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Abstract

A Jordan pair V = (V*, V™) is a pair of modules over a unitary com-
mutative associative ring K, together with a pair (Q+, Q-) of quadratic
mappings Q- : V° — Homg(V7™7,V7), 0 = %, so that the following
identities and their liniarizations are fulfilled for o = *+:

JP1 Do (z,y)Q0(2) = Qo (2)D—0(y, z),

IP2 Do(Qs(2)y,y) = Do(z, Q—s(y)z),

TIP3 Qu(Qa(2)y) = Qu(2)Q—0 () Qo (x).

Here, Do (,)7 = Qo (2, 2)y = Qo(z 1 2)y — Qu(@)y — Qo (2)y-

According to an example with quadratic mappings Q. : V° —
End (V_”), we get a little different approach and we define the con-
cept of a pair of Jordan Triple Systems of Jordan Pair type.

1 Introduction
Let D,, be the dihedral group of degree n, more precisely,
D, =<a,b: |a| =n, |b| =2, ba=a"""b>.

Usually, the elements of D,, are written in the form a’b?, 0 < i < n — 1,
0 <7 <1, so that the underlying set of this group is

D, =<a>U<a>b, if nis an odd number,
or

D,=<a’>>U<a’®>aU<a®?>bU<a’®>ab, if nis an even number.
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If we use the notation p &,, r for the sum modulo m in the abelian group
R,, ={0,1,...,m — 1}, then the multiplication in D,, is given by the rule:

(a'b7) (a*b') = @?®n (D kpiD2d, (1)

Indeed, because ba* = a("~Vkp = ¢=Fph = " *b, we obtain

aitkpl, it j—o,
(a’t’) (akbl) = at~ kT if j=1andi>k,
a? kgl if j=1and i<k,

_ a‘Enkpi+0; if j=0,
T ae R =1
_ ai@n(q)jkbzeazj

Therefore, D,, = R,, ® Rs, where the group structure on R, & R, is defined
via the composition

(i,5)(k,1) = (i ®n (—1)k, L @2 j) .

2 Some properties of the
group algebra of D,

Let K be a field and let K[D,] be the group algebra of D,, over K. Then K|[D,]
is a unitary associative algebra of dimension 2n over K, noncommutative if
n > 2. A basis of K[D,] over K is the set of vectors

{a'P0<i<n-1,0<j<1}

with the multiplication (1).

If we look carefully at the multiplication table of K[D,] , we distinguish
two cases, depending on n being either an odd or an even number.

When n is an odd number, let T be the K-vector subspace of K[D,,] with
the basis < @ >, and let T~ be the K-vector subspace of K[D,,] with the basis
< a > b. Then the multiplication table in K[D,| =TT & T~ is

Tt T
T [ TF [T (2)
T |T- | TF

When n is an even number, let A5, 45, A3 and Ay the K-vector spaces of
KD, with the bases < a? >, < a? > a,< a? > b and < a® > ab, respectively.
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Then the multiplication table of the algebra K[D,] = A1 & As & A3 d Ay is

A A | As | Ay |
A | A | Az | As | Ay
Ao [ A [ AL AL [ A (3)
./43 .A3 A4 -Al A2
./44 A4 Ag -/42 .Al

Denote {i, j,k} = {i,j,k}. Then the table (3) shows that A;A; = Ay =
A;A;, so that the multiplication table can be arranged in the following form:

CL AL A A | A
A1 Al .AZ Aj Ak

A A TA AT A (4)
A A (A A A
Ac [ Ae [A; | A | A

Finally, if 7T = A; @ A; and T~ = A; ® Ay, then the table (4) becomes (2).
Therefore, except for the detailed table (3), the K-algebra K[D,] decom-
poses in K[D,] =T+ @ T, with multiplication table (2).

3 A pair of Jordan Triple Systems

Let T = (T™,T7) be the pair of K-vector spaces defined in the previous
section.

Unlikely the Jordan pairs, where we have to do with quadratic mappings
Qs : T° — Hom (T~7,T°), o = +, the decomposition of K[D,| =TT & T,
via table (2), leads to the quadratic mappings @, : 79 — End (T~7). More ex-
actly, for any x € T? and y € T~ 7, 0 = £, the product xyx € T~7. Thus the
assignments = — @, () : y — xyx, give rise to maps Q, : T2 — End (T77),
o = £. Does the pair @ = (Q+,Q-), defined above, verify the conditions
JP1-JP3? For, supposing the characteristic # 2, these conditions become the
following linear identities:

JP1" {zy{zzz}} = {a{yxz}z},

IP2" {{zyzlyz} = {a{yzy{z},

IP3" {{aya}z{zyx}} = {a{y{zzaty}ta}.
for all z,z € T and y € T~9, where {zyz} := Q,(z,2)y = Dy(z,y)z =
Qz +2)y — Q(z)y — Q(2)y.

Studying the succession of the signs in JP1’ and JP2' we conclude that
the pair @ = (Q4,Q_) cannot satisfy these axioms or others of their type.
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Concerning JP3, the permitted successions of the signs in the JP3’ lead us
to consider, in addition to products xyz, with z € T? and y € T~7, the
products xzx, with x,z € T?. So, every K-vector space T together with
the quadratic applications P, : T — End(7?) defined by the assignments
x — Py(x) : ¢ — zzx, is a Jordan triple system; that is, the following identi-
ties and their liniarizations hold:

JTS1 Ly (%, y)Py(v) = Py(x)Lo(y, ),
JTS2 L, (Py(x)y,y) = Lo (v, Py(y)x),
JTS3 P, (P,(x ) ) = Py(2)Py(y)Py(x),
where L, (x,y)z = Py(x,2)y = Py(z + 2)y — Py(2)y — Pr(2)y.

Finally, the condition JP3 is replaced by the following three connective
relations between the mappings P, and Q,:

(CR1) Qo (Po(2)y) = Qo(2)Q0(y)Q0 (),
for all x,y € T?;

(CR2) P (Q-0(2)y) = Q-0 (2)Q0(y)Q—0 (),
forall t € T77, y € T,

(CR3) Qo (R-s(2)y) = Po(2)Q—o(y) Fo (),
forallx e T77, y€T°.

In this way, we are led to the following definition.

Definition 3.1 Let 7T and T~ be two Jordan triple systems relative to the
quadratic mapping P, : T — End (T7), 0 = +. Let Q, : T? — End (T~7),
o = =+, be two quadratic applications. We say that T'= (T,T7) is a pair
of Jordan triple systems of Jordan pair type if the connecting axioms
CR1-CR3 and their liniarizations are fulfilled for o = +.
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