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Abstract. We introduce the notion of a well centered spherical quadrangle or
WCSQ for short, describing a geometrical method to construct any WCSQ. We
shall show that any spherical quadrangle with congruent opposite internal angles
is congruent to a WCSQ. We may classify them taking in account the relative
position of the spherical moons containing its sides. Proposition 2 describes the re-
lations between well centered spherical moons and WCSQ which allow the refereed
classification.

Let L be a spherical moon. We shall say that L is well centered if its vertices belong to the
great circle S2N {(z,y,2) € R*® : 2 = 0} and the semi-great circle bisecting L contains the
point (1,0, 0).

If L; and L, are two spherical moons with orthogonal vertices then L; and L, are said
to be orthogonal.

Let us consider the class €2 of all spherical quadrangles with all congruent internal angles
or with congruent opposite internal angles.

Proposition 1. @ € Q2 if and only if QQ has congruent opposite sides.

Proof. 1t is obvious that any spherical quadrangle, @), with congruent opposite sides is an
element of €.

Suppose now, that () is an arbitrary element of 2. Then () has congruent opposite
internal angles say, in cyclic order, (o, as, ag, ), with a; € (0, 7), i = 1,2, a3+ ag > 7.
Lengthening two opposite sides of () we get a spherical moon, L, as illustrated in Figure 1.
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Figure 1

The moon L includes ) and two spherical triangles, T} and T5. As T7 and T5 have congruent
internal angles, they are congruent, and so the sides of () common to respectively T} and
T, are congruent. The result now follows applying the same reasoning to the other pair of
opposite sides of Q. O

Proposition 2. Let Ly and Ly be two well centered spherical moons with distinct vertices of
angle measure 01 and 05, respectively and let () be the spherical quadrangle Q = L1 Ly. Then
Q@ has internal angles and sides in cyclic order of the form, (a1, a, a1, ) and (a,b,a,b),
respectively. Moreover, L1 and Lo are orthogonal if and only if an = aw, and 60, = 05 if and
only if a = b.

Proof. Let Ly and Ly be two well centered spherical moons with distinct vertices of angle
measure ¢, and 6, respectively. L; and L, divide the semi-sphere into 8 spherical triangles,
labelled as indicated in Figure 2, T;, ¢ = 1,...,8 and a spherical quadrangle @) = L; N L.

Let E and N be vertices of L; and Lo, respectively, aq, as, a3, ay and a, b, ¢, d be, respec-
tively, the angles and sides of @ in cyclic order (see Figure 2).

Figure 2

The triangles T5 and Ty are congruent (it is enough to verify that they have one congruent
side and two congruent angles) and so oy = ag. Also T and T are congruent and so ag = ay.
Since T5 and T are congruent and 77 and Ty are congruent we may conclude that T and T3
are congruent as well as 75 and T, and so a = c and b = d.
Now, 6, = 6, if and only if T} and T} are congruent, that is, if and only if a = b.
Besides, L; and L, are orthogonal iff £ - N = 0, where - denotes the usual inner product
in IR?, iff T and Ty are congruent iff a; = . O
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Corollary 1. Using the same terminology as before one has

i) If 01 = 0y and E- N = 0 then Q = LN Ly has congruent internal angles and all congruent
sides;

i) If 01 =02 and E- N # 0 then Q = Ly N Ly has all congruent sides and distinct congruent
opposite pairs of angles;

iii) If 6y # 0 and E- N = 0 then Q = Ly N Ly has congruent internal angles and distinct
congruent opposite pairs of sides;

iv) If 01 # 05 and E- N # 0 then Q = L1 N Ly has distinct congruent opposite pairs of angles
and distinct congruent opposite pairs of sides.

By a well centered spherical quadrangle (WCSQ) we mean a spherical quadrangle which is
the intersection of two well centered spherical moons with distinct vertices.

Proposition 3. Let (Q be a spherical quadrangle with congruent internal angles, say a €
(5,7), and with congruent sides, a. Then a is uniquely determined by c.

Proof. The diagonal of @ divides @ in two congruent isosceles triangles of angles (c, 5, ).
Thus, if a is the side of @) one has

cos§(l+cosa) 14 cosa

cosa = T =
sin § sin « 1 —cosa

We can observe that this relation defines an increasing continuous bijection between a €
(3, m) and a € (0, 7). O

Proposition 4. Let () be a spherical quadrangle with congruent internal angles, say a €
(5, ™), and with congruent sides. Then @Q is congruent to a WCSQ.

Proof. Let @) be a spherical quadrangle with congruent internal angles, o € (3, ), and with
all congruent sides.

Consider two spherical moons well centered and orthogonal, L; and L, with the same
angle measure 6 € (0, 7) such that cosf = 2cosa + 1 and Q* = L; N Ly, see Figure 3. Let
us show that @ is congruent to @*. By Corollary 1, @* has congruent internal angles and
congruent sides.

Figure 3

Denoting by o* € (3, m) the internal angle of Q* one has,

—0 -0 0 0—1
cosa* = —0032%+sinzuc0sz = —gin?= = cosv = 2 = cosa

2 2 2 2
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Thus a = o* and consequently () and Q* are congruent, since they have internal congruent
angles and by the previous proposition they also have congruent sides. It should be pointed
out that the relation cosf = 2cosa + 1 defines an increasing continuous bijection between
a € (5, ) and 0 € (0, m). O

Proposition 5. Let () be a spherical quadrangle with congruent internal angles, say a €
(%, ™), and with distinct congruent opposite pairs of sides, say a and b. Then anyone of the
parameters o, a or b is completely determined by the other two.

s

Proof. Let @) be a spherical quadrangle in the above conditions. For oo € (5, 7) and a €

(0, ), b is determined by the system of equations:

2 2

cosb = cos? "= 4 gin? =9 o5 9
cos = —cos*(m — a) + sin*(m — a) cos b

where 6 is the angle indicated in Figure 4.
Therefore,

2
1 + cot? 2 cos?

cosb= -1+

Figure 4

In a similar way, a can be expressed as a function of b and a.
We shall show in next lemma that a can also be expressed as a function of @ and b. [

Lemma 1. Let () be a spherical quadrangle with distinct congruent opposite pairs of sides,
say a and b and with congruent internal angles, say a. Then

cos o = —tang tan —
2 2
Proof. Let @ be a spherical quadrangle in the above conditions. Lengthening the vertices of

two adjacent edges, one gets two isosceles triangles with sides a, ”T’b, and b, 5* respectively,
see Figure 5.
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Figure 5

Let 6, and 6, be the internal angle measure of these triangles, see Figure 5. Then

7'('—91 7'('—92 . 7T—91 . 7T—92 m . 91 . 02
COS @ = — COS cos + sin sin cos — = — sin — sin —.
2 2 2 2 2 2 2
On the other hand,
cos a — cos? ”T_b cosa — sin? g
cos ) = —— = =3
Sin 5 COS 3
and
cosb—cos® ¢ cosb — sin? g
cos By = — = o
sin® 75 cos? 3
Thus

\/1—005«91 \/1—00802 ; at b
coso = — = —tan — tan —.
2 2 2 2

]

Proposition 6. Let (Q be a spherical quadrangle with congruent internal angles, say a €
(5, ™) and with distinct congruent opposite sides, say a € (0, ) and b = b(a,a). Then Q is
congruent to a WCSQ.

Proof. Suppose that @) is a spherical quadrangle in the above conditions. We shall show that
for two orthogonal well centered moons of angle measure, respectively, ; and 65, the unique
solution of the system of equations,

cos o :—sin%1 sin%2 (1)
2
cosa = COSO¥-‘,—2COS «
sin“ «

defines a well centered quadrangle (the moon’s intersection) congruent to Q. In fact if a
such well centered quadrangle exists then by Corollary 1 it has to be the intersection of two
orthogonal moons L; and Ly of angles #; € (0, 7) and 6, € (0, 7), respectively.
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With the Figure 6 annotation, one has

N
cosa = —sin — sin —
2 2’

as we have seen before. And

cos B + cos?(m —a)  cosby + cos®
cosa = — = —
sin®(m — «) sin”

It is a straightforward exercise to show that the system of equations (1) has a unique solution
and that L1 N L2 is congruent to (). Observe that 6; € (0, 7), where the cosine function is

injective and 92—2 € (0, ), where the sine function is also injective. ]

Remark 1. Let a: (0, 7) x (0, 7) = (5, 7) and a : (0, 7) x (0, 7) — (0, 7) be such that

cos 61 + sin? %1 sin? %2
20, -
2

a(0y,60y) = arccos(— sinﬁ sin @) and a(6,,02) = arccos —
2 2 — sin” 5 sin
The contour levels of a and a are illustrated in Figure 7 (done by Mathematica).
We may observe that the intersection of any two contour levels of «, and a determine
a unique pair of angles (61, 62) € (0, m) x (0, 7), which means that a spherical quadrangle
in the conditions of the last proposition is congruent to a well centered spherical quadrangle
(the intersection of two orthogonal well centered spherical moons of angles 6; and 6,).

L —a=m"

| —o=m

Figure 7
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Proposition 7. Let @ be a spherical quadrangle with all congruent sides, say a € (0, §)

and with congruent opposite angles, say oy, s, a; > as. Then oy > arccos(l — 1+0205a) and

anyone of the parameters a, oy and as 1s completely determined by the other two.

Proof. Suppose that @) is in the above conditions.

1. If &1 = as = a then as seen in proposition 3, cosa = 2

1+cosa;

2. If a1 > «s then a continuity argument allows us to conclude that «; > arccos(1 —
T +C20sa) > . This can be seen dragging two opposite vertices of () along the diagonal
of () containing them, see Figure 8.

14cos

Teorw, that is, cosa = 1 —

Figure 8

Now, given a and «y, «s is completely determined by the system of equations,

cosag = — cos> S+ sin? % cosl
cosl = cos?a+sin?a cosay

where [ denotes the diagonal of () bisecting a4, see Figure 9.

a

Figure 9

Thus,

2 (03] (6%))
and cosa = cot — cot —.

cosag =1 —
2 1+ tan® ¢ cos? a 2 2

O

Proposition 8. Let Q be a spherical quadrangle with all congruent sides, say a € (0, %)
and with congruent opposite pairs of angles, oy, a2, a1 > az, with as = as(ay,a) and
oy > arccos(l — —2—). Then Q is congruent to a WCSQ.

1+cosa
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Proof. Let @ be a spherical quadrangle as indicated above. Let us show first that when two
well centered spherical moons with congruent angles, say 6, and 7 —z, = € (0, §) as the

)
angle measure between them, then the following system of equations

cosa; = —sin? g — cos? g sinx
cosa __ cos 0'+c0s Q1 cos ap
sin a1 sin ag

has a unique solution which defines a WCS(Q congruent to Q).

As seen in Corollary 1, if such well centered spherical quadrangle exists then it has to be
the intersection of two well centered spherical moons with congruent angles 6 € (0, 7), and
such that the angle measure between them is § — z, = € (0, 7), see Figure 10.

3
< 7
s 0 /

Figure 10
With the labelling of Figure 10 one has,
— 0 -0 0 0
cos ap = — o8> WT +sin? " 5 cos(g +z) = —sin? i cos? 3 sin

and on the other hand,

cos f) 4 cos(m — ap) cos(m — a1)  cosf) 4 cos ay cos ay

cosa =

sin(m — ag) sin(m — ay) N sin o sin oy
Using a similar argument to the one used in proposition 6 it can be seen that the solution is
unique and that @) is congruent to a WCSQ. n

Remark 2. Let a; : (0, m) x (0, §) — (5, ) and a : (0, 7) x (0, 3) — (0, ) be such that

0 0
a1 (0, z) = arccos(— sin’ 3 cos? 2 sin x)

and

20 _ .20 _an2f 20
5 — cos” o sinx)(—sin® § + cos” §sinx)

in2f _ cos2 @ g 2 _(—sip2? 20 2
\/1—(—sm2 cos? 5 sin ) \/1 (—sin® § + cos? g sinx)

cos 0 + (— sin

a(f, z) = arccos

The contour levels of a; and a are represented in Figure 11 (done by Mathematica).
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Observe that if oy € (5, m) and a € (0, §) such that a; > arccos(1 — 1+C205a) then the
intersection of any two contour levels of a; and a is a unique point (6, ) € (0, 7) x (0, 7).
In other words any spherical quadrangle in the conditions of the previous proposition is
congruent to the intersection of two well centered spherical moons with the same angle

measure, ¢, and being § — x the angle measure between them.

T
n
2
- o =T
a= 0+—~> ¥
+ —a =%_
a=%
12 \
T 0
, = 0L =arccos '1*'%59 oo
= a, = o =arccos (1- 52-— )
{a — arccos 1+ cosf 1 1+cosa
3 - cosb
Figure 11

Proposition 9. Let Q) be a spherical quadrangle with congruent opposite sides, say a and b
and with congruent opposite angles, say oy and oy with oy > as. Then,

i) a+b<m

ii) a; > arccos(— tan  tan 2);

iii) anyone of the parameters ay, s, a or b is completely determined by the other three.

Proof. 1f @) is quadrangle as described above then it follows that 0 < 2a + 2b < 27 and also
201 + 2a9 — 2w > 0, with ay € (0, 7) and ay € (0, 7). Thatis, 0 <a+b<m, a3+ as >,
a € (0, m) and oy € (3, ), since a; > ao.

Assume, in first place, that oy = @y = a. Then, by lemma 1 we have cosa =
—tan £ tan 2 and so & = oy = a = arccos(— tan ¢ tan 2).

As before a continuity argument allows us to conclude that if a; > «g, then ay >
arccos(— tan 2 tan ) > ax.

Now, we show how to determine as as a function of a, b and «;. The diagonal [ of @)
through ay gives rise to two angles, = and y, (ay = x + y) as illustrated in Figure 12.

b

b

Figure 12
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One has,
cosl = cosacosb+ sinasinbcos ;.
Besides,
cosa — cosbceosl cosb — cosacosl
cosx = - . and cosy = - -
sinbsin ! sin a sin [

Since as = x + y, then as is function of a, b and ;.

We can also determine b as a function of a, a; and «y as follows. Let by, by and 6 be,
respectively, the sides and the internal angle measure (to be determined) of the triangle
obtained by lengthening the b sides of @), see Figure 13.

Figure 13
One has,
cos ) = — cos aq cos ap + sin arp sin ap cos a
and
COS (1 + €oS vy cos B COS (g + cos vy cos B
cosby = — - - A cosby = — - -
sin oy sin @ sin oy sin 6

Finally, b = m — (by + b9) is function of a, a; and as. O

Proposition 10. Let ) be a spherical quadrangle with congruent opposite sides, say a and b
such that a +b < 7 and with congruent internal angles a1, oy, oy > ay. Let us suppose also
that oy > arccos(—tan § tan g) and ay = ag(a,b,aq). Then, Q is congruent to a WCSQ.

Proof. Let @) be a spherical quadrangle in the above conditions. We shall show that when we
have two well centered spherical moons with angle measure ¢y and 6, and such that 7 — =,
z € (0, §) is the angle measure between them, see Figure 14, then the unique solution of the
system of equations

02 61 02

cosoy = —sin%lsin? — COos 5 cos Zsinw
cos a _ cos 91.+cos Q1 cos oz

sin a1 sin a
cos b __ cos 62+cos a1 cos a2

sin a1 sin g
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defines a well centered spherical quadrangle congruent to Q).

As seen in Corollary 1, if a such WCSQ exists it should be the intersection of two well
centered spherical moons (not orthogonal) with angles measure 6; and 6y, 0 < ; < m, i = 1,2
and with § —z, 0 <z < 7 as the angle measure between them, see Figure 14.

Figure 14

With the notation used in Figure 14 one has,

T — 0 7r—«92+, T—0; . ™—0, (7r+ )
COS (x; = — COS cos S S cos(—
o 5 5 in 5 in 5 5 x
0, 0y 0, 0,

= —sin — sin — — coS — CcoS — sin &
2 2 2 2

On the other hand,

cos B + cos(m — ) cos(m — ap)  cos By + cos ay cos a

cosa = - - = - n

sin(m — aq) sin(m — ag) sin a4 sin e
and

b cos By + cos(m — ay) cos(m — ag)  cosby + cosay cos ay
cosb = - - = - - )

sin(m — aq) sin(m — ag) sin oy sin g
As before, it is a straightforward exercise to state the uniqueness of the solution. n
References

[1] Berger, Marcel: Geometry, Volume II. Springer-Verlag, New York 1996.
cf. Geometry I, II. Transl. from the French by M. Cole and S. Levi, Springer 1987.
Zbl 0606.51001

2] d’Azevedo Breda, Ana M.: Isometric foldings. Ph.D. Thesis, University of Southampton,
U.K., 1989.

Received February 13, 2002


http://www.emis.de/MATH-item?0606.51001

