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576 S. A. Marano(Lemma 1.3) of the lassial Shauder-Tyhono� �xed point theorem to solve problem(P2). This method yields hypotheses on the non-linearity f that are rather di�erent fromthose usually adopted; vide Theorem 2.1 below. As an example, no subritial growthondition for f(x; �) is required, but only that the growth rate turn out less than p��p .Suh exponent is obviously greater than the ritial one (namely, p�) every time thatn � 5 or n > 5 and p > 14(n+1+pn2 � 6n+ 1). For the sake of ompleteness we thenexamine, in Theorem 2.2 and Remark 2.1, the ase when the funtion (x; z) 7! f(x; z)is bounded, but not neessarily ontinuous, with respet to z. Finally, the existene ofnon-negative solutions is also investigated through a representation formula (proved inLemma 1.2) for the linear equation orresponding to problem (P1).1. PreliminariesLet n be a positive integer, n � 3. Given a number r > 0, the symbol Br indiatesthe open ball in Rn of radius r entered at zero. Moreover, `measurable' always meansLebesgue measurable and jEj stands for the measure of the set E.Now, let p 2 (1; n2 ). Write p� = npn�p and p�� = npn�2p , and denote by Ĥ2;p0 (Rn) thespae of all u 2 Lp��(Rn) suh that�u�xi 2 Lp�(Rn) and �2u�xi�xj 2 Lp(Rn) (1 � i; j � n)where, as usual, derivatives are understood in weak sense. If u 2 Ĥ2;p0 (Rn), de�nejuj2;p =  nXi;j=1  �2u�xi�xj pp! 1p :Owing to [14: Chapter III/Theorem 2.21℄, the following assertions hold:(a1) (Ĥ2;p0 (Rn); j � j2;p) is a reexive Banah spae.(a2) C10 (Rn) turns out dense in (Ĥ2;p0 (Rn); j � j2;p).(a3) There exists a > 0 satisfying kukp�� + krukp� � a juj2;p for all u 2 Ĥ2;p0 (Rn).Remark 1.1. Indiate with q (1 � q < n) the best value of the onstant thatappears in Sobolev's inequality [3: Theorem IX.9℄. It is possible to set a = p(1 +p�)n 1p� , as a simple omputation shows. Thus, sine q is known [15: Theorem℄, thesame holds regarding a.Lemma 1.1. If u 2 Ĥ2;p0 (Rn), fuhg � Ĥ2;p0 (Rn), and limh!1 uh = u weakly inĤ2;p0 (Rn), then fuhg has a subsequene whih onverges almost everywhere in Rn to thefuntion u.Proof. From assertion (a3) we easily infer that fuhg is bounded in W 1;p�(Br) forany r > 0. Pik r = 1. Using the Rellih-Kondrahov theorem [3: Theorem IX.16℄



Existene Results for the Equation ��u = f(x; u) in Rn 577yields a subsequene fu(1)h g of fuhg suh that limh!1 u(1)h (x) = u(x) at almost allpoints x 2 B1. We now apply this argument again, with 1 replaed by 2, to obtaina subsequene fu(2)h g of fu(1)h g satisfying limh!1 u(2)h (x) = u(x) almost everywhere inB2. And so on. The sequene fu(h)h g learly omplies with the onlusionBy assertion (a2) and the Calder�on-Zygmund inequality [5: p. 413/Corollary 2℄there exists b > 0 suh that juj2;p � b k�ukp for all u 2 Ĥ2;p0 (Rn). Sine, owing to[14: Chapter III/Theorem 4.6℄, the operator �� : Ĥ2;p0 (Rn)! Lp(Rn) is a ontinuousbijetion, the inverse operator G = (��)�1 turns out linear, bijetive, and ontinuous.Moreover, bearing in mind the preeding inequality, kGk � b.Remark 1.2. The onstant b an be expliitly estimated. Indeed, it is related tothe norm of M. Riesz's transformation in Lp(Rn), whih has been evaluated in [13: p.177 { 180℄.Lemma 1.2. For every v 2 Lp(Rn) one hasG(v)(x) = 1n(n� 2)!n ZRn v(y)jx� yjn�2 dy (x 2 Rn)where !n indiates the volume of the unit ball in Rn.Proof. From [12: Theorem 71.II℄ it follows thatG(v) 2 Lp��(Rn). De�ne, whenever1 � i � n, wi(x) = � 1n!n ZRn (xi � yi)v(y)jx� yjn dy (x 2 Rn):[12: Theorem 72.I℄ produes wi 2 Lp�(Rn), while [12: Theorem 77.III℄ leads to �wi�xj 2Lp(Rn) (1 � j � n). Let fvhg � C10 (Rn) satisfylimh!1 kvh � vkp = 0 (1)and let uh(x) := 1n(n� 2)!n ZRn vh(y)jx� yjn�2 dy (h 2 N; x 2 Rn): (2)Through the above-mentioned results we also get limh!1 kuh � G(v)kp�� = 0 as wellas limh!1 k�uh�xi � wikp� = 0. Now, if � 2 C10 (Rn), one hasD�G(v)�xi ; �E = � limh!1 ZRn uh(x)��(x)�xi dx = limh!1 ZRn �uh(x)�xi �(x) dx = hwi; �i;namely �G(v)�xi = wi for all i. Consequently, G(v) 2 Ĥ2;p0 (Rn).To ahieve the onlusion we note that, by the Calder�on-Zygmund inequality andthe ompleteness of Lp(Rn), for any �xed i; j 2 f1; 2; : : : ; ng the sequene f �2uh�xi�xj gonverges in Lp(Rn) to a funtion wij , while arguing as before yields �2G(v)�xi�xj = wij .Therefore, beause of (1) and (2), ��G(v)(x) = v(x) at almost all x 2 Rn



578 S. A. MaranoRemark 1.3. Owing to the preeding lemma, the onditions u 2 Ĥ2;p0 (Rn) and�u(x) � 0 almost everywhere in Rn imply u(x) � 0 (x 2 Rn).The next useful version [1: Theorem 1℄ of the lassial Shauder-Tyhono� �xedpoint theorem will applied.Lemma 1.3. Let X be a metrizable loally onvex topologial vetor spae and let Kbe a non-empty, weakly ompat, onvex subset of X. Suppose T : K ! K is a funtionwith weakly sequentially losed graph. Then there exists x0 2 K suh that x0 = T (x0).We shall also employ the following result, whih represents a very speial ase of[2: Theorem 3.1℄. As usual, M(Rn) denotes the family of all (equivalene lasses of)measurable funtions w : Rn ! R; a multifuntion F from Rn into R is alledmeasurableprovided for eah open set A � R the set fx 2 Rn : F (x) \ A 6= ;g is measurable; wesay that F has a losed graph if the set f(x; y) 2 Rn�R : y 2 F (x)g is losed in Rn�R.Lemma 1.4. Let U be a non-empty set, let � : U !M(Rn) and 	 : U ! Lp(Rn)be two operators, let F be a multifuntion from Rn�R into R with non-empty, onvex,losed values. Assume the following:(i1) 	 is bijetive and, whenever limh!1 vh = v weakly in Lp(Rn), there exists asubsequene of f�(	�1(vh))g whih onverges to �(	�1(v)) at almost all pointsof Rn.(i2) The set fz 2 R : F (�; z) is measurableg is dense in R.(i3) F (x; �) has a losed graph for almost every x 2 Rn.(i4) There exists a funtion m 2 Lp(Rn) suh that F (x; z) � [�m(x);m(x)℄ foralmost all x 2 Rn and eah z 2 R.Then the problem u 2 U;	(u)(x) 2 F (x;�(u)(x)) almost everywhere in Rn possesses atleast one solution.2. Existene theoremsKeep the notation of Setion 1 and set q̂ = npn�q(n�2p) if q 2 (0; nn�2p ). The main resultof the present paper is the following.Theorem 2.1. Let f be a real-valued funtion de�ned on Rn � R. Suppose thefollowing:(b1) f(�; z) is measurable for all z 2 R.(b2) f(x; �) is ontinuous for almost every x 2 Rn.(b3) There exist � 2 Lp(Rn), q 2 (0; nn�2p ), and � 2 Lq̂(Rn) suh thatjf(x; z)j � �(x) + �(x) jzjq (3)for almost all x 2 Rn and eah z 2 R. Furthermore, when both k�kq̂ > 0 andq � 1, it results akGkk�kq̂ < 1 ork�kp � q � 1q � 1q(akGk)qk�kq̂ � 1q�1 (4)



Existene Results for the Equation ��u = f(x; u) in Rn 579aording to whether q = 1 or q > 1.Then the equation ��u = f(x; u) in Rn has at least one solution u 2 Ĥ2;p0 (Rn), whihturns out non-negative provided f is so.Proof. De�ne, for every v 2 Lp(Rn),T (v)(x) = f(x;G(v)(x)) (x 2 Rn):Assumptions (b1) and (b2) guarantee that the funtion T (v) is measurable; hypethesis(b3) ombined with the H�older inequality [3: p. 57/Remarque 2℄ immediately lead toT (v) 2 Lp(Rn). Therefore, T : Lp(Rn)! Lp(Rn).Let us �rst show that there exists r > 0 ful�lling T (Kr) � Kr whereK� := fv 2 Lp(Rn) : kvkp � �g (� > 0):If v 2 K�, then by (3), the H�older inequality and assertion (a3) of Setion 1 we getkT (v)kp � k�kp + k�kq̂kG(v)kqp��� k�kp + (ajG(v)j2;p)qk�kq̂� k�kp + (akGk)qk�kq̂ �q: (5)Thus, when q < 1 the onlusion follows at one fromlim�!+1 �k�kp + (akGk)qk�kq̂�q � �� = �1whereas for q = 1 it is a simple onsequene of the hypothesis akGk k�kq̂ < 1. Supposenext q > 1 and k�kq̂ > 0, and setr = � 1q(akGk)qk�kq̂ � 1q�1 : (6)Using (4)� (6) yields kT (v)kp � q � 1q r + (akGk)qk�kq̂ rq = r;namely T (v) 2 Kr. Sine v was arbitrary, T (Kr) � Kr.We now laim that the funtion T jKr has a weakly sequentially losed graph. Toprove this, pik two sequenes fvhg; fwhg � Kr satisfying the onditionswh = T (vh) (h 2 N); limh!1 vh = v; limh!1wh = w weakly in Lp(Rn): (7)Evidently, Kr is onvex, losed, and bounded. Owing to the reexivity of Lp(Rn),it turns out weakly (sequentially) ompat. Hene, v; w 2 Kr. The properties of Gguarantee that limh!1G(vh) = G(v) weakly in Ĥ2;p0 (Rn). Beause of Lemma 1.1, andtaking a subsequene if neessary, we obtain limh!1G(vh)(x) = G(v)(x) at almost allpoints x 2 Rn. Therefore, by assumptions (b1) and (b2), the sequene fT (vh)g onvergesalmost everywhere in Rn to T (v). Sine fT (vh)g � Kr, ombining [7: Theorem 13.44℄with (7) produes w = T (v).We have thus proved that T jKr satis�es the hypotheses of Lemma 1.3. So, thereexists v 2 Kr suh that v = T (v). The funtion u := G(v) lies in Ĥ2;p0 (Rn) and one has��u(x) = f(x; u(x)) for almost all x 2 Rn. Finally, if f is non-negative, then due toLemma 1.2 the same holds regarding the solution u



580 S. A. MaranoThe next result treats the ase when (x; z) 7! f(x; z) is bounded, but not neessarilyontinuous, with respet to z. Write, for (x; z) 2 Rn � R,f(x; z) = limÆ!0+ infj��zj�Æ f(x; �) and f(x; z) = limÆ!0+ supj��zj�Æ f(x; �):It is a simple matter to hek that f(x; �) and f(x; �) are, respetively, lower semion-tinuous and upper semiontinuous.Theorem 2.2. Suppose the funtion f : Rn � R ! R satis�es assumption (b3) ofTheorem 2:1 with � = 0 and, moreover,(b4) the set �z 2 R : f(�; z); f(�; z) are measurable	 is dense in R.Then there exists u 2 Ĥ2;p0 (Rn) suh thatf(x; u(x)) � ��u(x) � f(x; u(x)) for almost every x 2 Rn: (8)Furthermore, the funtion u turns out non-negative provided f is so.Proof. Let us verify briey the hypotheses of Lemma 1.4. To this end, hooseU = Ĥ2;p0 (Rn), �(u) = u and 	(u) = ��u (u 2 U) as well as F (x; z) = �f(x; z); f(x; z)�for all (x; z) 2 Rn � R. We already know that the operator 	 is bijetive while 	�1 islinear and ontinuous. Hene, by Lemma 1.1, ondition (i1) in Lemma 1.4 holds. Usingassumption (b4), [10: Proposition 1.1℄, and [8: Corollary 4.2℄ we then easily realizethat the multifuntion F omplies with (i2). Sine a standard argument (vide forinstane [4: Example 1.3℄) yields (i3), while (i4) omes immediately from the inequalityjf(x; z)j � �(x) ((x; z) 2 Rn �R), all the hypotheses of Lemma 1.4 are ful�lled. Thus,there exists a funtion u 2 Ĥ2;p0 (Rn) suh that ��u(x) 2 F (x; u(x)) almost everywherein Rn, whih leads to (8).Finally, when f is non-negative, so is f and, through Lemma 1.2, we obtain u(x) � 0for all x 2 RnRemark 2.1. Funtions satisfying (8) are usually alled `solutions in the multi-valued sense' to the equation ��u = f(x; u) (x 2 Rn). Evidently, eah solution turnsout also a solution in the multi-valued sense, whereas the onverse is not true in general,unless further onditions are imposed. One of them is the following.(b5) There exists 
0 � Rn with j
0j = 0 suh that the setDf = [x2Rnn
0�z 2 R : f(x; �) is disontinuous at z	has measure zero. Moreover, for almost every x 2 Rn and eah z 2 Df , theinequality f(x; z) � 0 � f(x; z) implies f(x; z) = 0.To show this, let us �rst note that if u 2 Ĥ2;p0 (Rn), then u 2 W 2;p(Br) for any r > 0and onsequently, by [11: Proposition 2.1℄, �u(x) = 0 at almost all points x 2 u�1(Df ).Now, suppose u 2 Ĥ2;p0 (Rn) omplies with (8). Exploiting the same tehnique employedin the proof of [11: Theorem 3.1℄ we easily infer that u also solves the equation ��u =f(x; u) in Rn.Several funtions f enjoy properties (b4) and (b5). Here are two typial examples.



Existene Results for the Equation ��u = f(x; u) in Rn 581Example 2.1. Let f(x; z) = �(x)g(z) ((x; z) 2 Rn � R) where � 2 Lp(Rn) whileg : R ! R has a �nite variation and a positive in�mum on R. If �(x) � 0 for almostevery x 2 Rn, then the funtion f ful�ls the above-mentioned onditions. Indeed, (b4)follows immediately fromf(x; z) = �(x) limÆ!0+ infj��zj�Æ g(�); f(x; z) = �(x) limÆ!0+ supj��zj�Æ g(�): (9)Sine Df = fz 2 R : g is disontinuous at zg, the set Df is ountable and so jDf j = 0.Taking aount of the assumption infz2Rg(z) > 0 besides (9), it is a simple matter tosee that for almost all x 2 Rn and eah z 2 Df the inequality f(x; z) � 0 � f(x; z)fores �(x) = 0, namely f(x; z) = 0. Therefore, (b5) turns out true too.Example 2.2. Pik y� > 0 and hoose a bounded sequene fyhg � R satisfyinginfh2Nyh > 0; y� 62 �infh2Nyh; suph2Nyh�: (10)Moreover, denote by C a non-empty losed subset of R suh that jCj = 0; as an example,C ould be the Cantor `middle thirds' set, whih is unountable. The set R nC is non-empty and open. Hene, it has at most ountably many onneted (open) omponentsAh (h 2 N). We de�ne, for every (x; z) 2 Rn�R, f(x; z) = �(x)g(z), where � 2 Lp(Rn),�(x) � 0 at almost all points of Rn, andg(z) = � yh if z 2 Ah (h 2 N)y� if z 2 C.The funtion f omplies with assertions (b4) and (b5). In fat, owing to (9), ondition(b4) holds. Elementary arguments, mainly based upon the identity Df = C and (10),then yield assertion (b5).Remark 2.2. Let p 2 (1;+1) and let 
 be a non-empty, bounded, open subset ofRn. Aording to [14: Chapter III℄, denote by Ĥ2;p(Rn; 
) the spae of all (equivalenelasses of) measurable funtions u : Rn ! R suh that, for 1 � i; j � n,u; �u�xi 2 Lplo(Rn); Z
 u(x) dx = Z
 �u(x)�xi dx = 0; �2u�xi�xj 2 Lp(Rn):Arguing as before, but using in [14: Chapter III℄ Theorems 2.9 and 4.4 instead ofTheorems 2.21 and 4.6, respetively, it is possible to show that, provided the spaeĤ2;p0 (Rn) is replaed by Ĥ2;p(Rn; 
), both Theorem 2.1, with � = 0, and Theorem 2.2remain true for any p 2 (1;+1). However, whenever p � n2 , these results do not giveinformations about the sign of solutions.Aknowledgments. The author wishes to thank the anonymous referees for manystimulating omments.
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