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416 M. Kru�z��k and T. Roub���ekproblem may lead to other optimality onditions (f., e.g., Chipot and Kinderlehrer [8℄,DeSimone [12℄ or Pedregal [26℄).The goal of this paper is to adapt the above ideas to a steady-state miromagnetis.The variational problem, stated in Setion 2, was already formulated in [3 - 5, 16℄while its extension, stated here in Setion 3, was formulated in [12, 24, 25, 27℄. Ouroriginal results, i.e. the optimality onditions for the extended problem, are formulatedin Setions 4 and 5 in terms of a Weierstrass-type maximum priniple in integral form(Propositions 1 and 3) and also pointwise (Propositions 2 and 4). Some onsequenesare mentioned in Setion 6.2. Steady-state model of miromagnetisIn the lassial theory of rigid ferromagneti bodies, based mainly on works of Landauand Lifshitz [22℄, a magnetization m : 
 ! Rn, desribing the state of the body 
 �Rn (n = 2; 3) depends on a position x 2 
 and has a given temperature-dependentmagnitude jm(x)j = onst(T ) for a.a. x 2 
with m(x) = 0 for T � T, the so-alled Curie point. We will treat the ase whenthe temperature is �xed below the Curie point and thus we shall assume that jmj = 1almost everywhere in 
. In the so-alled no-exhange formulation, the energy of a largerigid ferromagneti body 
 � Rn onsists of three parts and the variational priniplegoverning steady-state on�gurations an be stated as follows (see, e.g., Brown [3 - 5℄,Choksi and Kohn [9℄, James and Kinderlehrer [16℄, James and M�uller [17℄, Kinderlehrerand Ma [18℄, Tartar [29℄, et.):minimizeE(m;u) = Z
 �'(m(x))�He(x) �m(x)�dx+ 12 ZRn jru(x)j2 dxsubjet tojmj = 1 on 
; div(ru�m�
) = 0 in Rn �m 2 L1(
;Rn); u 2 W 1;2(Rn)�
9>>>>>>=>>>>>>; (1)

where ' : Rn ! R is ontinuous, m : 
 ! Rn is the magnetization, He : Rn ! Rnis a given external magneti �eld, u : 
 ! R is the potential of the indued magneti�eld, and �
 : Rn ! f0; 1g denotes the harateristi funtion of 
. The �rst term inE is an anisotropy energy with density ' whih is supposed to be an even non-negativefuntion depending on material properties and exhibiting rystallographi symmetry.Two important ases are the uniaxial ase, where ' attains its minimum along oneaxis, and the ubi ase when it attains its minimum along three axes. The seondterm involving He is an interation energy and the last term is a magnetostati energyrelated with the magnetization �eld m through �u = div(m�
). This equation stemsfrom the Maxwell equations (omitting onstants)divB = 0urlH = 0) (2)



Weierstrass-Type Maximum Priniple 417where B is the magneti indution and H the intensity of the magneti �eld. Byde�nition, B = H +m�
 and H = �ru. Then �u = div(m�
) follows immediately.Let us notie that the weak formulation of this equation reads asZRn �ru(x)�m(x)�
(x)�rv(x) dx = 0 8 v 2W 1;2(Rn): (3)In partiular, putting v := u we haveZRn jru(x)j2dx = Z
m(x) � ru(x) dx (4)whih gives krukL2(Rn;Rn) � kmkL2(
;Rn)by the H�older inequality. It follows from the Lax-Milgram lemma that (3) has for anym 2 L2(
;Rn) a unique solution u 2 W 1;2(Rn) and that the mapping m 7! ru islinear and weakly ontinuous. Hene the magnetostati energy m 7! 12 RRn jru(x)j2dxis sequentially weakly lower semiontinuous.As the set of admissible magnetizations fm 2 L1(
;Rn) : jmj = 1g is not onvex,we annot rely on diret methods (see, e.g., [11℄) in proving the existene of a solutionto problem (1) (f. [16℄ for failure of existene of a solution in a uniaxial ase). Morepreisely, if the weak limit of some minimizing sequene of m's in problem (1) lives foralmost all x 2 
 in the unit sphere, then this is the strong limit (f. [21: p. 99℄). There-fore, a so-alled �ne struture (or, in the \limit" we will speak about a mirostruture)in m will typially develop, and we have to look for a notion of generalized solutionsand to formulate a so-alled relaxed problem. Let us emphasize that the �ne struturein m is atually observed in real ferromagneti materials (see [15℄).3. Relaxation in terms of Young measuresWe need to desribe suitably the osillating harater of sequenes f(mk; uk)gk2N �L1(
;Rn)�W 1;2(Rn) minimizing sequene (1). It is well known (see [2, 10, 30℄) thatwe an extrat a subsequene (denoted, for simpliity, by the same indies) and �ndu 2 W 1;2(Rn) and a family of probability measures � � f�xgx2
 suh that supp(�x) �Sn�1 := fs 2 Rn : jsj = 1g whih is weakly measurable in the sense that v � � isLebesgue measurable for any v 2 C(Sn�1), andw- limk!1 uk = uw�- limk!1 v Æmk = v � �9=; (5)for any ontinuous funtion v : Rn ! R, where the limits refer respetively to theweak topology in W 1;2(Rn) and the weak* topology in L1(
), and [v � �℄(x) :=RSn�1 v(s)�x(ds) for almost all x 2 
. Let us denote the set of all � � f�xgx2
 with theabove listed properties by Y(
;Sn�1); suh �'s are alled Young measures. Conversely,



418 M. Kru�z��k and T. Roub���ekfor any � 2 Y(
;Sn�1) there is a sequene of measurable funtions mk : 
 ! Sn�1suh that the later onvergene in (5) is ful�lled.The relaxation of problem (1) was done by DeSimone [12℄, Pedregal [24, 25℄, Rogers[27℄, et. The ontinuously extended problem obtained by this way looks as follows:minimizeE(�; u) := Z
 ZSn�1 �'(s)�He(x) � s��x(ds)dx+ 12 ZRn jru(x)j2dxsubjet toZRn �ru(x)� ZSn�1 �
(x) s �x(ds)�rv(x) dx = 0for all v 2W 1;2(Rn); � 2 Y(
;Sn�1); u 2W 1;2(Rn):
9>>>>>>>>>>=>>>>>>>>>>; (6)

The probability measure �x desribes in a proper (we may say \mesosopi") way themirostruture of the \limit" magnetization at a point x.The extended problem (6) is a orret relaxation for the original problem (1). In-deed, by [12, 25℄ the in�mum of E is attained and it is equal to the in�mum of E.Moreover, having (�; u) as solution to problem (6), there is a sequene (mk; uk) 2L1(
;Rn) � W 1;2(Rn) satisfying �uk = div(mk�
) in the weak sense, jmkj = 1a.e., minimizing E, and attaining (�; u) in the sense (5). Conversely, every sequene(mk; uk) 2 L1(
;Rn) �W 1;2(Rn) satisfying �uk = div(mk�
) weakly, jmkj = 1 andminimizing E ontains a subsequene attaining some (�; u) 2 Y(
;Sn�1) �W 1;2(Rn)in the sense (5), and every (�; u) obtained in suh way solves the relaxed problem (6).One an also think about a \oarser" relaxation in terms of the original \maro-sopi" magnetization m. We denote by ÆSn�1 the indiator funtion of the unit sphere,i.e. ÆSn�1(s) = � 0 if jsj = 1+1 otherwise.Furthermore, by v�� we denote the seond Fenhel onjugate (the onvex envelope ofv), i.e. v�� = supfw onvex : w � vg. This an be used to pose the following relaxedproblem:minimizeeE(m;u) = Z
['+ ÆSn�1 ℄��(m(x))�He(x) �m(x) dx+ 12 ZRn jru(x)j2dxsubjet todiv(ru�m�
) = 0 in Rn �m 2 L1(
;Rn); u 2W 1;2(Rn)�;
9>>>>>=>>>>>; (7)of ourse, the Poisson equation between u and m is again understood in the weak sense(3). Note that ['+ÆSn�1 ℄�� equals +1 outside the unit ball in Rn so that any minimizer(m;u) of problem (7) must satisfy jm(x)j � 1 for a.a. x 2 
. DeSimone [12℄ showedthat eE always attains its minimum on the onsidered admissible set, and this minimumis equal to the in�mum of (1). For any s 2 Rn, one has['+ ÆSn�1 ℄��(s) = inf� probability measure onSn�1RSn�1 ��(d�)= s ZSn�1 '(�)�(d�): (8)



Weierstrass-Type Maximum Priniple 419Note that, for jsj > 1, the set of �'s onsidered in (8) is empty so that the in�mum in(8) is +1. It is lear that if (�; u) minimizes E, then (m;u) with m(x) = RSn�1 s�x(ds)minimizes eE. Said di�erently, a unique minimizer of E implies a unique minimizer of eE.The opposite impliation does not hold beause, �xing somem 2 L1(
;Rn) with valuesin the unit ball entered at the origin, we might still have many (even ontinuum of)minimizers of E with the �rst moment m (f. Example 3 below). Clearly, the only termresponsible for uniqueness/non-uniqueness is '. First uniqueness results were obtainedby DeSimone [12℄ who showed uniqueness of solutions to (7) and of Young measuresolutions to (13) in the uniaxial ase, i.e., if ' is non-negative and equals zero preiselyat two points �s 2 Sn�1 and has a given representation. Let us emphasize that theproof of the uniqueness of a solution to (7) is a very deep result. Reently, Carstensenand Prohl [6℄ found a new proof to show that, if ' orresponds to uniaxial ferromagnets,then eE has a unique minimizer.The Euler-Weierstrass-type optimality onditions for the orresponding E will en-able us to establish suÆient onditions under whih the uniqueness of a minimizer to(7) implies a unique Young measure-valued minimizer (see Proposition 5 and Examples1 - 2 below). We note that a ondition on support of a Young measure minimizer to(13) was also established in [12℄.4. Optimality onditions in terms of � and uIt is usual to identify a given Young measure � 2 Y(
;Sn�1) with the linear funtionalin L1(
;C(Sn�1))� de�ned byh�; hi = Z
 ZSn�1 h(x; s)�x(ds) dx: (9)Thus Y(
;Sn�1) an be onsidered as a onvex weakly* ompat subset of the spaeL1(
;C(Sn�1))� (see [28: Corollary 3.1.7℄). Furthermore, let us de�ne� : L1(
;C(Sn�1))� �W 1;2(Rn)!W 1;2(Rn)� �= W 1;2(Rn)by the formula hv;�(�; u)i = �h�; �
rv 
 idi+ Z
rv(x) � ru(x) dx (10)for v 2 W 1;2(Rn), where naturally [rv 
 id℄(x; s) := rv(x) � s. Let us note that�(�; u) = 0 just means that u solvesZRn �ru(x)� ZSn�1 �
(x) s �x(ds)�rv(x) dx = 0 8 v 2W 1;2(Rn): (11)Also note that � is (weak*� weak,weak)-ontinuous and surjetive in the sense that8 f 2W 1;2(Rn)� 9 u 2W 1;2(Rn) 9 � 2 Y(
;Sn�1) : �(�; u) = f (12)



420 M. Kru�z��k and T. Roub���ekwhih follows immediately from the Lax-Milgram lemma. The relaxed problem (6) nowtakes the following abstrat form:minimizeE(�; u)subjet to�(�; u) = 0 �(�; u) 2 Y(
;Sn�1)�W 1;2(Rn)�:
9>>>>=>>>>; (13)Note that E is onvex, � is linear and Y(
;Sn�1) is onvex, so that problem (13) has aonvex struture. As E is Gateâux di�erentiable and 0 2 int(�(Y(
;Sn�1)�W 1;2(Rn)))due to (12), it is known (see, e.g., Aubin and Ekeland [1: p. 175℄) that the �rst-orderoptimality onditions looks as follows:E0(�; u) 2 �NKer�\ (Y(
;Sn�1)�W 1;2(Rn))(�; u)= Range�� �NY(
;Sn�1)�W 1;2(Rn)(�; u)= Range�� �NY(
;Sn�1)(�)� f0gwhereE0 = (E0� ; E0u) : L1(
;C(Sn�1))� �W 1;2(Rn)! �L1(
;C(Sn�1))�� �W�1;2(Rn)��= L1(
;C(Sn�1))�� �W 1;2(Rn)denotes the Gâteaux di�erential of E and�� = (��� ;��u) : W 1;2(Rn)! L1(
;C(Sn�1))�� �W 1;2(Rn)is the adjoint operator to �. Moreover, NY(
;Sn�1)�W 1;2(Rn)(�; u) denotes the normalone to the onvex set Y(
;Sn�1) � W 1;2(Rn) at the point (�; u), and analogouslyNY(
;Sn�1)(�) is the normal one to Y(
;Sn�1) at �, i.e.NY(
;Sn�1)(�) = n� 2 L1(
;C(Sn�1))����� h�; ~� � �i � 0 8 ~� 2 Y(
;Sn�1)o:Therefore, we an dedue that, if (�; u) 2 L1(
;C(Sn�1))� �W 1;2(Rn) solves problem(13), then there is a Lagrange multiplier � 2W 1;2(Rn) �=W 1;2(Rn)� suh that��u�� E0u(�; u) = 0 (14)����� E0�(�; u) 2 NY(
;Sn�1)(�) (15)(see [28: Subsetion 5.3℄). As problem (13) is onvex, onditions (14) - (15) are alsosuÆient in the sense that, if (�; u) 2 Y(
;Sn�1)�W 1;2(Rn) satis�es �(�; u) = 0 and(14) - (15) for some multiplier � 2W 1;2(Rn), then (�; u) solves problem (13).The abstrat onditions (14) - (15) turns for the onrete data E from (6), � from(10) and Y(
;Sn�1) into the following integral maximum priniple:



Weierstrass-Type Maximum Priniple 421Proposition 1. Let He 2 L2(
;Rn), ' : Rn ! R be ontinuous, let (�; u) 2L1(
;C(Sn�1))��W 1;2(Rn) solve problem (13) with the data from (6) and (10). Thenh�;Hui = supm2L1(
;Rn)jmj=1 a:e: Z
Hu(x;m(x)) dx (16)where the Hamiltonian Hu : 
� Rn � R is de�ned byHu(x; s) := �ru(x) � s+He(x) � s� '(s): (17)Conversely, if (�; u) 2 Y(
;Sn�1)�W 1;2(Rn) satis�es �(�; u) = 0 and if the maximumpriniple (16) holds, then (�; u) solves problem (13).Proof. Let us evaluate the di�erential of E. As for E0u(�; u) 2 L(W 1;2(Rn);R) =W 1;2(Rn), we have hE0u(�; u); vi = Z
ru � rv dx (18)while for E0�(�; u) 2 L1(
;C(Sn�1))�� = L(L1(
;C(Sn�1))�;R) we have[E0�(�; u)℄(~�) = h~�; 1
 '�He 
 idi (19)where naturally [1
 '℄(x; s) = '(s) and [He 
 id℄(x; s) = He(x) � s. Equation (14) nowgives Z
rv � r� dx = h�;�(0; v)i = h��u�; vi = hE0u(�; u); vi = Z
ru � rv dx (20)for any v 2W 1;2(Rn), from whih we get simply � = u+ onstant. As � should live inW 1;2(Rn), this onstant must vanish so that we eventually have � = u.Inlusion (15) results in the inequality0 � h����� E0�(�; u); ~� � �i= h�;�(~� � �; 0)i � h~� � �; 1
 '�He 
 idi= h~� � �;��
r�
 id� 1
 '+He 
 idifor all ~� 2 Y(
;Sn�1). This gives h~���;H�i � 0 with the Hamiltonian H� = Hu givenby (17). By (20), H� = Hu. In other words, we goth�;Hui = max~�2Y(
;Sn�1)h~�;Hui: (21)As E0� as well as ��� take their values in the spae L1(
;C(Sn�1)) rather than inthe spae L1(
;C(Sn�1))��, we an take into onsiderations only the intersetion of thenormal one NY(
;Sn�1)(�) � L1(
;C(Sn�1))�� with L1(
;C(Sn�1)) as was alreadydone in [28℄. Hene,NY(
;Sn�1)(�) \ L1(
;C(Sn�1))= (h 2 L1(
;C(Sn�1))����� h~�; hi � h�; hi for all ~� 2 Y(
;Sn�1))= (h 2 L1(
;C(Sn�1))����� h�; hi = supm2L1(
;Rn)jmj=1 a:e: Z
 h(x;m(x)) dx)whih eventually gives us (16). As problem (13) is onvex, the maximum priniple (16)is also suÆient in the above spei�ed sense



422 M. Kru�z��k and T. Roub���ekThanks to the speial form of the set of admissible magnetizations in (1) admittingarbitrary osillations of m, the integral maximum priniple (16) an be loalized intothe following pointwise maximum priniple, whih gives a very expliit restrition onpossible steady-state mirostrutures.Proposition 2. Let (�; u) 2 Y(
;Sn�1)�W 1;2(Rn) solve the relaxed problem (13).Then ZSn�1 Hu(x; s)�x(ds) = maxs2Sn�1Hu(x; s) for a.a. x 2 
 (22)with the Hamiltonian again from (17). In other words,supp(�x) � ArgmaxHu(x; �) (23)where ArgmaxHu(x; �) := ns 2 Sn�1���Hu(x; s) = maxHu(x; Sn�1)o:Conversely, if (�; u) 2 Y(
;Sn�1) �W 1;2(Rn) satis�es �(�; u) = 0 and (23) holds fora.a. x 2 
, then (�; u) solves the relaxed problem (13).Proof. We will show that (16) and (22) are equivalent to eah other. Due to[13: Theorem 1.2/Chapter VIII℄, there exists ~m : 
 ! Sn�1 measurable suh thatHu(x; ~m(x)) = maxs2Sn�1 Hu(x; s) for a.a. x 2 
. First, suppose that (16) is ful�lled.Therefore, h�;Hui = Z
 ZSn�1 Hu(x; s)�x(ds)dx= supm2L1(
;Rn)jmj=1 a:e: Z
Hu(x;m(x)) dx� Z
Hu(x; ~m(x)) dx= Z
 maxs2Sn�1Hu(x; s) dx:In other words, Z
�ZSn�1 Hu(x; s)�x(ds)� maxs2Sn�1Hu(x; s)� dx � 0:At the same time,ZSn�1 Hu(x; s)�x(ds) � maxs2Sn�1Hu(x; s) for a.a. x 2 
whih shows that (22) holds.Let now (22) be satis�ed. Integrating it over 
 one getsh�;Hui = Z
 maxs2Sn�1Hu(x; s) dx� supm2L1(
;Rn)jmj=1 a:e: Z
Hu(x;m(x)) dx� Z
Hu(x; ~m(x)) dx:



Weierstrass-Type Maximum Priniple 423On the other hand, Z
 maxs2Sn�1Hu(x; s) dx = Z
Hu(x; em(x)) dxand thus (16) holds5. Optimality onditions in terms of � and mOne an also alternatively onsider optimality onditions when the energy funtionalis supposed to depend on the \mesosopi" Young-measure magnetization � and the\marosopi" magnetization m. Interestingly, it turns out that suh optimality ondi-tions are the same as those derived in the previous setion. In order to show this wewill de�ne a new funtionale : L1(
;C(Sn�1))� � L2(
;Rn)! Rby e(�;m) = h�; 1
 'i � Z
He(x) �m(x) dx+ 12 ZRn jru(x)j2dxwith ru determined via �u = div(m�
). Eventually, we de�ne� : L1(
;C(Sn�1))� � L2(
;Rn)� ! L2(
;Rn)by �(�;m) = id � � �mand we see that �(Y(
;Sn�1)� L2(
;Rn)) = L2(
;Rn). Thus we are onerned withthe problem minimizee(�;m)subjet to�(�;m) = 0 �(�;m) 2 Y(
;Sn�1)� L2(
;Rn)�:
9>>>>=>>>>; (24)Note that � is ontinuous and linear and e is onvex. We will also show that e isGateâux di�erentiable. The �rst order optimality onditions read in this ase that, if(�;m) 2 Y(
;Sn�1)�L2(
;Rn) solve problem (24), then there is a Lagrange multiplier` 2 L2(
;Rn) suh that ��m`� e0m(�;m) = 0 (25)���`� e0�(�;m) 2 NY(
;Sn�1)(�) (26)wheree0 = (e0� ; e0m) : L1(
;C(Sn�1))� � L2(
;Rn)! L1(
;C(Sn�1))�� � L2(
;Rn)�� = (��� ; ��m) : L2(
;Rn)! L1(
;C(Sn�1))�� � L2(
;Rn):



424 M. Kru�z��k and T. Roub���ekProposition 3. Let He 2 L2(
;Rn), ' : Rn ! R ontinuous, let (�;m) 2Y(
;Sn�1)� L2(
;Rn) solve problem (24) and let u solve equation (3). Thenh�; h`i = supem2L2(
;Rn)jemj=1 a:e: Z
 h`(x; em(x)) dx (27)where the Hamiltonian in now de�ned ash` = `
 id� ' (28)with ` = He �ru.Proof. First we prove that e0(�;m) = (';�He + ru). The �rst omponent of e0,namely e0� , is obvious beause e(�;m) is aÆne. As to the seond omponent, we denoteby w the solution to equation (3) with arbitrary v 2 L2(
;Rn) instead of m. Then wehave [e0m(�;m)℄(v) = �He � v + 12 ddt ZRn jru(x) + trw(x)j2dx���t=0= �He � v + ZRnru(x) � rw(x) dx= �He � v + Z
ru(x) � v(x) dx= (�He +ru) � vwhere we used, beside (3) with v instead ofm, also the linearity of the mappingm 7! ru.Furthermore, ��` = (`
 id;�`) holds for any ` 2 L2(
;Rn) beauseh��`; (�;m)i = h`; �(�;m)i = h`; id � �i � h`;mi = h�; `
 idi � h`;mi:Relations (25), (26) now turn into ` = He �ru (29)�'+ `
 id 2 NY(
;Sn�1)(�); (30)respetively. Again, sine e0� as well as ��� take their values in L1(
;C(Sn�1)) ratherthan in L1(
;C(Sn�1))��, we obtain the laimed maximum prinipleProposition 4. Under the assumptions of the previous proposition[h` � �℄(x) = maxs2Sn�1 h`(x; s) for a.a. x 2 
: (31)The proof of the above point-wise version is analogous to that of Proposition 2.We point out that h` = Hu provided ` = He �ru so that, in fat, Propositions 1and 2 are equivalent with Propositions 3 and 4, respetively.



Weierstrass-Type Maximum Priniple 4256. Some onsequenesThe following proposition gives a suÆient ondition under whih the relaxed problem(13) has a unique minimizer. This ondition is indeed satis�ed in some physiallyrelevant situations (see Examples 1 and 2 below) while in other situations admittingmany minimizers is not satis�ed (see Example 3).Proposition 5. Let problem (7) possess a unique minimizer and let, for any r 2Rn, the funtion Sn�1 ! R : s 7! r � s � '(s) attain its maximum at a �nite number�(r) � n+ 1 of points �lr, l = 1; : : : ; �(r). Then problem (13) has a unique solution.Proof. The proof paraphrases that of [28: Corollary 5.3.4℄. Let (m;u) 2 L2(
;Rn)�W 1;2(Rn) be the unique minimizer of problem (7) and let (�1; u1) and (�2; u2) be twodi�erent solutions to problem (13). Let us denote m1 = id � �1 and m2 = id � �2. As(m1; u1) and (m2; u2) must solve problem (7), we get by our uniqueness assumptionsm1 = m = m2u1 = u = u2: ) (32)Then the Hamiltonian is determined uniquely, i.e. Hu1 = Hu2 . By (23) and theassumption, the probability measure �ix must be supported at a �nite number k(x) =�(He(x)�ru(x)) of points sl(x) = �lHe(x)�ru(x), i.e. �ix =Pk(x)l=1 ail(x)Æsl(x) with ail � 0and Pk(x)l=1 ail = 1 a.e. in 
. By (32), we havek(x)Xl=1 (a1l (x)� a2l (x))sl(x) = m1(x)�m2(x) = 0:The assumed restrition on �(r) and therefore also on k(x) yields the linear indepen-deny of fsl(x)gk(x)l=1 for almost all x 2 
 and thus a1 = a2 a.e. in 
Proposition 6. Let the assumptions of Proposition 5 be ful�lled. Then the originalproblem (1) possesses a solution (being equal just to (u;m), the assumed unique solutionto problem (7)) if and only if, for a.a. x 2 
,m(x) 2 f�lrg�(r)l=1 with r = He(x)�ru(x) (33)holds.Proof. The unique solution (�; u) to problem (13) is 1-atomi at a given x 2 
, i.e.of the form �x = Æm(x), if and only if (33) holds. If (33) holds a.e., (m;u) then solvesproblem (1). Conversely, if (m;u) solves problem (1), then (�; u) with �x = Æm(x) solvesproblem (13). As this solution is unique, failure of (33) for x from a positive Lebesguemeasure set implies failure of existene of any solution to problem (1)Example 1 (Uniaxial magnets I). Let us take n = 2 and ' : S1 ! R as'(s) = s21 +min�(s2 � 1)2; (s2 + 1)2	:



426 M. Kru�z��k and T. Roub���ekSuh potential is related with the so-alled uniaxial ferromagnet. For this type offerromagnets there is a unique solution to problem (7) if ' is suitable; (f. DeSimone[12℄ or also Carstensen and Prohl [6℄). Suppose that for our ' (7) has a unique solution.As n = 2, we have S1 = f(os �; sin �) : � 2 [0; 2�℄g and, for �(�) := '(os �; sin �), it iseasy to see that �(�) = 2� 2j sin �j. For r = (r1; r2) 2 R2, let us further denotef(�; r) = �(�)� r1 os � � r2 sin �:Di�erentiating f with respet to � we have�f�� (�; r) = � r1 sin � � (r2 + 2) os � if � 2 (0; �)r1 sin � � (r2 � 2) os � if � 2 (�; 2�).We see that f(�; r) has at most four loal extrema at � = 0, � = �, � = �1 2 [0; �℄ and� = �2 2 [�; 2�℄ where�1 := � artan r2+2r1 if r1 6= 0�2 if r1 = 0 and �2 := � artan r2�2r1 if r1 6= 03�2 if r1 = 0.On the other hand, there is no r 2 R2 for whih f(0; r) = f(�; r) = f(�1; r) = f(�2; r).This shows together with Proposition 3 that �(r) � 3 (r 2 R2), and that for ' as aboveproblem (13) has a unique solution. In truth, one an even show that �(r) � 2, so thatproblem (13) has a solution (�; u) with �x = �(x)Æs1(x) + (1� �(x))Æs2(x) for almost allx 2 
.Example 2 (Uniaxial magnets II). By similar arguments one obtains uniquenessalso for n = 2 and ' : S1 ! R as'(s) = '(s1; s2) = s21 :The uniqueness of the solution to (7) as well as of (13) has been already observed in[12℄.Example 3 (Cubi magnets). Let us take n = 3 and ' : S2 ! R as'(s) = '(s1; s2; s3) = s21s22 + s21s23 + s22s23:Then one an see that for He = 0 there are many solutions to problem (13), for example,�x = 12Æ(0;0;1) + 12Æ(0;0;�1) (x 2 
), u = 0 or �x = 12Æ(1;0;0) + 12Æ(�1;0;0) (x 2 
),u = 0. Note that the assumptions of Proposition 5 are indeed not satis�ed beause�(0) = 6 > n+ 1 = 4.Aknowledgment. The researh was onduted during the stay of M. K. in theMax-Plank-Institute for Mathematis in the Sienes, Leipzig, Germany whose hospi-tality is gratefully aknowledged. The work was supported by the grant A 107 5707(Grant Ageny of the Aademy of Sienes of the Czeh Republi).
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