Solutions of DEs and PDEs as Potential Maps
Using First Order Lagrangians

Constantin Udriste

Abstract

Recently we have solved a problem rised for the first time by Poincaré (find
a suitable geometric structure that describes the trajectories of a given vector
field like geodesics), showing that the trajectories of a given vector field are
pregeodesics in a suitable Riemann-Jacobi, Riemann-Jacobi-Lagrange or Finsler-
Jacobi structure [6]-[10]. Continuing to develop similar ideas, the present paper
and [11] show that solutions of DEs or PDEs are potentials maps via first order
Lagrangians or via generalized Lorentz world-force laws.

This paper is organized as follows. Section 1 and Section 3 review the notion
of (single-time respectively multi-time) jet bundle of order one, and establish
second-order derivative operator along a local section (suitable decomposition
of the Laplacian), adapted dual bases, a Sasaki-like metric, a generalized Lorentz
World-Force Law, a suitable second-order prolongation of a first-order (DEs re-
spectively PDEs) system, first-order Lagrangians producing the prolongation,
and Lorentz-Udrigte World-Force Law. Section 2 and Section 4 give the Hamil-
tonian and the non-degenerate distinguished symplectic relative 2-form which
permit the changing of the Lagrangian dynamics into covariant Hamilton equa-
tions.

Mathematics Subject Classification: 34C40, 31C12, 53C43, 58E20
Key words: jet bundle of order one, DEs, PDEs, potential maps, Lagrangians of
order one, covariant Hamilton equations

1 Solutions of DEs as potential maps

Unless specifically denied, all manifolds, all objects on them, and all maps from one
manifold into another will be C'°°; however, we sometimes redundantly write ”a C'*
manifold”, and so on, for emphasis.

Let (T = R,h) and (M,g) be semi-Riemann manifolds of dimensions 1 and n.
Hereafter we shall assume that the manifold 7" is oriented. Latin letters will be used
for indexing the components of geometrical objects attached to the manifold M.

Local coordinates will be written
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94 C. Udrigte

and the components of the corresponding metric tensors and Christoffel symbols will
be denoted by hi1, gij, Hiy, GY;. Indices of distinguished objects will be rised and
lowered in the usual fashion.

Let C®(T,M) = {¢ : T — M | ¢ of class C*}. For any ¢, € C>*(T,M), we
define the equivalence relation ¢ ~ ¢ at (to,z9) € T x M by

dxz? _ dy?
E(tO) = E(tO)'

@' (to) = y'(to) = w0,
Using the factorization
ito,20) (T M) = C¥(T, M)/ ~

(to,zo)

we introduce the jet bundle of order one

JHT, M) = | ey (T M).
(to,zo)ET XM

Denoting by [¢](t,,z,) the equivalence class of the map ¢, we define the projection
m: JHT, M) = T x M, w[@](1g,00) = (o, p(to))-

Suppose that the base T' x M is covered by a system of coordinate neighborhoods
(U x V,t*, x%). Then we can define the diffeomorphism

Fywy:m Y (UxV)—=UxV xR™

; dzt
FUV[QO](to,xo) = (tO;moy E(’b)) .

Consequently J' (T, M) is a differentiable manifold of dimension 1 +n+1-n =
2n + 1. The coordinates on 7=1(U x V') C J*(T, M) will be

R
<t1 = tamzayl = E) )

where

tl([so](to,wo)) = tl (to)vmi([so](to,wo)) = mi(m0)> yi([(p](to,xo)) = %(to).

A local changing of coordinates (t,z%,y?) — (£,z¢, ") is given by
oz’ dt

= ==Y,
oxd dt

dt ozt
%>0, det ((35[2])#0

(1) t=1t(t), ' =2'(2'), ¥’

where
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The expression of the Jacobian matrix of the local diffeomorphism (1) shows that the
jet bundle of order one J*(T', M) is always orientable.

Let
dh 1 dh 1d
1 1@ 1, 10y
= gt Gt = gt G = gVl

G’k be the components of the connections induced by h and g respectively. If

) dzt
(t =ttty = (Z ) are the coordinates of a point in J' (T, M), then

8 dit & y et dad da®
dt dt — dt?

ik dt
are the components of a distinguished tensor on 7' x M. Also

N Y S R B
(E_dt+H11y oyt’ szt Oxt G 8y’“6y>

(dt, da?, oy’ = dy’ — Hiyydt + G y"dz)
are dual frames on J!(T, M), i

(f) e () na() -
(8= () () =
(8] o ()0 (2] -t

8,

1

Using these frames, we define on J*(T', M) the induced Sasaki-like metric

Sy = hi1dt @ dt + gijda’ @ dz? + h''g;;6y" @ 6y’

The semi-Riemann geometry of the manifold (J(T, M), S;) was developed recently
in [4].

Now we shall generalize the Lorentz world-force law which was initially stated [5]
for particles in nonquantum relativity.
Definition. Let F = (F}%) and U = (U?) be C* distinguished tensors on T x M,
where wj; = ghith is skew-symmetric with respect to j and i. Let ¢(t,z) be a C*
real function on T'x M. A map ¢ : T'— M obeys a Generalized Lorentz World-Force
Law with respect to F,U,c iff

§ dat ac dxj i

Now we remark that a C* distinguished tensor field X*(t,z), i = 1,...,n on
T x M defines a family of trajectories as solutions of DEs system of order one

&) W= Xt (0).
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The distinguished tensor field X*(¢,z) and semi-Riemann metrics h and g determine
the potential energy density

1 L
f:TxM-—=R, f= 5hl{qijx’XJ.

The distinguished tensor field (family of trajectories) X? on (T x M, hi; +g) is called:

1) timelike, if f < 0;

2) nonspacelike or causal, if f < 0;

3) null or lightlike, if f = 0;

4) spacelike, if f > 0.

Let X% be a distinguished tensor field of everywhere constant energy. If X (the
system (2)) has no critical point on M, then upon rescaling, it may be supposed
that f € {—1,0,1}. Generally, £ = {zo € M|X(t,z9) = 0,Vt € T} is the set of
critical points of the distinguished tensor field, and this rescaling is possible only on
Tx(M\E).

Using the operator (derivative along a solution of (2) via the decomposition 7 %)
§ dzt  d?ax’ | dat ; dzd dz*

@t @ U a U@ @

the Levy-Civita connection D of (R, h) and the Levy-Civita connection V of (M, g),
we obtain the prolongation (DEs system of order two)

d?z? dx’ - dad da® X dad
® g + G g = DX+ (VXS
where ] '

Coaxt . oxi ,
ViX'= o+ G X", DX'= T H! X%

The distinguished tensor field X?, the metric g, and the connection V determine the
external distinguished tensor field

Fjl — v]Xl _ gihgk:jthk;

which characterizes the helicity of the distinguished tensor field X*.
The DEs system (3) can be written in the equivalent form

d*xt | dat . dz? dz* da? cda?

4 —H, =+ G ——— =g (Vi X == + F;'=— + DX
( ) di2 11 dt + jk dt dt 9 Gkj (vh ) dt + J dt +
Now we modify this DEs system into
d*x? dz? - dxd da® ; , cdaxl ;
— —Hl -+ G =g (Vi XX + Ff—— + DX
(5) dt2 11 dt +G]k dt dt g gk] (vh ) + J dt +

The system (5) is still a prolongation of the DEs system (2).
Theorem. The kinematic system (2) can be prolonged to the second order dynamical
system (5).
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Corollary. Choosing the metrics h and g such that f € {—1,0, 1}, then the kinematic
system (2) can be prolonged to the second order dynamical system
>t | dxt . dz? dzk cdx’

- H}, = +G——— = F;'"—— + DX".
dt? oat + G dt dt J +

We shall show that the dynamical system (5) has a variational structure, being
in fact an Euler-Lagrange system. We identify J!(T' x M) with its dual via the semi-
Riemann metrics h and g.

Theorem. 1) The solutions of the DEs system (5) are the extremals of the Lagrangian

1 dz’ dz
L:ahllgij (E—X> (E—Xj> |h11|:

dzt dz? dz®
= (g = XJ”) Vil

2) If F;' = 0, then the solutions of the DEs system (5) are the extremals of the

Lagrangian o
1 dx' dx’

L= htt v b1 |-

(2 T f) ]

3) Both Lagrangians produce the same Hamiltonian
dz® da’
H=(=h'tgy—— — v |hi1]-
< T f) ]

Theorem (Lorentz-Udriste World-Force Law) see also [6]-[10].
1) Every solution of DEs system
@' _ g% : +G" dal dot _ in (ViXH X7 + DX
P72 TR LT T LA
is a potential map on the semi-Riemann manifold (T x M,h + g).
2) Ewvery solution of DEs system (5) is a horizontal potential map on the semi-
Riemann-Lagrange manifold

(Tx M,h+g, N(); =Giy* = F;', M) =—-Hy').

Corollary. Every DE generates a Lagrangian of order one via the associated first
order DEs system and suitable metrics on the manifold of independent variable and
on the manifold of functions. In this sense the solutions of the initial DE are potential
maps produced by a suitable Lagrangian.

Proof. Let t € R denote a real variable, usually referred to as the time. It may be
pointed out that the DE

d"z dz d"lz
(6) W_f<t7maaa"'am>a
1

where z is the unknown function, is equivalent to a system (2). For if we set z = z',
then (6) is equivalent to
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dxt 9 dx? 3 dz"! n
— =z — =2x",... =z
dt Todt T dt

dz™

W = f(tvmlamzy"')xn)a

which is of type (2). Therefore, the preceding theory applies.

2 Hamiltonian approach

Let (@,€) be a symplectic manifold (of even dimension). The Hamiltonian vector
field Xy of the function H € F(Q) is defined by

X 1Q =dH.

We generalize this relation as

X}{ng =/ |h11|dH,

using the distinguished objects
X}Ia Ql: H

and the manifold J* (T, M). For another point of view, see also [11] and compare with

[2], [3].
Theorem. The DEs system

d>at da’ . dz? dz* ; ,
g T g gy = 9 (VXD X

transfers in J*(T, M) as a Hamilton DEs system with respect to the Hamiltonian
Loy i, j
H=gh"giy'y’ - f
and the non-degenerate distinguished symplectic relative 2-form
Q=0 ®dt1, 0 :gijdl‘i/\(syj\/|h11|.

Proof. Let o
0= 01 & dtl, 01 = gijy’dxjv |h11|
be the distinguished Liouville relative 1-form on J (T, M). We find
0 = —db,.
We introduce
uld  oul 9
Sl dt oy

as the distinguished Hamiltonian object associated to the function H.

The relation
X510y = \/|h11|dH,

5
Xu = Xj, Xhp=u
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where
dH = h*g;;y70y' — h'tg;; (DX XIdt — h'tg;; XIV X' da",
implies '
gijutioy’ — gij%dxi =dH.
Consequently, it appears the PDEs system of Hamilton type
uli = pilyi
Sult
dt

— ghzhllg]kX](thk)
together the condition o

h'gi; (DX X7 = 0.
Theorem. The DEs system

d?z’ Ldat o odad dak - - dai ,
= 4+ G, - = (VR XX + F,'— + DX
dt? gt g ar Y 95 (VaXT) Todt

transfers in J*(T, M) as a Hamilton DEs system with respect to the Hamiltonian
Lo i
H=5h"gy"y’ — f
and the non-degenerate distinguished symplectic relative 2-form

Q=0 ®dt, % = (gijdxi A 5yj + wijda:i A dz? + gij(DXi)dt A da:j)v |h11|,

where
wji = gniF5".
Proof. Let o o
0 = 01 ® dtl, 01 = (gijyzdl‘J — ginldl‘])\/ |h11|
be the distinguished Liouville relative 1-form on J* (R, M). We find

Q1 = —db.
We denote 5 5 5 sull 8
X :Xl— Xl :hll— ll_ L_
H =X A 5t T s T ar oy

the distinguished Hamiltonian object of the function H. The relation

X0 = /|hy|dH

can be written
Lo sul .y T o
giju 0y’ — gijwdmz + 2wijutde’ — gi; (DX )udt + h g (DX*)de’ = dH,

where
dH = —h' g;; (DX X dt + ' g;;y70y" — h' gi; X7 (V1 X7)dzk.
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Via these relations we identify a PDEs system of Hamilton type,
uli = pllyi
6u1i

T "R g X (Vi X*) + 2¢"w;pu®? + B DX

together the condition ' . .
gij(DX")(u' — ™ X7) = 0.

3 Solutions of PDEs as Potential Maps

All manifolds and maps are C'*°, unless otherwise stated.

Let (T, h) and (M, g) be semi-Riemann manifolds of dimensions p and n. Hereafter
we shall assume that the manifold 7' is oriented. Greek (Latin) letters will be used for
indexing the components of geometrical objects attached to the manifold T' (manifold
M).

Local coordinates will be written

t=(0t"), a=1,...,p

r= (2, i=1,...,n,

and the components of the corresponding metric tensors and Christoffel symbols will
be denoted by hag, g5, Hg., G;-k. Indices of tensors or distinguished tensors will be
rised and lowered in the usual fashion.

Let C®(T,M) = {¢ : T — M]| ¢ of class C*>}. For any ¢,¢ € C(T, M) we
define the equivalence relation ¢ ~ ¢ at (to,z9) € T x M, by

(o) = y'(t0) = o, o (to) = 5

Using the factorization
Ty wo) (T, M) = C°(T, M)/,

(to,zo)

we introduce the jet bundle of order one

JHT,M)y = | T L. (@ M).
(to,x0)ET XM

Denoting by [¢](t,,z,) the equivalence class of the map ¢, we define the projection
™ Jl(Tv M) =T x M, W[@](to,zo) = (to,(p(to))-

Suppose that the base T' x M is covered by a systems of coordinate neighborhood
(U x V,t*, 2%). Then we can define the diffeomorphism

Fyxy :m Y (UxV)—=UxV x R,
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or
Fuv[lite,ee) = (tm%a oo (t0)> .

Consequently J* (T, M) is a differentiable manifold of dimension p + n + pn. The
coordinates on 7~ (U x V) C JY(T, M) will be
(ta, xz, szY)’
where
a o i i i 9z’
t* ([¢)ito.20)) = t*(t0), 2" ([P)t0.20)) = " (%0), 25, ([P)(t0,20)) = 5 (0)-
A local changing of coordinates (t*,z%, z%) — (t, z, 3_331) is given by

O BFe B

ot* 0z
det<66> > 0, det<6ﬂ> #0

The expression of the Jacobian matrix of the local diffeomorphism (7) shows that the
jet bundle of order one J YT, M) is always orientable.
Let ngG;k be the components of the connections induced by h and g respec-

tively. If (t*, 2%, 2¢)) are the coordinates of a point in J*(T', M), then

(7) t = ta(tﬁ)) = ji(xj)) jfx

where

oo 0%z’
o8 7 grapth

are the components of a distinguished tensor on 7' x M. Also

0 0 g @ 0 0 w9 O
<6t‘1_6t“+H"‘5m76xf3’ S~ an CikTager g |

H’YB:L’ + Gy, zh

(at?,da?, 60} = do — H,aldt + G alsda® )

are dual frames on J! (T, M), i.e.,

1) 1) 0
B B B ) = B =
d (& >_5 d (&:) 0, d (a%) 0
) ) i (0
T —) = J | — ) = J =
dz <6t0‘> 0, dz <5m’> 0/, dx <8fo> 0
s a A .
J P — = J — = J = ‘] &
6:1:6 <6t0‘> 0, 6:1:6 <6m’> 0, 63:/3 <8xg> ;05

Using these frames, we define on J!(7', M) the induced Sasaki-like metric

S1 = hapdt® ® dt’ + gjda’ @ da? + h*P g;;62], @ dal,.

The semi-Riemann geometry of the manifold J! (T, M) was developed recently in [4].
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The Lorentz world-force law formulated usually for particles [5] can be generalized
as follows:

Definition. Let F,, = (Fj's) and Usp = (Ulyz) be C* distinguished tensors on
T x M, where wjia = gniF;"a is skew-symmetric with respect to j and i. Let c(t, z)
be a C'* real function on T' x M. Suppose (T, h) is a Riemannian manifold. A C*
map ¢ : T — M obeys a Generalized Lorentz World-Force Law with respect to Fy,
Uag, ciff

hPl s = gij% + B Fy gad + hPUL s,
i.e., iff it is a potential map of a suitable geometrical structure.

Let us show that the solutions of a system of PDEs of order one are potential
maps in a suitable geometrical structure of the jet bundle of order one. For that we
remark that any C* distinguished tensor field X! (t,z) on T' x M defines a family of
p-dimensional sheets as solutions of the PDEs system of order one

(8) o = X (t,z(t)),

if the complete integrability conditions

OX§  OXi . 0Xp 0Xp
ot? dxi BT Pt oxi = ¢

are satisfied.
To any distinguished tensor field X (¢,z) and semi-Riemann metrics h and g we
associate the potential energy density

1 o
f:TxM—R, f:§haﬁgijxgxg.

The distinguished tensor field X¢ (family of p-dimensional sheets) on (T x M,h + g)
is called:

1) timelike, if f < 0;

2) nonspacelike or causal, if f <0;

3) null or lightlike, if f = 0;

4) spacelike, if f > 0.

Let £ = {xo € M| X! (t,z9) = 0, Vt € T} be the set of critical points of the
system (8). If f = constant, upon rescaling on T x (M \ £), it may be supposed that
fe{-1,0,1}.

The derivative along a solution of (8),

5 ; 02zt

(3 (3

_ gy i ik
G5 " = Tob = Gragp ~ Hap®y T Cirats,

6 0
58 D This operator, the Levy-Civita connection D
of (T, h) and the Levy-Civita connection V of (M, g) produce the prolongation (PDEs
system of order two)

produces the decomposition

9) Tog = DX + (V;X0),
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which can be converted into the prolongation
(10) WPl s = g"hPgi; (Vi X5 X + h*P Fyloal + h*P D X,
where ' ' '
Fj'a = VXL — g™ g Vi XE
is the external distinguished tensor field which characterizes the helicity of the distin-
guished tensor field X?.
Theorem. Any solution of PDEs system (8) is a solution of the PDEs system (10).
The first term in the second hand member of the PDEs system (10) is the force

(gradf). Therefore, choosing the metrics h and g such that f € {—1,0,1}, the system
(10) reduces to

(10") h*Baly = g Fylqal + WP DX

Now, let us describe the variational structure of the PDEs system (10).
Theorem. The solutions of PDEs system (10) are the extremals of the Lagrangian

1 . o )
L= Shgy(al, — X0k - XDVl =
1., o N o
= <§h Bgijx’axé —h 59;’]‘1’;)(2; +f> V1hl|.
If F]?a =0, then this Lagrangian can be replaced by
1 o
L= <§ha’8gij$g$é + f> \V | |
2) Both Lagrangians produce the same Hamiltonian
1., o
H = <§h Bgl]Z’;Z’]B —f> \/| |

Theorem (Lorentz-Udriste World-Force Law). Suppose (T, h) is a Riemannian
manifold. Every solution of the PDEs system (8) is a horizontal potential map of the
semi-Riemann-Lagrange manifold

(T x M,h+g, N(,)j = Gias = Fjla, M(3)s = —HJga?).
Corollary. Every PDE generates a Lagrangian of order one via the associated first
order PDEs system and suitable metrics on the manifold of independent variables
and on the manifold of functions. In this sense the solutions of the initial PDE are
potential maps produced by a suitable Lagrangian.
Proof. Let
o'x

a(tr)"

be a PDE of order r, where Z(") represent the partial derivatives of & with respect to
r

o(te)r

= F(t*, z,z")

t®, till the order r inclusively, excepting the partial derivative This equation

is equivalent to a system (8).
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ox
For the sake of simplicity, we take = 2. We denote e = To = u® and we find
the partial derivatives of the functions (z,u®) using the system

Ty = u”

ug =uf, a £ 5

uj = f(t*, x,uy), excepting A = pu = 2.

We shall find a PDEs system of order one with p(1 + p) equations, which is of type
(8). Therefore, the preceding theory applies.

Example. Consider the Monge-Ampere equation det(Hessu) = F, where w : T'— R
is the unknown function, Hess means the Hessian with respect to the semi-Riemann
structure of the manifold 7', and F' is a given function of t,u,du. This equation is
clasely related to the study of the curvature of a manifold [14]. The Monge-Ampére
equation is equivalent to the first-order system

ou
a? = Wa;, D,Bwoz = TBa

with the restriction
det(a5) = F(t,u,w).

It appears the Lagrangian

1 ou ou 1
L = §ha5 (a? — Wa) (a? — OJB) + ihaﬁhﬁy(s(waa — ’I]wya)(D(;OJB — 775/3)

subject to
det(ﬂaﬁ) = F(t,u,w),

and the preceding theory applies.
Particularly, the Monge-Ampere equation

U1l U242 — U%ltz == F(tl , t2, U, Uygt, Ut2)
is equivalent to the first order PDEs system

Ut =V
U2z = W
v = VF cos h(
vz = VF sin h¢
Wy = VFsin h¢
wyz = VF cos h(

where ( is an arbitrary function of (t!,#?,u,v,w). Let (M, g;; = 0;;) be the Rieman-
nian manifold of coordinates (u, v, w), (T, hag = dap) be the Riemannian manifold of
coordinates (t*,t2) and J'(T x M) be the jet bundle of order one. In this sense, the
solutions of the previous system are extremals (potential maps) of the Lagrangian

L = (up— 1})2 + (ugz — w)2 + (v — V'F cos hC)2+

+ (v —VFsinh()? 4 (wp — VFsinh()? + (w2 — VF cos h()?
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4 Covariant Hamilton Equations

Recall that on a symplectic manifold (@, ) of even dimension ¢, the Hamiltonian
vector field Xy of a function H € F(Q) is defined by

Xy 1Q =dH.
This relation can be generalized as
X 1Qq =+/|h|dH,

using the distinguished objects X, Q, H on J' (T, M). For another point of view, see
also [11] and compare with [2], [3].
Theorem. The PDFEs system

hPal g = g"hP g (VA X)X

transfers in J (T, M) as a covariant Hamilton PDEs system with respect to the Hamil-
tonian

1 o
H= Eho‘ﬁgijm;mé —f
and the non-degenerate distinguished polysymplectic relative 2—form
Q=Q,@dt* Q= giydz' Azl \/|hl.
Proof. Let o
0=0,dt%, 0, = gijz,dx’\/|h|
be the distinguished Liouville relative 1-form on J!(T', M). It follows
Q, = —db,.
We denote by
0 sufl 9

X0 =ufl =y =
n=USd Y B ol

the distinguished Hamiltonian object of the function H. Imposing

X210, = /|h|dH,

3 0

= Xy

where
dH = h*Pg;jaloxl, — h*P gy (D, X)) XLdt" — hPgi; X1V, X da®
we find

o Sud .
gijutoxt, — giju—d:c’ =dH.

ot
Consequently, it appears the Hamilton PDEs system

u® = h"‘ﬁxg
du®? » ;
T 9" h gk XL (Ve XE)
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together the condition o
h*Pgi;(DyX2) X% = 0.
Theorem. The PDFEs system
WPl = g™ h P g (Ve XE)XT + WP Fyigal, + P DX
transfers in J' (T, M) as a covariant Hamilton PDEs system with respect to the Hamil-
tontan

1 A
H= ihaﬁgijxngﬁ —f
and the non-degenerate distinguished polysymplectic relative 2—form
Q =0, ®dt?,
Qo = (gi5dz’ A 623, + wijodz® Ada? + gi;(DgXL)dt? A dx?) /|h.

Proof. Let
0 =0, dt*,

b0 = (gijrhda’ — gij Xidx?)\/|h]
be the distinguished Liouville relative 1-form on J! (7', M). It follows

Q, = —db,.
We denote by
)
Xur =Xz
) ) ouPt 9
XP = psr Bl
n =S TSt B oal,

the distinguished Hamiltonian object of the functlon H. Imposing
X5 1Qy = +/|h|dH,

where
dH = —h*Pg;;(D, X)) X2dt" + hPgyaloat, — h*P gy X1 (Vi X 1) da*
we find
at j ou o at 7..7
giju*toxd, 9ij = e dz’ + 2wijou*tdr! —

—  Gij (DﬁXé)uajdt’B + haﬁgij (DBXé)dZCj =dH.
Consequently, we obtain the Hamilton PDEs system
ol haﬁx%
6uozi
ote
together the condition

=" h*P g XL (VaXE) + 29" wjnou™ + hP DX},

9ii (D, X)) (u™ = h*PX}) = 0.
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