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Abstract

This paper reviews the multi dimensional assignment problem (MAP)

and some of its applications. The MAP is a higher dimensional version

of the classic two-sided assignment problem, and has applications in areas

such as target tracking and robot vision. These applications are reviewed

as well as the game arising from the MAP, called the m-sided assignment

game (m-SAG). Some thoughts about the use of approximation algorithms

in m-SAG to avoid the NP-hardness of the underlying MAP are described.

The paper finishes with a brief introduction to the concept of approxima-

tion games. The characteristic function of these games cannot be calcu-

lated and is, therefore, approximated.
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tion.
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1. Introduction

The Multidimensional Assignment Problem (MAP) is an extension of the

well known Linear Assignment Problem (LAP). Pierskalla in his pioneering work

[13] referred to the MAP as a higher dimensional version of the standard two-

dimensional linear assignment problem. Such higher dimensions can be thought

as time, space, etc. Whereas the LAP consists of matching elements from two

sets in an optimal way, the MAP extends the LAP by requiring the matching

of t-uples from more than two sets, which need not have the same cardinality.

Although the LAP can be optimally solved in polynomial time, the MAP is

NP-hard for dimensions strictly larger than two, see for instance [7].

This paper gives a brief overview of the state of the art in multidimensional

assignment regarding two applications that have been addressed by members of
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our society: the Multi-Target Multi-Sensor Tracking Problem (MTMSTP), and

the m-Sided Assignment Game (m-SAG).

The MTMSTP consists of assigning plots in a radar screen to their corre-

sponding moving objects. Its applications vary from air traffic control in airports

and defense radars, to robot vision. The need for “good” solutions in a relatively

short time and the computational complexity of this problem, justify that a great

part of the research in multi-target multi-sensor tracking has focused on finding

suitable approximation algorithms to solve it.

On the other hand, the m-SAG is a game in which the members of several

pairwise disjoint sets interact in order to optimize a certain utility function. In

comparison with the classic assignment game (m-SAG with m = 2), little has

been written about the m-SAG for m ≥ 3. One issue that, as far as the author

knows, has been neglected in the literature about m-sided assignment games

is the fact that the characteristic function of these games is extremely hard to

obtain. At the end of this paper some ideas on how this drawback could be

overcome are briefly discussed.

Some concepts on cooperative game theory will be needed in this paper. First

recall that a generic finite cooperative game is a pair (N, v), where N is a finite

set of players and v : 2N → R is the characteristic function, which assigns to

each coalition S ⊆ N a real value (it can be a benefit or a cost), with v(∅) = 0.

The main objective in cooperative game theory is the allocation of the profit

obtained by the cooperation of agents. Two well-studied allocation sets are the

core and the kernel. The core of (N, v) (in the case of a benefit game) is the set

C(N, v) = {x ∈ R
n : x(N) = v(N), x(S) ≥ v(S), ∀ S ⊂ N}, (1.1)

where x(S) =
∑

j∈S xj , for any S ⊆ N . Allocations in the core are stable allo-

cations in the sense that no coalition have incentives to act separately from the

rest of players since, this way, they would end up worse off (that is the meaning

of the inequality x(S) ≥ v(S) for all S ⊂ N , also known as the collective ratio-

nality principle). The kernel is constituted by individually rational allocations,

those x ∈ R
n such that v({i}) ≤ xi for all i ∈ N , for which no player i outweighs

another player j. For more details on these concepts the reader is referred to

[11].

The paper is structured as follows. In Section 2 the MAP is introduced.

Section 3 is devoted to show the first application studied in this paper: the Multi-

Target Multi-Sensor Tracking Problem. In Section 4, the second application of

the MAP introduced here is reviewed: the Multi-Sided Assignment Game, and a

brief introduction to these games and a literature review on the topic are shown.

The last part of the paper is devoted to show the need of using approximation

algorithms in certain cooperative games, including the concept of approximation

games introduced here, in which the characteristic function is calculated by
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means of an approximation algorithm.

2. The MAP

This section reviews the MAP and formulates it using Integer Linear Pro-

gramming (ILP).

An m-dimensional assignment problem consists of m pairwise disjoint sets,

named N1, N2, . . . , Nm, of the form

Nk = {ik1 , . . . , iknk
} k = 1, . . . ,m. (2.1)

The assignment of agents {i1, . . . , im}, where ik ∈ Nk ∀ k, results in a benefit

equal to ai1,...,im units. In such a case agents {i1, . . . , im} are associated. The

problem that arises when the elements of N1, N2, . . . , Nm must be associated so

that the total benefit obtained is maximized and no agent belongs to more than

one association is a MAP of dimension m, or just an m-dimensional assignment

problem. Note that when m = 2 this problem reduces to the classic assignment

problem.

This situation can be described by an ILP problem. Consider the variables

xi1...im ∈ {0, 1} ∀ ik ∈ Nk, k = 1, . . . ,m, satisfying that xi1...im = 1 if agents

(i1, . . . , im) are matched and zero otherwise. The integer linear program that

models the MAP is:

max
∑

i1∈N1

· · ·
∑

im∈Nm

ai1...imxi1...im

s.t.
∑

i2∈N2

· · ·
∑

im∈Nm

xi1...im ≤ 1 ∀ i1 ∈ N1

∑

i1∈N1

· · ·
∑

ik−1∈Nk−1

∑

ik+1∈Nk+1

· · ·
∑

im∈Nm

xi1...im ≤ 1
∀ ik ∈ Nk,

1 < k < m
∑

i1∈N1

· · ·
∑

im−1∈Nm−1

xi1...im ≤ 1 ∀ im ∈ Nm

xi1...im ∈ {0, 1}, ∀ i1 ∈ N1, . . . , im ∈ Nm

(2.2)

The constraints in the above ILP problem imply that, for a given k ∈ 1, ...,m

and a given ik ∈ N , the variables xi1,...,ik,...,im
must be equal to 1 for at most

one assignment (i1, ..., ik−1, ik+1, ..., im).

Therefore, an m-dimensional assignment problem is denoted by its sets of

agents and the vector of benefits

(N1, . . . , Nm; a). (2.3)

To finish this section consider the following example with a 3-dimensional as-

signment problem.



Multidimensional assignment: applications and some thoughts 17

Example 2.1. Suppose that there are two factories, two warehouses and two

shops. It is known that if factory i, warehouse j and shop k are associated, they

together produce a benefit of aijk. Besides, both factories, warehouses and shops

can be associated with only one of the others, that is, only one factory with only

one warehouse with only one shop. The benefits aijk are shown in Table 3.

a111 a112 a121 a122 a211 a212 a221 a222

3 4 2 5 2 6 5 4

Table 3: Table of benefits.

So, the formulation of this problem as a linear program is:

max 3x111 + 4x112 + 2x121 + 5x122 + 2x211 + 6x212 + 5x221 + 4x222

s.t. x111 + x112 + x121 + x122 ≤ 1

x211 + x212 + x221 + x222 ≤ 1

x111 + x112 + x211 + x212 ≤ 1

x121 + x122 + x221 + x222 ≤ 1

x111 + x121 + x211 + x221 ≤ 1

x112 + x122 + x212 + x222 ≤ 1

xijk ∈ {0, 1} ∀ i, j, k = 1, 2.

(2.4)

One optimal feasible solution to the relaxed problem of (2.4) is the vector

[
1

2
, 0, 0,

1

2
, 0,

1

2
,
1

2
, 0] (2.5)

which yields a value in the objective function equal to 19
2 .

The solution to the problem taking into account the integer constraints is

x112 = x221 = 1, xijk = 0 otherwise (2.6)

which produces an objective function value equal to 9.

Thus, their optimal associations are:

• Factory 1, warehouse 1 and shop 2.

• Factory 2, warehouse 2 and shop 1.

Note that, unlike the classic assignment problem, the relaxed solution need not

coincide with that obtained when taking the binary constraints into account.

3. The MTMSTP

In this section a real problem that can be modeled as a MAP is introduced:

the multi-target multi-sensor tracking problem.
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Figure 1: Association gate.

According to [2], tracking is the processing of measurements obtained from

a target in order to maintain an estimate of its current state, which typically

consists of:

• Kinematic components - position, velocity, acceleration, turn rate, etc.

• Feature components - radiated signal strength, spectral characteristics,

radar cross-section, target classification, etc.

• Constant or slowly varying parameters - aerodynamic parameters, etc.

One of the major difficulties in the application of multi-target multi-sensor

tracking involves the problem of associating measurements received by a sensor

with the appropriate target, forming a so-called track hypothesis, or just a track.

The term target refers to the actual object following a certain trajectory while

track refers to an estimated target trajectory. It is assumed that each target in

the coverage of the scanning radar can produce a maximum of one measurement

during a radar scan. To determine which measurements are likely candidates to

originate from a certain target, an association gate is positioned at the predicted

measurement of the target in the measurement space, as proposed in [3]. A

measurement could be associated with a track if the measurement falls within

a defined track association gate. As an example consider a track t and two new

measurements received in the last scan, p1 and p2.

In Figure 1 the square represents the predicted position of track t, the dots are

the measurements p1 and p2 and the circle represents the gate that corresponds

to track t. In this example p1 is associated with track t and p2 is not.

Now, the MTMSTP is formulated as a MAP. A more complete description of

this process can be found in [18] and [14]. Let us first describe the multi-target

multi-sensor tracking problem.

Suppose that a sensor starts observing the airspace periodically at a time

y0 = 0. During the first scan a first set of measurements is received. Let y1
denote the point in time at which the data of the first scan, during the time

interval [y0, y1), are collected. Analogously, the second set of measurements,

corresponding to the second scan, is received at instant y2, and so on. The set
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of measurements collected at scan k, during the time interval [yk−1, yk), and

received at time instant yk, is defined as Z(k) = {zk
i }Mk

i=1, where Mk denotes

the total number of measurements received during scan k and zk
i is the ith

measurement received within this scan. The cumulative data set for N scans is

defined as ZN = Z(1)∪· · ·∪Z(N). A track t is defined as a set of measurements

of ZN that contains at most one measurement from each scan and consists of at

least one measurement. This can be mathematically expressed as

t ⊂ ZN : |t| ≥ 1, |t ∩ Z(k)| ≤ 1 ∀ k = 1, . . . , N. (3.1)

A feasible partition of ZN is a set of tracks δ = {t1, . . . , t|δ|} satisfying two

conditions:

1. δ must cover ZN , that is,

|δ|⋃

j=1

tj = ZN .

2. Any two tracks belonging to δ may not have common measurements, that

is, they must be disjoint, ti ∩ tj = ∅ ∀ i 6= j, i, j = 1, . . . , |δ|.

For the sake of readability, in the rest of the paper feasible partitions will be

called partitions. The set of all possible partitions of ZN is denoted by ∆(ZN ).

The goal in multi-target multi-sensor tracking is to find a partition of ZN

that is most likely to represent the actual situation. To obtain such a partition,

which need not be unique, a quality measure Q(t) is assigned to each track

t ⊂ ZN , which expresses how well each measurement of t fits the assumed target’s

dynamic model. [18] was one of the first to introduce a likelihood function Q(t)

for each track t. A similar approach can be found in [14] and [22]. Since the

objective is to find a partition that is most likely to be true, the problem reduces

to

max
∏

t∈δ Q(t)

s.t. δ ∈ ∆(ZN ).
(3.2)

Note that this objective function is not linear. In order to come up with a

linear problem, the track score is defined as w(t) = log(Q(t)) for each t ⊂ Z.

Therefore, the partition that maximizes
∏

t∈δ Q(t) also maximizes
∑

t∈δ w(t),

since the logarithm is a monotonic function. Besides the linearity of the linear

function, an added benefit of using the logarithm is that it also reduces the

round-off errors that result from multiplying small numbers (such as likelihood

functions). Then, our problem reduces to

max
∑

t∈δ w(t)

s.t. δ ∈ ∆(ZN ).
(3.3)

Since the number of tracks explosively grows with the number of scans, and



20 F. Perea

therefore so does the computational complexity of the optimization problem,

a sliding window approach is used. The main idea behind the sliding window

technique consists of only considering the measurements of the last d scans,

assuming that the assignments of the previous scans are fixed (see Figure 2).

So, if a new scan is performed the window slides one scan onwards, discarding

the oldest scan of the previous window. The other d − 1 scans are maintained.

After including the new scan, the number of scans within the window is again

restored to d scans. So, each time a set of measurements is received, the number

of considered scans remains constant and the complexity of the corresponding

MAP problem does not increase. A description of the method is provided in

[15]. As an example, in Figure 2 those tracks are related with the scans with a

number ≤M .

Figure 2: The sliding window contains only three scans: d = 3.

Now the multi-target multi-sensor tracking problem can be formulated as a

multidimensional assignment problem. A track t = {z0
i0 , z

1
i1 , . . . , z

d
id
} ⊂ ZN is

either present in a partition δ ∈ ∆(ZN ) or it is not, where Z(0) = {z0
i }M0

i=1 is the

set of previously established tracks. This corresponds to a 0-1 decision, which

can be represented by the following variables:

xi0,i1,...,id
=

{
1 if t = {z0

i0
, z1

i1
, . . . , zd

id
} ∈ δ,

0 otherwhise.
(3.4)

Let ci0,i1,...,id
be the score of track t = {z0

i0
, z1

i1
, . . . , zd

id
}. Then, the formulation

of the MTMSTP as a MAP is

max

M0∑

i0=1

M1∑

i1=1

· · ·
Md∑

id=1

ci0,i1,...,id
xi0,i1,...,id

s.t.

d∑

j = 0

j 6= k

Mj∑

ij=1

xi0,...,id
= 1,

ik = 0, . . . ,Mk,

k = 0, 1, . . . , d,

xi0,i1,...,id
∈ {0, 1} ∀ i0, i1, . . . , id,

(3.5)

which is equivalent to those found in [9] and [18]. The constraints of the problem

force each measurement to be in one, and only one, track. In other words, two
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different objects cannot originate the same measurement.

Example 3.1. As an example consider a toy instance with three scans, where

two measurements are received in each scan as depicted in Figure 3.

Figure 3: Three scans with two measurements each.

The first scan, Scan 0, actually is the set of previously established tracks.

At each scan, two measurements are received (in order to maintain the same

notation as before, let the black dot corresponding to measurement i in scan k be

zk
i .) Assume that the track scores ci0,i1,i2 are:

(i0, i1, i2) (1,1,1) (1,1,2) (1,2,1) (1,2,2) (2,1,1) (2,1,2) (2,2,1) (2,2,2)

ci0i1i2 3 4 2 5 2 6 5 4

According to this score, an object following the trajectory given by the dots 2,1,1

in scans 0,1,2, respectively, is less likely to be true than an track following the

trajectory given by the dots 2,1,2 in the same scans, since the score for the first

object would be 2 and the score for the second one would be 6.

The problem can be solved by substituting the parameters ci0i1i2 in (3.5),

which yields the solution x112 = x221 = 1, the other variables being zero. That

means that our formulation would decide that there is one object following the

trajectory given by measurements 1,1 and 2 in the corresponding scans 0,1 and

2, and there is a second object following the trajectory given by measurements

2,2 and 1, as depicted in Figure 4.

Figure 4: The trajectories followed by the two objects.

Although the problem size is reduced by considering only the last d scans

the resulting MAP is still NP-hard for window sizes d ≥ 2, since this leads to
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a (d + 1)−dimensional assignment problem (remember that the m-dimensional

assignment problem is NP-hard for m ≥ 3). When tracking multiple targets,

a solution to the MAP must be given before the following scan of the sensor

begins, which is usually a short time. This justifies the development of efficient

approximation algorithms that provide good solutions for multi-target multi-

sensor tracking problems.

The GRASP (Greedy Randomized Adaptive Search Procedure) algorithm

proposed in [10] proved very efficient for the MTMSTP. As for other heuristics,

[26] presents a tabu search algorithm. Another research line in multi-sensor

multi-target tracking leads to seeking the K-best associations, see for instance

[16]. [4] used a semi-greedy algorithm to generate a set of required solutions

from which the best solution was selected. More recently, [12] proposed K-

greedy algorithms, which are a generalization of greedy algorithms in which, at

each step, the group of K tracks that jointly yield the best improvement in the

objective function are chosen. Note that when K = 1 these algorithms reduce

to the classic greedy algorithm.

4. The m-SAG

In this section the multiple-sided extension of the classic assignment game

is introduced. Borrowing from [21], “The assignment game is a model for a

two-sided market in which a product that comes in large, indivisible units (e.g.,

houses, cars, etc.) is exchanged for money, and in which each participant either

supplies or demands exactly one unit.” Ever since this first appearance, the

assignment game has been widely studied in the literature. For a quick good

introduction to the assignment game, the reader is for instance referred to the

third chapter in [5].

Let us now consider an m-dimensional assignment problem (N1, . . . , Nm; a).

Suppose that the agents interacting in the MAP, that is, the members of N1 ∪
· · · ∪ Nm, have conflicting objectives but, at the same time, they all want to

maximize their individual benefits. Thus, a cooperative game (N, v) naturally

arises, where the set of players is N = N1 ∪ · · · ∪ Nm. In order to obtain the

characteristic function of this game, the maximum benefit that each coalition

can make by themselves has to be calculated. For each S ⊂ N define Nk
S to

be the set consisting of the members of S that come from Nk, that is Nk
S =

Nk ∩ S ∀ k = 1, . . . ,m. Thus, v(S) is defined as the value of the linear program

(2.2) with (N1
S , ..., N

m
S ; a).

Definition 4.1. Let (N, v) be such that N = N1 ∪ · · · ∪ Nm with N i ∩ N j =

∅ ∀ i 6= j and v(S) is obtained from (2.2) with (N1
S , ..., N

m
S ; a). Then (N, v) is

an m-sided assignment game. From its definition, it can be proven that m-SAG

are well defined, nonnegative, monotonic and superadditive.

So far, there has been very little written about the m-SAG. One of the main
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differences with respect to the classic assignment game is that, in general,m-SAG

do not have core allocations. This means that, in general, it is not possible to

share the general profit among the agents in such a way that all coalitions receive

at least what they would make by acting on their own. Therefore cooperation

among players is not guaranteed. [1] used the “three-sexes” version of the Gale

and Shapley’s marriage market to prove that m-SAG can have an empty core.

Later on, [17] and [23] found subclasses of m-SAG with nonempty cores.

The second one presented the condition of additivity as a sufficient condition for

the non-emptyness of the core of an m-SAG. Specifically, an additive m-SAG

satisfies that the value of a matching (i1, ..., im) is always the result of the sum

of the values of the 2-matchings (ik, ik+1), k = 1, ...,m− 1.

In the last few years, a group of the University of Barcelona is actively work-

ing on the m-SAG. Examples of such efforts are [24] and [25]. The first one shows

the relation between the core of an m-SAG and the competitive prices of the

multilateral assignment market with buyers and different firms. The second pa-

per studies a subset of the core: the symmetrically multilateral-bargained (SMB)

allocation set. SMB allocations are core allocations that remain invariant after

a negotiation process between agents, in which each agent’s strength depends on

what they could receive in their preferred alternative matching, provided that

the other players’ payoffs do not change. These allocations extend the pairwise-

bargained allocations ([19]). They prove that in m-sided assignment games with

nonempty core, the SMB allocation set is always nonempty and that, unlike the

two-sided case, it does not coincide in general with the kernel.

4.1. Some thoughts about approximation algorithms and m-SAG

All the research done in the m-SAG assumes that the characteristic func-

tion of the game is known, which, as it will be discussed later, is crucial. Due

to the fact that in general m-SAG may have empty core, the search for other

allocations with good properties such as the Shapley value, see [20], becomes

even more important than in games where core allocations can be efficiently

found. But in games arising from problems that cannot be optimally solved in

real time, just like MAP, the calculation of allocations like the Shapley value

is, in general, extremely hard. Note that to compute such a value the charac-

teristic function must be known, that is, it is necessary to solve Problem (2.2)

for every coalition. In other words, O(2n) MAP problems (each of them is

NP-hard) must be solved. This argument is enough to justify the search for

techniques to efficiently allocate benefits (or costs) in m-SAG. This section pro-

poses approximation algorithms to avoid the NP-hardness of the underlying LP

problems. Approximation algorithms are procedures that find “good” (not nec-

essarily optimal) solutions to complex problems in a “short” time. The quality

of the solution is guaranteed because the approximation is optimal up to a con-

stant factor. For example, a feasible solution x given by an α−approximation
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algorithm for a maximization problem P would yield a value f(x) satisfying

αOPT ≤ f(x) ≤ OPT , where OPT is the value of an optimal solution to P ,

with 0 < α < 1. Note that, if α = 0.95, our algorithm would guarantee a

solution whose value deviates less than 5% from the optimal solution. On the

other hand, an α−approximation algorithm for a minimization problem would

yield solutions that satisfy OPT ≤ f(x) ≤ αOPT , with α > 1. For a detailed

description on approximation algorithms see [27].

Examples of the use of approximation algorithms to efficiently allocate the

benefits of a cooperative situation are [6] and [8]. The first one studies the Trav-

eling Salesman Problem (TSP) and, since computing the length of an optimal

TSP tour is NP-hard, it proposes approximately fair cost allocations (allocations

where the customers can be overcharged by a certain percentage, or the supplier

is allowed to run a certain deficit.) To do so they introduce a modified game

with a smaller cost function. The second paper considers the problem of shar-

ing the cost of a jointly utilized facility in a “fair” way, specifically the problem

of multicast routing. They avoid the complexity of the underlying problem by

a factor 2 approximation algorithm for the Steiner tree problem (a minimum

spanning tree on the required vertices).

In the rest of the section a greedy mechanism to allocate benefits in an m-

SAG is proposed. That is, this procedure will yield a vector (x1, . . . , xn) such

that xi is the payoff of player i, ∀ i ∈ N . Note that, since the calculation of

v(N) may not be possible due to the complexity of the underlying LP problem,

the allocation proposed may not allocate the optimal benefit, as expressed in

Theorem 4.1.

Given a MAP, its set of associations is the set

AS = {s : s = {i1, . . . , im}, ik ∈ Nk ∀ k = 1, . . . ,m}. (4.1)

Let us define the benefit of the association s ∈ AS, a(s), to be the benefit

generated after the association of the players in s, that is, a(s) = ai1,...,im . So,

by introducing the binary variable ys, which takes value one if association S is

to form and zero otherwise, the MAP (2.2) can be formulated as:

max
∑

s∈AS

ysa(s)

s.t.
∑

s : i∈s

ys ≤ 1 ∀ i ∈ N

ys ∈ {0, 1} ∀ s ∈ AS.

(4.2)

Note that, just like problem (2.2), problem (4.2) maximizes the benefits obtained

by the associations formed, imposing that the same player cannot belong to more

than one of the associations to form.

As a first attempt for using approximation algorithms in m-sided assignment
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games, the greedy allocation is here introduced. This procedure runs as follows.

Consider (N, v) an m-SAG. Iteratively select the most profitable association and

remove the members of such association. Repeat this process until all players

have been assigned or there are no more possible associations. When an associ-

ation s ∈ S is chosen, its benefit is equally distributed among the players that

constitute s. Thus, set xi = a(s)/m ∀ i ∈ s for every association s selected in

the greedy algorithm. A pseudocode of this allocation procedure is:

Greedy allocation.

1. x = 0, C = N

2. Repeat.

(a) Find the most profitable association in C, say s.

(b) Let a(s) be the benefit of association s.

(c) For each i ∈ s set xi = a(s)/m.

(d) C ← C − {s}.

Until no more associations are found.

3. Output x.

For a fixed m-dimensional assignment problem, the value of the solution

computed by the process above approximates the optimal solution within a factor

of m, that is, V(OPT) ≤ mV(GREEDY), where V (OPT ) denotes the value

of the optimal solution and V (GREEDY ) denotes the value of the solution

returned by the greedy algorithm. The proof of this result can be found in [4].

Besides, [12] provides an example to show that this approximation factor is tight.

After those arguments, the next theorem follows.

Theorem 4.1. Let x = (x1, . . . , xn) be the greedy allocation for an m-SAG game

(N, v). The following assertions hold:

1. x is a preimputation of (N, v), i.e., x(N) ≤ v(N).

2. x satisfies the individual rationality principle, i.e., xi ≥ v({i}).

3. v(N)
m ≤ x(N) ≤ v(N).

4. x can be computed in polynomial time.

Proof.

1. Since x(N) is the value obtained by the greedy algorithm and v(N) is

optimal, the result follows.
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2. Since v({i}) = 0 ∀ i ∈ N , and xi ≥ 0, the result follows.

3. This comes from the result v(OPT ) ≤ mv(GREEDY ) proved in [4].

4. The complexity of the greedy algorithm for MAP has been proven to be

O(n log n) in [4].

This allocation, despite its obvious limitations, can be used as a starting

point for the use of approximation algorithms in m-sided assignment games.

Remark 4.1. (Thoughts on approximation games)

To finish this paper, some thoughts about further use of approximation algorithms

for cooperative games arising from complex combinatorial problems are exposed.

To do so, consider (N, v) a (benefit) cooperative game whose characteristic func-

tion cannot be efficiently calculated (just like m-SAG). Let us now build the game

(N, v′), where v′(S) is calculated by solving the corresponding combinatorial prob-

lem by means of an approximation algorithm. Therefore, v′(S) ≤ v(S) ∀ S.

(N, v′) will be called the approximation game of (N, v). A first advantage of this

new game is that its characteristic function can be calculated efficiently, unlike

(N, v). Besides, if v(N) can be calculated, and therefore we set v′(N) = v(N),

then the following property directly follows:

C(N, v) ⊂ C(N, v′). (4.3)

The proof of this result is trivial. Let x ∈ C(N, v). Then, for all S ⊂ N ,

x(S) ≥ v(S) ≥ v′(S). Since x(N) = v(N) = v′(N), then x ∈ C(N, v′).

So, although the ideal situation is to have the complete characteristic function,

sometimes this is not possible. This remark intends to underline the need to go

further in games arising from complex problems in order to “fairly” share the

general benefit.
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