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Abstrat. SuÆient onditions are established for osillation of all solutions of the fourthorder di�erene equation�`an�(bn�(n�yn))´ + qnf(yn+1) = hn (n 2 N0)where � is the forward di�erene operator �yn = yn+1 � yn, fang; fbng; fng; fqng; fhngare real sequenes, and f is a real-valued ontinuous funtion. Also, suÆient onditionsare provided whih ensure that all non-osillatory solutions of the equation approah zero asn!1. Examples are inserted to illustrate the results.Keywords: Fourth order di�erene equations, osillation, non-osillationAMS subjet lassi�ation: 39A101. IntrodutionIn the past two deades there has been an inreasing interest in studying the osillatoryand non-osillatory behavior of solutions of di�erene equations. However, most of thework on the subjet has been restrited to �rst and seond order equations (see [1℄ andthe referenes ited therein). It should be noted that almost all the results onerning theosillatory behavior of di�erene equations are obtained as disrete analogues of thosefor di�erential equations. The ideas behind the analogues are similar but di�erent dueto the disrete nature. Motivation of the present study also stems from the works ofLovelady [8℄ and Kusano and Onose [6℄ who onsidered the di�erential equations�p3(p2(p1u0)0)0�0 + qu = 0 (E1)�p3(p2(p1u0)0)0�0 + qf(u) = b(t) (E2)and obtained onditions for osillation of all solutions of equation (E1) and for non-osillatory solutions of equation (E2) to tend to zero as t!1, respetively.In this paper we onsider the fourth order di�erene equation��an�(bn�(n�yn))�+ qnf(yn+1) = hn (n 2 N0) (1)Both authors: Periyar University, Dept. Math., Salem - 636 011, Tamilnadu, IndiaISSN 0232-2064 / $ 2.50  Heldermann Verlag Berlin



864 E. Thandapani and I. M. Arokiasamywhere � is the forward di�erene operator de�ned as �yn = yn+1�yn, fang; fbng; fng;fqng; fhng are sequenes of real numbers and f : R ! R is a ontinuous funtion withuf(u) > 0 for u 6= 0. By a solution of equation (1) we mean a real sequene fyngsatisfying equation (1) so that supn�m jynj > 0 for any m 2 N0. We always assume thatsuh solutions exist. A solution of equation (1) is alled osillatory if there is no end ofn1 and n2 (n1 < n2) in N suh that yn1yn2 � 0; otherwise it is alled non-osillatory.Clearly, a non-osillatory solution of equation (1) must be eventually of one sign.Our purpose in this paper is to obtain onditions for osillation of all solutions ofequation (1), and for non-osillatory solutions of equation (1) to tend to zero as n!1.In Setion 2 we obtain onditions for osillation of all solutions of equation (1) whenhn � 0 and Setion 3 ontains suÆient onditions whih ensure that all non-osillatorysolutions of equation (1) tend to zero as n!1. For more results regarding osillationand asymptoti behavior of fourth order di�erene equations we refer, in partiular, to[3 - 5, 9 - 14℄. Further, our equation is quite general and therefore the results of thispaper even in some speial ases omplement and generalize some of the results in theliterature [3, 4, 9, 14, 16℄.2. Osillation resultsIn this setion we study the osillatory behavior of equation (1) under the followingadditional onditions:(1) hn � 0.(2) fang; fbng; fng; fqng are real positive sequenes suh thatP1n=0 1an =P1n=0 1bn=P1n=0 1n =1.(3) f is non-dereasing and f(u)u �M > 0 for u 6= 0.Theorem 1. Let onditions (1) - (3) hold and suppose that eah of the followinghypotheses (H1) - (H3) is true:(H1) P1n=0 �Pn�1s=0 � 1as Ps�1t=0 � 1bt Pt�1r=0 1r ���qn =1.(H2) If P1n=0 qn <1 and P1n=0 � 1an P1s=n qs� <1, then P1n=0 � 1bn P1s=n � 1as P1t=sqt�� =1.(H3) P1n=0 �Pn�1s=0 � 1s Ps�1t=0 1bt ��qn =1.Then every solution of equation (1) is osillatory.Proof. Let fyng be a non-osillatory solution of equation (1). Without loss ofgenerality we may assume that fyng is eventually positive sine the proof is similarwhen fyng is eventually negative. Therefore there is an integer n0 2 N0 suh thatyn > 0 for all n � n0. For n � n0, letun = ynvn = n�unwn = bn�vnzn = an�wn
9>>>>=>>>>; :



Some Osillation and Non-Osillation Theorems 865Now the system �un = vnn�vn = wnbn�wn = znan�zn = �qnf(un+1)
9>>>>>>>=>>>>>>>; (2)

is satis�ed. Clearly, fzng is non-inreasing. If there is an integer n1 � n0 suh thatzn1 < 0, then wn = wn0 + n�1Xs=n0 zsasvn = vn0 + n�1Xs=n0 wsbsun = un0 + n�1Xs=n0 vss
9>>>>>>>>>>>=>>>>>>>>>>>; (3)

and from ondition (2) we have thatwnvnun9>=>; ! �1 (n! �1)whih is a ontradition. Thus zn � 0 for all n � n0, so limn!1 zn = z1 exists andz1 � 0. Also, zn1 > 0 if n1 > n0. Then zn = 0 whenever n � n1. Thus, from (2),�zn = 0 and qn = 0 whenever n � n1. But this ontradits hypothesis (H1), so zn > 0for n � n0. Thus fzng is inreasing for n � n0.Now we take di�erent ases.Suppose wn < 0 for n � n0. Now w1 � 0, and if w1 < 0, then (3) again gives aontradition, so w1 = 0. Now vn is dereasing for n � n0, and v1 < 0 is impossible,so v1 � 0. If j � n � n0, then zj � zn = �Pj�1s=n qsf(us+1), soz1 � zn = � 1Xs=n qsf(us+1) or zn � 1Xs=n qsf(us+1) � 1Xs=n qsf(us):Sine vn > 0, un is inreasing, so zn � f(un0)P1s=n qs for n � n0. If P1n=0 qn < 1fails in Hypothesis (H2), this is a ontradition, hene assume P1n=0 qn < 1 holds.Sine w1 = 0, we have wn = �P1s=n zsas for n � n0. But the last inequality says thatif P1n=0 � 1an P1s=n qs� < 1 in hypothesis (H2) fails, this is a ontradition, so assumeP1n=0 � 1an P1s=n qs� <1 holds. If n � n0, thenvn � vn0 = n�1Xs=n0 wsbs = � n�1Xs=n0 1bs  1Xt=s ztat!



866 E. Thandapani and I. M. Arokiasamyand so �vn0 � � n�1Xs=n0 1bs  1Xt=s ztat!vn0 � n�1Xs=n0 1bs  1Xt=s ztat! � f(u0) n�1Xs=n0 1bs  1Xt=s 1at  1Xi=t qi!! :However, this ontradits hypothesis (H2), and we are through the ase wn < 0 forn � n0.Sine fwng is inreasing and wn < 0 is false ensure that there is an integer n1 2 Nsuh that n1 � n0 and wn > 0 for all n � n1. Now fvng is inreasing for all n � n1.If vn � 0 for all n � n1, then fung is bounded. But hypothesis (H1) and a result in[15℄ say that every bounded solution of equation (1) is osillatory, so there is an integern2 � n1 suh that vn > 0 for all n � n2. Now if n � n2, thenun = un2 + n�1Xs=n2 vss� n�1Xs=n2 vss= n�1Xs=n2 1s  vn2 + s�1Xt=n2 wtbt !� n�1Xs=n2 1s  s�1Xt=n2 wtbt !� wn2 n�1Xs=n2 1s  s�1Xt=n2 1bt! :If n � n2, then 0 < zn = zn2 + n�1Xs=n2�zs = zn2 � n�1Xs=n2 qsf(us+1):So zn2 � n�1Xs=n2 qsf(us) �Mwn2 n�1Xs=n2 qs0� s�1Xt=n2 1s t�1Xj=n2 1bj1A : (4)But, aording to Stolz's Theorem [2℄, we havelims!1Ps�1t=n2 1s Pt�1j=n2 1bjPs�1t=0 1s Pt�1j=0 1bj = 1and so hypothesis (H3) implies the divergene of the summations in (4) as n!1. Thisontradition ompletes the proof of the theorem



Some Osillation and Non-Osillation Theorems 867Corollary 2. Assume hypothesis (H3) holds and1Xn=0 n�1Xs=0 1as  s�1Xt=0 1bs!! qs =1: (5)Then every solution of equation (1) is osillatory.Proof. Let fyng be a non-osillatory solution of equation (1). Without loss ofgenerality we may assume that fyng is eventually positive. If hypothesis (H2) holdsand n 2 N0, then two suessive appliations of summation by parts give1Xs=0 1bs 0� 1Xt=s 1at 0� 1Xj=t qj1A1A=  n�1Xt=0 1bt!0� 1Xt=n 1at 1Xj=t qt1A+ n�1Xs=0 1as  sXt=0 1bt! 1Xj=s qj� n�1Xs=0 1as s�1Xt=0 1bt! 1Xj=s qj= n�1Xt=00� 1at t�1Xj=0 1bj1A0� 1Xj=n qj1A+ n�1Xs=0 qs0� sXt=0 1at t�1Xj=0 1bj1A� n�1Xs=0 qs0�s�1Xt=0 1at t�1Xj=0 1bj1A :Thus (5) implies hypothesis (H2). Now ondition (2) and two appliations of Stolz'sTheorem imply that limi!1 Pi�1s=0 1as Ps�1t=0 1btPi�1s=0 1as Ps�1t=0 1bt Pt�1j=0 1j = 0;so there is an integer N 2 N0 suh thati�1Xs=0 1as s�1Xt=0 1bt t�1Xj=0 1j � i�1Xs=0 1as s�1Xt=0 1btwhenever i � N , and we see that (5) implies hypothesis (H1), and the result now followsfrom Theorem 1Remark 1. If an � n, then (5) is the same as hypothesis (H3), so in this ase (5)implies that every solution of equation (1) is osillatory. If an = n = 1 and bn = rn,then (5) is equivalent to P1n=0Pn�1s=0 n�s�1rs qn =1 and hene Corollary 2 implies thatevery solution of equation (1) is osillatory. This is [3: Theorem 6.11℄.



868 E. Thandapani and I. M. ArokiasamyExample 1. Consider the di�erene equation��(n+ 1)�� 1n�(n�yn)��+ �8n+ 14 + (2n+ 1)n(n+ 1)� yn+1(1 + jyn+1j) = 0 (6)for n � 1 where an = n+1; bn = 1n ; n = n; qn = 8n+14+ 2n+1n(n+1) and f(u) = u(1+ juj).It is easy to see that all onditions of Corollary 2 are satis�ed and hene every solutionof equation (6) is osillatory. In fat, fyng = f(�1)ng is suh a solution.3. Asymptoti behavior of non-osillatory solutionsHere we disuss the asymptoti behavior of non-osillatory solutions of equation (1)under the following onditions:(4) fang; fbng; fng; fqng are real and positive sequenes suh that P1n=0 1an <1;P1n=0 1bn <1;P1n=0 1n <1.(5) limn!1 �i(n) = 0 where �i(n) = P1s=n+1 �i�1(s)ri(s) (i = 1; 2; 3) with �0(n) � 1and r1(n) = n; r2(n) = bn; r3(n) = an.We begin with two lemmas that will be needed in the proof of our main result ofthis setion.Lemma 3. Consider the di�erene equation�un � ��(n)�(n) un + ��(n)�(n) �n = 0 (7)where f�ng; f�(n)g are real sequenes de�ned for n � N 2 N0 and �(n) > 0;��(n) <0; limn!1 �(n) = 0. Let fung be the solution of equation (7) de�ned for n � N andsatisfying uN = 0. Then limn!1�n =1 =) limn!1un =1limn!1 �n = �1 =) limn!1un = �1 :Proof. The solution fung of equation (7) is given by the formulaun = ��(n) n�1Xs=N ��(s)�(s)�(s+ 1)�s (n � N):If limn!1 �n = �1, then it is obvious thatlimn!1 � n�1Xs=N ��(s)�(s)�(s+ 1)�s! = �+1�1Hene, by Stolz's theorem,limn!1 un = limn!1 ���������Pn�1s=N ��(s)�(s)�(s+1)�s��� 1�(n)� ������ = limn!1 �n = �+1�1and the lemma is proved



Some Osillation and Non-Osillation Theorems 869Lemma 4. Let f�ng and fvng be real sequenes de�ned for n � N 2 N0. If thelimit limn!1(�n�vn+vn) exists in the extended real line R�, then the limit limn!1 vnexists in R�.Proof. Let zn = �n�vn + vn. Thenlimn!1 zn = limn!1(�nvn+1 � �nvn + vn)= limn!1 �n limn!1 vn+1 � limn!1 �n limn!1 vn + limn!1 vn= limn!1 vn:So limn!1 zn 2 R� implies limn!1 vn 2 R�Theorem 5. Let onditions (4); (5) hold, and assume that lim infy!1 f(y) > 0and lim supy!�1 f(y) < 0. If1Xn=N �3(n)qn =1 and 1Xn=N �3(n)jhnj <1; (8)then all non-osillatory solutions of equation (1) are bounded and tend to zero as n!1.Proof. Let fyng be a non-osillatory solution of equation (1). We may supposethat yn > 0 for n � N1 2 N. De�neG0(n) = ynGi(n) = ri(n)�Gi�1(n) (i = 1; 2; 3))and uk(n) = nXs=N1+1 �3�k(s)�G3�k(s) (k = 0; 1; 2; 3): (9)We shall �rst show that fyng is bounded above. From equation (1) we obtainG3(n)�G3(N1) + n�1Xs=N1 qsf(ys+1) = n�1Xs=N1 hs:Sine herein the �rst sum is positive and by (82) the seond sum is bounded, there existsa onstant k3 suh thatG3(n) = r3(n)�G2(n) � k3 (n � N1):Dividing the last inequality by r3(n) and summing from N1 to n� 1, we obtainG2(n)�G2(N1) � k3 n�1Xs=N1 1r3(n) (n � N1)



870 E. Thandapani and I. M. Arokiasamywhih shows in view of ondition (4) that there exists a onstant k2 suh thatG2(n) = r2(n)�G1(n) � k2 (n � N):Applying the above arguments repeatedly, we obtainG1(n) � k1G0(n) � k0) (n � N1)where k1 and k0 are onstants. It follows that fyng is bounded above for n � N1.Summation by parts yieldsuk�1(n)= nXs=N1+1 �4�k(s)�G4�k(s)= �4�k(n+ 1)Gm�k(n+ 1)� �4�k(N1 + 1)G4�k(N1 + 1) + nXs=N1+1 �3�k(s)r4�k(s)G4�k(s)= ��3�k(n+ 1)��4�k(n) �uk(n) + �uk(n) + uk(n)� 2�4�k(N1 + 1)G4�k(N1 + 1)= � �4�k(n)��4�k(n)�uk(n) + uk(n)� 2�4�k(N1 + 1)G4�k(N1 + 1):This shows that fuk(n)g satis�es the di�erene equation�4�k(n)��4�k(n)�uk(n)� uk(n) + �k(n) = 0 (10)or, equivalently, �uk(n)� ��4�k(n)�4�k(n) uk(n) + ��4�k(n)�4�k(n) �k(n) = 0 (11)where �k(n) = uk�1(n) + 2�4�k(N1 + 1)G4�k(N1 + 1):Sine uk(N1) = 0 by (9) and sine �4�k(n) > 0��4�k(n) < 0limn!1 �4�k(n) = 09>>=>>;by ondition (5) we apply Lemma 3 to (11) to onlude that limn!1 uk�1(n) = �1implies limn!1 uk(n) = �1. Further, applying Lemma 4 to (10) we onlude thatlimn!1 uk(n) exists in R� whenever limn!1 uk�1(n) exists in R�.



Some Osillation and Non-Osillation Theorems 871We now multiply both sides of equation (1) by �3(n), and summing from N1+ 1 ton we get nXs=N1+1 �3(s)�G3(s) + nXs=N1+1 �3(s)qsf(ys+1) = nXs=N1+1 �3(s)hs: (12)We onsider the two ases 1Xs=N1+1 �3(s)qsf(ys+1) = �+1�1 : (13)Suppose (131) holds. In view of (82) the right-hand side of (12) tends to a �nite limitas n ! 1, so from (12) we see that limn!1 u0(n) = �1. Hene by Lemma 3 ap-plied to (11) with k = 1 we have limn!1 u1(n) = �1. Applying Lemma 3 againto (11) with k = 2 we �nd limn!1 u2(n) = �1. Repeating the same argument weonlude that limn!1 u3(n) = �1 whih implies that limn!1 yn = �1. However,this ontradits the positivity of yn. Hene (131) is impossible. Now letting n ! 1in (12) and using (132) we see that limn!1 u0(n) is �nite. From Lemma 4 applied to(10) with k = 1 it follows that limn!1 u1(n) exists in R�. This limit must be �nitesine limn!1 u1(n) = �1 would imply limn!1 yn = �1 whih is a ontradition,and limn!1 u1(n) = 1 would imply limn!1 yn = 1 whih is a ontradition to theboundedness of yn. Repeating the same argument we onlude that limn!1 u3(n) is�nite. Hene limn!1 yn exists as a �nite number. On the other hand, from (81) and(132) we see that limn!1 yn = 0. Therefore we onlude that yn ! 0 as n!1We onlude this setion with the following example.Example 2. Consider the di�erene equation��2n�(2n�(2n�yn))�+ 8ny3n+1 = 18 (n � 0): (14)In this ase �1(n) = 12n ; �2(n) = 13� 14n �; �3(n) = 121� 18n �. Sine all onditions of Theorem5 are satis�ed, every non-osillatory solution of equation (14) tends to zero as n!1.Espeially, this equation has the non-osillatory solution fyng = � 12n	 whih tends tozero as n!1.Referenes[1℄ Agarwal, R. P.: Di�erene Equations and Inequalities. New York: Marel Dekker 1992.[2℄ Brownwhih, T. J.: An Introdution to the Theory of In�nite Series. London: Mamillan1926.[3℄ Cheng, S. S.: On a lass of fourth order linear reurrene equations. Int. J. Math. &Math. Si. 7 (1984), 131 { 149.[4℄ Graef, J. R. and E. Thandapani: Osillatory and asymptoti behavior of fourth ordernonlinear di�erene equations (to appear).
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