
Zeitshrift f�ur Analysis und ihre AnwendungenJournal for Analysis and its AppliationsVolume 19 (2000), No. 2, 553{559A Universal Constantfor Exponential Riesz SequenesA. M. Lindner
Abstrat. The aim of this paper is to study ertain orrelations between lower and upperbounds of exponential Riesz sequenes, in partiular between sharp lower and upper bounds,where we show that the produt of the sharp bounds of an exponential Riesz sequene isbounded from above by a universal onstant. The result is applied to the norms of oeÆientand frame operators and their inverses.Keywords: Sharp bounds, exponential Riesz sequenes, exponential Riesz bases, exponentialframesAMS subjet lassi�ation: Primary 42C15, seondary 94A 121. IntrodutionLet H be a separable Hilbert spae over C. A sequene � = ('n)n2Z of elements inH is alled a Riesz-Fisher sequene or a Bessel sequene for H, if there is a onstantA > 0 or B > 0 suh that for all numbers n 2 N and �n; : : : ; n 2 CA nXj=�n jj j2 �  nXj=�n j'j2H (1)or  nXj=�n j'j2H � B nXj=�n jj j2; (2)respetively. If � is both a Bessel and a Riesz-Fisher sequene, it is alled a Rieszsequene for H. The onstants A and B are alled lower and upper bounds, respetively.It is an easy matter to hek that the supremum of all lower bounds and the in�mum ofall upper bounds of a Riesz sequene is again a lower bound and an upper bound, whihwe denote by Aopt(�) and Bopt(�), respetively. The onstants Aopt(�) and Bopt(�)are alled the sharp lower and the sharp upper bounds for �, respetively.In this paper, we shall be onerned with exponential Riesz sequenes for L2(��; �),i.e. with Riesz sequenes for L2(��; �) of the form (ei�n�)n2Z, where � > 0 and (�n)n2Zis a sequene of omplex numbers. From (1) and (2) it follows readily that if (ei�n�)n2ZA. M. Lindner: Math. Inst. Univ. Erlangen-N�urnberg, Bismarkstr. 1 1/2, D-91054 Erlangene-mail: lindnera�mi.uni-erlangen.deISSN 0232-2064 / $ 2.50  Heldermann Verlag Berlin



554 A. M. Lindneris a Riesz sequene for L2(��; �), then the sequene (=�n)n2Z of imaginary parts mustbe uniformly bounded.Young (see [9: Proposition 1/Corollary 1℄ and [10: Chapter 4/Propositions 2 and 3,Theorem 3 and Chapter 2/Remark following Theorem 17℄) has shown that for a sequene(ei�n�)n2Z of exponentials to be a Riesz sequene for L2(��; �) it is suÆient that it bea Riesz-Fisher sequene for L2(��; �), provided (=�n)n2Z is uniformly bounded. Weshall have a loser look at this result and the ouring bounds. In partiular, if �; � > 0and (�n)n2Z is a sequene of omplex numbers suh thatsupn2Zj=�nj � � (3)and (ei�n�)n2Z is a Riesz-Fisher sequene for L2(��; �) with lower bound A, we shallonstrut an upper bound B for (ei�n�)n2Z, depending only on A, � and � (Proposition1). From this we shall obtain a universal onstant for the produt of the sharp boundsof exponential Riesz sequenes (Theorem 1).The results of this paper are part of the author's dotoral thesis [5: Chapter 4℄.2. ResultsWe need the followingDe�nition 1. A sequene (�n)n2Z of omplex numbers is alled separated by Æ > 0,if infn6=m j�n � �mj � Æ. The sequene is alled separated, if there is some Æ > 0 suhthat (�n)n2Z is separated by Æ.Proposition 1. Let � � 0; � > 0; A > 0 and (�n)n2Z be a sequene of omplexnumbers satisfying (3), suh that (ei�n�)n2Z is a Riesz-Fisher sequene for L2(��; �)with lower bound A. Then there holds:1. (�n)n2Z is separated by Æ = Æ(A; �; �), whereÆ(A; �; �) = 1� log�1 + e���rA� �:2. (ei�n�)n2Z is a Riesz sequene for L2(��; �) with upper bound B = B(A; �; �),where B(A; �; �) = 2� (e2�(�+1) � 1)�1 + 2Æ�2= 2� (e2�(�+1) � 1)0�1 + 2�log �1 + e���qA� �1A2 : (4)Remark 1. Proposition 1 states more expliitly a result of Young (see [9: Propo-sition 1, Corollary 1℄ and [10: Chapter 4/Propositions 3 + 2, Theorem 3 and Chapter2/Remark following Theorem 17℄) who proved that, under the assumptions of Proposi-tion 1, the sequene (�n)n2Zmust be separated and that (ei�n�)n2Z is a Riesz sequene.From Proposition 1 we shall obtain



A Universal Constant 555Theorem 1. For every � > 0 and every � � 0, there exists a onstant C(�; �) > 0suh that the following holds:If (�n)n2Z is a sequene of omplex numbers satisfying (3) and suh that � =(ei�n�)n2Z is a Riesz sequene for L2(��; �), then the produt of the sharp boundsAopt(�) and Bopt(�) is bounded from above by C(�; �):Aopt(�)Bopt(�) � C(�; �): (5)The onstant C(�; �) an be hosen asC(�; �) = 256 e4��+2�(� + 18 )2: (6)Remark 2. There is no universal onstantD(�; �) > 0 suh that Aopt(�)Bopt(�) �D(�; �) for all exponential Riesz sequenes � = (ei�n�)n2Z for L2(��; �) satisfying (3).Counterexample. For 0 < " < 1 we de�ne�"n = �n for n 2 Znf0g1� " for n = 0 and �" = (ei�"n�)n2Z:From the orthonormality of ( 1p2�ein�)n2Z in L2(��; �) it follows that, for 0 < " < 1,�" is a Riesz sequene for L2(��; �) and Bopt(�") � 4�. However, from kei�"0� �ei�"1�k2L2(��;�) ! 0 for " ! 0 we onlude Aopt(�") ! 0 for " ! 0. This showsAopt(�")Bopt(�")! 0 for "! 0.De�nition 2. A sequene � = ('n)n2Z in a separable Hilbert spae H over C isalled a frame for H (f. DuÆn and Shae�er [3: Setion 3℄), if there exist onstantsA > 0 and B > 0 suh that for all f 2 HA kfk2H �Xn2Zj(f; 'n)H j2 � B kfk2H :The onstants A and B are alled lower and upper frame bounds, respetively. Theoperators T� : H ! l2(Z); f 7! ((f; 'n)H)n2Zand S� : H ! H; f 7!Xn2Z(f; 'n)H'nare alled the oeÆient operator and the frame operator, respetively, orrespondingto the frame �.Remark 3. From De�nition 2 it follows easily that the oeÆient operator orre-sponding to a frame is an injetive, bounded linear operator, with bounded inverse onits range. Furthermore, it an be shown that S� is a well-de�ned, bijetive, boundedlinear map (f. DuÆn and Shae�er [3: Setion 3℄; the sum onverges in the norm ofH).De�nition 3. A frame in a separable Hilbert spae over C is alled an exat frame(or a Riesz basis), if it is no longer a frame after any of its elements is removed.Remark 4. Every exat frame is a Riesz sequene with the same bounds (f. DuÆnand Shae�er [3: Lemma X℄ and K�olzow [4: Setion II.1/Corollary 1 to Theorem 8℄).As a onsequene of Theorem 1, we have



556 A. M. LindnerCorollary 1. For the onstant C(�; �) of Theorem 1 there holds:If (�n)n2Z is a sequene of omplex numbers satisfying (3) and suh that � =(ei�n�)n2Z is an exat frame for L2(��; �), then we have the following inequalities forthe norms of the oeÆient and frame operator and their inverses:kT�k �pC(�; �)kT�1� kkS�k � C(�; �) kS�1� kkT�k2 � C(�; �) kS�1� k:Remark 5. A statement analog to Corollary 1 does not hold for arbitrary (non-exat) exponential frames.Counterexample. We de�ne the sequene �m = (ei nm�)n2Z where m 2 N. It anbe shown that �m is a frame for L2(��; �), but kT�mk2 = kT�1�mk�2 = kS�mk =kS�1�mk�1 = 2�m.De�nition 4. Denote by PW 2� the Paley-Wiener spae, onsisting of all entirefuntions of exponential type at most �, whose restrition to R belongs to L2(R). Thenorm on PW 2� is the usual L2(R)-norm.For a sequene � = (�n)n2Z of omplex numbers, the operator I� is de�ned byI� : PW 2� ! CZ; F 7! (F (�n))n2Z:Remark 6. If, for � = (�n)n2Z, (ei�n�)n2Z is an exat frame for L2(��; �), then I�de�nes a bijetive, bounded linear operator from PW 2� onto l2(Z) (i.e. � is a ompleteinterpolating sequene, f. Young [10: Chapter 4/Theorem 9℄).From Corollary 1 we obtainCorollary 2. For the onstant C(�; �) of Theorem 1 there holds:If � = (�n)n2Z is a sequene of omplex numbers satisfying (3) and suh that(ei�n�)n2Z is an exat frame for L2(��; �), and if I� : PW 2� ! l2(Z) is the bije-tion onsidered above, then kI�k � pC(�; �)2� kI�1� k:3. ProofsWe shall need the followingLemma 1 (see [6: Lemma 1℄). Let Æ; � > 0; � � 0, and (�n)n2Z be a sequeneof omplex numbers, separated by Æ and satisfying (3). Then for all funtions F of thePaley-Wiener spae PW 2� the inequalityXn2ZjF (�n)j2 � e2�(�+1) � 1�� �1 + 2Æ�2 ZRjF (x)j2dx (7)holds.It should be noted that for separated real sequenes the �rst inequality of type (7)(with a di�erent onstant) was given by Planherel and P�olya [8: p. 126℄.



A Universal Constant 557Proof of Proposition 1.1. For the following proof that (�n)n2Z is separated we use similar arguments asPavlov did in [7: Theorem 1℄. Let k; n 2 Z, where k 6= n. Then we have from (1)2A = A(j1j2 + j � 1j2)� Z ��� jei�kx � ei�nxj2dx= Z ��� jei�kxj2j1� ei(�n��k)xj2dx� e2�� Z ��� j1� ei(�n��k)xj2dx: (8)
For x 2 (��; �) we havej1� ei(�n��k)xj = ����� 1Xm=1 (i(�n � �k)x)mm! ������ 1Xm=1 (j�n � �kj j�j)mm!= ej�n��kj� � 1:Hene we onlude from (8) 2A � e2��2�(ej�n��kj� � 1)2:From this it follows easily thatj�n � �kj � 1� log�1 + e���rA� � = Æ(A; �; �);i.e. (�n)n2Z is separated by Æ = Æ(A; �; �).2. From Lemma 1 and assertion 1 we derive (7) with Æ = Æ(A; �; �). By thePaley-Wiener theorem, this is equivalent toXn2Zj(f; ei�n�)j2 � 2� (e2�(�+1) � 1)�1 + 2Æ�2kfk2for all f 2 L2(��; �). By a theorem of Boas [2: Theorem 1℄ (f. Young [10: Chapter4/Theorem 3℄) the latter inequality is equivalent to (ei�n�)n2Z being a Bessel sequenewith upper bound B = B(A; �; �), as de�ned by (4)Proof of Theorem 1. Let � > 0; � � 0, and (�n)n2Z be a sequene of omplexnumbers satisfying (3) and suh that � = (ei�n�)n2Z is a Riesz sequene with sharpbounds A = Aopt(�) and Bopt(�). From Proposition 1 we onludeBopt(�) � 2(e2�(�+1) � 1)� 0�1 + 2�log �1 + e���qA� �1A2 : (9)



558 A. M. LindnerFrom A � kei�n�k2L2(��;�) � 2� e2�� (n 2 Z)we derive 1p8 e���rA� � 12 : (10)Using log(1 + x) � x2 for x 2 [0; 12), we thus obtainlog�1 + e���rA� � � log�1 + 1p8 e���rA� � � 12 1p8 e���rA� :Using (9) and (10), we onludeBopt(�) � 2� (e2�(�+1) � 1)�1 + 4p8� e��r �A�2� 2� (e2�(�+1) � 1)�18 + ��2�4p8 e��r �A�2� 256 e4��+2��18 + ��2 1A:This shows Aopt(�)Bopt(�) � C(�; �) for C(�; �) de�ned by (6)Proof of Corollary 1. Let � = (ei�n�)n2Z be an exat frame for L2(��; �). Sinethe frame bounds of the exat frame � oinide with the bounds of � as a Riesz sequene(Remark 4), we onlude that for all f 2 L2(��; �)Aopt(�) kfk2 �Xn2Zj(f; ei�n�)j2 � Bopt(�) kfk2 (11)and that Aopt(�) and Bopt(�) are the best possible onstants in this inequality. Fromthis we derive kT�k =qBopt(�) and kT�1� k = 1pAopt(�) : (12)The norms of S� and S�1� also an be expressed by the best onstants ouring in (11).It holds kS�k = Bopt(�) and kS�1� k = 1Aopt(�) (13)(f. Benedetto and Walnut [1: Theorem 3.2/a℄). Thus the result follows from inequali-ties (5), (12) and (13)Proof of Corollary 2. It follows from Corollary 1 and the Paley-Wiener theorem(f. Young [10: Chapter 2/Theorem 18℄)
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