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Four first year students at a central Greek university are interviewed on basic facts 

concerning the abstract definition of indefinite integral to which they are exposed to at 

the 12
th
 grade. Using different lenses we examine their content knowledge and at the 

same time exploit the complementary approaches in interpreting our findings.  

INTRODUCTION 

Over the last decades several theoretical frameworks have been proposed in order to 

explain student’s ways of learning either by focusing on individual’s mechanisms of 

cognition and knowledge or by taking under consideration mainly socio-cultural 

aspects of mathematics learning. How can competing theoretical lenses function when 

applied to the same phenomenon? There is an interdependence of facts and theories in 

the sense that the same facts can support different theoretical perspectives. According 

to Sfard (2001) in many situations it is reasonable to try to use different approaches to 

understand learning in an attempt to find which one would provide a more helpful 

solution of the problem at hand. In this article we exemplify how analyses of the 

responses of four undergraduate students to some problems on the indefinite integral 

by using different theoretical perspectives can lead to different interpretations of 

students understanding. The two basic frameworks we chose to operate in are the one 

that (based on the Piaget’s notion of reflective abstraction) describe the cycle of mental 

construction using the “process – object encapsulation” (Tall, 2005) and the other is 

the “communicational approach to cognition” as described in Sfard (ibid.). For the first 

one we use two different descriptions of the cycle of mental construction: Sfard’s 

(1991)  interiorization, condensation, reification and Gray & Tall’s (1994) procedure, 

process, procept. For the communicational approach, learning is viewed as 

participation in certain distinct activities thus shifting the attention to the activity itself 

and to its changing context-sensitive dimensions (Sfard, 2001). The goal of this paper 

is twofold. The immediate goal is to investigate by using different theoretical tools   the 

difficulties students face when confronted with an abstract concept as the indefinite 

integral. The broader and more general goal is to explore the different (contradictory or 

complementary) perspectives that the above mentioned theoretical frameworks 

provide when applied on the same case. The article consists of three parts. The first part 

provides relevant background information about the problems posed   and the methods 

used. In the second part we analyse the students’ responses from both the cognitive 

science approach and communicational approach perspective. The last part confronts 

the two analyses and discusses the complementarity or incompatibility of the different 

approaches. We conclude by claiming that it is necessary to try both these approaches 
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when analysing students’ responses since they often provide useful insights depending 

on the questions asked. 

BACKGROUND 

In Greece 12
th
 grade students are introduced to the concept of indefinite integral 

according to the definition: indefinite integral of a function f continuous in an interval 

[a,b], is defined to be the set of all the anti-derivatives of f on [a,b]. Then tables and 

methods of integration follow which are accompanied by more theoretical – 

conceptual exercises. As in the case of other calculus concepts, the Greek curriculum 

emphasizes abstract handling of the integral which makes interesting what the students 

really understand after a year of teaching. Seven first year students of the Math 

Department were interviewed using a questionnaire comprised of three parts. In the 

first part, 3 simple indefinite integrals were asked to be calculated just to make sure a 

basic algorithmic understanding of the integral had been attained. The second 

consisted of the following four questions:  

Correct if necessary the following arguments Q.1 – Q.3 :  
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Q.3 : since ∫ f(x)dx0 =∫∫0∫ f(x)dx and ∫∫ dx0∫ f(x)dx =∫ =cdx0  and ∫ f(x)dx0 = 0  it follows 0=c.  

Q.4 : True or false: ∫ f -∫ f = 0 Elaborate.  Finally in the last part, they were asked to 

describe in their own words the definition and the role of the indefinite integral. The 

questions of part 2 were designed in order to create a learning situation involving 

elements of conflict and doubt. According to Fischbein (1987), the need for certitude is 

the basic component for learning. Doubt and confusion relate to cognitive conflict and 

conceptual change (Vosniadou, 2003). For Piaget (Piaget & Garcia, 1989) 

equilibration is a process that is stimulated by the disequilibrium that is caused by 

either inter or intra-personal conflicts. Following Zavlasky’s (2005) categorization of 

the types of uncertainty entailed in certain mathematical tasks, we used the “competing 

claims” type of uncertainty in the questions posed to the students. That is we used 

outcomes that contradict well known mathematical truths (as in Q.1: 0=1) or 

contradicting statements with which the subject was confronted (as in Q.4 when the 

student had answered True the remark was made by the interviewer “in math isn’t it 

always that A-A=0?”)  

RESULTS 

Each interview was audio taped and the verbal data were analysed in conjunction with 

students’ written answers. The goal was to describe patterns of interaction, and change 

in students’ use of mathematical language and concepts and track their level of 

understanding through discussion and argument. We will present some characteristic 
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points of the interviews from 4 students and analyse them through different theoretical 

lenses. 

Student M 

The student is asked whether the integrals, i.e. the sets dx
x∫

1,
1

 dx
x∫

+
1

1  are equal. 

M:  So in order the sets to be equal, the elements of the first set should equal the 
elements of the other. 

Interviewer:  So the two sets contain the same functions? 

M:  no, no. They don’t contain the same functions because the first is the 
integral of 1/x and the second is 1 plus the integral of 1/x,... they haven’t the 
same formula. 

Although student M remembers the set theoretic definition of integrals she is not 

capable of applying it in the right fashion, since she identifies the concept of function 

with its formula. This typical mistake, reveals a lack of the necessary encapsulation of 

the process of integration into a thinkable object in the sense of Tall (2004) or a 

non-reified object in the sense of Sfard (1991). The same student exhibits a similar 

procedural attitude towards the question B.2 : at first she answers that the result is true 

and when she is asked whether the fact that the derivative of sinx + c is also cosx would 

make her change her mind she argues as following: 

 Interviewer: So should we add a constant c here as in the previous case? 

 M: No, it’s not a solution of an equation; it’s just a simple implication. The fact 
that (sinx + c)′  also equals cosx is not relevant, I wouldn’t add the constant 
c anyway. 

Interviewer: the fact that sinx + c  is also an anti-derivative makes you consider that we 
should add in the result a constant?  

M: I believe no, the exercise is not asking for finding the set of the 
anti-derivatives but for proving something, I mean what we have here is the 
result of an implication, why consider a constant c ? 

As Sfard has remarked, at the first stage of understanding a new symbol, its use is 

mainly templates-driven and only some time later it can be object-mediated. In this 

sense the student probably has formed a cluster with templates of the indefinite integral 

coming from former uses where the usual procedure was to apply some integration 

formula and find a result following well established implications: the exercises and 

examples in the Greek school-books are mainly of this type. It is procedural thinking, 

in the sense of Gray and Tall (1994), that the student exhibits here: the focus is on the 

procedure and the symbol of integral can not be seen as representation of a concept and 

its process at the same time. According to the theoretical model of dynamics of 

cognitive sensitivity developed by Merenluoto & Lehtinen (2004), the student which 

had no relevant perception of conflict followed the third path of this model 

demonstrating low certainty and a routine activity without any adequate relation to the 

cognitive demands of the task. This is what Piaget (1975) termed as alpha level of 

understanding (or stonewalling according to Chan  et all (1997)). Obviously, what is 



Metaxas 

PME31―2007 3-268 

presented as contradictory data from the point of view of the interviewer is not 

considered as such by the student so it’s not enough to lead him to a meaningful 

conflict. 

Student A 

In dealing with the question Q3 student A changes his initial position after a lengthy 

conversation with the interviewer. Applying the definition he realizes the difference 

between the sets ∫ f(x)dx0 and ∫ f(x)dx0 : 

A: ...so this set ( ∫ f(x)dx0 ) must be the set of constant functions  

Interviewer: How many elements does it consist of?  

 A: infinite 

................................... 

A: ...and the set ∫ f(x)dx0 has only one element, the zero-function 

Interviewer: What is the relationship between these two sets, are they equal?  

A: Only if the constant equals zero 

Interviewer: But the first is an infinite set...  

A: Yes, so the first contains the second set 

Interviewer: How does this solve the conflict regarding the equation 0=c ?  

A: The zero belongs, so the equality holds for one case but not in any case, so 
we have a generalization failure? 

In spite of his procedural conception, student A with the help of his interlocutor 

understands the inadequacy of his initial statements regarding the equality of these sets 

and goes on to a reorganization of his knowledge. We could say that he is not far from 

a conceptual restructuring, what Piaget named level beta (Piaget, 1975) or implicit 

knowledge building according to Chan et al. (1997).Nevertheless three are two 

questions that can not be explained in this frame: why does he repeat his initial position 

(“Only if the constant equals zero”) even after his change of attitude and why is he 

concluding his statement with a question mark? If we interpret the change not as result 

of a cognitive but rather of a discursive conflict which contains as variables the use of 

words and the intended focus of discourse we could say that  student’s need for 

communication and the meta-discursive rule of the superiority of teacher-interviewer’s 

word are the principal drives behind student’s change. The student investigating the 

meaning of the expression ∫ ∫ =− 0ff is asked whether the equality A-A=0 holds for 

any mathematical objects: 

A: When we have an object A then the equation A-A=0 holds but here we have 
a set no such an object Interviewer: The set is it an object? Can I see it as 
an object?  

 A: No, as an object, I don’t think we can do 

Interviewer: Can you regard the set of all natural numbers as an object?  

A: ... no, we have an infinite number of natural numbers... 
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Interviewer: ... so in case we have a set containing an infinite number of elements, can I 
see it as an object? 

A: ... no, definitely no... 

 

Using the communicational approach as in Sfard (2001), A’s failure of understanding 

the object status of the indefinite integral is understood as a failure to communicate and 

probably this is a dialogue failure more than A’s failure. Student’s intended focus of 

discourse is on the infinite cardinality of the set which determines the way he sees the 

integral. On the other hand, the interviewer’s intention of creating a sense of ambiguity 

and conflict is not considered as such by the student. As Limon (2001) has remarked, 

students often fail to reach a stage of meaningful conflict, since what the teacher 

considers meaningful for his students cannot considered meaningful for them. 

On another level, the ‘met-before’ idea (Tall, 2004) of an infinite set and the 

misconception that such a thing can not be treated as an object has serious 

consequences for the development of the concept of integral. The student can not see it 

as a reified object and this suggests that his understanding is still at the procedural level 

not being able to compress the set theoretic and algorithmic faces of the integral into an 

amalgam like the procept. 

Student K 

Student K dealing with Q.4 uses a specific function and gets ∫ ∫ =− cff  which then 

argues that is the right answer:  

K: ...this equality ∫ ∫ =− cff  is too simple to hold for an indefinite integralֹ  

on the other hand this equality: ∫ ∫ =− cff  is more logical, more 

mathematical 

We see in accordance with the results of other studies like Healy & Hoyles (2000), that 

the more formalistic a formula is the more “valid” is in the eyes of many students. 

Although the student is not able to prove his claim, he insists on his belief even after 

questions by the interviewer which challenge her answer. The formal system of 

knowledge probably necessitates the existence of formalistic proofs and this often 

competes and prevails over the logic of the student himself. Afterwards, when asked if 

she ever felt the need to justify his claim by an example she emphatically answers: 

K: ...no, this is not something I usually do...  if it works with this way why 
bother search for an explanation? 

Her orientation towards the pure algorithmic level of definition and the process it 

implies instead of a more general proceptual way of thinking is obvious. Also the  

meta-discursive rule of following the implementation of any routine that simply works 

without any regard to its understanding is apparent here. 
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Student T 

In the same vein student T sees no apparent conflict between the definition of the 

integral and its use in computing specific values. In fact she states it, she computes “the 

values of every integral without bother thinking if any conflict arises. The following 

excerpt is characteristic: 

T: ... adding two integrals, which amounts to adding two sets is ...according 
the definition it is the intersection of the corresponding sets...   

Interviewer: ... so when you added these two integrals did you add them as two sets?  

T:  no, no, according to the tables 

Interviewer: ... so when adding two integrals do you see them as two sets that add up or 
something else  

T: ... no, I just add them up automatically using the formula-tables, I never saw 
them as sets although the definition describes sets ... actually it really 
crossed my mind once but I didn’t know how to explain it  

Interviewer: ... did you find it strange, I mean adding two integrals like adding two sets?  

T: well yes, it’s confusing but I just learnt what I needed to, I didn’t examine 
these details 

She exhibits low certainity to the conflict between her understanding of the definition 

(adding integrals as set intersection) and the way she solves integral problems (using 

the tables of integration) which unavoidably leads to a confusing and meaningless 

situation and to an implementation of a routine activity according to the Merenluoto & 

Lehtinen (2004) model. Also an existing gap between operational and structural 

conception (Sfard, 1991) of integral is evident here, since the student is not able to 

facilitate the dichotomy between the official definition and the algorithmic knowledge 

he uses in solving problems. In dealing with the question Q1 she quickly rejects any 

meaning for the subtraction of integral since it leads to a paradox (0=1) : 

T: Although in usual mathematics adding two opposite elements we always 
get zero, this is not what happens to the ∞-∞ case so we have something 
similar here subtracting two integrals   

Interviewer: And this explanation satisfies you or do you tend to seek it further ?  

T:  I am o.k. 

Interviewer: Do you feel any need to have a more intuitive confirmation to this 
statement? 

 T: No, I don’t think there should be something like this 

Using the same model by Merenluoto & Lehtinen (ibid.) we could characterize his 

reaction of connecting the indefinability of ∞-∞ with the present case as superficial 

construction that is based on more primitive met-before concepts which is 

accompanied by high certainity (no need to check intuitively the claim).This is what 

Chan et al (1997) call patching: noticing surface discrepancies and patching 

differences by ad hoc rationalizations. Once more her procedural and algorithmic type 

of understanding is revealed. Furthermore, her denial of any need for further checking 
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could mean the existence of a meta-discursive rule of no need for validating 

empirically – intuitively the formal methods and results. Her process like view of the 

integral is more clearly declared below:  

Interviewer: How would you best characterize the indefinite integral in a single word: 
object, process, tool, concept,.. 

T: process  

Interviewer: Is it an object like a function?  

T: No, because the set of functions that constitute any integral is infinite, so it 
can’t be an object 

The concept of integral is not reified and probably not even condensed succesfully in 

the sense of Sfard (1991) and this is relevant to the insufficient reification of a lower 

level concept: the infinite element set. Inadequate reification of the concept of set, 

necessary for building higher level structures, hinders the successful interiorization of 

the new concept of integral. 

CONCLUSION 

This was a part of a larger study including the views of a number of in-service teachers 

and post graduate students in math education. Although all 4 of the students presented 

above were high graders in the national university entry exams and solved easily the 

typical exercises of our first part, none of them had reified the concept of the indefinite 

integral. Their understanding was mainly procedural and it was not easy at all for them 

(though with different grades of difficulty) to handle the integral as an object. This 

goes the same way with their statements in part three where they characterize the 

integral mainly as a tool or a “technique to solving efficiently differential equations”. 

Considering the general emphasis of the Greek curriculum in formal ideas and the 

subsequent exercises on that style, this is even more astonishing. It seems that the 

definition the way it is given in the book is not “formally operable” in the sense of Bills 

& Tall (1998). Also, in some cases the inadequacy of lower level reification of the 

concept of infinite set was an obstacle to the higher-level interiorization of the integral 

concept. Using a different lens, the personal interpretation of words and the different 

intended focus of discourse are probably some of the factors that played crucial role in 

what could be seen as the failure to communicate. In this context the failure takes place 

between the textbook and the student and also between the teacher-interviewer and the 

student. As also is shown in other examples (Limon, 2001) in the efforts to teach 

conceptually difficult notions it is useful to use cognitive conflict techniques taking 

into consideration the cognitive distance between student’s prior knowledge and the 

new phenomenon to be learned. Otherwise insufficient synthetic models arise. All in 

all, the different outlooks though incommensurable when applied to the same case 

simultaneously, they provided us useful insights in the abovementioned cases. And 

since a simple model of explaining the act of understanding is far from near, exploiting 

the strengths of competing frameworks is clearly more than useful.  
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