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INTRODUCTION 
 

Why do we teach and learn mathematics? A high school teacher in Seoul, who has 

taught mathematics for 15 years since she graduated from the college of education, 

recently, has had a serious concern with this problem. She tried to tell her students, 

most of whom did dislike studying mathematics, that mathematics is actually a very 

useful subject, but failed since it seemed that her claim was not convincing enough. It 

was because she thought it would be difficult to argue that mathematics is actually 

practical subject to the ordinary people. Even worse, the teacher herself could not 

answer to the question, “How important high school mathematics can be for the 

ordinary people?” This doubt seems to be common to all mathematics teachers.  

Since the modern period, with the spread of useful computation techniques and the 

development of science and technology based on mathematics, the practical aspects 

of mathematics have been highly valued. It has been thought that the usefulness of 

mathematics in solving many problems and developing science and technology is 

unquestionable, and that would be the main reason which made mathematics as a 

core subject for public. However, a serious problem lies in the fact that not everyone 

is going to be a scientist or a technologist, and it is difficult to insist that most of what 

we teach particularly in middle and high school mathematics classrooms is necessary 

for leading the life of today  

Then why do we have to teach such knowledge whose practicality is doubtful for the 

ordinary people? The traditional eastern education, which was based on the Four 

Books and the Three Classics of ancient China, had focused on the educational value 

of ‘theoretical knowledge’ that is far from practicality. This was also true in the 

tradition of the Greek education for the free citizens and in the medieval seven liberal 

arts education led by the Scholastics. The traditional ways of education, which put 

focus on theoretical knowledge, was to develop the conceptual means or the eye of 

our mind to see the phenomena and to find true ways for our spiritual life.       

Standing against this tradition, and emphasizing the social aspects of education was 

Dewey (1916), who argued the value of ‘practical knowledge’ to nurture the 

competent citizen of a democratic society.  

 
“The value of any fact or theory as bearing on human activity is, in the long run, determined by 

practical application (McLellan & Dewey, p.1).” 

 

His experientialism tried to find the origin of the mathematical knowledge in the 

process of solving everyday-life problems, claiming that mathematical knowledge 

should be taught as a means for the solutions in relation to the actual problems 
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(McLellan & Dewey, 1895). After Dewey, the focus of the education has shifted 

from ‘remote’ theoretical knowledge to ‘immediate’ practical knowledge. Particularly 

in mathematics education, efforts to teach the practical knowledge and develop 

problem-solving ability have continued.  

However, from the Greek period till now, if there is anything that has not changed in 

school mathematics, it will be the fact that theoretical knowledge, which goes far 

beyond practical knowledge and which is not very much motivated with practical 

problem solving, has been continued to be taught. Despite numerous reform efforts, it 

has been scarcely changed that the theoretical knowledge has been firmly centered on 

the practice of mathematics education. Therefore a question on the educational value 

of the theoretical knowledge-based school mathematics for ordinary people can be 

raised. 

Meanwhile, we should pay attention to the significant change of the perspective on 

mathematical knowledge: the advent of non-Euclidean geometry, the development of 

modern abstract mathematics after Hilbert’s Grundlagen der Geometrie and the 

advent of quasi-empiricism after Lakatos’ Proofs and Refutations. Today, so-called 

social constructivism (Ernest, 1991) which claims that certainty does not exist, and 

mathematics is just the result of construction of a subject and social negotiation 

processes, seems to be regarded as the trend of the times. What does it mean by 

letting ‘young children’ construct by themselves and negotiate their own 

mathematics? Can we undervalue the education led by the teacher as the embodiment 

of awe-inspiring mathematical knowledge? We should carry out a thorough analysis 

of the true face of mathematics educational thoughts of constructivism, and 

reexamine the traditional basis of education. Confucius (2002) said, 

 
“ 故  可 (A man is worthy of being a teacher who gets to know what is new by 

keeping fresh in his mind what he is already familiar with (pp. 12-13).” 

 

Despite the pragmatist and recent constructivist view on the education, it is hard to 

deny that the essence of education lies in developing a ‘noble-minded person’ 

through the change of his/her internal eye and teacher takes the lead in education, 

regardless of the Orient and the Occident. The issue here is that, paying attention to 

the traces of mind cultivating in mathematics education; it is required to find a way to 

rediscover such a tradition and advance it further. For this purpose, here we are going 

to look at the strands of thoughts, which were advocated by Pythagoras, Plato, 

Pestalozzi, Froebel, and Bruner, on the mathematics education for cultivating mind.   

According to them, mathematics should be the subject for the education of human 

beings who possess the sense of truth and pursue truth, who explore the mysteries of 

the nature through mathematics, and who pursue the Reality that dominates the 

phenomenal world. Here, we will try to reexamine that school mathematics can be, 

and should be the best way to realize the ideal of education, that is, cultivation of 

mind. Also, we will claim that we need to pursue the idea in new perspective.  

As for this, it can be claimed that the history of mathematics is a process of gradual 
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revealing the Reality by human beings, and that learning mathematics should be a 

process of encountering with the Reality. We endeavor to find the clue for realizing 

that idea especially from the thoughts of F. Klein and H. Freudenthal, two most 

distinguished figures who had much influence on mathematics education of the 20th 

century. It is considered that their thoughts on mathematics education which claimed 

historical-genetic approach (Klein, 2004, p.268), reflection in connection with the 

historical and philosophical point of view to the mathematics learned (Klein, 1907, 

S.216) and teaching/learning mathematization (Freudenthal, 1973, pp.131-146), and 

tried to reveal the knowledge structure of school mathematics through didactical 

analysis (Klein, 2004; Freudenthal, 1973, 1983), can open a new perspective on the 

pursuit of the idea of mathematics education, that is, cultivation of mind. 

Here we will try to advocate that learning school mathematics should involve true 

sense of wonder and impression of encountering with the Reality, and awake the 

students to the sense of truth, beauty, and innocence. These experiences could 

become opportunities to let them realize the mathematical-ness of the universe, and 

lead the lives to devote themselves to reveal the mystery of it with the virtue of 

modesty. As a necessary consequence, school mathematics would be linked to a 

virtuous life. Here, we try to look at the practices to realize this educational thought 

through the discussion on the teaching of the Pythagorean theorem, negative numbers 

and functional thinking, and the methods for its realization.  

 

THE TRADITION OF MATHEMATICS EDUCATION FOR CULTIVATING 

MIND 

 

In the light of the Buddhism theory of mind, the Neo-Confucianism theory, and the 

theory of knowledge of Kant, Lee Hong-Woo (2001) argues that our mind forms a 

‘double-layer structure’ which consists of the empirical layer and the transcendental 

layer, and claims that the goal of education should be the recovery of our 

transcendental mind, as followings. The Suchness of the Buddhism theory of mind, 

the Nature or the Equilibrium from the Doctrine of the Mean, and the Idea of Kant, 

all refer to the Reality which is the logical cause of things, the standard of everything, 

the Truth, the Goodness, and the Beauty itself. The goal of the discussion on the 

Reality is in finding out what kind of mind we should live with, and it is a common 

thought that the Reality refers to transcendental, ‘primordial mind’ at which our 

phenomenal, empirical mind should aim. It is the most fundamental hypothesis of 

education that school subjects intend to lead students to form their primordial mind 

by contributing to the recovery of transcendental mind. The knowledge we believe 

necessary enough to make it as a school subject is the one that has possibility of 

recovering the transcendental mind contained inside, if students would learn it well. 

According to the tradition of education, school subjects should aim to make students 

aware of our primordial mind, and encourage them to long for, and recover it. 

To recover the original meaning of mathematics education, it is necessary to, above 

all, have an appreciative eye of it, and accordingly make a renewed appreciation of 
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the importance of teaching and learning methods of mathematics. Here, first of all, 

we need to look into the history of mathematics education to find the traces of 

pursuing mind-cultivating education.  

 

Pythagoras  

 

In the western civilization, which has its roots in that of ancient Greek, mathematics 

was traditionally located at the core of knowledge education. If we trace back the 

western ideological history up to Greece, we could infer the real reason for learning 

mathematics. The English word ‘mathematics’ came from Latin ‘mathematica’ which 

came from Greek ‘mathematikos’, which in turn was based on ‘mathesis’ meaning 

‘mental discipline’, ‘learning’ or ‘to learn’ (Schwartzman, p.132).  

We can find the records as follows in the history of mathematics (Loomis, 1972; 

Burton, 1991). Pythagoras, who has been called the father of mathematics, went to 

Egypt following the advice of Thales. He learned a lot from there and later in 

Babylon, the center of world trade at that time. After coming back to Greece he 

influenced many people with his speech about morality, frugality, soul, immortality, 

and transmigration. “He changed the study of geometry into a form of liberal 

education (Fauvel and Gray, p.48)” pursuing the abstract properties of number and 

geometrical figure in itself beyond the Egyptian practical mathematics, and focused 

on the search for the harmonious mathematical forms lying inside the phenomenal 

world. And he declared that number rules universe. He believed that everything in the 

world itself reflects certain mathematical order, and one could purify his/her soul by 

contemplating mathematical order that lies inside the world, and organized a religious, 

academic community which pursued purification and salvation of the soul through 

mathematics. His students formed a school that learned 4 mathemata - geometry, 

arithmetic, astronomy, and music - and philosophy from him. This we call the start of 

mathematics, and the fact Pythagoreans called their subjects mathematics clearly tells 

us, what was the original idea that mathematics education should look for. 

 

Plato 

 

Plato, a student of Socrates, delivered the thoughts of his teacher through the 

Dialogues, and we can find the first record about teaching mathematics in Menon.  

Plato assumed the Idea, a metaphysical world beyond the physical world. To him, a 

valuable person is the one who perceives the world of Idea by stepping over the 

shadow of the phenomenal world, and who has recovered their pure spirit by freeing 

themselves from the limitation and confinements of their body. To Plato, education is 

a way of making people turn their eyes from the phenomenal world, which is like the 

inside of a cave, to the realization of the truer world, the world of Idea. This is to 

recover the memory of the soul about the ‘lost’ Idea, that is, the world of Reality, and 

lead people to the life that adheres to ‘the form of life’ that contemplates the precious, 

harmonious order of nature. Plato cited arithmetic as the first useful subject to lead 
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the spirit to the Idea, and geometry as the second. By learning mathematics, he 

believed, one could get a clue for seeing the world of the Idea through one’s mind’s 

eye (Yim Jae Hoon, 1998).  

Mathematics is a discipline that started as a study for the real human education, and a 

subject initiated for teaching the attitude for life, mind cultivating, and human 

education. The one who didn't know geometry was regarded as the one not living a 

philosophical life, thus not allowed to enter the Academy.  

 

“the ‘Elements’ in classical Greek education … used as a reference text for an introduction to 

hypothetic-deductive analysis as the specific method of dialectic philosophy … best way of 

explaining that mathematical truth is eternal in nature … best prepare the mind for 

understanding the world of ideas … which is the utmost goal of higher education (Steiner, 1988, 

p.8).”  
 

“It is probable that Euclid received his own mathematical training in Athens from the 

pupils of Plato (Burton, 1991, p.143).” Thus we can say that Euclid’s Elements was 

the book for Plato’s idea, and mathematics education through Euclid’s Elements was 

not different from mind cultivating. Furthermore, 7 medieval liberal arts education 

can be considered as moral building education that inherited this tradition of pursuing 

the Truth, the Goodness, and the Beauty. 

 

Pestalozzi 

 

The great educator who set up mathematics education as human discipline 

(Menschenbildung) is Pestalozzi. His educational thought is called ‘die Idee der 

Elementarbildung’. He believed in the educational value of mathematics as the 

stepping-stone to cultivating mind and tried to naturally cultivate the three basic 

powers of human being – ‘Sittliche, Intellektuelle, Kunstliche’ and to realize the 

development of ‘the power of high humanity’ through mathematics education. To 

him, mathematics was the way of building morality, nurturing the sense for truth, 

developing the form of perception, cultivating thinking power and developing 

productive power, and to divide ‘the spirit of computation and the sense of truth 

(Rechnungsgeist und Wahrheitsinn)’ was to divide what God has combined. And he 

claimed that mathematics is the operation of elevating the potential of human reason 

with the power of reason, and the basic ‘educational gymnastics 

(Erzehungsgymnastik)’ through ‘thinking and learning (denkend lernen)’ and 

‘learning and thinking (lernend denken)’ (Kim Jeong Whan, 1970).  

 
“Although not a dedicated mathematician, Pestalozzi, with his gifted intuition, comprehended the 

characteristics of mathematics, and, by making the best use of the characteristics, established the 

meaning of mathematics-as-discipline. The fact that he regarded the highest stage of mathematics 

education as …‘die Operationen der Seele’ in his own term, could be the result of the influence 

of the tradition of having listed mathematics as one of the 7 liberal arts since Greece” (Kim Jeong 

Whan, 1976, p.367). 
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We particularly need to pay attention to his insight that we should help students feel 

the sense of truth in computation. Computation, without a doubt, is a necessary tool 

for everyday life and the most fundamental among practical mathematics. However, 

can it just stay as the tool for solving everyday problems, at the level of empirical 

mind? The method of computation is an algorithm deduced from the basic rules of 

notation and operation, and an amazing mathematical form seeking truth, where the 

discovery of the answer and its proof is conducted together. The computational 

mathematics, which attracted Descartes, who sought for the universal method to solve 

problems, and Leibniz, who even said that as God calculates so the world is made 

(Vizgin, 2004), is the most certain method of inquiring truth together with axiomatic 

mathematics.  

If we cannot feel ‘the computational spirit and the sense of truth’ as Pestalozzi said, 

when we look at the formula of the roots of quadratic equation or the fundamental 

theorem of calculus, we do not ‘see’ the true form of mathematics. Modern algebra, 

dealing with ‘partial arithmetic’ systems and ‘full arithmetic’ systems, was abstracted 

from fundamental computational rules, and modern mathematics is algebraic 

mathematics, which focused on those computational rules (Dieudonné, 1972).  

The spirit of computational mathematics ought to be the basis of national education 

making students pursue the sense of truth and become a virtuous man. We should 

teach the students to realize that the method to compute is by no means a mechanical 

operation but rather the most wonderful method that human beings created to inquire 

the truth. I believe it would not be possible to discuss the truth without computational 

mathematics.  

 

Froebel 

 

With the manifestation of modern science by Galileo, Kepler, etc., in the 17th century, 

mathematics has become the essential tool for the inquiry of nature especially since 

Newton and Leibniz invented differential and integral calculus, and the basic 

property of nature that fundamental rule of physics would be always described in 

beautiful and powerful mathematics has been revealed.  

 
“The leading figures of the Modern Era - Kepler, Galileo, Descartes, Newton, and others - 

emphasized in the most elevated terms the Pythagorean idea of the divine mathematical-ness of 

the world.” ... Einstein returned to Hilbert’s claim of the pre-established harmony between 

physical reality and mathematical structures ... He used the example of conic sections, realized in 

the orbits of celestial bodies, to explain the sense of this harmony, and summarize as the 

following: “It seems that before we can find a form among things, our mind should organize it 

independently.” (Vizgin, p.265) 

  

The awe-inspiring nature of the mathematical knowledge that constitutes the order of 

universe obviously demands that mathematics become a subject for the moral 

education of the students, going beyond a practical tool for solving real life problems. 

Froebel was an educational thinker in the middle of the 19th century who highly 
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appreciated the value of mathematics for humanity education with the ideological 

background that the harmony of mathematics and physical world is the proof of the 

existence of God. He investigated the problem in the nature of human education and 

made the following assertions (Han Dae Hee, 2000).  

Through mathematics a man can conceive the divinity that exists inside the universe, 

both human and nature. Through studying mathematics, he knows that there is a 

mathematical order inside the natural world, and that this order is expressed through 

the law of speculation of the pure human spirit. Here, he becomes conscious of the 

divinity inside man and nature, and becomes a valuable person who by realizing the 

spirit of God, believes in the existence of God and lives by the will of God. Therefore, 

to Froebel mathematics must be an educational means to perceive the spirit of God in 

nature and man, and it should be a subject that has essential meaning in ‘human 

education’.  

 

“Human education without mathematics is nothing but a rag with patches (Froebel, p.208)”.  

 

This nature of mathematical knowledge demands strongly the school mathematics to 

become a subject for humanity education going beyond the practical usefulness.  

 

Bruner 

 

According to the structure-centered curriculum, suggested by Bruner (1963) in the 

middle of the 20th century, the content of curriculum should be the structure of 

knowledge implicit in the outer layer of knowledge. Bruner used the structure of 

knowledge as a synonym with ‘general idea that makes up the foundation of the 

subject’, ‘basic notion’ and ‘general principle’, which means ‘the eye to look at 

matters’ or ‘the way of thinking’ that defines each subject. According to the structure 

centered curriculum, to learn a subject means to be able to internalize the structure of 

the knowledge and see reality with the eye of the structure (Park Jae Mun, 1998). 

Here we need to notice the point of view of Lee Hong-Woo (2002) as followings. 

‘The structure of knowledge’, ‘the form of knowledge’ both can be used as a 

translation of Plato’s Idea, the Reality, and ‘logical forms’ which exist on the other 

side of facts, providing the basis of the perception of phenomena. They are not the 

ideas we can actually figure out, but standards with which we see things, that we are 

trying to figure out or reach. Like the Idea, knowledge is such thing that is impossible 

to reach completely, so that the harder we try to pursue it, the more ignorant we 

realize we are.  

We can understand this by considering, for example, how difficult it is to grasp the 

authentic meaning of the notion of function, functional thinking, or group despite 

much discussion. Since the structure of knowledge is the complete form and the 

logical hypothesis we cannot reach, it is only possible to approach to it through the 

spiral curriculum that continues ever-deeper discussion as the level rises.  

Although structure-based curriculum theory revealed that to learn mathematics 
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should be to acquire the structure of knowledge within it, it did not argue that to 

emphasize the structure of knowledge would be a kind of efforts to approach the 

Reality, and a mind cultivating way through which one could recover transcendental 

mind, the Reality, the Truth, the Goodness, and the Beauty. It seems that from the 

period of Froebel till now, due to the influence of Dewey’s experientialism 

curriculum, above all, we forgot about the virtue of mathematics for cultivating mind. 

‘The Standards’ of NCTM, which has had quite large influence on the worldwide 

mathematics curriculum for the last 15 years, shares practical features with Dewey’s 

thoughts. 

 
“today’s society expects schools to insure that all students have an opportunity to become 

mathematically literate. …, and become informed citizens capable of understanding issues in a 

technological society. … In summary, the intent of these goals is that students will become 

mathematically literate (NCTM, 1989, pp.5-6).” 

 

However, we should not disregard the idea of mathematics education for 

encountering with the Reality through mathematics, developing the ‘high power of 

humanity’ which pursues truth, seeing the order of the universe and exploring the 

form of life.  

 

SCHOOL MATHEMATICS AS A WAY TO CULTIVATE MIND 

 

The form of mathematics and encountering with the Reality 

 

It is said that mathematics is the science among sciences and awe-inspiring school 

subject. Why is it so? Mathematics has pursued abstract form that is the essence of 

phenomena. Then can we clearly define the meaning of the Pythagorean theorem? 

What does 1)1)(1( =−−  mean, and why is the concept of function so inclusive? What 

is the structure or form behind the surface of such mathematical knowledge? We 

ought to say that teaching mathematics is the process intending to transfer ‘the 

fundamentally inexpressible one’ which is hypothesized ‘logically’ in the 

mathematical knowledge. 

Kant listed mathematical knowledge as a typical ‘a priori synthetic’, which we can 

tell the truth without considering experiences, thus let us know something about the 

phenomenal world and is universally true at the same time. Kant said that  

 
“In the earliest times to which the history of human reason extends mathematics ... already 

entered upon the sure path of science. ... The true method, ... was not to inspect what he discerned 

either in the figure, or in the bare concept of it, and from this, as it were, to read off its properties, 

but to bring out what was necessarily implied in the concepts that he himself formed a priori, and 

had put into the figure in the construction by which he presented it to himself. If he is to know 

anything with a priori certainty he must not ascribe to the figure anything save what necessarily 

follows from what he has himself set into it in accordance with his concept (Kant, 1956, p.19).” 
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To Kant, mathematics is the knowledge based not on objects, but on reason itself, and 

comes from the subjective condition of cognition, that is, the Idea itself. This kind of 

viewpoint can be found in Piaget’s genetic mathematical epistemology. According to 

Piaget, mathematical concept is a secondary, operational ‘schémes’ constructed 

through, based on the schémes with which ‘sujet épistemique’ is born, the invariable 

functions of assimilation and accommodation and reflective abstraction (Beth, E & 

Piaget, J., 1966). It is noticeable that Vygotsky (1962), who, emphasizing the 

linguistic, social, and educational aspects in intellectual development, argued against 

Piaget, sees scientific concept as product of development that evolves through 

self-consciousness under the mutual influences of the ‘non-spontaneous concepts’ in 

the zone of proximal development with internal origin which starts from the primitive 

idea, ‘spontaneous concept’. 

According to Kant (1951), the Idea performs constitutive role and regulative role. 

The Idea constitutes the concepts, while it regulates to make the concepts acquire the 

utmost unity and aim at encountering with universally valid cognition, that is, the 

Idea itself. And according to him, the forms of mathematical knowledge contain such 

an indescribable Idea, the Suchness in the term of the Awakening of the Faith. 

Therefore, mathematics subject should have the position of the way for orientation 

towards the Idea. Based on this, we can say that the act of learning mathematics 

would be a way of heading for the Idea, that is, the Suchness. School mathematics 

should try to let students face the form of mathematics. The more students get 

involved in mathematics learning, the clearer the form of mathematics will become. 

We hope that through the continuous learning process, all at once students meet the 

moment when their minds become the form of mathematics itself and encounter with 

the Reality (Lee, Hong-Woo, 2001). 

 
“It must be stressed, however, that the Reality, by virtue of being un-manifested, is not an object 

for anyone to ‘encounter’, but a standard that makes us aware of our own deficiencies as human 

beings. ... by learning school subjects we are imbued with such humility as can be acquired only 

through good education (p.25).”     

   

Pursuit of the purposive-ness of nature and moral life  

                     

Finding out that empirically different rules of nature can be united into one 

mathematical form could cause joy and admiration words cannot express. The laws of 

the movement of heavenly bodies observed by Galileo and Kepler are consistently 

described as conic sections. In addition, among natural phenomena, we can often find 

the phenomena that something momentarily decrease in proportion to itself, like the 

disintegration of a radioactive isotope, the cooling of heat, the decrease in sound 

wave intensity, the discharge of electricity, and the absorption of lights, and, 

surprisingly, these natural laws are consistently described as an exponential function 
axcey = , which has the feature that the derived function is in proportion to the original 

one, that is, ay
dx

dy
= . 
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To explore physical rules goes beyond the practical aspect, and is an activity that 

pursues ‘the purposive-ness of nature’. However, even with the best of our efforts, we 

are only to be left with the fact that we are too far from reaching the goal. To pursue 

the laws of nature arouse our feelings of awe and respect to nature. Newton and 

Einstein could not help but admire at the purposive ness of nature expressed by the 

mathematical laws. The important thing is, such a mind of Newton or Einstein 

supposed in their physics should be the goal that all the students of physics share. 

Kant (1951)’s concept of the connection between nature and freedom can only be 

possible through the reflective judgment, that is, the process of our mind’s trying to 

reach the unreachable goal of the Reality that is the ultimate universal concept. The 

ultimate meaning of learning school mathematics is to endlessly pursue the ‘godlike 

state’ that actually cannot be reached. This means, by learning mathematical 

knowledge and through its deeper extension, the standard of our mind keeps uplifted, 

and at the same time the experience of our deficiency will come more acutely. We 

can say that a life in the middle of this learning process is a moral life (Chang Bal-Bo, 

2003). 

 

Gradual Encounter with the Reality through school mathematics 

 

We can find, in Piaget's genetic mathematical epistemology, the point of view that 

mathematical cognition takes place by the alternation of content and form. Piaget 

(Beth & Piaget, 1966) hypothesized the potentiality of objective mathematical 

knowledge inherent in sujet épistemique but not realized, and the invariable 

developmental route. He claimed as followings;  

 
“Il y a donc ainsi une alternance ininterrompue de réfléchissements → réflexions → 

réfléchissements; et (ou) de contenus → formes → contenus réélaborés → nouvelles formes, etc., 

de domains toujours plus larges, sans fin ni surtout de commencement absolu (Piaget et 

collaborateurs, 1977-1, p.306).” 

 

It reminds us the Polanyi (1962)’s view on knowing. He argues that cognition should 

be regarded as the unification of implicit ‘subsidiary awareness’ and explicit ‘focal 

awareness’, and maintains hierarchical realism, which claims that focal awareness, if 

internalized by subject, also becomes subsidiary awareness thus can be used to search 

higher focal awareness, that subject, with his internalized knowledge, passionately 

and devotedly pursues to encounter with ‘hidden reality’, and that, from the 

perspective of evolution theory, there exists various levels of reality, that previous 

stages become the basis of next stages and they move towards the perception on more 

vivid reality (Eom, Tae-Tong, 1998). Polanyi’s view on knowing, though seems to be 

relativistic thus stand against Kant’s transcendental realism, can be seen as the 

process of gradual conscientiousness of intrinsic order, which lies hidden as 

subsidiary awareness, through the substitution of content and form. Here, 

mathematical cognition on each level will be able to be understood as the discovery 
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of more vivid Reality attained by the substitution of subsidiary and focal awareness, 

and partial perception on the structure of latent knowledge, and regarded as a partial 

meeting with the Reality. 

We can find similar views in Freudenthal's theory of teaching and learning 

mathematization (1973, 1978, 1983, 1991) and the theory of geometry learning levels 

of van Hiele (1983). Freudenthal argued that mathematics is an activity rooted in 

common sense and a science that begins from common sense and pursues certainty. 

To him, mathematics is the mathematising process that pursues the noumenon 

organizing phenomena. He saw it as the starting point of the study of mathematics 

education to reveal such knowledge structure of school mathematics through 

didactical analysis. To regard mathematics as the process, not as resulting knowledge, 

can be considered as a view that sees mathematics as the process of revealing 

‘something that cannot be expressed’. According to van Hiele, mathematical thinking 

is the mathematising process which undergoes through the visual level, descriptive 

level, the theoretical level that perceives local logical relations, the level that perceive 

the formal deductive logic, and the level that insights the nature of the logical laws. 

What was implicit at the previous level becomes conscious and gets clearer, and 

mathematical thinking at each level studies the internal order of that of the previous 

level. In this light, mathematical thinking develops with the substitution of content 

and form, of subsidiary awareness and focal awareness, of tacit knowledge and 

explicit knowledge, in Polanyi’s terms.   

According to these, encountering with transcendental mind, the Reality, occurs in 

stages, and the more one studies mathematics, the more deep emotion one can get 

from encountering with the Reality. Since intellectual perception of mathematics 

contains the Truth, the Goodness, and the Beauty, though partial, authentic 

knowledge of school mathematics accompanies the emotional aspect. The problem is 

that most mathematics educators are focusing only on the level of empirical mind, 

without the consideration of encountering with transcendental mind, that is, the level 

of mind cultivating. However, these approaches of the mathematics educators can be 

re-interpreted as practical methods of mathematics education pursuing the noumenon 

of phenomena and recovery of the transcendental mind, the Idea.  

 

Representation of wonder and impression of mathematical knowledge  

 

Mathematics education is an activity of leading students to sense the deep form of 

school mathematics from the process of learning the surface content. As for this, 

recovering the vivid feelings that went out at the moment when the form of 

mathematics was written and described into the content back into the school 

mathematics would be a fundamental way of internalizing school mathematics. The 

only way to put the feelings back into school mathematics is ‘the genetic approach’ to 

recapitulate dramatically or indirectly the process where the insight into the form of 

mathematics took place, as Toeplitz (1963) tried. Teacher is the only one who can 

recapitulate that process, and that would be the reason of existence of him/her indeed. 
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Teacher must have “the attitude of passionate concern about truth.” 

 
“such activities will only be seriously engaged in by those who have a serious concern or passion 

for the point of the activity … a teacher, must have an abiding concern that this sort of attitude 

should be passed on to others. … It is mainly caught from those who are already possessed of it, 

who exhibit it in their manner of discussion and in their teaching (Peters, pp.165-166).”  

 

A teacher is not just a messenger of information, but an initiator of judgment within 

him/herself. The main interest of a teacher is to inspire the judgments in students. 

Handing down judgments can only be done indirectly during the process of 

transferring information. The process of revealing the form of school mathematics 

within the mind of a teacher contains his/her belief and attitude to school 

mathematics, along with excitement, anxiousness, and passion the teacher felt when 

he/she learned it. Through the expression of such emotions, the teacher shows 

students that the form behind the content corresponds to its archetype. A teacher can 

be viewed as a person who leads students to sense the form of mathematics, and to 

pursue it, by revealing the intrinsic form, with his/her expression of emotions, among 

contents. The only one who already possessed it through his/her own way of thinking 

could transfer the passion of the quest for truth (Park Chae-Hyeong, 2002). 

Polanyi (1964) criticizes the process of reception of pre-existing knowledge through 

textbook that it eliminates intellectual passion and excitement, which is originally 

supposed to be the most important aspect of science. Also, he maintains that 

knowledge education should be the process of enlightenment that helps students to 

encounter with reality at a new level through the internalization of ‘tacit knowledge’, 

that is, ‘subsidiary awareness’. According to him, in that process, affective factors 

like teachers’ persuasive passion and students’ heuristic passion are critical, and a 

teacher and a student should share the value of knowledge and the sense of truth, and 

together commit themselves to education and learning.  Whitehead (1957) said, 

 
 “the great romance is the flood which bears on the child towards the life of the spirit (p.22). ... 

the rhythm of these natural cravings of human intelligence ... It is dominated by wonder, and ... 

in a deeper sense it answers to the call of life within the child”(pp.32-33). 

 

To encounter with the Reality through school mathematics is accompanied by wonder, 

and can guide students to impressive and respectful mathematics, pure mind, 

innocence, sincerity, enlightening experiences, intellectual modesty, and the pursuit 

of moral life.  

Encountering with the Reality takes place successively through the stages of 

mathematization. Mathematical awareness of each level can be viewed as the 

exposed form of the part of the Idea by the medium of phenomena, and the focal 

awareness of some part of the subsidiary awareness like the tip of the iceberg, and the 

records of the result of partial facing the Reality. School mathematics, starting from 

the mathematics that gave the first impression, should be genetically developed so 

that it can provide experiences of wonder and awe at each level. However, 
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mathematics that gave mathematicians impression may not do the same to students. 

Euclid’s Elements was impressive to mathematicians, but not to students. Neither was 

Birkhoff’s axiomatic system of Euclidean Geometry. Developing the Pythagorean 

theorem in the ways of Euclid or the geometry textbook based on the Birkhoff’s 

similarity postulate (Birkhoff & Beatley, 1959) will be hard to impress them. The 

historic-genetic development of Clairaut (1920) and Toeplitz (1963), which tried to 

return to the first encounter, the root of the idea, thus go back to the solution for the 

burning question and the earnest goal of inquiry of that stage, so that the fresh, 

vibrant life could be reborn, would be appropriate. In addition, we need to emphasize 

the intuitive thinking, and lead students to move from the first intuition to the second 

intuition as Fischbein (1987) claimed.  

 
“The teacher has a double function. It is for him to elicit the enthusiasm by resonance from his 

own personality, and to create the environment of a larger knowledge and a firmer purpose. ... 

The ultimate motive power ... is the sense of value, the sense of importance. It takes the various 

forms of wonder, of curiosity, of reverence, or worship, of tumultuous desire for merging 

personality in something beyond itself. This sense of value imposes on life incredible labors ... 

(Whitehead, pp.39-40).”  

  

Didactical analysis of school mathematics  

 

The point of view that emphasizes ‘the structure of knowledge’ or ‘the forms of 

knowledge’ is to prescribe the meaning of knowledge education in the light of the 

nature of the knowledge. One of the main difficulties in mathematics education is the 

difficulty in understanding school mathematics in that way. 

As Polya (1965) emphasized in his Ten Commandments for mathematics teachers, 

we cannot teach what we don’t know and what we have not experienced. A deep 

understanding of school mathematics on the part of the mathematics teachers is the 

alpha and omega of mathematical education.  

 
“A teacher with profound understanding of fundamental mathematics is not only aware of the 

conceptual structure and basic attitudes of mathematics inherent in elementary mathematics, but 

is able to teach them to students (Liping Ma, 1999, p.xxiv).” 

 

For mathematics to be taught as the subject for cultivating mind, didactical analysis 

of mathematical knowledge is required. However, school mathematics is a formal 

‘closed’ knowledge that does not reveal the nature. To ‘open’ this and realize it into 

educationally meaningful knowledge through the didactical analysis, that is 

mathematical, historical-genetic, psychological, linguistical, practical and educational 

analysis of the structure of school mathematics may be the most important task for 

the teaching of mathematics for humanity education. The noteworthy ones here are 

the analysis of elementary mathematics from an advanced standpoint of Klein (2004), 

the historical-genetic developments of the school mathematics of Clairaut (1920), 

Branford (1908), Toeplitz (1963) and others, and the didactical analysis of the school 



Woo 

PME31―2007 1-78 

mathematics of Freudenthal (1973,1983,1991). These are thought to have its goal in 

trying to open the closed school mathematics to make it become a didactically 

meaningful knowledge. This task, as Freudenthal insists, may be the starting point to 

mathematics educational research. The didactical phenomenological analysis of 

number concept, ratio and proportion, group, function concept and others that 

Freudenthal attempted, the analysis of complementarity of mathematical thinking that 

Otte (1990, 2003) attempted, the analysis of the epistemological obstacles of function 

concept that Sierpinska(1992) attempted, and the didactical analysis of the probability 

concept that Kapadia and Borovenik (1991) attempted, show how hard it is to ‘see’ 

the structure, form and nature of mathematical knowledge. How can teacher who 

does not see it properly or even does not try to see it, think about teaching it? These 

researches show how the mathematical knowledge that we are teaching and learning 

is only at the surface of the knowledge and how we are missing the much more 

important ‘educationally’ essential viewpoints. The mathematic educational research, 

first of all, ought to start from the inquiry of the ‘structure’ of school mathematics.  

And we also should not undervalue the role of the oral and written language in 

education. Recently the discovery and constructive approach through the 

learner-centered activities using the concrete materials are emphasized, but it should 

not be overlooked that the using of language by the teacher in education has a more 

important role than anything else. The Socratic obstetrics in the Plato’s Dialogues, 
the Analects of Confucius and Polya’s modern heuristic are written in the dialogue 

style centered on the teacher. And the sentence that is the record of knowledge may 

be a kind of residue of the realization as satirized in a Chinese classic, but it is the 

only clue that makes us guess what the realization is. Thus we can do nothing but try 

to get the realization through the sentences.  

 

SCHOOL MATHEMATICS AND ENCOUNTERING WITH THE REALITY; 

IMPRESSIVE SCHOOL MATHEMATICS 

 

Next, we are going to think about the Pythagorean theorem, the negative number and 

the functional thinking. With these three, we are going to look at the hidden forms of 

school mathematics, the process of gradual development that reveals its mysterious 

characteristics and the forms, and the organization of the teaching for cultivating 

mind.  

 

The Pythagorean Theorem 

 

In mathematics, one of the most famous and widely used theorems, and one of the 

bases of middle and high school mathematics is the Pythagorean theorem. What 

meanings does it have? It is a form that reveals the structure of plane, thus one of the 

essences that reveal the purposive ness of nature. Without it, there is no trigonometry 

and the related things. Since analytical geometry is an algebraic Euclidean geometry, 

the Pythagorean theorem has also been the basis of analytical geometry and thus the 
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basis of modern mathematics. Since Euclid’s Elements, as the matrix of mathematics, 

is a mathematical model of the things around us, the Pythagorean theorem, which is 

the basis of it, is almost everywhere in mathematics and its application. Accordingly, 

the Pythagorean theorem has been traditionally taught as the main content of school 

mathematics, thus one can hardly find anyone who had graduated high school without 

the knowledge of the Pythagorean theorem. However, the harder to find would be the 

one who was impressed by it, and who had surprising experience of its mysterious 

form. 

The following fact proves that, before human beings met the 

Pythagorean theorem and its converse, there had been implicit 

knowledge about it. It is told that the fact that a triangle which has 

the proportion of its three sides 3:4:5 is a right triangle, had been 

known to ancient Chinese, Babylonian, and Egyptian, and used 

practically by carpenters and stonemasons (Eves, 1976; Loomis, 

1968). The figure at the right, from the Chou-pei Suan-ching, the 

oldest classic mathematics book of ancient China of the 6th century B.C., shows the 

Pythagorean theorem when the proportion of three sides is 3:4:5(Ronan, 2000, p.17).  

General feature of the relationship among the three sides of the right triangle was first 

discovered and ‘proved’ by Pythagoras, thus named after him. This is an 

epoch-making historical event that encountered with the form of the plane that is a 

continuum. The fact that the proof of the Pythagoras’ theorem is the culmination of 

Euclid’s first book and that rather than a theorem to be proved from Euclid’s axioms, 

it could be taken as itself being the characteristic axiom of Euclidean geometry 

equivalent to the fifth postulate suggests that the Pythagorean proposition is the most 

characteristic and fundamental feature, that is, ‘structure theorem (Tall, 2002)’ of 

Euclidean geometry. Furthermore, geometry is concerned with assigning measures 

and “ )( 222 bahP +=
=

 is the simplest sensible rule for assigning an overall measure to 

separations spanning more than one dimension (Lucas, J.R., 2000, p.60).” 

One of the most influential discoveries based on the Pythagorean theorem is the 

incommensurable magnitude, that is, the irrational number, and this has had great 

influence on the development of mathematics since Greece. The episode that 

Pythagoras offered an ox to a deity in honor of its discovery (Loomis, p.6) shows the 

depth of his implicit knowledge of the Pythagorean theorem. 

What on earth is Euclid’s Elements? Euclidean geometry is called as peripheral 

geometry. It can be viewed as an attempt that had been made by Greek 

mathematicians since Pythagoras to manifest the purposive ness of nature, through 

the geometrical language. In other words, it can be considered as an attempt to define 

the structure of the space in which we live, something ‘indescribable’, through the 

form of ‘Euclidean axiomatic system’. Euclid’s Elements can be seen as a 

manifestation of the pursuit of the internalization of the purposive ness of nature, the 

noumenon, the thing itself, the Reality, even if the part they discovered turned out to 

be the structure of peripheral spaces. If we think that the establishment of the fifth 

postulate was to support the Pythagorean theorem (Gould, pp.284-286), we cannot 
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help but be impressed by Euclid’s insight on the structure of a plane. There, Greek 

might have seen the core position of the Pythagorean theorem. They might have 

experienced the harmony between physical reality and geometrical system, the beauty 

of the axiomatic system and the Pythagorean theorem, and ‘pure emotion’ of beauty 

and sublimity, by the reflective judgment due to the ‘Idea-oriented’ mind. And they 

might have committed themselves in continuous studies of geometry and reflections 

to pursue the thing itself.  

What do we intend for students to ‘see’ when we teach the Pythagorean theorem? 

The most important thing would be that it is the basic form that manifests the 

structure of the space, the thing that we can never know, where we live in. We should 

provide an opportunity that arouses awe and respect to the ‘logical reason’ the 

Pythagorean theorem is based on, and inspires ceaseless yearning for mathematics 

that has tried to inquire into it.  

However, obviously students will not be impressed by the Euclidean approach until 

they realize the profound meaning of ‘Elements’ and experience the mystery of 

axiomatic organization. History of mathematics education is eloquent of it. Unlike the 

Greek ideal that mathematics education would lead students’ eye of reason to the 

Reality, mathematics education after Euclid could not pass over the formal education 

that worshipped Euclid, thus dry, formal education was continued. 

At present, the proof of the Pythagorean theorem using the ratio of similarity of the 

similar right triangles and Euclid’s proof based on his axiom of parallel lines are not 

accepted due to the concern that young students might have too much difficulty in 

understanding them. Instead, based on the axiomatic system of S.M.S.G. Geometry 

(1961) in which the rectangle area postulate is included, we 

introduce the way to prove the Pythagorean theorem with the 

area formula of rectangle. For example, in the right figure 

(Cho Tae-Geun et al, p.28), since AGHB=FCDE - 4ABC,  

222222 22
2

1
4)( baabbabaabbac +=−++=×−+=  

After that, there are problems such as finding the distance 

between the two points on the coordinate plane, the length of a 

diagonal line of a rectangular parallelogram. The problem is, these kinds of approach 

just provide the students with dry textbook knowledge and its application, in which 

the impressive experience of realizing that the Pythagorean theorem manifests the 

purposive-ness of nature will not be accompanied. The reason lies on the Birkhoff's 

metric postulates. Surely, this method vastly simplifies the logic of the Euclidean 

geometry, but it seems that this approach is unsatisfactory as an elementary approach 

to demonstrative geometry and geometrical thinking for pupils. 

To ease the difficulty of Euclid’s axiomatic system, school geometry has changed to 

Legendre’s(1866) and Birkhoff’s axiomatic system(1959) since the 19th century. 

Today’s school geometry simplifies the logic of Euclid’s geometry for students’ 

better understanding. Particularly, to simplify the problem of the length and the 

proportion of the length related with the irrational number, one of the most tantalizing 
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problems of Euclidean geometry, Birkhoff’s postulates are accepted. As a result, by 

accepting the existence of the real number, which is the length or the proportion of 

the length of line segments, the metrical feature of a figure is added in school 

geometry, so that students would understand it more easily and simply. This approach 

might be surely more ‘understandable’ to students, however, would be considered as 

get rid of the mysterious and impressive features of geometric figures related with the 

continuity of space.  

Years ago, for the first time, I have felt mysterious of the Pythagorean theorem after I 

read Éléments de Géométrie, written by Clairaut (1920). The fact that gifted 

mathematician like him perceived the problem of Euclid’s Elements as a textbook, 

and wrote a geometry textbook which developed historic-genetically requires much 

attention and interest. His sparkling ideas in Éléments de Géométrie will provide 

valuable data to the teacher who wants their students to acquire the main ideas of 

geometrical knowledge through simple and natural process. Clairaut dealt with the 

Pythagorean theorem as the answer for the problem finding the square as big as the 

sum of two squares.  

Pythagorean theorem tells us that the length of certain line segment can be 

represented as the sides of every right triangle which has its vertex on the circle 

whose diameter is the line segment, thus mutually ‘independent’ two smaller line 

segments. How mysterious is that every square can be represented as the sum of two 

squares whose sides are the same as those of such a right triangle, and, furthermore, 

every plane geometric figure can be represented as the sum of two similar geometric 

figures.  

 

Negative numbers  

 

I was really surprised when I read the sentence, ‘How wonderful 1)1)(1( =−−  is!’ 

Until then, I had never felt mysterious or impressive for any mathematics that I had 

learned in school. How about you? 

However, if we think even for a moment, we can see that the part of numbers and 

computations in school mathematics is full of surprises. How many mysteries natural 

number has? Gauss said that the number theory is the queen of mathematics. The 

number theory records the mysterious secret of integer that has impressed many 

gifted mathematicians. What part of it appears in school mathematics? How can we 

deal with it without any impression? 

For all that, why is the explanation of the computation method of negative numbers in 

school mathematics so awkward? Positive and negative numbers, and their rules of 

addition and subtraction from the point of view of relative magnitude already 

appeared in the 1st century, on the equation chapter of the Nine Chapters, a 

mathematics book of Han dynasty of China (Katz, p.17). Among the books of Indian 

mathematician Brahmagupta in the 7th century, the computation rules for positive 

and negative numbers had been dealt with (Boyer & Merzbach, p.220). However, 

though they had already recognized that negative numbers could be useful in 
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computation and solving equations, mathematicians had not accepted negative 

number until the 19th century. The main reason was that they regarded numbers as 

the magnitude abstracted from physical world, and that they could not find the 

consistent proper models of negative number and its computation in the real world. 

The history of negative number tells us how firm the prejudice that the origin of 

mathematical cognition lies on objects was. It was not until the mid-19th century, 

when the fundamental shift of view from the concrete view to the formal view took 

place, that the efforts to establish the existence of negative numbers succeeded. 

Hankel regarded negative number not as the concept that represents ‘real thing’, but 

as the component of formal computation system, and proved that the adjunction of 

negative numbers into the computation system shows algebraically consistent 

(Fischbein, pp.97-102). Hamilton made an attempt at a formal justification of 

negative and imaginary numbers in algebra. Mathematicians have become more 

clearly aware of the fact that, between the two fundamental elements of arithmetic, 

the objects of operation and the operational rules, the latter are really essential and the 

formal essence of mathematics. This is the start of the axiomatic algebra (Dieudonné, 

1972). In today’s mathematics, integer is defined as computational number that 

makes up the consistent formal system satisfying the arithmetic rules accepted as 

axioms; integral domain.  

These facts show that negative number was originated from the ‘common-sensual’ 

computational behavior that is the expression of the natural mind of human beings. 

Negative number is believed to be the typical mathematical concept that underwent 

troubles for 1500 years (Fischbein, pp.97-102) due to the wrong prejudice, ‘cognition 

follows the objects’. Since the ancient times, positive and negative numbers has been 

used as the relative numbers that represent the reversed situations as gains and loss. 

Algebraically, this is not different from defining it as a formal object, for example, 

defining negative number 3−  as the solution of the equation 03 =+x . The algebraic 

extension of number occurs as the formal adjunction of the solution of an equation. 

Numbers are extended by adding, for example, ,3− , 2, i  as the solutions of the 

equations 03 =+x , 22
=x  and 12

−=x , while they still satisfy the computation rules 

of the existing number system. Although there are no solutions in the existing number 

system, we hypothesize that such a number exists, and add it as x, which is a new 

formal object. If we add x such that 12
−=x , that is, i to the real number system, it 

extends to a+bi type of numbers, that is, complex numbers. Really wonderful point 

of this is that this extended number system satisfies the fundamental theorem of 

algebra that every equation of nth degree has n-solutions. Freudenthal (1973, 1983) 

went so far as to call the ‘permanence of arithmetic laws’ that extends algebraic 

structure without changing the existing properties like this ‘the algebraic principle’. 

This is the logic of analysis. We assume that, in the problem-solving situation, the 

value of the unknown is x . Then we set up equations under given conditions, and 

solve it assuming that x satisfies all the rules of existing number system. 

The operation of numbers as the object of computation starts from elementary school, 

and undergoes the stage of intuitional operation, algorithmic operation, and operation 
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as the solution of equations, and finally reaches the stage of global organization of 

it’s algebraic structure. There, the sign rules like (-a)b=-ab, (-a)(-b)=ab and -(-a)=a 

are deduced from the fundamental rules of operations. In high school mathematics, 

though the term ‘axiom’ is not used for the real and complex number systems, 

number is dealt with by the axiomatic method. 

At the stage of abstract algebra, negative number is prescribed formally as the object 

of computation that satisfies fundamental axioms, in the additive group of integer, 

ring and integral domain which are the systems of ‘partial arithmetic (Dieudonné, 

p.112)’, in the rational number field which is the system of ‘full arithmetic’, 

moreover, in the real number system which is the completed ordered field, and in the 

complex number system. According to this pure, formal, and algebraic theory, 

negative number is the formal object that makes up the arithmetic system. However, 

is negative number actually free in this formal number system? Gödel’s theorem 

shows that every arithmetic system is incomplete.  

All of the intuitive models of positive and negative number that we use in middle 

school mathematics are incomplete since the consistency that is the essence of 

mathematical thinking is damaged. As a result, the focus of the teacher’s efforts shifts 

from mathematical knowledge itself to the pedagogical methodology, a typical 

situation called ‘meta-cognitive shift (Brousseau, 1977)’. The instruction of negative 

number in middle school ends with incomplete, complex models. Students’ 

understanding of computational principles of negative number is very low, and they 

end up memorizing the rules, thus accept 1)1)(1( =−−  without any impressive 

moments. Despite the limits of models used in school, students, teachers, and even 

the writers of the textbooks cannot go far enough to reconsider the origin of the 

problem, and lack clear understanding of formal essence of the negative number. 

If we pay little attention to the understanding of the formal essence of negative 

number that many mathematicians had hard time to accept, and satisfy with shallow 

understanding and exercising computation rules, we deviate from the essence of 

mathematics education. Freudenthal (1973, 1983), pointing out that integer is the first 

formal mathematics students meet, requires teaching them through inductive 

extrapolation and the formal approach faithful to the essence of negative numbers, 

instead of the concrete models whose consistency is damaged. He believed that, only 

with the formal approaches, students could understand the formality of negative 

numbers and have a new standpoint towards the mathematical thinking and the 

mysterious forms, as the mathematicians did. Is it really possible? If we assume that 

the solution of the equation x+a=0 is -a and extend the number system to integer, and 

the laws of the operations of natural numbers are maintained according to the 

permanence of arithmetic laws, we can elicit the computation rules of integers.  

This process is not different from introducing i as the x satisfying the equation and 

complex number as the number of a+bi type, and deducing the computational rules 

of the complex number, based on the permanence of arithmetic laws. However, since 

negative number is introduced in the first grade of middle school, it is not easy to deal 

with it as formal characteristic. Because this process is important enough for 
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Freudenthal to call it as ‘the algebraic principle’, it is believed to be meaningful to 

provide students the opportunity of experiencing this process from an early age. Then 

integer and its computation will be the first opportunity to encounter with this process 

in middle school as Freudenthal said. Meanwhile, the unavoidability of the formal 

approach to negative number cannot but accept when we think about the connection 

to the next instruction, that is, teaching the linear equation.  

Since the formality of negative number is manifested by the solution of equation, we 

need to look at how textbooks deal with the equation. Unfortunately, despite the fact 

that analysis and the permanence principle are basically included in the solution of 

equations, explicit statement for these factors can be hardly found, thus few students 

are aware of the formality of arithmetic system inherent in the equation solving 

process.    

However, in the high school mathematics for the students who are 3 years older than 

middle school students, there is a sudden shift to the formal point of view, thus 

negative numbers is introduced from the point of view of real number field. Here, 

real number is dealt with formally from the aspect of axiomatic method and -a is 

defined as the additive inverse of a, although the term ‘axiom’ is not actually used. 

The sign rules of the multiplication of real number, like (-a)(-b)=ab, are proved from 

the axioms. Furthermore, students learn that, as the number system extends to the 

complex number, 1−  is regarded as complex number ππ sincos01 ii +=+− , this can 

be represented as a point or a vector on the complex plane, and complex number 

system also satisfies the basic properties of addition and multiplication. The fact that 

12sin2cos)1)(1( =+=−− ππ i  and this can be represented, on the complex plane, 

meaningfully as the multiplication of two complex numbers is also dealt with. If we 

use Euler's formula, θθ
θ sincos iei

+=  taught in the college mathematics, since 
πie=−1 , we can beautifully represent that .1)1)(1( 2

==−−
πie When students learn such 

a characteristics of negative number, they will be surprised once again at the form of 

mathematical knowledge.  

After all, we can say that negative number is the formal object that makes up the 

arithmetic system. Then, what is the arithmetic system? We can ‘construct’ it starting 

from the Peano’s axioms, which are the result of formalization of the primitive 

intuition of the counting numbers. Thus, Freudenthal(1973) said;  

 
“The number sequence is the foundation-stone of mathematics, historically, genetically, and 

systematically. Without the number sequence there is no mathematics (pp.171-172).”  

 

Freudenthal’s “educational interpretation of mathematics betrays the influence of 

L.E.J.Brouwer’s view on mathematics (p.ix)”, but, from this standpoint, it seems that 

counting number system is the universal principle, the form of mathematics, common 

sense, and the thing that locates near the ‘logical cause’ of it, that is, the Idea that is 

our original mind.  

If we accept the natural number arithmetic, then negative number might become a 

good opportunity to provide first experience of the formal essence of mathematics. If 
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it is realized, students will give their serious thoughts to negative number, and be 

surprised at the wonder of mathematical form.  

 

Functional Thinking    

                   

School mathematics, traditionally, had been classified as arithmetic, algebra, and 

geometry until the modern age. After the early 20th century, when Klein (1907) 

emphasized the importance of ‘functional thinking’ and advocated differential and 

Integral calculus as the peak of function concept, various functions and their 

differential and integral calculus have become one of the main parts in school 

mathematics.  

“Klein claimed that the function concept was not simply a mathematical method, but 

the heart and soul of mathematical thinking”(Hamley, 1934, p.53) and attempted to 

organize school mathematics centering on functional thinking. Klein said that  

 
“der Funkionsberiff in geometrischer Fassung den übrigen Lehrstoff wie ein Ferment 

durchdringen soll(1904, S.4) ”, “ich bin der Überzeugung, der Funktionsbegriff in geometrischer 

Form solte überhaupt die Seele des mathematischen Schulunterrichts sein!(1907, S.34). ”  

 

This attempt comes from his belief that functional thinking combined with geometric 

intuition connects algebra with geometry and is the fundamental, core idea that lies 

on the bottom of the whole mathematics including applied mathematics. Function is, 

surely, the mathematical thinking that acts as the archetype, that is, the foundation of 

mathematics, and a unifying concept that lies at the root of all mathematics. The 

Meraner Lehrplan, in which Klein took the lead, set forth as one of the aims of 

mathematical teaching to make the pupils more and more conscious of the continuity 

of the subject as they pass from stage to stage, and the unifying principle which made 

this continuity possible was defined to be ‘education in the habit of functional 

thinking’ (Hamley, 1934, p.53).  

Today’s school mathematics is literally filled with functions. In school mathematics, 

function-related contents are dominant enough to see the possibility of realization of 

Klein's argument that requires the organization of school mathematics centering on 

the functional thinking. The problem is what kind of education takes place. 

Looking at the history of function, its first conceptualization began with the curve 

that represented movement in dynamics. It was adapted as the form of mathematical 

thinking to interpret, explain, and expect various changes in nature, and has been 

used, along with the development of science, as the central form of mathematics with 

which we explore and describe nature. The functional thinking is the mathematical 

form that reveals the purposive ness of nature, thus we can even say that the rule of 

nature is functional, and nature is described in the functional language. 

Along with set and structure, function is a representative ‘unifying concept’ and 

‘organizing concept’ of today’s mathematics, and the fundamental concept that lies in 

the root of every mathematical concept. With the operation of functions like 



Woo 

PME31―2007 1-86 

composite function and inverse function, mathematical thinking becomes more 

affluent and powerful. The operation of composite function and inverse function gave 

a birth to the group of transformation and permutation, and, moreover, the general 

theory of groups, and its core form, the automorphism group (Freudenthal, 1973). 

MacLane and Birkhoff (1968, p.1) mention,  

 
“Algebraic system, as we will study it, is thus a set of elements of any sort on which functions 

such as addition and multiplication operate, provided only that these operations satisfy certain 

basic rules.”  

 

According to Klein’s Erlanger Programm, the group of transformation became a form 

that organized various geometries, thus gave birth to the transformation geometry. In 

the field of topology, continuous mapping and topological transformation has been 

the tool and the object of study. With the advent of category theory, also called 

‘Erlanger Programm of algebra (Eilenberg & MacLane, 1945)’, mathematics started 

to be regarded as the study of mapping. The richness of today’s mathematics can be 

said as being created by the functional view.  

Function is, without a doubt, not just a mathematical concept, but the ‘soul of 

mathematical thinking’ that lies in the root of every mathematical thinking and 

reveals the purposive-ness of nature. In this light, Klein's argument that the heart of 

the doctrine of mental training is to be found in methods of conceptual thinking 

(Hamley, p.55) is thought to emphasize the point that function, by letting students 

pursue the overall understanding of mathematical thinking, can be, and should be the 

valuable channel to the root that enables all mathematical thinking, that is, the Idea. 

‘Rückblicke unter Heranziehung geschichtlicher und philosophischer Gesichtspunkte 

(Klein, 1907, S.216)’ to the mathematical knowledge learned, which is given in the 

final grade of Meraner Lehrplan, is thought to be significant, and is regarded as an 

attempt to realize the mind cultivating value of school mathematics by providing the 

opportunity of ‘reflective judgment’ to pursue the ultimate meaning, that grasps the 

basis of mathematics and natural phenomena through the concept of function.  

The concept of function, which has been refined for a long development process, is a 

very strong and fundamental concept that lies in the bottom of mathematics, and an 

inclusive concept whose essence is not easy to define. It has various aspects such as 

the geometric, computational, set-theoretic, and logical aspects (H-G.Steiner, 1982). 

M. Otte(1982, 1990, 2003), arguing that mathematical knowledge is a process of 

limitlessly revealing its essence and can be understood only by complementary 

co-ordination of various aspects of it, emphasizes that the concept of function takes 

an important part in revealing the complementarities of the structure of mathematical 

knowledge (Jahnke,H.N. & Otte,M, 1982).  

It is a noteworthy fact that function is immanent in our everyday life experiences. 

According to Piaget (1977), the psychogenetic origin of the function concept is the 

schémes inherent in sujet épistemique. Historically, despite its relatively late 

introduction, the concept of function has existed from an early age, although it was 
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not dealt with as a conceptual object. The tacit advent of function as the numeration 

table goes back to the ancient Babylonia, around 2000 B.C. (Eves, 1976). The fact 

that function is implicitly used in ancient mathematics, and that it has existed as a 

subsidiary awareness long before it got a name, requires our attention, particularly in 

relation to the transcendental mind.  

Function is one of the most powerful unifying and organizing concepts of 

mathematics, and also the form that makes up the rules of nature, and as Klein (1904, 

p.15) pointed out, mathematical elements of today’s culture is totally based on the 

concept of function and its development in geometrical and analytical aspects. What 

is the functional thinking that Klein emphasized? Is it the inherent structure of 

mathematics, or a mathematical cognition closer to the Reality? If the Reality is 

immanent in the mathematical cognition as its logical hypothesis, opens the eyes of 

students of mathematics to its existence, and inspires endless desire for it in the 

students, functional thinking can be and should be a shortcut to realize the Reality, 

the Idea, the primordial mind (Kang, Hyun-Young , 2007).  

 

CONCLUDING REMARKS 

 

The pendulum of mathematics education today has gone too far to the side of 

practical knowledge education for training the experiential mind. The important goal 

of learning mathematics goes beyond its practical application. It is to realize the 

humane education that enables students to be aware of the Reality that dominates the 

world of phenomenon, located inside human being and all things, by the knowledge 

of mathematics. For this reason, Plato and Froebel put much importance on the 

mathematics subject in the education process.  

Clairaut, Branford (1908), and Toeplitz (1963) used historical-genetic development to 

grow students’ ability and attitude to ‘see’ phenomena with mathematical eye and 

understand it. Especially Klein tried to do it through ‘the education in the habit of 

functional thinking’. Bruner attempted to do the same through letting students 

discover the structure of mathematical knowledge, and Freudenthal tried to do it 

through providing mathematising experiences. Students can see the phenomena in 

wonder with mathematical eye only after they understand the mathematical 

knowledge related with it. But we should go one step further. Mathematics helps 

students to have a desire to see the harmonious appearance of the world of the Reality 

that can only be seen with our mind’s eye, and to sense the spirit of God which lies 

within human being and nature, thus can be a noble mean for education that lead 

students to realize ‘the standard of life’. Isn’t it the idea that school mathematics as 

humane education and mind cultivating is in need of? 

It is said that the reality is a parody of the idea. We argue that school mathematics 

should be a short cut to the recovery of primordial mind, and provide to students the 

wonderful and impressive experiences about mathematics. However, look at the 

editor’s preface of McLellan and Dewey (1895)’s book. It says:  
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“There is no subject taught that is more dangerous to the pupil (than mathematics) in the way of 

deadening his mind and arresting its development, if bad methods are used (p. v).” 

 

What is the reason that Euclid’s Elements, which pursues the idea of mathematics 

education of Plato, suffocates the mind of students? How can we teach mathematics 

so that the students understand the true meaning of mathematics and their human 

nature can be cultivated? This is the most important problem we, as mathematics 

educators, must solve.  

Teacher determines education. One of the most immediate problems current 

mathematics education is facing is to set up an educational foundation of the 

mathematical subject. To change students’ eye and their ways of living their lives, to 

realize the humane education through mathematics education, the mind of 

mathematics teachers should be changed first, and their educational philosophy 

should be established. The educational philosophy of a teacher is a main standard that 

determines the contents and methods of education. Mathematics teachers must 

endeavor to have profound understanding of the philosophy and epistemology of the 

East and the West, and the thoughts of philosophers and educators who provided the 

ideological root of mathematics education. This is not a mere problem of 

understanding a theory, but requires an understanding of what is right and valuable in 

education and life.  

School mathematics, as records of knowledge, is a closed knowledge. Mathematics 

teachers need to open school mathematics through didactical analysis of it to enjoy 

the form and structure within its contents, revive the wonder and impression 

mathematicians felt when they first discovered it, and inspires it in students’ mind.  

To realize this sort of education, as the Scripture, which is the writing of the 

enlightened one, shows the Suchness much better than phenomena do, it is necessary 

to have appropriate teaching materials that can reveal the root of mathematical 

knowledge. Situations in mathematics classrooms are situations where one tries to 

transfer ‘something that cannot be expressed’ logically assumed in the mathematical 

knowledge contained in textbook. The methods that had failed to provide wonder to 

mathematicians can never attract students. In school mathematics, Euclidean 

geometry that includes the Pythagorean theorem reveals the essence of space around 

us can provide wonder and impression as our ancestors did experience. Regarding 

negative numbers, however, there is difficulty in leading students to perceive its 

formal beauty even mathematicians could not successfully do it until the mid-19th 

century. Among many parts of school mathematics, function is the fundamental form 

that lies in the root of all mathematical thinking including applied mathematics, thus 

‘the heart and soul of mathematics’ as Klein claimed. It can be a shortcut to return to 

the Idea by unifying all mathematical thinking. We should help students ‘see’ the 

functionality as the immanent order of physical phenomena, and provide materials 

that guide them to the realization that unifying all mathematical knowledge is 

possible with function. We should let them experience the wonder in functionality. 

These problems of school mathematics are waiting for professional studies. 
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What does ‘doing mathematics’ mean? Let’s look at Freudenthal’s claim. “Dealing 

with one’s own activity as a subject matter of reflection in order to reach a higher 

level”(1991, p.123) is an important mathematical attitude. To do mathematics is to 

observe one’s or other’s mathematical activity and reflect on it. Mathematical 

thinking is a mental activity that pursues the noumenon, which is the means of 

organization of phenomena, through continuous alternation of the content and form. 

The main body of such mathematical activity is reflective thinking.  

The following claim by Gattegno(1974, p.vii) is also significant. “Only awareness is 

educable.” Here, awareness can be interpreted as realization. Man becomes educated 

through realization. Mathematics, through the realization of the essence that lies 

within the contents, leads human being to the internal awakening, thus, for mind 

cultivating, mathematical knowledge is more important than anything else. Then, 

how is awareness formed? Our conclusion is that it is obtained by activities, 

discussions, and reflections. The following is from Analects of Confucius (1992).  

 
“    (Mere reading without thinking causes credulity, mere 

thinking without reading results in perplexities(pp.18-19).” 

 

If mathematics should be able to help students to realize ‘the order which dominates 

phenomena’, ‘the form’, ‘the logical cause’ and ‘the existence of the Reality’, and 

become a ‘wise person’ who wants to be enlightened, we should let them experience 

the authentic mathematical thinking and internal awakening. To do that, actual 

‘mathematical activity’ and ‘reflective thinking’ are desperately in need of.  

We should lead students to experience the self-awareness of pure and truthful mind, 

and ignorance through the impressive and awe-inspiring school mathematics, and 

lead the experiences to the intellectual modesty and pursuit of moral life. To do this, 

we need, as Klein tried, historical, philosophical, and reflective unifying stage in 

school mathematics, thus, ultimately, to be able to become an educational path for 

students to encounter with the Reality. As Polya (1965, p.104) points out, “What the 

teacher says in the classroom is not unimportant, but what the students thinks is a 

thousand times more important.” Mathematics education for every student should be 

conducted as cultural education in the real sense. 
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