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Abstract

In this paper are considered the compatibility conditions for existing of a
parallel vector field in vector subbundle of a vector bundle, and further if they
are satisfied, the filed is found. The compatibility conditions and solutions are
given with respect to the initial conditions. The results are generalized for non-
linear connections.
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1 Introduction

This paper is a continuation of the papers [2-6], where [2],[3] and [4] due to the solving
of systems of partial differential equations and [5],[6] due to their application in the
differential geometry.

In [4] are considered linear and non-linear systems of partial differential equations.
The compatibility conditions are found, and if they are satisfied, the solutions are
found. All the solutions are given as functional series. The results in [4] are used in
[5] for studying the non-linear connections. In [6] are considered parallel vector fields
in vector bundles. Indeed the existence of such parallel fields depends on the choice of
the initial conditions. The main features in [6] is that the compatibility conditions are
found in dependence of the the initial conditions, and if they are satisfied, the vector
field is found. It is generalized for non-linear connections and vector bundles with
d-connection. In [2] and [3] are considered systems of partial differential equations
with linear homogeneous algebraic constraints. It is given an algorithm for reducing
to system of lower dimension without constraints and moreover the compatibility
conditions for the reduced system are satisfied. This algorithm can also be applied in
this paper.

This paper is of interest not only from viewpoint of the differential geometry, but
also for differential equations or partial differential equations. Indeed the compatibility
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conditions and the solutions for a large class of partial differential equations are given.
In this paper we convenient to use the summation convention.

2 On parallel vector fields of subbundles of vector
bundles with linear connection

Suppose that the vector field 2z’ may not be prolonged in general case on the whole
manifold M of dimension k, but can be prolonged on distribution 7, i.e. on a subbundle
of the tangent bundle T'(M). Let the rank of n be m (m < k), and let Y(1),- -, Y () be
a local basis for 7. Let ( be the Lie subalgebra of T'(M) generated by Y(1),- -, Y(m),
and let Y1), -, Y(,), (m < p < k) be basis of (. Then there exist functions C(ZB
(o, 8,7 € {1,---,p}) such that

(2.1) [Y(a)ﬂy(ﬁ)] = Cg,BY(V)’

i.e. ¢ is an integrable distribution. There exist also another basis X(,) = p‘;Y((;),
a,d € {1,---,p}, such that

(2.2) [X(a), X(3)] =0,

i.e.

(2.3) Po(Yi5ph) — 03 (Yis)pl) + Pop}Cy, = 0.

Then there exist uniquely coordinate functions u’(z*,---,z¥),i € {1,---, p} such that
(2.4) X(a)uﬁ = (5g

and u®(0,---,0) =0 for o, 8 € {1,---,p}. We will prove that the system

(2.5) Vy,,Y =0, (1 <a<m),

is equivalent to

(2.6) Vx.,Y =0, (1 <a<p).

Indeed, the system (2.6) is equivalent with Vy, ;Y =0 for 1 < a < p, and it implies

(2.5). Conversely, let the system (2.5) is satisfied. Since R(Y(4),Y(3))Y = 0, we obtain
Vvt Y)Y = BYa), Y(3))Y + Vv, (Vi) Y) = Vg, (Vi V) =0

for each a, B € {1,---,m}, and finally we obtain that V,Y = 0 for each vector T' € (
and the system (2.6) is satisfied.
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Indeed the system (2.6) can be obtained from (2.5) by generating new equations
Vx.,Y =0, (m+1< a<p) using the Jacobi brackets and then changing the basis
{Y1,---,Y,} by {X1,---, Xp} such that (2.2) holds. Having this in mind, similarly to
the theorem 2.1 [6], the following theorem can be proven.

Theorem 2.1. Let the analytical system (2.6) with the initial conditions

(2.7) Y(0,---,0) = Z,

be given.
(i) The system (2.6) with (2.7) is integrable if and only if the following system of
linear equations
R(X(a), X())T =0,

(Vxi,,, B(X(a), X(3))T =0,

(28) (VX(WQ)VX(M)R(X(D‘)’X(/B)))T = 0’
(Vo Ve, B(X (@), X(5)T =0,

where a, B,71, -, Yn-1 € {1,---,p}, has an analytic solution T, such that T(0,---,0)=2Z.

(ii) Let the compatibility conditions (2.8) be satisfied and let T be an arbitrary
analytical solution of the system (2.8). Then there exist vector fields Q<" V> such
that

(29) Q<07...70> — T,

(210) Q<v17...7vu+1,...,vp> — VX(H) Q<v1,...,vp>,

and the solution of (2.6) with (2.7) is given by

(2.11) Y=3 > > (_:jl!)vl (_:,L L ey

! vp!
v1=0 v5=0 vp=0 2 D

We notice that Q<V1»+-¥»> is a vector field and u',- -, uP are scalars, invariant of
the coordinate system, and hence the solution (2.11) has covariant form.

In the theorem 2.1 we found the solution of (2.6) on the distribution 1, and the
solution was unique. Now if there exist r parametric families of such distributions
(r < k—p), then we obtain r parametric solution Y in (2.11), except if the additional
restrictions on the initial conditions are required. Specially, if m = 1, the compatibility
condition vanish, and it is p =1 and 7 = k — 1 in this case.

3 On parallel vector fields of subbundles of vector
bundles with non-linear connections

In this section we will consider non-linear connection such that
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(3.1) Vxiy 7'5 Vx +Vy

in general case.
Let X = (X1!,--+, X¥) be a vector. Then we define an operator Vx by

(3.2) Vxyl = X"%yi +GL(X)y®.

The operator Vx acts over the tensor fields, and it holds

(33) Vx(Tl ® Tz) = (VXTl) RTy+T ® (VXTg)

Now we will introduce the curvature tensor for the connection V x.
Using (3.2), by direct calculation one obtains

(3.4) (VyoVx —VxoVy — V[xx])yj = RZ(Xa Y)y?,
where
(3.5) RI(X,)Y)=Y" 9 GI(X)—-X" 9 GI(Y)+

’ (A ox" ¢ oxr ¢

+GL(Y)GR(X) = GLX)GH(Y) = Gy([Y, X]).

Note that 9 9
J r_~ _Xr J
Rq(X,Y) £ZY Ba:’"Gq(X) X 83:’"GQ(Y)+

+G (V)G (X) = Gi(X)G(Y) + Gy (X, Y]),
R?J(Xv Y) # —R';(Y,X),
and RJ(X,Y’) is not linear with respect to X and Y. But using the properties (3.3)
and (3.4), one can generalize the theorem 2.1 in this case. We will not do that, but

we will obtain a further generalization considering a non-linear connection such that
V(X +Y) # VX + VY in general case also. Now instead of (3.2) we have

(36) va] = Xl%y] +Fj(x1)' : '7mk7X1)' te )Xkayly' te ,yn)

x
Let Y(,) (1 < a < m) be given m vector fields on M. In order to find vector field
parallel along Y(,) (1 < a < m) we have to solve the following system

;0 T ko1 n
(37) Yv(loz)%y]*_ng(x))x:y:)y):O
(1<a<m1<j<n)
of partial differential equations.
We will find the compatibility conditions and the solution of (3.7). In order to do
that, first we should transform the given system as follows. The fields Y|, generate
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an integrable distribution ¢ of rank p (m < p < k). If p > m, then for arbitrary «
and 3 (a # B) we obtain new equations from (3.7) using the Jacobi brackets. Indeed
it follows from (3.7) that

Y(%)@(Y(L)@yj +Fé) - Y(g)@(y(lﬁ)@yj +FB) =0, ie.

5 . .
Yig), Y 759 + £ =0,

oxt
where
. - 0 ) - 0 j
F' =Yg 577 — Yy g7 s
r 9 j n aysa j n
:YT(B)I:amngé(xl"."xk"yl’”.’y )+(3:67'(91113}7&(1.1"."xk7y1’“.’y )]
r [0 Lia ko1 n Oy* 0 o 1 ko1 n
_}/v(a)[@Fﬁ(x T LY, Y )+8mT6ySFf3(m sy, Y T, Y )]
T 0 j n
:Yv(ﬁ)@ng(xl)'"7mk7y1)"'>y )_
- 5(1.1,___,xk’yI’___’yn)ayng;(xl,___,xk’yly___,yn)_
r 0 J (ol ko, 1 n
—KQ)@FB(Z’ YT LY Y )+
0

+Fozs(m17"'7'rk7y17"'7yn)a—yng('r1’"'7mk7y17"'7yn)'

Continuing this procedure, we obtain the following system

s
(38) Yv(la)aa’;iyj+ng(x17"'7xkay17"'7yn):0

1<a<p1<j<n)

which is equivalent to (3.7), and where Y(,) (1 < a < p) is basis of ¢. Since ¢ is an
integrable distribution, there exist p vectors X(4) (1 < a < p), X(,) = C’QY(B) such
that [X(4), X(5)] = 0, and moreover there exist p functions ui(xl,---,2F) (1 <i<p)
such that X(a)ui = 6!.Indeed ul,- - -, u* are coordinates on the integrable distribution
¢, and X (o) = d/0u®. Now form (3.8) we obtain the following system

X(Zoz) amzy] +CgFg’(xla'")xkayla"'ayn) =0, ie.

(39) X(Za)amlyj+¢gx(xla)xkaylaay ):0

(I1<a<pl<j<n)

which is equivalent to (3.7). In order to consider the system (3.9), assume that <I>f;
are analytical functions, and let
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; 1 .
(3.10) o = Frzl___qtﬁ(mg Py eyt
t>0

Considering a covariant derivative analogous to (3.19) from [6] and and also the
curvature tensor, similarly to the theorem 3.2 [6] we have the following
Theorem 3.1. Let the analytical system (3.9) with the initial conditions

(3.11) Y(0,---,0) =2

be given.
(i) The system (8.9) with (3.11) is integrable if and only if the following system
of non-linear equations

1 .
Z ;R:‘L..naﬂt” et =0

§>0
ZlRi T =0
sl r1..rsaf; -

s>0
3.12 lm’ tr et =0
(3.12) gl TersaBimiy =

s>0
lRi . Ts =)
sl 71 TsBiY15 Y —1 -

§>0

has an analytical solution t7, such that
o (0,,00=2" (1<j<n),

where
04;3;71;"',%171 € {]-;)p}

(ii) Let the compatibility conditions for the system (3.9) be satisfied, and let t7 be
an arbitrary analytical solution of the system (3.12) with the initial conditions (3.11).
Then there exist functions

ermrs<vl7m7vp> (S Z 0,7"1, e, Ts € {17 : '7”}31}17 L, Up € NO)

such that
(3_13) Q<0""’0> — 1, er...r5<0,...,0> — trl N tr2 -'-trs,
Q<v1,...,vu+1,...,vp> =0
G
(3_14) QTI...'I"3<'U17"'7vu+17...7vp> = X(lu) 5 er...rs<vl,...,vp>+
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s
+§ E lI‘Tfi ) Qj1~~~jt7‘1---f‘i---7‘s<vl,---,Up>
(AR A

>0 i=1
and the solution of (3.9) with (3.11) is given by

oo o0 o0

(315) yr _ Z Z (_Zl!)vl (_Z )Uz . (_up)vp

e ; o
v1=0 v2=0 vp=0 2 p

X

X QT <V1sVp> (1 <r<n).

The theorem 3.1 can be generalized for parallel tensor fields.
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