvature, holomorphic flag curvature and holomorphic bi-flag curvature) of a
Kéhler complex Finsler space (g.E.) with nonzero constant holomorphic curvature,
(Propositions 3.2 - 3.7).

In the present section we setting the basic notions which are needed; for more
information see [1, 10, 3, 4, 5].

Let M be a complex manifold, dimg M = n, and T’M the holomorphic tangent
bundle in which as a complex manifold the local coordinates will be denoted by
(2%, n*). The complexified tangent bundle of T'M is decomposed in To(T'M) =
T(T'M)e® T"(T'M).

Considering the restriction of the projection to TM = T'M \ {0}, for pulling
the holomorphic tangent bundle 7'M back, we obtain a holomorphic tangent bundle
7 (T'M) — T'M, called the pull-back tangent bundle over the slit TM. We
denote by {a%k*’ %*}7 and by {dz*k, c&*k} the local frame and its dual.

Let V(T'M) = ker m,, C T'(T' M) be the vertical bundle, spanned locally by {a%k}'
A complex nonlinear connection, briefly (c.n.c.), determines a supplementary complex
subbundle to V(T'M) in T'(T"M), i.e. T'(T'M) = H(T'M) ® V(T'M). The adapted

- . .

frames of the (c.n.c.) is 525 = 32 — N,ga%j, where N{(z,n) are.the coeflicients of
t.he (c.n.c.). Further on we shall use the abbreviations §; = %, 0; = a%i, 0; = %,
0 = %, and theirs conjugates ([1], [2], [10]).
On T'M let g;; = % be the fundamental metric tensor of a complex Finsler
707

space (M, F? = L).

The isomorphism between 7* (7" M) and T M induces an isomorphism of 7*(Tc M)
and Tc M. Thus, g;; defines an Hermitian metric structure G(z,7) := g jgdz*j ®@dz**on
7*(Te M), with respect to the natural complex structure. Further, the Hermitian met-
ric structure G on 7* (7' M) induces a Hermitian inner product h(x,~) := ReG(x,7)

and the angle cos(xy) = W,

IXII? = [IXI1* = G(x; X), see [3].

On the other hand, H(T'M) and 7* (T’ M) are isomorphic. Therefore the structures
on 7 (TcM) can be pulled-back to H(T'M) @ H(T'M). By this isomorphism the
natural cobasis dz*/ is identified with dz7. In view of this construction the pull-back
tangent bundle 7*(7"M) admits a unique complex linear connection V, called the
Chern (c.l.c.), which is metric with respect to G and of (1,0)— type, [3]:

for any y,~ the sections on 7*(T"M), where

(1.1) wi(z,n) = Li(z,n)dz" + Clp(z,m)0n";
i i 0gjm Lo 89jﬁ
A

The Chern (c.l.c.) on 7*(T' M) determines the Chern-Finsler (c.n.c.) on 7'M, with

CF
. i i Ogim i . . .
the coefficients N} = g’m%n% and its local coefficients of torsion and curvature are
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(1.2) Te =Ly —Li;;
R;ﬁk po=—67L5, — 07 (Ny) T :;Ek = —0;Cj = :,;Ej;
P;ﬁk = —%L}k — O (Ny) ;l ) S;gk = _aEC;k = S;igj-
The Riemann type tensor
R(W.Z,X,Y) :=G(R(X,Y)W,Z)
has the properties:
(1.3) R(W,Z,X,Y) = WZ'X'V'Rgg Bipo= Ry05
Rﬁkﬁ = _Rz‘j’hk = Rﬁh% = R}iﬁk?
It Rz = Ry, then Rgp = Ry = Rz

CF

We denoting by Ry = Rﬁkﬁniﬁh = fgl;ciﬁ(N )n" the Ricci tensor, which is 1—
homogeneous with respect to 7.

According to [1] the complex Finsler space (M, F') is strongly Kdhler iff Tj?k =0,
Kahler iff T;knj = 0 and weakly Kdhler iff gﬂT;knjﬁl = 0. Note that a complex
Finsler metric which comes from a Hermitian metric on M is called purely Hermitian
metric in [10], i.e. g;7 = g;7(2), and then the three nuances of Kahler spaces coincide,
[13].

The holomorphic flag curvature of F' along of the flag (7, x), with respect to the
Chern (c.l.c.), is ([5])

(]_4) ’CF(Zﬂ?»X) — R(nv)(agn(;?Xi])E(RX();)n»Xvn) 7

where 1 and x are local section of 7*(7”M). In particular, if n is colinear with x then
we obtain the holomorphic flag curvature from [1]

— — =17k
2R(n,7,n,m) _ 270" Ry,

(15) Lelem = =gam = e

From [4], we have

Definition 1.1. The complex Finsler space (M, F) is called generalized Einstein if
Ry, is proportional to bz, G-€ if there exists a real valuated function K(z,n), such
that

(1.6) Ry, = K(Zﬂ?)tkj,

where ty5 1= L(2,1) 9,7 + k7, Mk = {?Tﬁm nj = %.

A (g.E.) complex Finsler space enjoys of some interesting properties which we
collect in:
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Theorem 1.1. Let (M, F) be a (g9.E.) complex Finsler space. Then

i) K(z,m) = 1Kp(z,n); ii) K depends on z alone.

1it) If (M, F) is connected and weakly Kdhler, of complex dimension > 2, then it
is a space with constant holomorphic curvature.

w) If the space of nonzero constant holomorphic curvature, then F is weakly
Kdhler.

v) If the space is Kdahler of nonzero constant holomorphic curvature, then F is
purely Hermitian. Conversely, a purely Hermitian complex Finsler space, which is
Kahler of constant holomorphic curvature, is (g.E.).

Note that for the particular case of the complex Finsler spaces which are Kahler of
nonzero constant holomorphic curvature, the notions of (¢.F.) and purely Hermitian
spaces coincide.

Finally, we recall here that in [5] it is proved

Proposition 1.1. Let (M, F) be a (g.E.) complex Finsler space. Then

Kr(z)
L(z,x)

__in\2
1.7 K Re (Cipx’X" " [(WJ) }
(1.7) rlz,m,x) = 6( thX)'FW )
where K (2) is the holomorphic curvature of (M, F), L(z,x) := gﬁxiyj and C5j, =
Cijfml-
Also, if (M, F) is a (g.F.) complex Finsler space, Kahler with Kr(z) = ¢, ¢ € R¥,
then

(1.8) Im(ﬁij) =+F(z,n)F(z, X)\/0082 ©— M,

where F(z,x) = v/L(z,x) and ¢ is the angle of 5 and x directions.

2 Holomorphic bi-flag curvature

In this section, we introduce a natural generalization of the holomorphic flag cur-
vature, namely the curvature along of two flags, which we call holomorphic bi-flag
curvature.

We consider z € M and n € T.M, n # 0. A flag is given by the tangent vector field
7, called flagpole, and another transversal vector field x, [5]. Let (1, x) and (n, ) be
two flags of same flagpole (the tangent vector n), but of different transversal vector
x(z,m) and v (z,7n) as sections of 7*(T"M).

Definition 2.1. The holomorphic bi-flag curvature of the complex Finsler metric F,
along of the flags (n,x) and (n,7), is given by

R(n,X,n,7) + R, 7,7, 7) + R(n,7,7,X) + R(7, 7, x,7)
2G(n, 1) [GOGX)G (7, 7)]?

(21) NF(Zan7Xa 7) =

Y

where G(x,X) # 0 and G(7,7) #0 .
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The holomorphic bi-flag curvature depends both on the position z € M and on
the flags (1, x) and (n,7).

In particular, if R is symmetric, i.e. R(1,7,x,%X) = R(7, X, x,7) = R(x, X, 1, 7)
then
R(n,x,n,7) + R(x,7,7,7)
T
G, G06X)G (7))

Moreover, if R is symmetric, by Proposition 2.5.2 from [1], p.107, the holomorphic
bi-flag curvature completely determines the curvature tensor R;Ek'

(22) NF(Z7777X77) =

Proposition 2.1. i) Rp(z,1,x,7) = Rp(z,1,7, X);
i) Rp(2,1, X, x) = Kr (2,7, X);
1i1) Np(z,m, x,7y) 1s real valued;
) Rp(z, 3, X,7) = Re(2,1,X,7);
U) NF(Z7a77>ﬁX?6’7) = NF(Z?”]’X?’V)’ fO’F any a76a6 € R+'

Further, we propose to determine the relationships between the holomorphic bi-
sectional curvature and the holomorphic bi-flag curvature. For this, we consider the
unitary flags (I,m1) and (I,m2), where [ = ﬁ, my = ﬁ, my = ﬁ ,

F(z,x) = v/L(z,x) and F(z,v) = v/L(z,7). By means of these, we construct the

flags (1, Siym,) and (I, Dyym,) of certain flagpole I and of diagonal transversal vec-
tors Spmym, = M1+ me and Dy, m, = m1 — ma. The conjugates are Sy, m, = M1+
Mo and Dmlﬁn = mi— Mo.

We denote by ¢ the angle between the directions of the unitary sections m; and

ma. It result that cosp = W = ReG(m1,ms) and then

Proposition 2.2. i) G(S,,m,, Simym,) = 4 cos?

”) g(Dmlmza D'ﬁlﬂﬁz) = 4Sin2 %

NS

b

Using the above considerations, we shall prove the following
Proposition 2.3. Let (M, F) be a complex Finsler space. Then

(23) NF(Za 5 X5 ’7) = ’CF(Za UB Sm1m2) cos” g - ]CF(Zv n, Dmlmz) sin® ga

where Kp (2,1, Smym,) and Kp(z,m, Dimym,) are the holomorphic flag curvature along
of the flags (0, Smyms) and (0, Dpmym, ), respectively.

Proof. Taking into account Proposition 2.1, 4ii) and (2.1) relation, we obtain
(2.4) Np(z,m,x:7) = Rp(z,l,mi,me)
= %[R(l,fnhl,ﬁu)+R(m1,l,m2,l_)
+R(l,m2,1,m1) + R(ma,l,m1,1)].
On other hand, decomposing R(l, Sinyimay 1y Smymg )y R(Smymas by Smymas 1)y R, Doy s U Dy )

and R(Dp,my» 1, Dimym,, 1), a direct computation give:
R(l7 Sﬁ’Ll'ﬁLz ) l; Sﬁ’bl'ﬁLg) + R(S'HL1m2 ) la S'HL1WL2 ) Z) - R(l? D'ﬁhmza l7 D'fnlﬁ’bz)
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_R(Dm1m2) L Dm1m27 i) = 2[R(l7 mla la m?) + R(mla la m?a Z)

+R(l7m27 laml) + R<m25 Z,ml,Z)] = 4NF(Za 777Xa7)

In view of Definition 2.1 and Proposition 2.1, the last relation becomes Kp(z, 1, Spmym,) =
Kr(z,m, Smims) and Kr (2,1, Dmyms) = Kr(2,1, Dimym, ), that is (2.3). O

Colorallary 2.1. Let (M, F) be a complex Finsler space. Then

(2.5) Np(z,0,%,7) = 2Kp(2,1, Smym,) cos® g
1
-3 [Kr(z,m,x) + Kr(z,m,7)];
NF(Z,W’X,V) = _2ICF(Z777aDm1m2)Sin2 %

1
+§ [K:F(ZaTIvX) + ICF(ZJ%’Y)] .

It is natural to determine the conditions in which the holomorphic bi-flag curvature
of a complex Finsler space along of any two flags (1, x) and (1,) is a constant.

Proposition 2.4. Let (M, F) be a complex Finsler space of constant holomorphic
flag curvature along of any flag (n, x), i.e. Kr(z,m,x) = ¢, c € R. Then

i)
(26) NF(Za 5 X5 7) = C-COS .

it) (M, F) has the constant holomorphic bi-flag curvature along of any two flags
if and only if ¢ is a constant.

Proof. i) Because for any flag (n,x) we have Kr(z,1,x) = ¢, ¢ € R, the (2.3)
relation became

Np(z,m,%,7) = ¢ (cos® £ —sin® £) = ccos .

i) results immediately in view of (2.6). O

Colorallary 2.2. Let (M, F) be a complex Finsler space. If
|’CF(Z7777X)| <¢ ce ]Ra c> Oa
along of any flag (n, x), then

N (z,m,x,7)] < c

Proof. Indeed,
|NF(Zv 7% 7)| = |ICF(z7 m, Sm1mz) cos? % - ICF(Zv 7, Dmlmg) sin? %‘
< "CF(Z’ m, S’rnlmz)‘ cos® % + |ICF(Za m, D77l1m2)| Sin2 %

<c (0052 Z 4 sin® %) =c O

Colorallary 2.3. Let (M, F) be a complex Finsler space of zero holomorphic bi-flag
curvature. Then

1
(27) ’CF(Z»%Smlmz) = Z(1+t92§) [ICF(Zaan) +ICF(Zv7717)];
1
Kr(20. Dyyma) = (L etg® 2) [Kr (2.0,0) + K (2,m,7)]

The proof follows from (2.5).
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3 The holomorphic bi-flag curvature of (¢9.£.) com-
plex Finsler spaces

For the beginning, let us express the holomorphic bi-flag curvature of a (¢.F.) complex
Finsler space by means of the holomorphic curvature of the same space.

In locally coordinates, the holomorphic bi-flag curvature of the complex Finsler
metric F' along of the flags (1, x) and (n,7) is given by

1
3.1 N — k=h k=h
(3.1) F(2,m,X,7) QL(Z’n)F(Z7X)F(Z’,y)(77X77’Y + XA

VX" + T XRG4
with F(z,x) = /g;5X'X? #0, F(2,7) = \/9;57'7 # 0, and the angle ¢ between the
mix’ + X’
2y/L(z,n)L(z,X)
Theorem 3.1. Let (M, F) be a (g.E.) complex Finsler space. Then

directions of np and x is cosp =

Kr(z)

Re (0, X' mn ")
F(z,x)F(z,7)

(3.2) Np (2,1, X:7) = L(z,m)

Re (Cjﬁyji”') +

Proof. Because (M, F) is a (g.E.) complex Finsler space, by relation (3.8) from
Proposition 2.3, i74) and Proposition 2.4 from [4], we obtain:

ijwlﬁk = 2K (2) (7 + L(z,1)C53) ;

ijkﬁjﬁh = 2K (z) (mnr + L(z,m)Cix ) Plugging into (3.1) it results:

K(z — —j
Re(2m,%7) = temrearesy X" +mx'ma®) +
2K (2) k
+reres (CiX 7" + Cux'x")

_ 4K (z) 4K (z) _—j=h
- L(Zm)F(z,;)F(z,v) Re (77J’X Y ) + F(Z,X)F?(Z,’y) Re( SRX Y ) .

But, K(z) = 1Kp(2), so the last relation is (3.2). O

In the following we establish some inequalities between the holomorphic bi-flag
curvature and holomorphic curvature of a (g.E.) complex Finsler space. The ap-
proach are related to the Kahler case. In order to reduce the clutter, let us make the
abbreviations Kp(X) := Kp(z,n,X), Np(x,7) := Np(z,1,x,7),where X € {x,~v},
Q1 :=cos?6; — ’CFT(X) and Qs := cos? g — K%(”)
Proposition 3.1. Let (M, F) be a (g.E.) complex Finsler space, Kihler with Kg(2) =
¢, c € R*. IfIm( ]X])Im(nfy ) >0 then

N
(3.3) £ X 7) —1/Q1Q5 + cos 01 cos b5,

where 61 ( 03) is the angle of n and x (n and ~y) directions.
If Im (njxj) Im (n]’yj) < 0 then the sign in front of the brackets is positive.
Proof. Because (M, F') is a (¢9.E.) complex Finsler space, Kéhler with Kr(z) = ¢,

« . Rp(xy) . Re(mXanv")
c € R*, by (3.2) we obtain =220 — LemFEX)F(EY)"
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But, _
Re (7;X°1n7") = Re (1;X") Re (7n7") — Im (i;%7) Im (i 7") -
If I'm (7;%°) Im (7;57) = 0 then taking into account (2.2) and (1.8) we have

Re(n;% 17"
—L(z,ngF](z,X)F(z),’y) = cos 01 cosly — /1. O

Lemma 3.1. Let (M, F) be a (g.E.) complex Finsler space, Kihler with Kr(z) = ¢,
c e R*.

i) If 25D > 0 then O 05 < 1

ii) If ’CF(X) < 0,then /19y > 7(‘?"%(7)

ii) If 'CF Krld <0 and KF(A’) >0 (or ’CF Krld > 0 and }CF( ) <0) then

(34) \/Qlﬂggﬂl—K;FT(X) OT\/Qlﬂggﬂl—KjFT(,Y).

Proof. i) and i) immediately result from the inequality

m<( _M)%(l_m)%

The inequality 7# < cos? 6, —Kr F( ) leads to ). O
Taking into account PrOpOblthD 3.1 and Lemma 3.1 we can prove:

Proposition 3.2. Let (M, F) be a (9.E.) complex Finsler space, Kdhler with Kp(z) =
¢, c e R*, and Im (ﬁjyj) Im (ﬁjﬁj) > 0.

i) If ¢ > 0 then Rp(x,7) < ¢

1) If ¢ < 0 then Rp(x,v) > ¢

i) If ¢ > 0 and Kp(X) <0, then Rp(x,7) < c— /Kr(x)Kr(7);

w) If c <0 and Kp(X) >0, then Rp(x,v) > c+ /Kr(x)Kr(7).

Proposition 3.3. Let (M, I) be a (g.E.) complex Finsler space, Kdhler with Kr(2) =
¢, ceR* Im (njx]) Im (r_) i ) >0 and Re (ﬁjyj) Re (ﬁjﬁj) > 0.

i) Ifc >0 and Kp(X) >0 (orc <0 and Kp(X) <0), where X € {x,7}, then
Re ()] < el;

it) If ¢ > 0, Kr(x) <0 and Kp(y) > 0 (or Kr(x) > 0 and Kr(y) < 0) then
¢ 2 Np(x,7) > —c+ 55X (or —c+ KEDL);

1) If ¢ < 0, Kp(x) > 0 and Kr(vy) <0 (or Krp(x) <0 and Kp(y) > 0) then
c<Rp(x,7) < —c+ S5 (or —c4 FED))

Proposition 3.4. Let (M, I) be a(g.E.) complex Finsler space, Kdhler with Kr(2) =
¢, c € R, Im(njx )Im(nj’y ) >0 andRe(an )Re(n]'y ) <0.

i) Ifc>0 then Rp(x,v) < 0;

1) If ¢ < 0 then Xp(x,v) > 0;

19t) If ¢ > 0 and Kp(X) <0, then Rp(x,7) < —Kr(x)Kr(7);

w) If c <0 and Kp(X) >0, then Rp(x,7) > VKr()Kr(7).

Proposition 3.5. Let (M,
¢, c € R* and Im (7;X7) Im (7;77) < 0.
i) If c> 0 and Kp(X) >0, where X € {x,7}, then Xp(x,7) < 2¢
1) If c < 0 and Kp(X) <0, where X € {x,~}, then Xp(x,7v) > 2c.

F) bea(g.E.) complex Finsler space, Kihler with Kp(z) =
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i) If ¢ > 0, Krp(x) <0 and Kr(y) > 0 (or Kp(x) > 0 and Kr(y) < 0) then
2¢ > Np(x,v) > 2c— ’CFT(X) (or 2¢c — KFTM),

w) If ¢ < 0, Kp(x) > 0 and Kp(y) <0 (or Kr(x) < 0 and Kp(y) > 0) then
2¢ < Np(x,v) <2c— ’CFT(X) (or 2¢ — KFTM)

Proposition 3.6. Let (M, F) be a (9.E.) complex Finsler space, Kdhler with Kp(z) =
c,ceR* Im (ﬁjyj) Im (ﬁjﬁj) <0 and Re (ﬁjyj) Re (ﬁjﬁj) > 0.

i) If ¢ > 0 then Xp(x,7v) > 0;

1) If ¢ < 0 then Rp(x,v) < 0;

i) If c > 0 and Kp(X) <0, then Rp(x,v) > V/Kr(X)Kr(7);

w) If c <0 and Kp(X) > 0, then Rp(x,7) < —/Kr(X)Kr(7).

Proposition 3.7. Let (M, F) be a (g.E.) complex Finsler space, Kdhler with Kr(2) =
c,ceR* Im (ﬁjyj) Im (ﬁjij) <0 and Re (ﬁjyj) Re (ﬁjij) <0.

i) If c> 0 and Kp(X) >0, where X € {x,7v},then Rp(x,7) < ¢

it) If c < 0 and Kp(X) <0, where X € {x,7}, then Rp(x,7) > ¢

i) If ¢ > 0, Kp(x) < 0 and Kp(y) > 0 (or Kp(x) > 0 and Kr(y) < 0) then
Rp(x,7) < e = 55X (or ¢ — B50);

w) Ife <0, Kp(x) >0 and Kp(y) <0 (or Kp(x) < 0 and Kp(y) > 0) then
Np(x,7) > ¢ — ’CF2(X) (or ¢ — sz(v))'

It is clear that the holomorphic bi-flag curvature is an important generalization of
the holomorphic flag curvature, however we will prove in a coming paper that it is not
the corespondent of the holomorphic bisectional curvature from Hermitian geometry.
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