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Abstract

Many definitions of second-order generalized derivatives have been introduced
to obtain optimality conditions for optimization problems with C1,1 data. The
aim of this note is to show some relations among these definitions.

The class of C1,1 functions, that is the class of differentiable functions with Lip-
schitzian Jacobian, was first brought to attention by Hiriart-Urruty, Strodiot and
Hien Nguyen [8]. The need for investigating such functions, as pointed out in [8]
and [9], comes from the fact that several problems of applied mathematics including
variational inequalities, semi-infinite programming, penalty functions, augmented La-
grangian, proximal point methods, iterated local minimization by decomposition etc.
involve differentiable functions with no hope of being twice differentiable. Many second-
order generalized derivatives have been introduced to obtain optimality conditions for
optimization problems with C1,1 data and for this class of functions numerical methods
and minimization algorithms have been proposed too [20, 21]. In this paper we will
give some relations among several definitions that one can find in literature and we
will compare the necessary second-order optimality conditions expressed by means of
these derivatives. We will focus our attention on the definitions due to Hiriart-Urruty,
Strodiot and Hien Nguyen [8], Liu [14], Yang and Jeyakumar [23], Peano [18] and
Riemann [22]. Some of these definitions do not require the hypothesis of C1,1 regular-
ity; however, under this assumption, each derivative in the previous list is finite. The
definitions introduced by Hiriart-Urruty and Yang-Jeyakumar extend to the second-
order, respectively, the notions due to Clarke and Michel-Penot for the first-order case.
Peano and Riemann definitions are classical ones. Peano introduced the homonymous
definition while he was studying Taylor’s expansion formula for real functions. Peano
derivatives were studied and generalized in recent years by Ben-Tal and Zowe [1] and
Liu [14], who also obtained optimality conditions. Riemann higher-order derivatives
were introduced in the theory of trigonometric series. Furthermore they were developed
by several authors.
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In the following Ω will denote an open subset of Rn.

DEFINITION 1. A function f : Ω→ R is locally Lipschitz at x0 when there exist
a constant K and a neighbourhood U of x0 such that

|f(x)− f(y)| ≤ K x− y ,∀x, y ∈ U.

DEFINITION 2. A function f : Ω → R is of class C1,1 at x0 when its first order
partial derivatives exist in a neighbourhood of x0 and are locally Lipschitz at x0.

Some possible applications of C1,1 functions are shown in the following examples.

EXAMPLE 1. Let g : Ω ⊂ Rn → R be twice continuously differentiable on Ω and
consider f(x) = [g+(x)]2 where g+(x) = max{g(x), 0}. Then f is C1,1 on Ω.
EXAMPLE 2. Let fi : R

n → R, i = 0, ...,m, and consider the following minimiza-
tion problem:

min f0(x)

over all x ∈ Rn such that f1(x) ≤ 0, ..., fm(x) ≤ 0. Letting r denote a positive
parameter, the augmented Lagrangian Lr is defined on R

n ×Rm as

Lr(x, y) = f0(x) +
1

4r

m

i=1

{[yi + 2rfi(x)]+}2 − y2i .

From the general theory of duality which yields Lr as a particular Lagrangian, we
know that Lr(x, ·) is concave and also that Lr(·, y) is convex whenever the minimization
problem is a convex minimization problem. By stating y = 0 in the previous expression,
we observe that

Lr(x, 0) = f0(x) + r
m

i=1

[f+i (x)]
2

is the ordinary penalized version of the minimization problem. Lr is differentiable
everywhere on Rn ×Rm with

∇xLr(x, y) = ∇f0(x) +
m

j=1

[yj + 2rfj(x)]
+∇fj(x),

∂Lr
∂yi

(x, y) = max fi(x),− yi
2r

, i = 1, ...,m.

When the fi are C
2 on Rn, Lr is C

1,1 on Rn+m. The dual problem corresponding to
Lr is by definition

max gr(y)

over y ∈ Rm, where gr(y) = infx∈Rn Lr(x, y). In the convex case, with r > 0, gr is
again a C1,1 concave function with the following uniform Lipschitz property on ∇gr:

∇gr(y)−∇gr(x) ≤ 1

2r
y − y , ∀y, y ∈ Rm.
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In [11] the authors have proved the following result which gives a characterization
of C1,1 functions by divided differences.

THEOREM 1. [11] Assume that the function f : Ω → R is bounded on a neigh-
bourhood of the point x0 ∈ Ω. Then f is of class C1,1 at x0 if and only if there exist
neighbourhoods U of x0 and V of 0 ∈ R such that δd2f(x;h)

h2 is bounded on U × V \{0},
∀d ∈ S1 = {d ∈ Rn : d = 1} where

δd2f(x;h) = f(x+ 2hd)− 2f(x+ hd) + f(x).

It is known [23] that if a function f is of class C1,1 at x0 then it can be expressed
(in a neighbourhood of x0) as the difference of two convex functions. The following
corollary strenghtens the results in [23].

COROLLARY 1. If f is of class C1,1 at x0, then f = f̃ + p where f̃ is convex and
p is a polynomial of degree at most two.

PROOF. From the previous theorem we know that a function f is of class C1,1 at
x0 if and only if the following difference:

δd2f(x; d)

h2
=
f(x+ 2hd)− 2f(x+ hd) + f(x)

h2

is bounded by a constant M for each x in a neighbourhood U of x0, for each h in a
neighbourhood V of 0 and d ∈ S1. If p(x) = p(x1, x2, . . . , xn) =

n
i,j=1 cijxixj is a

polynomial of degree 2 in the variables x1, x2, . . ., xn, it is well known that

δd2p(x; d)

h2
=

n

i,j=1

cijdidj

where d = (d1, d2, . . . dn). So we can choose the polynomial p such that

sup
d∈S1

δd2p(x; d)

h2
≤ −M

and then for the function f̃(x) = f(x)− p(x) the following inequality holds
δd2 f̃(x; d)

h2
≥ 0, ∀x ∈ U, h ∈ V, d ∈ S1

that is f̃ is locally convex.

Now we remember the notions of second-order generalized derivative on which we
will focus our attention. The following definitions can be introduced without the hy-
pothesis that f is of class C1,1 but were investigated mostly under this hypothesis.

DEFINITION 3. Let us consider a function f : Ω→ R of class C1,1 at x0.

i) Peano’s second order derivative of f at x0 in the direction d ∈ Rn is defined as

fP (x0; d) = 2 lim sup
t→0+

f(x0 + td)− f(x0)− t∇f(x0)d
t2

.
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ii) Riemann’s second upper derivative of f at x0 in the direction d ∈ Rn is defined
as

fR(x0; d) = lim sup
t→0+

f(x0 + 2td)− 2f(x0 + td) + f(x0)
t2

.

iii) Yang-Jeyakumar’s second upper derivative of f at x0 in the directions u, v ∈ Rn
is defined as

fY (x0;u, v) = sup
z∈Rn

lim sup
t→0+

∇f(x0 + tu+ tz)v −∇f(x0 + tz)v
t

.

iv) Hiriart-Urruty’s second upper derivative of f at x0 in the direction u, v ∈ Rn is
defined as

fH(x0;u, v) = lim sup
x →x, t→0+

∇f(x + tu)v −∇f(x )v
t

.

REMARK 1. Analogously one can define lower derivatives. In particular Peano’s
second lower derivative is defined by

f
P
(x0; d) = 2 lim inf

t→0+
f(x0 + td)− f(x0)− t∇f(x0)d

t2
.

REMARK 2. We will denote by fD(x0; d) = lim supt→0+
∇f(x0+td)d−∇f(x0)d

t the
classical second upper derivative of f at x0 in the direction d ∈ Rn.
The following result is trivial.

THEOREM 2. If f : Ω → R is of class C1,1 at x0, then each derivative in the
previous list is finite (the same holds for lower derivatives).

It is known that the following necessary optimality conditions for an unconstrained
minimization problem hold.

THEOREM 3. [6, 8, 14, 23] Let f : Ω → R be a C1,1 function and assume that

x0 ∈ Ω is a local minimum point of f . Then ∀d ∈ Rn the derivatives fH(x0; d, d),
fY (x0; d, d), fP (x0; d), fR(x0; d), fP (x0; d), are greater or equal than zero.

In the following we will give some relations among the derivatives in Definition 3
that we will allow us to state that the “best” necessary optimality conditions for an
unconstrained minimization problem are those expressed by means of Peano’s second
upper derivative.

REMARK 3. In [23] is given the following chain of inequalities

fD(x0; d) ≤ fY (x0; d, d) ≤ fH(x0; d, d).

Furthermore fY (x0; d, d) = fH(x0; d, d) if and only if the map fY (·; d, d) is upper
semicontinuous [23].

REMARK 4. In [5] is given the following characterization of Hiriart-Urruty’s gen-
eralized derivative

fH(x0;u, v) = lim sup
y→x0,s,t→0+

∆
u,v

2 f(y; s, t)

st
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where
∆
u,v

2 f(y; s, t) = f(y + su+ tv)− f(y + su)− f(y + tv) + f(y).
From this characterization one can trivially deduce that fR(x0; d) ≤ fH(x0; d, d).
LEMMA 1. Let f : Ω ⊂ Rn → R be a given C1,1 function. Then fR(x; d) ≤

2fP (x; d)− fP (x; d).
PROOF. Choose tn → 0+ as n→ +∞, such that

L = lim
n→+∞

f(x+ 2tnd)− 2f(x+ tnd) + f(x)
t2n

.

Obviously L ≤ fR(x; d). Let now

s1,n = 2
f(x+ tnd)− f(x)− tn∇f(x)d

t2n

and

s2,n = 2
f(x+ 2tnd)− f(x)− 2tn∇f(x)d

t2n
,

eventually by extracting subsequences, s1,n → s1 and s2,n → s2 with s1 ≥ fP (x; d)
and s2 ≤ 4fP (x; d). By a simple calculation, we have

s2,n − 2s1,n = 2f(x+ 2tnd)− 2f(x+ tnd) + f(x)
t2n

→ 2L

and then
2L = lim

n→+∞ s2,n − 2s1,n ≤ 4fP (x; d)− 2fP (x; d).

THEOREM 4. Let f be a function of class C1,1 at x0. Then

i) fP (x0; d) ≤ fD(x0; d) ≤ fY (x0; d, d) ≤ fH(x0; d, d).
ii) fP (x0; d) ≤ fR(x0; d) ≤ fY (x0; d, d) ≤ fH(x0; d, d).

PROOF.

i) From the previous remarks, it is only necessary to prove the inequality fP (x0; d) ≤
fD(x0; d). If we take the function φ1(t) = f(x0 + td)− t∇f(x0)d and φ2(t) = t

2,
applying Cauchy’s theorem, we obtain

2
f(x0 + td)− f(x0)− t∇f(x0)d

t2
= 2

φ1(t)− φ1(0)

φ2(t)− φ2(0)
=

2
φ1(ξ)

φ2(ξ)
=
∇f(x0 + ξd)d−∇f(x0)d

ξ
,

where ξ = ξ(t) ∈ (0, t), and then fP (x0; d) ≤ fD(x0; d).
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ii) From the previous remarks, it is only necessary to prove the inequalities fP (x0; d) ≤
fR(x0; d) ≤ fY (x0; d, d). Concerning the first inequality, from the definition of

fP (x0; d) we have

f(x0 + td) = f(x0) + t∇f(x0)d+ t
2

2
fP (x0; d) + g(t)

where lim supt→0+
g(t)
t2 = 0 and

f(x0 + 2td) = f(x0) + 2t∇f(x0)d+ 2t2fP (x0; d) + g(2t)
where lim supt→0+

g(2t)
t2 = 4 lim supt→0+

g(2t)
4t2 = 0. Then

f(x0 + 2td)− 2f(x0 + td) + f(x0)
t2

=
t2fP (x0; d) + g(2t)− g(t)

t2
≥

fP (x0; d) + lim sup
t→0+

g(2t)

t2
− lim sup

t→0+
g(t)

t2
.

Then fR(x0; d) ≥ fP (x0; d). For the second inequality, we define φ1(t) = f(x0 +
2td)− 2f(x0 + td) and φ2(t) = t

2. Then, by Cauchy’s theorem, we obtain

f(x0 + 2td)− 2f(x0 + td) + f(x0)
t2

=
φ1(t)− φ1(0)

φ2(t)− φ2(0)
=

φ1(ξ)

φ2(ξ)
=
∇f(x0 + 2ξd)d−∇f(x0 + tξ)d

ξ
,

where ξ = ξ(t) ∈ (0, t), and then fR(x0; d) ≤ fY (x0; d, d).

THEOREM 5. Let f be a function of class C1,1 at x0. If x0 is a local minimum for
f , then ∇f(x0) = 0 and the following chain of inequalities holds

0 ≤ f
P
(x0; d) ≤ fP (x0; d)

≤ fR(x0; d) ≤ 2fD(x0; d) ≤ 2fY (x0; d, d) ≤ 2fH(x0; d, d)
Indeed, the proof follows from Theorem 4 and Lemma 1.

REMARK 5. From the previous theorem one can conclude that the “best” optimal-
ity conditions for an unconstrained minimization problem with C1,1 objective function
are those expressed by means of Peano’s derivatives.

REMARK 6. A similar chain of inequalities holds ∀x ∈ Ω when f is convex and
of class C1,1. In fact in this case it is not difficult to prove that fR(x; d) ≤ 4fD(x; d)
and then, reasoning as in the proof of Theorem 5, we obtain the following chain of
inequalities

0 ≤ f
P
(x; d) ≤ fP (x; d)

≤ fR(x; d) ≤ 4fD(x; d) ≤ 4fY (x; d, d) ≤ 4fH(x; d, d).
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