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Symmetries

Alain Connes (Paris)
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article competition of the EMS Raising Public Awareness Comittee by the journal’s director Philippe Boulanger and was
given a runner-up award, cf. issue 50 of the Newsletter. The Newsletter thanks Alain Connes and Philippe Boulanger for
the permission to republish the article.

The concept of symmetry goes well beyond that of simple geometric symmetries. From the fair organisation of the
final stages of soccer competitions to the solving of equations, via the icosahedral game and Morley’s theorem, we’ll
discover the multiple aspects of this concept.

The purpose of this article is to in-
troduce the reader to the mathematical
notion of symmetry, by way of a few
illustrative examples.

To demonstrate the ubiquity of this
concept, as a mathematician under-
stands it, we’ll start by evoking the
connection between the final stages of
soccer competitions and the way we
solve quartic equations.

As we move to equations of higher
degree, we describe the icosahedral
game and the ‘icosions’, defined in the
nineteenth century by the Irish mathe-
matician, William Hamilton.

We finish with a commentary on a
theorem in geometry, proved by Frank
Morley around 1899, where the sym-
metry of an equilateral triangle arises
miraculously from an arbitrary trian-
gle, by taking the intersection of con-

secutive ‘trisectors’ (the two straight
lines which divide an angle into three
equal parts). In 1988, I gave an alge-
braic formulation of this result and a
proof which we shall see below.

The final stages of a soccer cup

Let’s start with the organisation of a
soccer competition, for example, the
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millennial European Cup. During the
final stage, teams were placed in pools
of four, and arrived at an order of merit
within each pool. For example, one
group consisted of Denmark, France,
Holland, and the Czech Republic (here
abbreviated to D, F, H, and C).

To arrive at an order of merit fairly,
each team had to play each of the three
others, which meant that games had
to played on three days. For instance,
when D and F met, then H and C could
meet on the same day and so three days
were enough for all possible configura-
tions of matches.

In that European Cup, the matches
were, FD and CH on the first day, FC
and DH on the second, and FH and
DC on the third. Intuitively we can
see that this is a fair procedure, be-
cause none of the teams has an advan-
tage. One checks indeed that, if we ar-
bitrarily permute certain teams, for in-
stance, if we interchange D and H, this
amounts to a simple permutation of the
first and third days.

We can visualise the symmetry
which is at work by putting the letters
D, F, C, H (representing the teams) at
four points of the plane. The line join-
ing two points represents a match be-
tween the corresponding teams. Each
of the three days corresponds to the

point of intersection of the lines repre-
senting the matches on that day. Thus
the matches FD and CH are associated
with the intersection of the lines FD
and CH. Continuing for the two other
pairs, the second day is at the intersec-
tion of the lines FC and DH and the
third is at the intersection of the lines
FH and DC.

The figure thus constructed, formed
by four points and six lines, is called a
complete quadrilateral. It is perfectly
symmetrical (in an abstract sense, even
if none of the usual geometric symme-
tries – symmetries with respect to a
point or a line – are present), because
each of the four points F, D, C, and H
plays exactly the same role as the oth-
ers, and the same is true for the points
of intersection representing the three
days.

Having visualised this complete
quadrilateral, we can also give an alge-
braic formulation of the symmetry un-
der discussion. In the following way:
the quantity α, determined from the
four numbers a, b c and d by the for-
mula α = ab + cd only takes three val-
ues altogether when we permute a, b, c
and d. The other values are β = ac + bd
and γ = ad + bc.

Resolution of quartic equations
by radicals

This surprising symmetry underlies
the general method for solving quar-
tic equations ‘by radicals’. The solu-
tion amounts to expressing the zeros
a, b, c, and d of the polynomial x4 +
nx3 + px3 + qx + r = (x − a)(x − b)(x −
c)(x − d) as a function of the coeffi-
cients n, p, q, and r using the extraction
of roots.

To understand this assertion, we
must go back in time and look at the
solution of equations of degree lower
than four.

Though the technique of solving
quadratic equations goes back to fur-
thest antiquity (Babylonians, Egyp-
tians. . . ), it wasn’t extended to cubic
equations until much later and was
published only in 1545 by Girolamo
Cardano in Chapters 11 to 23 of his
book Ars magna sive de regulis alge-
braicis. In fact, it wasn’t realised until
the 18th century that the key to the so-
lution by radicals of the cubic equation
x3 + nx2 + px + q = 0, with zeros a, b,
and c (the ‘roots’), lay in the existence
of a polynomial function f (a, b, c) of a,
b, and c, which takes only two different
values under the action of the six pos-
sible permutations of a, b, and c.

Solving polynomial equations by 

radicals requires the construction of           

auxiliary functions of the roots, which 

display symmetries when the             

roots are permuted. 

The set of these auxiliary functions is 

globally unchanged by            

permutations of the roots of the 

equations. For cubic and quartic           

equations, the auxiliary functions enable 

us to reduce the solution to that of a 

"reduced" equation of lower degree. 

1) The cubic equation: 

x3 + 3px + 2q = (x – a)(x – b)(x – c) = 0.

Reduced equation: x2+ 2qx – p3 = (x – α)(x – β).

2) The quartic equation: 

x4 + px2 + qx + r = (x – a)(x – b)(x – c) (x – d) = 0

Reduced equation:

x3 – px2 – 4rx + (4pr – q2) = (x – α)(x – β)(x – γ) = 0

2. SYMMETRY AND THE SOLUTION OF CUBIC AND QUARTIC EQUATIONS BY RADICALS

AUX. FCT.ROOTS
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Three

roots:

a, b, c.

Two auxiliary functions: 

α = [(a + bj + cj2) /3]3

β = [(a + bj2 + cj) /3]3

where j = (–1+i √3)/2, 

j2 = (–1– i √3)/2, 

with i being a square root 

of  –1, so that

j3 = 1 and j2+ j +1=0.

Symmetry:

The symmetry given 

by any permutation of 

a, b, and c leaves the 

set of auxiliary 

functions {α,β} globally 

invariant. 

Solutions:

Let  u = √α 
and v = √β 

such that uv = – p. 

Then 

a = u + v 

b = j2u + j v

c = ju + j2v.

3

3

Four 

roots:

a, b, c, d

Three auxiliary 

functions: 

α = ab + cd

β = ac + bd

γ = ad + bc

Symmetry:

The symmetry given by 

any permutation of a, b, 

c, and d  leaves the set 

of auxiliary functions {α, 
β, γ} globally invariant.

Solutions:

1) Knowing α=ab+cd and r=(ab)(cd), 

gives the products ab and cd.

2) If ab=cd, the system (a+b)+(c+d)= 0 

and cd(a+b) + ab(c+d) = – q, 

gives a+b and c+d.

3) Knowing ab and a+b gives

a and b. Similarly for c and d.
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Cardano’s method amounts to writ-
ing α = [(1/3)(a + bj + cj2)]3, where
the number j is the first cube root of
unity, namely (−1 + i

√
3)/2, with i de-

noting the square root of −1. The cyclic
permutation taking a to b, b to c, and
c to a simultaneously, clearly leaves α
invariant and the only other value ob-
tained from the six possible permuta-
tions of a, b and c is β = [1/3(a + cj +
bj2)]3, where, for example, b and c have
been transposed. As the set consisting
of the two numbers α and β is invari-
ant under all the permutations of a, b,
and c, it is easy to express the quadratic
equation whose roots are α and β, in
terms of the coefficients of the initial
equation
x3 + nx2 + px + q: it is x2 + 2qx − p3 =
(x + q + s)(x + q − s), where s is one of
the square roots of p3 + q2 and where
we have also rewritten the initial equa-
tion in the equivalent form x3 + 3px +
2q (without the square term) by an ap-
propriate translation of the roots. We
introduced the factors 2 and 3 to sim-
plify the formulas.

A simple calculation then shows that
each of the roots a, b, and c of the ini-
tial equation can be expressed as the
sum of one of the three cube roots of
α and one of the three cube roots of β.
These two choices are connected by the
fact that their product must equal −p
(so there are only three pairs of choices
to account for, which is reassuring, in-
stead of the nine possibilities which we
might have thought of a priori).

These formulas logically required
the use of complex numbers. Indeed,
even in the case where the three roots
are real numbers, p3 + q2 can be nega-
tive, and then α and β are necessarily
complex.

The solution of cubic equations, de-
scribed above, took a long time to
reach its final form (we know that at
least one of the special cases was be-
ing worked out by Scipione del Ferro
between 1500 and 1515). On the other
hand, the solution of quartic equa-
tions followed quickly, because it is
also in the Ars magna (Chapter 39),
where Cardano attributes it to his sec-
retary Ludovico Ferrari, who appar-
ently found it between 1540 and 1545
(René Descartes would publish an-
other solution in 1637). And it is this
solution which brings us back to the
first symmetry we met, that of the or-
ganisation of soccer finals, the com-
plete quadrilateral, and the expression

ab + cd. Here again, we can start with
a polynomial with no term in x3 (using
the same technique as before), namely
x4 + px2 + qx + r = (x − a)(x − b)(x −
c)(x − d). The set of three numbers α =
ab + cd, β = ac + bd, and γ = ad + bc,
is invariant under each of the 24 per-
mutations acting on a, b, c, and d. The
numbers α, β and γ are thus the roots
of a cubic equation whose coefficients
are easily expressed as a function of
p, q, and r. A calculation shows that
the polynomial (x − α)(x − β)(x − γ)
equals x3 − px2 − 4rx + (4pr − q2). It
can thus be decomposed, as we have
seen above, to yield α, β and γ. In-
deed, it’s enough to find one of these
roots, α say, to determine a, b, c, and
d (because we then know the sum α
and the product r of the two numbers
ab and cd, thus giving these numbers
via a quadratic equation; all we then
have to do is to exploit the equations
(a + b) + (c + d) = 0 and ab(c + d) +
cd(a + b) = −q to determine a + b and

3. THE ORDER OF A PERMUTATION

The order of a permutation is the 

least integer n such that if the 

permutation is applied n times, we 

get the identity permutation.  Thus 

the permutation u has order 2 and 

the permutation v has order 3 :

a   b   c  d  e

a   b   c  d  e

a   b   c  d  e

a   b   c  d  e

u =

u =

v =

v =

v =

a   b   c  d  e

uv = = 

a   b   c  d  e

a   b   c  d  e

a   b  c  d  e

Checking that 

the permutation 

uv has order 5.

(uv)5 =

c + d and hence, finally, a, b, c, and d).
The fundamental role of the permu-

tations of the roots a, b, c . . . and of
the auxiliary quantities α, β . . ., was
brought to light by Joseph Louis La-
grange in 1770 and 1771 (published
in 1772) and, to a lesser degree, by
Alexandre Vandermonde in a memoir
published in 1774, but written around
1770, as well as by Edward Waring
in his Meditationes algebraicae of 1770
and by Francesco Malfatti. Today we
rightly call those auxiliary quantities
‘Lagrange resolvents’.

The resolvents are not unique (we
could equally well have put
α = (a + b − c − d)2 in the case of the
quartic equation, which corresponds to
Descartes’ method), but they are the
key to all general solutions by radicals.

Abel and Galois

Of course, mathematicians wanted to
go further: Descartes certainly tried,
and he wasn’t alone. The next step
would clearly be that of the quintic
equation. This was found to pose
apparently insuperable obstacles, and
since the time of Abel and Galois (who
obtained their results around 1830) we
have known why the search was in
vain.

In all the previous cases, we were
able to find a family of n − 1 numbers
α, β, γ . . ., determined as polynomials
of the n roots a, b, c, and d . . . (with
n less than or equal to 4). This family
was globally invariant under the per-
mutations of the roots. More precisely,
if we let Sn denote the group of bijec-
tions of the set {a, b, c, d . . .} with itself,
what can be done for n strictly less than
5 is to define a mapping of Sn onto Sn−1
which preserves compositions of per-
mutations.

Since the beginning of the nineteenth
century, we have known that this is im-
possible for n larger than 4. The same is
true for a (non-constant) composition-
preserving mapping of the group An of
permutations of even order (the prod-
ucts of an even number of transposi-
tions) onto the group Sm when m is less
than n and n is greater than 4. This
shows that Lagrange’s method can’t
be extended to the case n = 5 or to
higher values of n, but is, of course, not
enough to show that a solution by rad-
icals is impossible for the general equa-
tion of degree 5 or higher: other, more
general, methods might succeed where
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4. THE GROUPS A4 AND A5
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A) THE GROUP A4
1) The group A4 is the group of the even permutations of 

the four letters (a,b,c,d). This group is generated by the 

permutations s =   a  b  c  d  ,  which maps a to b, b to a, c 

to d and d to c, and t =   a  b  c  d  , which maps a to a, b 

to c, c to d and d to b. They obey the rules:

s2 =1, t3 =1, and (st)3 =1.

2) There's a geometric representation of the group A4 : it's 

the group of rotations preserving the regular tetrahedron 

a,b,c,d .

s is represented by the symmetry with respect to the line 

joining the midpoints of ab and cd. 

t is represented by a rotation through an angle 2π/3 about 

the axis of the tetrahedron passing through a. 

st =    a  b  c  d   is the rotation through 2π/3 about the axis 

through c. 

The patient reader may check that the rules of 

simplification s2 =1, t3 =1, (st)3 =1 form a presentation of 

the group, that is, together with the group law, they are 

enough to show that there are only twelve distinct "words" 

formed out of the letters s and t.

B) THE GROUP A5
1) The group A5 is the group of the even permutations of 

the five letters (a,b,c,d,e). This group is generated by the 

permutations u  =   a  b  c  d  e   , which maps a to b, b to  

a, c to d, d to c, and e to e, and v =  a  b  c  d   e 
, which 

maps a to e, b to b, c to a, d to d, and e to c. These obey 

the rules:  u2 =1, v3 =1, (uv)5 =1 (of course, u and v do not 

commute).

2)  This group has 60 elements and is isomorphic to the 

group of rotations of a regular dodecahedron.

Thus u is one of the 15 symmetries with respect to a line 

joining the midpoints of two edges which are themselves 

symmetric about the centre.

Similarly, v is one of the 20 rotations through 2π/3 about a 

line joining two vertices which are symmetrically placed 

about the centre.

C) PRESENTATION OF A5 
The patient reader may check that the simplifying rules u2 

=1, v3 =1, (uv)5 =1 together with the group law, are enough 

to show that there are only 60 distinct words formed out of 

the letters u and v.  We start by putting s = u and t = k–2uk 

(where k = uv), and then show that s and t are generators 

of A4, that is, they obey the simplifying rules s2 =1, t3 =1, 

(st)3 =1. We then show, using the simplifying rules above, 

that every word formed from the letters u and v can be 

written in the form km h, where m equals 0,1,2,3,4 and h is 

a word formed from the letters s and t.

As there are precisely 12 distinct words h, we see that the 

group A5 is given by the above relations.

D) A5: A GROUP OF MATRICES
1) Let F5 denote Z/5Z, the field of remainders modulo 5. In 

this field, 4 + 2 =1, 3 + 2 =0, 4 x 2 = 3, 3 x 2 =1, etc.

2) We represent u and v as the following mappings of the 

projective space P1(F5). This projective space contains the 

five points of F5, together with a point "at infinity", denoted 

by 1/0. Let us put u(z) = –1/z, for a point z in P1(F5). 

Clearly, u2(z)=z, that is u2=1. Now let us put v(z) = 

–1/(z+1) : we can check that v3=1. We see that we have a 

representation of A5 because k=uv is given by k(z) = z +1 

and km(z) = z+m, so that k5=1 since 5 equals 0 in F5.  

3) We give a matrix representation of the elements  u and v. 

If a,b,c,d are elements of F5, with ad – bc =1, we associate

 the matrix a   b , with the mapping f of P1(F5), given by:

  f(z)  
=

  a  b   z 
.

    1        c  d   1

The group of mappings obtained in this way is called 

PSL(2,F5), for "Projective Special Linear" group of F5. 

Then u, v, k, and t, y are represented by the matrices:

u = 0  –1  v =  0    1   km = 1  m  and t = –2  –3 

      1   0         –1 –1           0   1                1     1
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Figure 5: Lagrange’s text on 3rd degree equations
(1772)

Figure 6: Icosahedral game and Hamiltonian circuit
according to Sainte Lagüe

Lagarange had failed. Nowadays, be-
cause of Abel and Galois, we know
that even such a generalisation is im-
possible.Many of the most celebrated
mathematicians were interested in this
fundamental and complex problem,
among them Leonhard Euler, who re-
turned to it several times and, above
all, Karl Friederich Gauss (1801) and
Louis-Augustin Cauchy (1813).

We’ll stay with the case of the quintic
equation. Descartes, for one, was con-
vinced that no formula like that of Car-
dano could be found. In 1637 Descartes
suggested a graphical solution – us-
ing the intersection of circles and cubic
curves – which he had invented for the
purpose. From 1799 to 1813 (the date
of publication of his Riflessioni intorno
alla solutione delle equazioni algebraiche
generali), Paolo Ruffini published di-
verse attempts at proofs, each of them
more refined than the last, attempt-
ing to demonstrate the impossibility of
solving the general quintic equation by
radicals. He had the correct idea of
assigning, to each rational function of
the roots, that group of permutations of

the roots which left the function invari-
ant. However, he assumed incorrectly
that the radicals involved in solving the
equation necessarily had to be rational
functions of the roots.

In the event, it was 1824 before Niels
Abel, in his Mémoire sur les équations
algébriques, justified Ruffini’s intuition.
Abel, having at first thought, on the
contrary, that he had found a general
method of solution, proved the impos-
sibility of solving the general quintic
by radicals in his 1826 Mémoire sur une
classe particulière d’équations résolubles
algébriquement, in which he sketched a
general theory which would only be
fully worked out by Galois, towards
1830. Galois’ work inaugurated a new
era in mathematics where calculations
gave way to the consideration of their
potential, and concepts, such as those
of abstract group or of algebraic exten-
sion, occupied the foreground.

Galois’ great insight was to associate
to an arbitrary equation a group of per-
mutations which he defined in these
terms:

Let an equation be given which has roots
a, b, c . . . m. It will always have a group
of permutations of the letters a, b, c . . . m
with the following properties:

1. every function of the roots which
is invariant by substitutions of this
group, will be rationally determined;

2. conversely, every rationally deter-
mined function of the roots will be
invariant under these substitutions.

Galois then studied how this group of
‘ambiguities’ could be modified by ad-
joining auxiliary quantities thenceforth
considered ‘rational’. Solving an equa-
tion by radicals was then reduced to
solving its Galois group.

The impossibility of reducing the
quintic equation to equations of lower
degree comes from the ‘simplicity’ of
the group A5 of the sixty even permu-
tations of the five roots a, b, c, d, and e
of the quintic. We say that an abstract
group is ‘simple’ if there is no non-
constant composition-preserving map-
ping of the group into a smaller group.
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The group A5 is the smallest non-
commutative group which is simple,
and it arises very frequently in math-
ematics. This group can be described
very economically: it is generated by
two elements u and v satisfying the re-
lations u2 = 1, v3 = 1 and (uv)5 = 1,
which gives us an excuse to move to
Hamilton’s icosions.

Hamilton’s icosions

After discovering quaternions, William
Hamilton tried, in 1857, to construct
a new algebra of generalised numbers,
which he called icosions. Two of them,
denoted by u and v, which Hamil-
ton termed ‘non-commutative roots of
unity’, were to satisfy u2 = 1, v3 = 1
and (uv)5 = 1. A childishly simple cal-
culation shows that, if uv = vu, then
we have v = 1v = u5v5v = u5v6 =
(u2)2u(v3)2 = u, so u = v = vu2 = v3 =
1. So we can’t represent u and v as ele-
ments of the groups Sn for n less than
or equal to 4. To represent u and v as el-
ements of the group A5 of even permu-
tations of the five letters a, b, c, d, and
e, it is enough to put u = (b, a, d, c, e),
the permutation which fixes e but ex-
changes a with b and c with d, and to
put v = (e, b, a, d, c), the permutation
which fixes b and d but changes a to
e = v(a), c to a = v(c), and e to c = v(e).
The product uv is then the cyclic per-
mutation (eabcd) which is indeed of or-
der 5. In fact, we could similarly repre-
sent u and v in altogether 120 separate
(but pairwise isomorphic) ways as ele-
ments of A5.
The group A5 is isomorphic to the
group of rotations preserving a regu-
lar icosahedron or, which amounts to
the same thing, a regular dodecahe-
dron (these are the two most interest-
ing of the five platonic solids, whose
other members are the regular tetrahe-
don, the cube and the regular octahe-
dron, formed by the six centre of the
faces of the cube. These are the only
regular convex polyhedra which exist
in our usual three-dimensional space).
To construct the isomorphism referred
to above, it is enough to associate u
with one of the 15 rotations of order two
(a symmetry whose axis is one of the 15
lines joining the midpoints of parallel
edges) and to associate v with one of the
20 rotations of order three (whose axis
of symmetry connects one of ten pairs
of two diametrically opposite vertices
of the dodecahedron, or the centres of
two parallel faces of the icosahedron) in
such a way that the product uv is one of

7. THE UNIVERSAL COVERING AND NON-EUCLIDEAN GEOMETRY 

To get a geometric understanding of the group generated by two elements 

u and v and presented by the relations u2=1, v3=1, and (uv)5=1, we start by 

considering the two first relations (u2=1, v3=1).  The group thus generated 

is the group  PSL(2,Z) which can be understood by looking at its action on 

an infinite tree T in which three edges exit from each vertex.  The third 

relation ((uv)5=1)  can then be understood by identifying the tree T with the 

universal covering of the graph in box 8 below. The universal covering, in 

the sense of Poincaré  , is obtained by considering all the paths which follow 

the edges of the regular dodecahedron.

The infinite tree T is represented by two models of non-Euclidean geometry: 

Klein's model (A) and Poincaréé  's model (B). In each model, the set of points 

of plane geometry lie in the interior of a disk. In Klein's model, the straight 

line joining two points is the same straight line as in Euclidean geometry, only 

the length of the line is changed. In this model, the length of a straight line is 

given by the logarithm of the cross-ratio (ab,cd) of ab with the points c and d 

where the line ab intersects the circle C. Thus, [a,b] = log  ac x bd . The 

edges of the tree T are line segments of equal length.

In the Poincaré   model, the "straight lines" are arcs of circles otrhogonal to the 

circle C, and the idea of angle remains the same as in Euclidean geometry.  

The distances are given by 2log(ab, cd) where the cross-ratio is calculated 

on the circle through (a,b,c,d), and where the factor 2 arises in comparing (A) 

with (B).

The group PSL(2, Z) is represented by isometries of non-Euclidean 

geometry.  A presentation of this group is given by the relations u2=1 and 

v3=1. The element u is given by symmetry about the origin O, and the 

element v, by the non-Euclidean rotation with centre J and angle 2π/3. We 

operate on the edge JJ' by the transformations represented by the words 

(such as uvvuuuvuv...) whose letters are the elements u and v. This gives 

exactly the tree T of the universal covering of the graph of Hamilton's icosion 

game. In particular, each Hamiltonian path is a point of the universal 

covering.

We get the dodecahedron by identifying the edges of the tree T which are 

congruent modulo 5.  This congruence means that we pass from one edge to 

another by a non-Euclidean isometry given by an element          of  the  group 

PSL(2, Z) satisfying a = 1 (modulo 5), b = 0 (modulo 5), c = 0  (modulo 5), 

and d = 1 (modulo 5). In this way, the group A5 whose presentation requires 

the extra relation (uv)5 = 1, arises from quotienting PSL(2, Z) by the normal 

subgroup G generated by (uv)5.The quotient of T by G is precisely the graph

formed by the edges of the dodecahedron. The quotient group PSL(2, Z)/G 

is the group PSL(2, F5) of box 4. 

ad x  bc

[ ]a b
c d

c

O

J J'

v

v2

uv2vuv2

uv

vuv

a bd

ca bd

Length of segment 
[a,b] = Log  ac x bd  

ad x bc

A KLEIN'S MODEL

B POINCARÉ'S MODEL

J J'

v

v2

uv2vuv2

uv

vuv
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the 24 rotations of order five (whose
axis of symmetry connects one of the
six pairs of centres of parallel faces of
the dodecahedron, or pairs of diamet-
rically opposed vertices of the icosa-
hedron). The 60 rotations preserving
either solid can be expressed simply
as products of the generators u and v.
Even though the two icosions u and v
generate the group A5 and satisfy the
relations u2 = 1, v3 = 1 and (uv)5 = 1,
it’s not immediate that these relations
constitute a presentation of the group,
that is, it’s not immediate that every
relation between u and v follows from
these. There are two ways, algebraic or
geometric, of showing this (boxes 4 and
7).

The graph of the edges of the dodec-
ahedron, which has the same symme-
tries as that of the icosahedron, gave
rise to Hamilton’s ‘icosahedral game’
which he also called the ‘game of non-
commutative roots of unity’. This
game is the first example of what is
now called the search for a Hamilto-
nian circuit, which is a very important
concept in modern graph theory (box
8). The challenge is to pass precisely
once through each vertex of the dodec-
ahedron, using only the edges, and to
finish at a vertex which is joined by
an edge to the starting point. A re-
markable account of this is given in
André Sainte-Laguë’s 1937 essay Avec
des nombres et des lignes, reissued by
Vuibert in 1994.

In his book Avec des nombres et 

des lignes Sainte-Lagu brought the 

game of icosions, invented by the 

Irish mathematician Hamilton (1805-

1865), back to life. The game 

consists of completing the circuit 

going through all the vertices of an 

icosahedron once and once only: to 

start, the first six vertices are given. 

Here's and example: (1, 2, 3, 4, 5, 6, 

19, 18, 14, 15, 16, 17, 7, 8, 9, 10, 

11, 12, 13, 20).

1

220

3

45

6

7

8

9

11

10

1213

14 15

16

17

18
19

8. THE GAME OF ICOSIONS 

Morley’s triangle

It is wrong to oppose the ’angel of
geometry’ with the ’devil of alge-
bra’. What takes place is a fruitful co-
operation between the visual parts of
the brain, which can perceive the har-
mony of a configuration at a glance,
and those parts of the brain which pro-
cess language and distil that harmony
into algebraic formulae. We shall end
this introduction to the idea of sym-
metry with a nice example of that co-
operation by way of Morley’s theorem.
This is a subject where concrete sym-
metries arising from geometry become
abstract and algebraic when we look
at them from a different angle. Their
forceful interplay gives a genuine sense
of beauty.

The British mathematician Frank
Morley was one of the first university
teachers in America. At the end of the
nineteenth century, while pursuing re-
search into families of cardioids tan-
gent to the three sides of a given trian-
gle, he discovered the following prop-
erty: the three pairs of trisectors of the
angles of a triangle (that is, the straight
lines which divide the interior angles
into three equal parts) intersect in six
points, of which three are vertices of an
equilateral triangle.

The original proof is quite difficult
and depends on ingenious calculations
based on a profound mastery of ana-
lytic geometry. There are now many
proofs of this result, as well as gener-
alisations which produce 18, or 27 (or
even more) equilateral triangles which
can be constructed from the 108 points
of intersection of the 18 trisectors ob-
tained from the original ones by rota-
tions of π/3. These proofs include ones
by trigonometric calculation as well as
purely geometrical ones, such as that
given by Raoul Bricard in 1922.

There is a proof which is entirely
different, which illuminates the result
from an interesting angle, because it
lets us extend the result (a priori en-
tirely Euclidean) to the geometry of
affine lines over an arbitrary field k.
The purely algebraic result, which in-
cludes and extends the trisector prop-
erty, is so general that its proof be-
comes a simple verification (a very
general result is often easier to prove
than a particular case, because the gen-
erality can reduce the number of hy-
potheses).

The statement is as follows:

If G is the affine group of a commu-
tative field k (that is, the group of map-
pings g of k into k which can be writ-
ten in the form g(x) = ax + b, where
a = a(g) is non-zero), then for each
triple ( f , g, h) of elements of G such
that j = a( f gh) is not the identity and
such that f g, gh, and h f are not transla-
tions, the following two assertions are
equivalent:

a) f 3g3h3 = 1 (the identity mapping
1(x) = x);

b) j3 = 1 and α + jβ + j2γ = 0,
where α is the unique fixed point
of f g, β that of gh, and γ that of
h f .

We need to show how this very ab-
stract property helps us better under-
stand (and, at the same time, prove)
Morley’s theorem. We shall take k to
be the (field of) complex numbers. Its
affine group is that of the direct simi-
larities and has the rotations as a sub-
group (precisely when a has modulus
1). We let f , g and h be the rotations
about the three vertices of the triangle
with each angle of rotation being two-
thirds of the relevant angle of the tri-
angle. Thus f is the rotation with cen-
tre A and angle 2a (the internal angle
at A being denoted by 3a), g is that
with centre B and angle 2b and h that
with centre C and angle 2c. The prod-
uct of the cubes f 3g3h3 is 1, because, for
instance, f 3 is the product of the two
symmetries with respect to the sides of
the angle at A, so that these symme-
tries simplify pairwise in the product
f 3g3h3.

The equivalence above shows us that
α + jβ + j2γ = 0, where α, β, and γ
are the fixed points of f g, gh, and h f ,
and where the number j = a( f gh) is
the first cube root of unity, which we
have already met in the course of this
article. The relation α + jβ + j2γ = 0 is
a well-known characterisation of equi-
lateral triangles (it can be written in the
form (α − β)/(γ − β) = −j2, which
shows that we pass from the vector βγ
to the vector βα by a rotation through
π/3).

An old recipe, well-known to those
thoroughly trained in the rigours of
classical geometry, shows that the
point α, defined by f (g(α)) = α, is
none other than than the intersection of
the trisectors of the angles A and B ly-
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9. MORLEY'S THEOREM

BA

C

a
a
a

b
b

b

c c c

γ β

α

a

a
b

b

α

α'

A B

g f

Morley's theorem states that the three meeting points α, 
β, γ of the trisectors of an arbitrary triangle ABC, as 

indicated in the diagram, form an equilateral triangle. (n 

red).

f, g, h are the three rotations about the vertices of the 

given triangle, through angles which are two thirds of the 

angles at the vertices.

So f is the rotation through 2a about A, g is the rotation 

through 2b about B, and h is the rotation through 2c about 

C. We shall look at the properties of these rotations.  The

rotation g takes the point α to α', which is the reflection of α 
through AB. The rotation f takes the point α∋ to α: so α is a 

fixed point of the product of rotations fg. Similarly, β is a 

fixed point of the product of rotations gh, and γ is a fixed 

point of the product of rotations hf. 

Now we consider the product f3g3h3. The rotation f3  

through an angle 6a about A is the product s(AC) s(AB) 

and the reflection s(AB) in the side AB, and the reflection 

s(AC) in the side AC. Similarly, g3 is the product s(AB) 

s(BC) and h3 is the product s(BC) s(AC).  So f3g3h3 = 

s(AC) s(AB) s(AB) s(BC) s(BC) s(AC). As the square of a 

reflection is equal to 1 this, together with the algebraic 

theorem, shows that the triangle is equilateral.

f 3

BA

C

x'

x

x"

Refle
ctio

n AC

Reflection AB
v

ing closest to the side AB. The reader
can be convinced of this by checking
that the rotation g, centred on B, of an-
gle 2b, transforms the point of intersec-
tion into its symmetric image with re-
spect to the line AB and that the rota-
tion f , centre A, of angle 2a, returns
the point to its original place. The
same applies to the points β and γ. We
have thereby shown that the triangle
ABC is equilateral. As a bonus, we can
see that, in this order, the triangle is
described in a positive direction (anti-
clockwise). This proof applies equally
to the other Morley triangles: the 18 tri-
sectors obtained from the interior tri-
sectors by rotations through π/3 en-
able us to modify f , g and h without
changing the product of their cubes,
thus giving new solutions of equation
a), and new equilateral triangles.

The evident duality of algebra and
geometry in the examples above al-

lows us to expand the boundaries of
our knowledge of geometry, already
liberated from its Euclidean chains by
the arrival of non-Euclidean geome-
tries (box 7).

The discovery of quantum mechan-
ics and of the non-commutativity of
the coordinates of phase space for an
atomic system has given rise, during
the past twenty years, to what can be
seen as an equally radical evolution of
geometric concepts, freeing the idea of
space from the commutativity of co-
ordinates.

In non-commutative geometry, the
idea of symmetry becomes more sub-
tle, the groups sketched in this arti-
cle being replaced by the algebras in-
vented by the mathematician Heinz
Hopf, exemplifying Hermann Weyl’s
fine definition, taken from his book
Symmetries ‘. . . the idea [of symmetry]
is by no means restricted to spatial

objects;. . . symmetric means something
like well-proportioned, well-balanced,
and symmetry denotes that sort of con-
cordance of several parts by which
they integrate into a whole.’

Alain Connes [connes@ihes.fr] is a
winner of the Fields Medal and the
Crafoord Prize. Recently, he received
the Gold Medal 2004 of the French
CNRS. He is a professor at the Collège
de France and the Institut des Hautes
Etides Scientifiques. He would like
to thank André Warusfel for his in-
valuable help in preparing this arti-
cle, originally a lecture organised by
Jean-Pierre Bourgignon at the Centre
Georges Pompidou in September 2000.

The Newsletter would like to thank
David Salinger (Leeds, UK) for the
translation of the article into English,
and also Martin Qvist (Aalborg, Den-
mark) for help with the management of
the figures.

Apology

Unfortunately, a very disturbing
mistake occurred during the printing
process of the recent issue 53 of the
Newsletter. In the feature article 25
years of Kneser’s conjecture by Marc de
Longueville, p.16 – 19, all minus-signs

in the formulas and also the line break-
signs disappeared. The Newsletter
wishes to apologise sincerely for the
inconvenience that this has caused for
the readership; its apologies go also to
the author. A corrected version of this

article can be read and downloaded
as a PDF-file from the following URL
http://www.emis.de/newsletter
/current/current9.pdf.
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