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714 John Franks and Michael Handel

1 Introduction

The main result of this paper is that every non-trivial Hamiltonian di�eomor-
phism of a closed oriented surface of genus at least one has periodic points of
arbitrarily high period. The same result is true for S2 provided the di�eomor-
phism has at least three �xed points. It was previously known (see [12], [13])
that any non-trivial area preserving homeomorphism of S2 with at least three
�xed points has in�nitely many periodic points. The existence of unbounded
periods is a substantially stronger conclusion that is not only interesting in its
own right but has applications [16] to the algebraic properties of the group of
area preserving di�eomorphisms of closed oriented surfaces.

Theorem 1.1 Suppose F : S ! S is a non-trivial, Hamiltonian di�eomor-
phism of a closed oriented surface S and that if S = S2 then Fix(F ) contains
at least three points. Then F has periodic points of arbitrarily high period.

Our second result is closely related to, and depends on, a celebrated result
of Thurston [29] which provides a canonical form, up to isotopy relative to a
�nite invariant set, for any homeomorphism of a compact surface. With the
added hypothesis that the homeomorphism is a di�eomorphism, we obtain an
analogous result for isotopy relative to the �xed point set of the map, even if
that �xed point set is in�nite.

Theorem 1.2 Every orientation preserving di�eomorphism F : S ! S of a
closed orientable surface has a normal form up to isotopy relative to its �xed
point set.

More details, including the de�nition of normal form is provided below in x6.

The main technical work in the paper (sections 8 through 11) is an analysis
of the dynamics of an element f 2 P(S), the set of di�eomorphism of the
surface S that are isotopic to the identity relative to the set of periodic points
of f . (The standard example of an element of P(S) is the time one map of a
flow whose periodic points are all �xed.) Preservation of area plays no role in
this analysis. But rather striking conclusions follow when the area preserving
hypothesis is added. Indeed we ultimately prove, for example, that the identity
is the only area preserving element of P(S2) that �xes at least three points.
One can construct non-trivial area preserving examples in P(T 2) by stopping
an irrational flow at a closed set of points. These examples have non-trivial
mean rotation vector and so are not Hamiltonian. (See Corollary 2.12.) All
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Periodic points of Hamiltonian surface di�eomorphisms 715

elements of P(S) have zero entropy [23]. While the converse is not true, P(S)
is a rich family of zero entropy di�eomorphisms and the techniques that we
develop here should be useful in understanding the extent to which arbitrary
zero entropy di�eomorphisms behave like the time one maps of flows. See also
[19].

As a consequence of Theorem 1.1 and the techniques used to prove it we will
establish the following result which is of some independent interest.

Theorem 1.3 Suppose F : S ! S is a non-trivial, Hamiltonian di�eomor-
phism of a closed oriented surface S and that if S = S2 then Fix(F ) contains
at least three points. Then there exist n > 0 and a �nite set P � Fix(Fn) such
that Fn is not isotopic to the identity relative to P .

We will show that a consequence of this is the following slight strengthening of
Theorem 1.1.

Theorem 1.4 Suppose F : S ! S is a non-trivial, Hamiltonian di�eomor-
phism of a closed oriented surface S and that if S = S2 then Fix(F ) contains
at least three points. Then there exist n > 0 and p > 0 such that Fn has a
point of period k for every k � p:

2 The flux homomorphism and rotation vectors

Suppose S is a closed oriented surface and ! is a smooth volume form. We will
generally assume a �xed choice of ! and refer to a di�eomorphism F : S ! S
which preserves ! as an area preserving di�eomorphism. We denote the group
of di�eomorphisms preserving ! by Di�!(S) and its identity component by
Di�!(S)0: Similarly, the identity component of Di�(S); is denoted Di�(S)0 .

Remark 2.1 The inclusion of Di�!(S)0 into Di�(S)0 is a homotopy equiv-
alence for all S (see Corollary 1.5.4 of [2]). It follows that an ! preserving
di�eomorphism F1 that is isotopic to the identity is isotopic to the identity
through ! preserving di�eomorphisms. Moreover, any isotopy Ft of F1 to the
identity is homotopic relative to its endpoints to an isotopy of F1 to the identity
through ! preserving di�eomorphisms.

De�nition 2.2 Consider the set K of paths Ft in Di�!(S)0 , with t 2 [0; 1],
such that F0 = id. We let G!(S) denote the set of equivalence classes in K
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716 John Franks and Michael Handel

where two paths are equivalent if they are homotopic relative to their endpoints.
There is a group multiplication on G!(S) de�ned by composition, i.e., [Gt][Ft] =
[Ht] where Ht is de�ned by Ht(x) = Gt(Ft(x)) for x 2 S:

Remark 2.3 If S has genus greater than 1 then Di�(S)0 is simply connected
(see Theorem 1 of [6] or [18]) so [Ft] depends only on F1 . This provides a
canonical identi�cation of G!(S) with Di�!(S)0 by identifying [Ft] with F1 .

Remark 2.4 Each [Ft] 2 G!(S) determines a preferred lift ~F1 : ~S ! ~S of
F1 to the universal cover of S . This is the lift of F1 obtained by lifting the
isotopy Ft starting at the identity of ~S: It is clearly independent of the choice of
representative in the homotopy class [Ft]. We are primarily concerned here with
the case that the genus is 1. In this case (see Theorem 1 of [6] or [17]) the lifting
provides a canonical identi�cation of G!(T 2) with the group of di�eomorphisms
of R2 which are lifts of area preserving di�eomorphisms of T 2 isotopic to the
identity. In general this is the viewpoint we will most often take on G!(T 2).

We want now to de�ne the flux homomorphism from G!(S) to H1(S;R): We
will largely follow Chapter 3 of [2], where it is shown that for any smooth
� : S1 ! S and any path Gt in Di�!(S)0 starting at the identity, the map
G� : S1 � I ! S de�ned by G�(x; t) = Gt(�(x)) has the property that the
value of Z

S1�I
G��(!)

depends only on the equivalence class [Gt] of Gt in G!(S) and the homology
class of the singular cycle [�]: Moreover, the function assigning the value to the
homology class [�] is a homomorphism. These properties are summarized in
the following result:

Theorem 2.5 (See [2]) There is a unique homomorphism

F : G!(S)! H1(S;R)

with the property that

F([Gt])([�]) =
Z
S1�I

G��(!)

for any [Gt] 2 G!(S) and any smooth singular cycle � : S1 ! S: The homo-
morphism F is called the flux homomorphism.
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Remark 2.6 The flux is well de�ned when Gt is an isotopy from the identity to
G1 2 Di�! S even if Gt is not area preserving for t 2 (0; 1): Indeed, Remark 2.1
implies that the path Gt in Di�(S)0 is homotopic relative to its endpoints to
a path Ht 2 Di�! S � Di�(S)0 and Stokes’ theorem implies that the integrals
de�ning F(Ht) and F(Gt) have the same value.

Remark 2.7 The value of the integral de�ning F([Gt])([�]) is the same as the
value of a similar integral in a covering space of S and we will want to make
use of this. More precisely, suppose p : �S ! S is a covering space, � : S1 ! S
is a singular cycle and that �� is a lift of � to �S . Let �! = p�(!), and let �Gt be
the lift of Gt with �G0 = id: We observe that

F([Gt])([�]) =
Z
S1�I

�G���(�!):

This is because p � �G�� = G� and hence G��(!) = �G���(p�(!)) = �G���(�!):

Closely related to the flux homomorphism is the mean rotation vector associated
to elements of G!(S) which we now de�ne following [14]. We want to de�ne
a \homological displacement" of a point x 2 S by [Gt]. We will do this by
considering the path Gt(x) from x to G1(x) and closing it to form a loop
whose homology class will de�ne this displacement. There are choices of how
to close it. We consider S as a convex polygon with edges identi�ed. We choose
a subset X of this polygon consisting of its interior and a subset of its boundary
chosen so the identi�cation map to S is a bijection. Then each path in S can
be closed by taking the points of X corresponding to its endpoints and joining
them to a base point in the interior of the polygon (see [14] for more details).

It is easy to see that if the subset of the boundary of the polygon which is in
X is a Borel measurable set then the function � : S ! H1(S;R); which assigns
to x the homology class of the loop formed by closing the path Gt(x) in this
way, is a bounded Borel measurable function. We will call � a homological
displacement function associated to [Gt]:

Concatenating the paths Gt(Gi1(x)) for 0 � i < n gives a path from x to
Gn1 (x) and the homology class of the loop formed by closing this path isPn−1

i=0 �(G
i
1(x)); (See [14] for more details).

De�nition 2.8 Suppose that � : S ! H1(S;R) is a homological displacement
function associated to an isotopy [Gt]: We de�ne the rotation vector of a point
x 2 S for the isotopy Gt to be

�(x;Gt) = lim
n!1

1
n

n−1X
i=0

�(Gi1(x)) 2 H1(S;R)
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718 John Franks and Michael Handel

if this limit exists.

If we are discussing the case when S is an annulus A we will often identify Gt
with a lift ~G of G1 to the universal cover of A and identify H1(A;R) with R:
We will then refer to the resulting value of �(x; ~G) as the rotation number of
x:

Even for a general S , it follows from the ergodic theorem that the limit �(x;Gt)
exists for almost all x with respect to any invariant Borel measure and de�nes
an integrable function. It is also clear that �(x;Gt) is independent of the
choice of the displacement function � used to de�ne it. This is because the two
homology classes formed by closing the path from x to Gn1 (x) in two di�erent
ways would di�er by an amount bounded independently of n and hence this
di�erence disappears in the limit de�ning �(x;Gt).

We also observe that the ergodic theorem implies that for any invariant Borel
measure � Z

S
�(x;Gt) d� =

Z
S
�(x) d�:

This quantity is a key element of our discussion, in case the measure � is
the probability measure � determined by ! . More precisely, we let � be the
measure on S determined by the volume form

1
area(S)

!;

i.e., normalized so �(S) = 1:

De�nition 2.9 We de�ne the mean rotation vector of the isotopy Gt to be

��(Gt) =
Z
S
�(x;Gt) d� =

Z
S
� d� 2 H1(S;R):

In [14] it is shown that the mean rotation vector �� : G!(S) ! H1(S;R) is a
homomorphism. If S is an annulus A, as with the pointwise rotation vector,
we will often identify Gt with a lift ~G of G1 to the universal cover of A and
identify H1(A;R) with R: We will refer to the resulting value of ��( ~G) as the
mean rotation number.

De�nition 2.10 An area preserving di�eomorphism G : S ! S is called
Hamiltonian provided there is an isotopy Gt of S with G1 = G and G0 = id
and F([Gt]) = 0 2 H1(M;R): Equivalently (see Proposition 2.11 below), G is
Hamiltonian if there is an isotopy Gt with mean rotation vector ��(Gt) = 0 2
H1(S;R): We will denote the group of Hamiltonian di�eomorphisms by H(S)
or simply H:
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Note that because of Remark 2.6 it makes no di�erence in this de�nition whether
the di�eomorphisms Gt are area preserving for t 2 (0; 1). Also note that any
orientation preserving area preserving di�eomorphism G : S2 ! S2 is Hamil-
tonian since any di�eomorphism is isotopic to the identity and H1(S2; R) = 0:

The mean rotation vector and the flux homomorphism are closely related. In
fact their values on an isotopy Gt are essentially Poincar�e duals.

Proposition 2.11 Suppose Gt 2 G!(S) and ��(Gt) 2 H1(S;R) is its mean
rotation vector. Then if u 2 H1(S;R),

��(Gt) ^ u =
F(Gt)(u)
area(S)

where ^ denotes the intersection pairing in H1(S;R):

Proof It su�ces to prove the result for u = [�] where � is any simple closed
curve in S which is not null homologous, since these classes generate H1(S;R):
In particular we may assume the genus of S is at least one. Hence we �x such
a simple closed curve � and let u = [�]. Since the intersection pairing with u
is a linear function, it is clear from the de�nition of rotation vector that if � is
a homological displacement function associated with [Gt] then

��(Gt) ^ u =
Z
�(x;Gt) ^ u d� =

Z
� ^ u d�: (1)

The intersection pairing with u determines a map H1(S;Z)! Z. This in turn
de�nes an in�nite cyclic cover p : �S ! S with fundamental group the kernel of
the homomorphism �1(S)! H1(S;Z)! Z.

Geometrically, this cover is obtained by cutting S along � to form a surface S0

with two boundary components (each a copy of �) and letting �S = S0 � Z= �;
where � is the relation identifying points of the \positive" copy of � in (S0; n)
with the \negative" copy of � in (S0; n + 1): The generator of the covering
translations is T : �S ! �S given by T (x; n) = (x; n + 1): Let Sn denote the
closure in �S of the set (S0; n)= � : Then each Sn is di�eomorphic to S0 and
T i( �Sn) = Sn+i: Let �Gt : �S ! �S denote the lift of Gt with �G0 = id:

We will let �0 = S−1 \ S0 and �i = T i(�0) so @Sn = �n [ �n+1 . We would
like to have the property that �G1(S0) � Int(S−1 [ S0 [ S1). This may not be
the case, but it will be true if S is replaced by a �nite cover, speci�cally by
S(k) = �S=T k for some large k , since the in�nite cyclic cover �S(k) is just �S
with covering translations generated by T k:
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720 John Franks and Michael Handel

But both sides of the equality in the statement of the proposition change by
a factor of 1=k if we change from S to S(k). This is because the flux ho-
momorphism applied to a lift of [�] will not change (see Remark 2.7) while
area(S(k)) = k area(S): For the other side of the equality, the intersection
number �(x;Gt) ^ [�] will decrease by a factor of 1=k for a lift of � in the
cover S(k) so ��(Gt) ^ [�] will decrease by a factor of 1=k . Hence the re-
sult we want for S is true if and only if it is true for S(k). This means we
may assume without loss of generality that �G1(S0) � Int(S−1 [ S0 [ S1) and
hence that �G1(Sn) � Int(Sn−1 [ Sn [ Sn+1) for all n. Note in particular that
�G1(�0) \ �i = ; for all i 6= 0.

To de�ne the homological displacement function for Gt and hence the rotation
vector we considered S as a polygon with edge identi�cations. We wish now to
choose this data in such a way that the closed curve � is the image of two iden-
ti�ed edges of this polygon. Then the corresponding homological displacement
function � has a lift �� : �S ! H1(S;R) which satis�es

��(x) ^ u = ��(x) ^ [�] =

8><>:
−1; if x 2 Sn and G1(x) 2 Sn−1;
0; if x 2 Sn and G1(x) 2 Sn;
+1; if x 2 Sn and G1(x) 2 Sn+1.

It follows that if D+
n = �G1(Sn) \ Sn+1 and D−n = �G1(Sn) \ Sn−1 , then

��(Gt) ^ u =
Z
S
� ^ u d� =

Z
S0

�� ^ u d�

= �(D+
0 )− �(D−0 ) = �(D+

0 )− �(D−1 )

=
area(D+

0 )− area(D−1 )
area(S)

:

Let V denote the compact submanifold of �S bounded by �0 and �G1(�1).
Equivalently V = ( �G1(S0) \ S1) [ (S0 n Int(G1(S1))): ThenZ

V
�! −

Z
S0

�! = area(D+
0 )− area(D−1 ) = area(S)

(
��(Gt) ^ u

�
: (2)

Since �S has no de Rham cohomology in dimension 2, we know that there is
a one-form � on �S such that d� = �! where �! is the lift of !: We can apply
Stokes’ theorem toZ

V
�! −

Z
S0

�! =
Z
@V
� −

Z
@S0

� =
Z

�G1(�1)
� −

Z
�1

�: (3)

Now let G : �� [0; 1]! S be de�ned by G(x; t) = Gt(x) so that by de�nition

F(Gt)(u) =
Z
��[0;1]

G�(!):
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If �G : �� [0; 1]! �S is the lift of G with �G(��f0g) = �1 then again applying
Stokes’ theorem we haveZ
��[0;1]

G�(!) =
Z
��[0;1]

�G�(�!) =
Z
��f1g

�G�(�)−
Z
��f0g

�G�(�) =
Z

�G1(�1)
� −

Z
�1

�:

Combining this with equations (3) and (2) we conclude that

F(Gt)(u)
area(S)

= ��(Gt) ^ u:

As an immediate corollary of Proposition 2.11 we have the following.

Corollary 2.12 If Gt 2 G!(S) and ��(Gt) 2 H1(S;R) is its mean rotation
vector, then F([Gt]) = 0 if and only if ��(Gt) = 0.

The following result is due to Conley and Zehnder [5].

Theorem 2.13 If F : T 2 ! T 2 is a Hamiltonian di�eomorphism then F has
at least three �xed points. Moreover three points fx1; x2; x3g � Fix(F ) may
be chosen so that F is isotopic to the identity relfx1; x2; x3g.

3 Chain recurrence

We will make use of several facts about area preserving surface homeomor-
phisms.

Theorem 3.1 An orientation preserving homeomorphism h of the disk D2

which leaves invariant a measure whose support intersects the interior of the
disk must have an interior �xed point. In particular if h is area preserving then
it has an interior �xed point.

Proof The Poincar�e recurrence theorem says that there is a recurrent point
in the interior of D2 . The Brouwer plane translation theorem then asserts that
the restriction of h to the interior of the disk must have a �xed point.

Suppose that h : A ! A is a homeomorphism of the closed annulus that is
isotopic to the identity. Recall that a sequence of points x1; : : : ; xn in A is an
"-chain from x1 to xn if the distance from h(xi) to xi+1 is less than " for
1 � i � n − 1. A point x is chain recurrent if there is an "-chain from x to
itself for all " > 0. The set of chain recurrent points is denoted R(h). We say
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that x; y 2 R(h) are in the same chain transitive component if for every " > 0
there is an "-chain from x to y and another from y to x. If R(h) = A and if
all points in A belong to the same chain transitive component then h is chain
recurrent.

Let ~h : ~A ! ~A be a lift to the universal covering space. Identify ~A with
R � [0; 1] and denote projection onto the �rst coordinate by p1 . The rotation
number of x under ~h was de�ned above to be the number obtained from the
rotation vector by identifying H1(A;R) with R. Equivalently it is

�(x; ~h) = lim
n!1

p1( ~Fn(x)) − p1(x)
n

;

if this limit exists.

The following result is an immediate consequence of Theorem 2.2 of [10].

Theorem 3.2 Suppose h : A ! A is a chain recurrent homeomorphism of
the closed annulus that preserves orientation and boundary components. Let
~h : ~A! ~A be a lift to the universal covering space. If w0; w1 2 ~A and p=q 2 Q
satisfy

�(w0; ~h) � p=q � �(w1; ~h)

then h has a periodic point with rotation number p=q . If p and q are relatively
prime this point has period q .

We will use the following method for proving that homeomorphisms are chain
recurrent.

De�nition 3.3 A homeomorphism h : A! A of a closed annulus satis�es the
essential circle intersection property provided that every essential simple closed
curve � � S satis�es h(�) \ � 6= ;.

Lemma 3.4 Suppose that A is a closed annulus and h : A ! A is a home-
omorphism. Suppose there does not exist a compact disk D � Int(A) and an
n 6= 0 such that hn(D) � Int(D). If h satis�es the essential circle intersection
property and if @A is in the chain recurrent set of h then the chain recurrent
set of h is all of A:

Proof The homeomorphism h possesses a complete Lyapunov function �:
A ! R (see [9]). Recall this is a smooth function with �(R(h)) compact
and nowhere dense and satisfying �(h(x)) < �(x) for x =2 R(h). In particular
� is constant if and only if all of A is chain recurrent. If � is not constant then

Geometry & Topology, Volume 7 (2003)
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there is a regular value c 2 �(A) with c =2 �(R(h)). Hence �−1(c) is a �nite set
of circles in Int(D), disjoint from their h-image. By hypothesis, these circles
must be inessential and so must bound disks fDjg in Int(A). There is no loss
in assuming that these disks are components of �−1(−1; c]. But then h([Dj)
is a proper subset of [Dj and hence for some n > 0 one of the D ’s is mapped
into its interior by hn , a contradiction.

4 Hyperbolic structures

Some of our proofs rely on mapping class group techniques that use hyperbolic
geometry. In this section we establish notation and recall standard results about
hyperbolic structures on surfaces. Let S be a closed orientable surface. We will
say that a connected open subset M of S has negative Euler characteristic if
H1(M;R) is in�nite dimensional or if M is of �nite type and the usual de�nition
of Euler characteristic has a negative value. Suppose that F : S ! S is an
orientation preserving homeomorphism, that K � S is a closed F -invariant
zero dimensional set and that S n K has negative Euler characteristic. Let
M = S nK and f = F jM : M !M .

If K is in�nite, the surface M can be written as an increasing union of �nitely
punctured compact connected subsurfaces Mi whose boundary components de-
termine essential non-peripheral homotopy classes in M . We may assume that
boundary curves in Mi+1 are not parallel to boundary curves in Mi . It is
straightforward (see [3]) to put compatible hyperbolic structures on the Mi ’s
whose union de�nes a complete hyperbolic structure on M . Of course, when K
is �nite, M also has a complete hyperbolic structure. All hyperbolic structures
in this paper are assumed to be complete.

We use the Poincar�e disk model for the hyperbolic plane H . In this model,
H is identi�ed with the interior of the unit disk and geodesics are segments of
Euclidean circles and straight lines that meet the boundary in right angles. A
choice of hyperbolic structure on M provides an identi�cation of the universal
cover ~M of M with H . Under this identi�cation covering translations become
isometries of H and geodesics in M lift to geodesics in H . The compacti�cation
of the interior of the unit disk by the unit circle induces a compacti�cation of H
by the ‘circle at in�nity’ S1 . Geodesics in H have unique endpoints on S1 .
Conversely, any pair of distinct points on S1 are the endpoints of a unique
geodesic.

Each covering translation T extends to a homeomorphism (also called) T : H[
S1 ! H[S1 . The �xed point set of a non-trivial T is either one or two points
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in S1 . We denote these point(s) by T+ and T− , allowing the possibility that
T+ = T− . If T+ = T− , then T is said to be parabolic. If T+ and T− are
distinct, then T is said to be hyperbolic and we may assume that T+ is a sink
and T− is a source.

We use the identi�cation of H with ~M and write ~f : H ! H for lifts of
f : M ! M to the universal cover. A fundamental result of Nielsen theory is
that every lift ~f : H ! H extends uniquely to a homeomorphism (also called)
~f : H [S1 ! H [S1 . (A proof of this fact appears in Proposition 3.1 of [20]).
If f : M !M is isotopic to the identity then there is a unique lift ~f , called the
identity lift, that commutes with all covering translations and whose extension
over S1 is the identity.

For any extended lift ~f : H [ S1 ! H [ S1 there is an associated action ~f#

on geodesics in H de�ned by sending the geodesic with endpoints P and Q
to the geodesic with endpoints ~f(P ) and ~f(Q). The action ~f# projects to an
action f# on geodesics in M .

We occasionally allow @S to be non-empty. There is still a hyperbolic structure
on M but now the universal cover ~M is naturally identi�ed with the intersection
of H with the interior of the convex hull of a Cantor set C � S1 . The frontier
of ~M in H[S1 is the union of C with the full pre-image of @S . If f is isotopic
to the identity, then the identity lift commutes with all covering translations
and extends to a homeomorphism of the frontier of ~M that �xes C .

5 Lifting to annuli

Throughout this section F : S ! S is a di�eomorphism of a closed surface
S . An isolated end of an open set U � S has neighborhoods of the form
N(E) = S1 � [0; 1). The set fr(E) = clS(N(E)) nN(E), called the frontier of
E , is independent of the choice of N(E).

Lemma 5.1 Suppose that M � S is an open F -invariant set and that E is
an isolated end of M whose frontier is contained in Fix(F ). Then E can be
compacti�ed by a circle C and f = F jM can be extended continuously over C:
If the frontier of E is not a single point then f jC = identity.

Proof If fr(E) is a single point of Fix(F ) then we compactify by blowing
up that point using the di�erentiability of f . We may therefore assume that
fr(E) is a non-trivial compact connected subset of Fix(F ). The existence of
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C and a continuous extension of f over C is a consequence of the theory of
prime ends (see [25] for a good modern exposition). Moreover, a dense set
P � C corresponds to accessible points in fr(E), i.e. for any p 2 P there is an
embedded arc � : [0; 1] ! M [ C with �(0) = p and �((0; 1]) � M and such
that the restriction of � to (0; 1] extends to a continuous map �̂ : [0; 1] ! S
with �̂(0) 2 fr(E): A result of Mather (Theorem 18 of [25]) asserts that two
such extensions, �̂1 and �̂2 correspond to the same point of C if and only if
�̂1(0) = �̂2(0) and �̂1 and �̂2 are isotopic by an isotopy with support in M:
A consequence of this is that the homeomorphism f jC depends only on the
isotopy class of F relative to fr(E). By Lemma 4.1 of [21] F is isotopic rel
fr(E) to a homeomorphism that is the identity on a neighborhood of fr(E).
Thus f jC is the identity as desired.

Lemma 5.2 Suppose that M is a connected F -invariant open subset of S
whose frontier, fr(M) = cl(M) n M , is contained in Fix(F ). If S = T 2 ,
assume that fr(M) 6= ;. Denote F jM by f . If � �M is a simple closed curve
that is essential in M and if f(�) is homotopic to � in M then there is a closed
annulus A, a homeomorphism f̂ : A! A that is isotopic to the identity and a
covering map � : Int(A)!M such that

(1) f̂ jIntA is a lift of f .

(2) �−1(�) contains an essential simple closed curve �̂ .

(3) if � is non-peripheral then f̂ j@A depends only on the isotopy class of f .
In particular, if � is non-peripheral and f : M ! M is isotopic to the
identity then f̂ j@A is the identity.

(4) if f : M ! M is isotopic to the identity, and either S 6= S2 or S nM
contains at least three points then f̂ j@A has �xed points

We will call � the canonical cyclic cover associated to � and f̂ the canonical
cyclic lift of f .

Proof If M is an open annulus then Int(A) = M , f̂ jInt(A) = f and it su�ces to
compactify the ends of M by circles and extend f over these circles. Lemma 5.1
therefore completes the proof in this case. We may now assume that M has
negative Euler characteristic.

Suppose at �rst that � is not peripheral. Let H be the universal cover of M ,
let ~� be a lift of � and let T : H [ S1 ! H [ S1 be the indivisible covering
translation that �xes the endpoints of ~� . Since f(�) is homotopic to � , there is
an extended lift ~f : H [S1 ! H [S1 that commutes with T . The choice of ~f
is well de�ned up to composition with iterates of T because these are the only
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covering translations that commute with T . Let A denote the quotient space
obtained by dividing (H [ S1) n T� by the action of T . Denote by f̂ : A! A
the homeomorphism induced by ~f . It is independent of the choice of lift ~f , so
f̂ is unique. The extension ~f jS1 depends only on the isotopy class of f and
the choice of lift ~f . Since f̂ is independent of the choice of lift, f̂ j@A depends
only on the isotopy class of f . If f is isotopic to the identity then we may take
~f to be the identity lift. Thus ~f jS1 and f̂ j@A are the identity.

If � is peripheral, compactify the isolated end corresponding to � using Lemma
5.1 and repeat the previous argument. If f is isotopic to the identity then the
identity lift �xes a Cantor set in S1 so f̂ �xes a Cantor set in @A.

The following lemma relates periodic points of f̂ to periodic points of f .

Lemma 5.3 Suppose that f̂ : A! A is the canonical cyclic lift of f : M !M
associated to a simple closed curve � and that x̂ is a periodic point of f̂ with
period q . If �(x̂; f̂) is non-zero and does not occur as �(ẑ; f̂) for some ẑ 2 @A,
then the image x 2M of x̂ is periodic for f with period q .

Proof We use the notation of the proof of Lemma 5.2. If M is an open annulus
then the lemma is obvious so assume that M has negative Euler characteristic.
There is a lift ~x 2 H of x̂ such that ~f q(~x) = T p(~x) where �(~x; ~f) = p=q . Since
f q(x) = x, it su�ces to show that f s(x) 6= x for 1 � s � q− 1. Suppose to the
contrary that there exists 1 � s � q− 1 and a covering translation S : H ! H
such that ~f s(~x) = S(~x). Recall that the covering translation ~f qS ~f−q is denoted
~f q#(S). We have

~f q#(S)(T p(~x)) = ~f q#(S)( ~f q(~x)) = ~f q(S(~x)) = ~f q+s(~x)

= ~f s ~f q(~x) = ~f sT p(~x) = T p( ~f s(~x)) = T p(S(~x)):

Covering translation that agree on a point are equal so ~f q#(S) = T pST−p .
Let z 2 S1 be the unique attracting �xed point for the action of S . Then
T p(z) and ~f q(z) are both the unique attracting �xed point for the action of
~f q#(S) = T pST−p . Thus ~f q(z) = T p(z). We are assuming that f̂ s(x̂) 6= x̂ and
hence that S 6= T j for any j . In particular, z 6= T� and z projects to a point
ẑ 2 @A such that �(ẑ; f̂) = p=q . This contradiction completes the proof.

We use the following lemma in several places to prove the existence of periodic
points of arbitrarily high period.
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Lemma 5.4 Suppose that F 2 H(S) and that M is a connected F -invariant
open subset of S whose frontier, fr(M) = cl(M) nM , is contained in Fix(F ).
If S = T 2 , assume that fr(M) 6= ;. Denote F jM by f . Suppose also that
� �M is a simple closed curve whose homotopy class in M is non-trivial and
�xed by f and that the lift f̂ : A! A to the canonical cyclic cover associated
to � has points with two distinct rotation numbers. Then there are periodic
points of f of every su�ciently high period.

Proof Let � : int(A) ! M be the covering map and let !̂ = ��(!). The
smooth measure on the interior of A determined by !̂ is f̂ -invariant.

We want �rst to show that f̂ : A ! A has the essential circle intersection
property. Suppose that �̂ is an essential simple closed curve in A and that
f̂(�̂) \ �̂ = ;. There is no loss in assuming that �̂ is smooth and contained in
the interior of A.

The region bounded by �̂ and f̂(�̂) is an annulus that we denote Â0 . Choose
a smooth parametrization ĥ : S1 � [0; 1] ! Â0 such that ĥ(s; 1) = f̂(ĥ(s; 0))
for each s 2 S1 and let h : S1 � [0; 1]!M be h = � � ĥ: ThenZ

S1�[0;1]
h�(!) =

Z
S1�[0;1]

ĥ�(!̂) =
Z
Â0

!̂ 6= 0: (4)

On the other hand since F 2 H(S) there is an isotopy Ft with F0 = id and
F1 = F: In the case S = T 2 or S2 the frontier of M is non-empty and consists
of �xed points. Hence we may assume there is a point p 2 fr(M) such that
Ft(p) = p for all t; since any di�eomorphism of S2 or T 2 , which is isotopic to
the identity and has a �xed point p; is isotopic to the identity relative to p.

Let � = � � �̂ : S1 !M . If F� : S1� [0; 1]! S is given by F�(s; t) = Ft(�(s))
then Z

S1�[0;1]
F ��(!) = F(Ft)([�]) = 0 (5)

by hypothesis.

The two maps h; F� : S1� [0; 1]! S agree on their ends, so we may glue them
together to form a map on the torus, G : T 2 ! S: The map G must have degree
zero because any map of a torus into a surface of negative Euler characteristic
has degree zero and in the cases that S = S2 or S = T 2 we have the fact that
the image of G lies in S n fpg: Consequently

0 =
Z
T 2

G�(!) =
Z
S1�[0;1]

F ��(!)−
Z
S1�[0;1]

h�(!)
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which contradicts equations (4) and (5). Thus we have shown that f̂ has the
essential circle intersection property.

We would like to show that f̂ is chain recurrent. If we knew that @A � R(f̂)
then this would follow from Lemma 3.4. It turns out we can reduce to the
case @A � R(f̂) by extending f̂ to a slightly larger annulus without a�ecting
the periods of periodic points. If the rotation number of the restriction of f̂
to a boundary component is irrational then that component is in R(f̂) since
this circle homeomorphism must be conjugate to either an irrational rotation
or a Denjoy type example, both of which have all points chain recurrent. If
the rotation number on a boundary circle is rational there is a periodic point
p0 on that circle. In this case there is an isotopy ht on the circle, with h0 the
given homeomorphism and h1 a �nite order homeomorphism, and which has
the property that Per(ht) = Per(h0) for all t 2 [0; 1): We now attach a collar
neighborhood S1 � [0; 1] to the boundary of A and extend f̂ to the union by
having it preserve concentric circles of the collar and act on them in the way
prescribed by the isotopy ht . We can do this to both boundary components
if necessary. Call the enlarged annulus B and the extended map ĝ : B ! B.
Then @B � R(ĝ) and ĝ has a point of period q with rotation number p

q if and

only if there is a point of period q with rotation number p
q for f̂ :

It is also the case that ĝ satis�es the essential circle intersection property. This
is because if γ is an essential circle with ĝ(γ) \ γ = ; and x 2 γ then points
z 2 �(x) and w 2 !(x) lie in R(ĝ) but in di�erent components of R(ĝ) since
γ separates them. On the other hand R(ĝ) \ (B n A) consists of all periodic
points in BnA and has two components, one containing each of the components
of @B: It follows that γ cannot intersect B n A since any point of B n A has
both its alpha and omega limit sets in the same component of R(ĝ) \ (B n A):
Thus γ � A and since f̂ has the essential circle intersection property, so does
ĝ: Also if D is a closed disk and ĝn(D) � Int(D) then D\ (B nA) = ; because
the omega limit set of any point in B n A lies in the component of Per(h0)
containing @B:

By Lemma 5.3 it su�ces to show that every su�ciently large q occurs as the
period of a periodic point for f̂ with non-zero rotation number not realized on
@A. This property holds for f̂ if and only if holds for ĝ so Lemma 3.4 and
Theorem 3.2 complete the proof.
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6 Normal form

In this section we introduce a normal form for certain mapping classes of in-
�nitely punctured surfaces.

De�nition 6.1 An orientation preserving homeomorphism F : S ! S of an
orientable closed surface has a normal form relative to its �xed point set if there
is a �nite set R of simple closed curves in M = SnFix(F ) and a homeomorphism
� isotopic to F rel Fix(F ) such that:

(1) � permutes disjoint open annulus neighborhoods Aj �M of the elements
γj 2 R.

Let fSig be the components of S n[Aj , let Xi = Fix(F )\Si , let Mi = Si nXi

and let ri be the smallest positive integer such that �ri(Mi) = Mi . Note that
ri = 1 if Xi 6= ;.

(2) If Xi is in�nite then �jSi= identity.

(3) If Xi is �nite then Mi has negative Euler characteristic and �ri jMi is either
pseudo-Anosov or periodic. In the periodic case, �ri jMi is an isometry of
a hyperbolic structure on Mi .

We say that � is a normal form for F and that R is the set of reducing curves
for �.

If R has minimal cardinality among all sets of reducing curves for all normal
forms for F , then we say that R is a minimal set of reducing curves. The
following lemma asserts that, up to isotopy rel Fix(F ), there is a unique minimal
set R(F ) of reducing curves.

Lemma 6.2 If F has a canonical form relative to its �xed point set then the
minimal reducing set R(F ) is well de�ned up to isotopy rel Fix(F ).

Proof Suppose that R is a minimal reducing set for the normal form �. Let
Y (F ) be a �nite subset of Fix(F ) that contains each �nite Xi and at least two
points from each in�nite Xi . Then � is a Thurston normal form [29] for the
isotopy class of F relative to Y (F ) and R is a minimal set of reducing curves
for this relative isotopy class. It is shown in section 2 of [22] that R is well
de�ned up to isotopy rel Y (F ). Since this holds for all Y (F ), R is well de�ned
up to isotopy rel Fix(F ).
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Theorem 1.2 Every orientation preserving di�eomorphism F : S ! S of a
closed orientable surface has a normal form up to isotopy relative to its �xed
point set.

Proof By Lemma 4.1 of [21] there is a neighborhood W of the accumulation
set A(F ) of Fix(F ) such that:

� W and S nW have �nitely many components.

� F jW : W ! S is isotopic to the inclusion relative to Fix(F ) \W .

� if x 2 W n Fix(F ) then the path from F (x) to x determined by this
isotopy is contained in S n Fix(F ).

We may assume without loss that each component of W intersects Fix(F )
in an in�nite set. The isotopy extension theorem (Theorem 5.8 of [26]) and
the second and third item imply that F is isotopic rel Fix(F ) to �1 : S ! S
satisfying �1jW = identity . By [4] each component of S nW is invariant under
the action of �1 . If some component of S nW is a disk that contains at most
one element of Fix(F ) then add it to W . After a further isotopy rel Fix(F ),
we may assume that �1jW is still the identity. Suppose that some component
of S nW is an open annulus A that is disjoint from Fix(F ). If �1j(W[A) is
isotopic to the identity rel Fix(F ), then add A to W . After a further isotopy
rel Fix(F ), we may assume that �1jW is still the identity. If �1j(W[A) is not
isotopic to the identity rel Fix(F ) then after a further isotopy rel Fix(F ) we
may assume that �1jA is a non-trivial Dehn twist.

Denote S n Fix(F ) by M . At this point M n (W \ M) consists of a �nite
number of unpunctured annuli on which �1 acts by Dehn twists and �nitely
many, �nitely punctured subsurfaces of negative Euler characteristic. Apply
the Thurston decomposition theorem to each of the non-annular subsurfaces
to produce � : S ! S . Let R1 be the union of the core curves of the Dehn
twist annuli and Let R be the union of R1 with the boundary curves of W
that are not boundary curves of a Dehn twist annuli. (Those curves are already
accounted for in R1 .) After modifying � on annular neighborhoods of the
reducing curves we may assume that (1) is satis�ed. Properties (2) and (3) are
immediate from the construction.

We now restrict our attention to the case that F is isotopic to the identity.

Lemma 6.3 Assume that �, R, Mi and ri are as in De�nition 6.1 and that
F is isotopic to the identity. Then:
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� each γ 2 R is �-invariant.

� each ri = 1.

� if �jMi is periodic then it is the identity.

Proof If γ bounds a disk D in S then D \ Fix(F ) is non-trivial. The disk
F (D), and hence the disk D0 bounded by �(γ), has the same intersection with
Fix(F ) as does D . Since �(γ) and γ are either equal or disjoint and not
parallel in M , they must be equal. This completes the proof of the �rst item
if γ is inessential in S . Since D contains �xed points, � does not interchange
the components of S n γ . In particular, if Mi is adjacent to the annulus Aj
containing γ , then Mi is �-invariant. This proves the second item if some
component of @Mi is inessential in S .

Suppose that Mi is �-invariant and that X and Y are distinct components
of @Mi that are essential in S . If Y = �(X) as sets then X and Y must be
parallel in S . Up to isotopy in S , � reverses the orientation on the simple
closed curve X , in contradiction to the assumption that F is isotopic to the
identity. We have now shown that if Mi is �-invariant then every component
of @Mi is �-invariant.

The lemma is obvious if Fix(F ) = ; so assume that M has at least one punc-
ture. Each puncture in M is contained in exactly one Mi which must therefore
be �-invariant. If Mi is �-invariant then each annulus Aj adjacent to Mi is
�-invariant and so each Mk adjacent to Aj is �-invariant. The �rst two items
follow by induction.

For the third item we may assume that Mi is �nitely punctured. For this
argument it is convenient to replace the punctures in Mi with boundary com-
ponents to form a compact surface M̂i . If �jMi is periodic, then � extends to
an isometry of a hyperbolic structure on M̂i that setwise �xes each boundary
component. Since F induces the identity on the �rst homology of S , �jM̂i

induces the identity on �rst homology of M̂i . Any isolated �xed point of �jM̂i

has positive �xed point index so the Lefschetz theorem implies that not all �xed
points are isolated. Since �jM̂i

is an orientation preserving isometry, it must
be the identity.

Remark 6.4 If each ri = 1 and if each �jMi is the identity, then we may
assume that �jAj is an iterate of a Dehn twist about γj .
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7 A special case

In this section we prove a special case of Theorem 1.1.

Proposition 7.1 Suppose F : S ! S is a non-trivial, Hamiltonian di�eomor-
phism of a closed oriented surface S and that if S = S2 then Fix(F ) contains
at least three points. If F is not isotopic to the identity relative to Fix(F ),
then there exist p > 0 such that F has a periodic point of period k for every
k � p:

Proof Let � be a canonical form for F with minimal reducing set R(F ). Let
Y be a �nite subset of Fix(F ) that contains all �nite Xi and at least two points
from each in�nite Xi . Then � is a Thurston normal form for F relative to Y .
If some �jMi is pseudo-Anosov then ([29], Expose 10 of [7]) there exist p > 0
such that F has a periodic point of period k for every k � p and we are done.

By Lemma 6.3 and Remark 6.4, � is a composition of non-trivial Dehn twists
along the elements of R(F ). Thus it su�ces to show that if R(F ) is non-empty,
then there exist p > 0 such that F has a periodic point of period k for every
k � p: So suppose � 2 R(F ). We work with MY = S n Y , fY = F jMY

and
�Y = �jMY

. Let f̂Y ; �̂Y : A! A be the canonical cyclic lifts corresponding to
� �MY .

We wish to apply Lemma 5.4 to f̂Y which will give points of every su�ciently
large period for fY . It su�ces to show that the rotation numbers of lifts of
boundary points for any lift of f̂Y : A ! A to its universal covering space are
di�erent for the two components of the boundary. By Lemma 5.2(2), f̂Y j@A =
�̂Y j@A so we can calculate the rotation number using � in place of F . Let Aj be
the annulus containing � and let �0 and �1 be the boundary components of Aj .
Let M0 and M1 be the (possibly equal) pieces in the Thurston decomposition
whose boundaries contain �0 and �1 respectively.

If �0 6= �0 is a component of @M0 then we can join �0 and �0 by an arc on
which � is the identity. We can lift this arc and �0 and �0 to H in such a
way that the lift ~�0 has the same endpoints as the lift ~� of � . There is a lift
of � which is the identity on ~�0; ~�0 and the lifted arc joining them. Hence it
is clear that the endpoints of the lift ~�0 which lie in S1 will have the same
rotation number as any point of ~�0 for this lift of � and thus for any lift of �:
If there are no components of the boundary of M0 other than �0 then we may
choose an arc in H joining a point of ~�0 to a point in S1 which crosses no lift
of a reducing curve. Again, one lift of � will be the identity on this arc and on
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~�0: So again points of the boundary of S1 which lie on the same side of ~� as
~�0 all have the same rotation number as points of ~�0 for any lift of �.

The same argument shows points in S1 on the other side of ~� have the same
rotation number as points of ~�1 . It follows that points in the two boundary
components of the universal covering of A have rotation numbers related like the
rotation numbers of opposite sides of an annulus with a non-trivial Dehn twist.
i.e. they di�er by a non-zero integer. The proof now follows from Theorem 3.2
and Lemma 5.4.

8 Translation and Reeb classes

We will denote the orbit, backward orbit and forward orbit of x by O(x),
O−(x) and O+(x) respectively. Unless stated otherwise, all maps are assumed
to be orientation preserving homeomorphisms.

In this section we recall and enhance some results from [20].

De�nition 8.1 Let Tr : R2 ! R2 be translation to the right by one unit. If
f : R2 ! R2 is an orientation preserving homeomorphism and if X = [ri=1O(xi)
for xi 2 R2 with distinct orbits, then we say that f is a translation class relative
to X if the isotopy class of f relative to X is conjugate to the isotopy class
of Tr relative to the union of some (and hence any - see Lemma 2.1 of [20]) r
distinct orbits of Tr .

De�nition 8.2 Let R : R2 ! R2 be a homeomorphism that preserves R �
f0; 1g and that agrees with translation to the left [respectively right] by one unit
on R� f1g [respectively R� f0g]. If f : R2 ! R2 is an orientation preserving
homeomorphism and if X = O(x) [ O(y) for some x; y 2 R2 with distinct f
orbits then we say that f is a Reeb class relative to X if the isotopy class of f
relative to X is conjugate to the isotopy class of R relative to the union of the
R-orbits of (0; 0) and (0; 1).

Parts (1) and (2) of the following theorem are Corollary 2.2 and Theorem 2.6
of [20] respectively.

Theorem 8.3 If f : R2 ! R2 is �xed point free then

(1) f is a translation class relative to any one of its orbits.

(2) f is either a translation class or a Reeb class relative to any two of its
orbits.
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Several of our arguments proceed by contradiction and so require a method for
proving that the conclusions of Theorem 8.3 fail. Lemma 8.7 below provides
this method.

De�nition 8.4 Suppose that S = R2 or S = int(A) and that f : S ! S is
an orientation preserving homeomorphism. An arc �0 � S connecting x to
f(x) is called a translation arc for x if f(�0)\ �0 = f(x). For our applications
there will be a closed in�nite discrete set X � S that is the union of orbits and
that intersects �0 exactly in x and f(x). Equip M = S nX with a complete
hyperbolic structure. We say that the unique geodesic � �M in the homotopy
class of �0 is a translation arc geodesic for x relative to X .

Remark 8.5 In [20] a more general object called a homotopy translation arc
is considered but for our present purposes this simpler de�nition will su�ce.

De�nition 8.6 An open disk U is called a free disk for the homeomorphism
f if f(U) \ U = ;.

Lemma 8.7 Assume that f : R2 ! R2 is a �xed point free orientation pre-
serving homeomorphism. Then:

(1) If X is a single orbit and f is a translation class relative to X then
translation arc geodesics for elements of X are unique.

(2) If X = O(x1)[O(x2) and f is a Reeb class relative to X then translation
arc geodesics for x 2 X are unique. Moreover:

� no free disk contains two elements of X .

� a translation arc geodesic for f i(x1) can not intersect a translation
arc geodesic for f j(x2).

(3) If X = O(x1)[O(x2) and f is a translation class relative to X then there
is a compact set K with the following property: if �1 is a translation arc
geodesic for an element of O−(x1) and �2 is a translation arc geodesic
for an element of O+(x2) and if both �1 and �2 are disjoint from K then
�1 \ �2 = ;.

Proof of Lemma 8.7 (1) is Theorem 2.2 of [20].

To prove (2) we will prove the a priori stronger statement that there is a unique
geodesic arc � �M connecting x to f(x) with the property that f#(�) \� =
f(x). (It is immediate from the de�nitions that this property depends only
on the conjugacy class of the relative isotopy class of f which is not the case
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if we insist that � is a translation arc geodesic.) It su�ces to assume that
f = R, x1 = (0; 0) and x2 = (0; 1). We will give the argument for x2 , all other
cases being completely analogous. We may assume that R � f0; 1g is a union
of geodesics. Suppose that � 6= [0; 1] � f1g. After an isotopy that preserves
R�f0; 1g, we may assume (c.f. Lemma 3.5-(3) in [20]) that R(�) is a geodesic.
In particular R(�) and � intersect only in their common endpoint. Let �0

be the maximal initial segment of � whose interior is disjoint from R � f0; 1g
and let w be the terminal endpoint of �0 . Since regions bounded by a pair of
geodesic arcs must contain punctures, �0 6= �. In particular R(�0) is disjoint
from �0 . There are three possibilities: w 2 (−1; 1)� f1g; w 2 (k; k + 1)� f1g
for some k 6= −1; 0; and w 2 R� f0g. The �rst option is impossible since the
region bounded by a pair of geodesic arcs must contain punctures. The latter
two are impossible because in those cases R(�0) could not be disjoint from �0 .
This proves the main statement in (2). The �rst bulleted item follows from the
standard construction of translation arcs (see, for example, Lemma 4.1 in [20])
since the existence of a free disk containing two elements of X would give rise
to two translation arcs not isotopic relative to X . The second bulleted item
follows from the fact that R� f0g and R� f1g are disjointly embedded lines.

As above, the proof of (3) will use the fact that f#(�i) \ �i is exactly the
terminal endpoint of �i but not the fact that �i is isotopic to a translation
arc. It su�ces to assume that f = Tr , x1 = (0; 0) and x2 = (1

2 ; 0). We may
assume that R� f0g is a union of geodesics. Let K be any disk that contains
[0; 1] � f0g and that has geodesic boundary. We may assume that Tr(�1) is
geodesic and in particular that Tr(�1) and �1 have no interior intersections.
In particular, if b is a subpath of �1 that intersects R � f0g exactly in its
endpoints then the endpoints of b span an interval on R�f0g with length � 1:
It follows that the union of all [k; k + 1]� f0g’s that intersect �1 is connected.
Since �1 \ [0; 1] � f0g = ;, �1 is disjoint from [0;1) � f0g and so can be
isotoped into the left half plane. The analogous argument shows that �2 can
be isotoped into the right half plane. As geodesics have minimal intersections
in their isotopy classes, this completes the proof.

We only use the following result for k = 2 but the proof is the same for general
k .

De�nition 8.8 For all k � 1 let Rk : R2 ! R2 be a homeomorphism that
preserves R � f0; 1; : : : ; kg and that agrees with translation to the left by one
unit on R�fjg for odd 1 � j � k and with translation to the right by one unit
on R � fjg for even 0 � j � k . If f : R2 ! R2 is an orientation preserving
homeomorphism and if X = [ki=0O(xi) for xi 2 R2 with distinct orbits then we
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say that that f is a multiple Reeb class relative to X if the isotopy class of f
relative to X is conjugate to the isotopy class of Rk relative to [kj=0O((0; j)).

Disjoint subsets Y and Z of a circle C alternate around C if any interval
in C with distinct endpoints in Y [respectively Z ] contains an element of Z
[respectively Y ].

Lemma 8.9 Suppose that f : D2 ! D2 is an orientation preserving homeo-
morphism of the disk whose restriction to Int(D2 ) is �xed point free. Suppose
also that fx0; : : : xkg � Int(D2), k � 1, satisfy:

(1) the � and ! limit sets are single points �(xi); !(xi) 2 @D2 . The �(xi)’s
and !(xi)’s are all distinct.

(2) the elements of f�(xi)g and f!(xi)g alternate around @D2 .

Then f jInt(D2) is a multiple Reeb class relative to X = [ki=0O(xi).

Proof of Lemma 8.9 We will prove there are disjoint properly embedded
lines Bi � intD2 that contain O(xi) and that are f -invariant up to isotopy
relative to X . The lemma then follows from (2).

By Theorem 2.7 of [20] there is a line � � Int(D2) nX such that:

� � is properly embedded in Int(D2 ).

� f(�) ’ � relative to X .

� both components C1 and C2 of Int(D2) n � intersect X non-trivially.

By (2), we may assume (see the last paragraph of the proof of Theorem 2.3 on
page 258 of [20]) that the ends of � converge to single points in @D2n(f�(xi)g[
f!(xi)g. After an isotopy relative to X we may assume that f(�) = �.

By induction on the number of orbits in X \Cj , there are disjointly embedded
lines Bi � int(D2) that contain O(xi) and that are f -invariant up to isotopy
relative to X \ Cj(i) where O(xi) � Cj(i) . There is no loss in assuming that
Bi � Cj(i) . Since Bi and f(Bi) are contained in Cj(i) , Bi is invariant up to
isotopy relative to X as desired.

The following lemma is the analogue of Lemma 8.7(2). It’s proof is virtually
the same as that of Lemma 8.7(2) and is left to the reader.

Lemma 8.10 If f is a multiple Reeb class relative to X then no free disk
contains two elements of X .
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9 Limit points on S1

Suppose that f : M ! M is an orientation preserving homeomorphism of a
hyperbolic surface and that f is �xed point free and isotopic to the identity.
We denote the identity lift by ~f : H ! H .

The following proposition (which is essentially Proposition 5.1 of [19]) assigns
two, not necessarily distinct, points in S1 to each ~f orbit.

Proposition 9.1 For any ~x 2 H the � and ! limit sets for ~f are single points
�(~x) and !(~x) in S1 .

Proof We give the argument for !(~x). The Brouwer translation theorem
implies that !(~x) � S1 . Since ~f jS1 is the identity, !(~x) is connected. If the
lemma fails then !(~x) contains an interval I � S1 .

Choose a geodesic ~γ � H that is the axis of a covering translation and that has
endpoints in the interior of I ; let U be the component of H n ~γ whose closure
intersects S1 in a subinterval J of I .

We claim that there is a point ~y 2 H whose backward orbit is contained in the
closure �U of U . To construct ~y choose positive integers mi < ni such that:

� ~fmi(~x); ~fni(~x) 62 U
� ~f j(~x) 2 U for mi < j < ni

� ni −mi !1
Also choose a fundamental domain W for the action of the covering translation
T corresponding to ~γ and let li satisfy ~zi = T li( ~fni−1(~x)) 2 W . Then ~zi 2
U \W and ~f(~zi) 62 U . It follows that ~zi lies in a compact neighborhood of the
intersection of ~γ with W and hence that the accumulation set of the ~zi ’s in
H is non-empty. Let ~y be any such accumulation point. The second and third
item imply that O−(~y) � �U .

For the rest of the argument translation arc geodesics for ~f : H ! H are de�ned
relative to X = O(~x) [ O(~y).

There are translation arc geodesics �i for ~f i(~x), i > 0, whose union is an
immersed line with accumulation set equal to I . (For a proof that translation
arcs can be locally constructed see, for example, Lemma 4.1 of [20]). Similarly,
there are translation arc geodesics �j for ~f−j(~y), j > 0, whose union is an
immersed line with accumulation set contained in J . Since J is contained in
the interior of I there are arbitrarily large i and j such that �i \ �j 6= ;. This
contradicts Theorem 8.3 and Lemma 8.7.
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De�nition 9.2 If �(~x) 6= !(~x) then de�ne ~γ(~x) � H to be the oriented
geodesic connecting �(~x) to !(~x) and de�ne γ(x) � S to be its projected
image. We say that ~γ(~x) [respectively γ(x)] is the geodesic associated to O(~x)
[respectively O(x)]. Denote the union of all oriented geodesics in M that occur
as some γ(xi) by Γ(f).

10 Annuli

As in the previous section, ~f : H ! H is the identity lift of a �xed point
free homeomorphism f : M ! M of a connected surface with negative Euler
characteristic. We state both of our main results, Lemma 10.2 and Lemma 10.5,
before turning to their proofs.

De�nition 10.1 A geodesic is birecurrent if it is contained in the accumulation
set in the unit tangent bundle of its forward end and the accumulation set in
the unit tangent bundle of its backward end.

Lemma 10.2 If Per(f) = ; then:

(1) Each γ 2 Γ(f) is simple.

(2) Birecurrent elements of Γ(f) have no transverse intersections.

De�nition 10.3 Suppose that U is a free disk for f that contains both x and
fm(x) for some x 2 M and m > 0. Choose lifts ~x 2 ~U � H . The covering
translation T : H ! H satisfying ~fm(~x) 2 T ( ~U) is called a near cycle for ~x of
period m. If the period is not relevant to the discussion then we will simply
say that T is a near cycle for ~x.

Remark 10.4 This de�nition of near cycle is less general than the one in [19]
but is su�cient for our purposes.

Lemma 10.5 If Per(f) = ; and T : H ! H is a near cycle for ~x, then T+

and T− can not both lie in the same component of S1 n (f�(~x); !(~x)g).

The proofs are technical so we begin with some motivation for our approach.
Consider the situation of Lemma 10.2-(1). We must show that if the geodesic
γ associated to some birecurrent point x 2M has self intersections then f has
periodic points. We have no control over the topology of O(x), it may even
be dense, and so can not hope to analyze the isotopy class of f relative to
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(the closure) of O(x). Lifting to covers simpli�es the relative isotopy class. If
we lift all the way to the universal cover ~f : H ! H , then ~f is a translation
class relative to O(~x), so we completely understand the relative isotopy class,
but the geodesic ~γ associated to ~x no longer has self intersections; we have
oversimpli�ed.

The right cover to look is a cyclic one as in Lemma 5.2 with underlying space
an open annulus A� . If γ has self intersections then there is a lift f̂ : A� ! A�
of f : M ! M and a lift x̂ of x such that the geodesic γ̂ associated to O(x̂)
is properly immersed with a �nite but non-zero number of self intersections.
Moreover the restriction of f̂ to a neighborhood of the ends of O(x̂) is conjugate
to the restriction of ~f to a neighborhood of the ends of O(~x). Thus, up to
relative isotopy, f̂ acts on the ends of O(x̂) as a translation. This is made
precise in Lemma 10.6.

We are now in a situation just like the one we encountered in the proof of
Theorem 1.2. In both cases there is subsurface that contains all but �nitely
many of the punctures and on which we completely understand the relative
isotopy class. In the case of Theorem 1.2, the in�nitely punctured subsurface
was fully invariant and we simply applied the Thurston classi�cation theorem
to the �nitely punctured complement. In our present case the in�nitely punc-
tured subsurface is not fully invariant, so Thurston’s theorem does not apply to
the �nitely punctured complement. The ‘�tted family’ techniques of [20] were
developed for just this sort of application and it is these techniques that we
employ in the proofs of Lemmas 10.2 and 10.5.

In [20] the underlying space is the interior of a disk and here the underlying
space is the interior of an annulus. In addition to recalling de�nitions from
section 5 of [20] we will use results that are proven there but not explicitly
stated. These appear as Lemmas 10.7, 10.8 and 10.9 in this paper. Rather
than repeat the proofs from [20] we give detailed references.

We now turn to the proof of Lemmas 10.2 and 10.5.

For T : H ! H a non-trivial covering translation with (not necessarily distinct)
endpoints T� , let A� be the quotient space of H by the action of T and
let f̂ : A� ! A� be the homeomorphism induced from ~f . We suppress the
dependence of A� and f̂ on T to simplify notation. Denote the quotient space
of S1 n fT+; T−g under the action of T by @hA� . If T is hyperbolic, then
@hA� compacti�es A� to a closed annulus as in Lemma 5.2. If T is parabolic
then @hA� compacti�es one end of A� . In either case, f̂ extends over @hA� by
the identity. Assuming that neither �(~x) nor !(~x) is T+ or T− , denote their
images in @hA� by �(x̂) and !(x̂) respectively.
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We work relative to a �nite union X̂ = [ri=1O(x̂i) � A� of f̂ -orbits. Fix once
and for all a complete hyperbolic structure on A� n X̂ .

The next lemma asserts that up to isotopy relative to X̂ , f̂ acts on the ends
of the orbits of X̂ by translation. More precisely, for each x̂i there is a ray B+

i

[respectively B−i ] that is forward [backward] f̂ invariant up to isotopy relative
to X̂ and that contains the forward [backward] end of O(x̂i). As usual, the
relative isotopy class of f̂ is reflected in the map f̂# that f̂ induces on geodesics.

Lemma 10.6 Assume that Per(f̂ jA�) = ; and that X̂ = [ri=1O(x̂i) where
the �(x̂i)’s are distinct and the !(x̂i)’s are distinct. De�ne translation arc
geodesics with respect to X̂ . Then there exist translation arc geodesics �̂�i for
elements of O(x̂i) such that:

(1) B̂+
i = [1n=0f̂

n
#(�̂+

i ) is an embedded ray that converges to !(x̂i).

(2) B̂−i = [1n=0f̂
−n
# (�̂−i ) is an embedded ray that converges to �(x̂i).

(3) the B̂�i ’s are all disjoint.

Proof of Lemma 10.6 Choose lifts ~xi 2 H of x̂i . The argument for (1) takes
place in a disk neighborhood Ui � H [ S1 of !(~xi) such that T k(Ui)\Ui = ;
for all k 6= 0. An isotopy relative to ~X = [1k=−1 [rj=0O(T k(~xj)) with support
in Ui projects to an isotopy relative to X̂ with support in the image Ûi � A�
of Ui \H .

There are two cases. In the �rst we assume that T k(�(~xj)) 6= !(~xi) for all j
and k . In this case we may assume that Ui\ ~X � O(~xi). There are translation
arc geodesics ~�(n; ~xi) for ~fn(~xi) that converge to !(~xi) as n ! 1. For all
su�ciently large n, say n � N , ~f( ~�(n; ~xi)) and ~�(n + 1; ~xi) are contained in
Ui . Lemma 8.7-(1) implies that ~f( ~�(n; ~xi)) and ~�(n+ 1; ~xi) are isotopic in H
relative to Ui \ ~X and hence isotopic in Ui relative to ~X . Thus ~f#( ~�(n; ~xi)) =
~�(n + 1; ~xi). It follows that ~B+

i = [1n=0
~fn#( ~�(N; ~xi) � Ui is an embedded ray

that converges to !(~x). Let �̂+
i be the image of ~�(N; ~xi) and B̂+

i be the image
of ~B+

i .

In the second case there are j and k such that T k(�(~xj)) = !(~xi). We may
assume that Ui \ ~X � O+(~xi)[O−(T k(~xj)). As in the previous case there are
translation arc geodesics ~�(n; ~xi) for ~fn(~xi) that converge to !(~xi) as n!1.
If ~f( ~�(n; ~xi)) and �(n+ 1; ~xi) are contained in Ui but are not isotopic relative
to Ui\ ~X then for some m < 0, �(n+1; ~xi)[ ~f#(�(n; ~xi)) separates ~fm(T k(~xj))
from its ~f -image. In that case every translation arc geodesic for ~fm(T k(~xj))
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intersects either ~�(n + 1; ~xi) or ~f#(�(n; ~xi)). Theorem 8.3 and Lemma 8.7
imply that this can not happen for su�ciently large n, say n > N . We may
therefore de�ne �̂+

i and B̂+
i as in the previous case.

This completes the proof of (1). Condition (2) follows by replacing f with f−1 .
It is clear from the construction that (3) will be satis�ed if N is su�ciently
large.

Lemma 10.7 Suppose that f̂ : A� ! A� , X̂ and B̂�i are as in Lemma 10.6.

Suppose that γ is a simple geodesic in A� n X̂ that is properly embedded in A�
and that intersects some B̂+

i and some B̂−j in�nitely often. Then f̂#(γ) and γ
have non-trivial transverse intersection.

Proof This follows easily from the fact that B̂+
i and B̂−j translate in opposite

directions. A detailed proof is given in the last paragraph of the proof of
Theorem 2.3 of [20].

We next divide A� n X̂ into a �nitely many in�nitely punctured subsurfaces on
which we understand the dynamics and one �nitely punctured subsurface on
which we do not.

There is one in�nitely punctured subsurface V �i for each B̂�i . Denote B̂+
i \ X̂

by X̂+
i . Then V +

i is uniquely determined by the properties that @V +
i is a

single geodesic line properly embedded in A� , that V +
i contains f̂#(B̂+

i ) and
that V +

i \ X̂ = f̂(X̂+
i ).

It is useful to think in terms of the following topological model. Identify A�
with R2 n f0g, B̂+

i with [1;1) � f0g and X̂+
i with N� f0g. We may assume

that all the other B̂�j ’s are far away from B̂+
i . Then V +

i can be identi�ed with
the set of points with distance at most 1

2 from [2;1) � f0g. Up to isotopy
relative to X̂ , f̂ jV +

i
agrees with translation to the right by one unit followed

by a vertical compression toward the x-axis. Thus up to isotopy relative to X̂ ,
f̂(V +

i ) � V +
i and \1k=0f̂

k(V +
i ) = ;.

The V −i ’s are de�ned analogously using f̂−1 and B̂−i instead of f̂ and B̂+
i .

For each i and k , the line f̂k#(@V �i ) separates A� . Denote the complemen-
tary component that contains f̂k(X̂�i ) by f̂k#(V �i ). Then f̂#(V +

i ) � V +
i and

\1k=0f̂
k
#(V +

i ) = ;. Similarly, f̂−1
# (V −i ) � V −i and \1k=0f̂

−k
# (V +

i ) = ;.
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The subsurface W = A� n (X̂ [ (
Sr
i=1 V̂

�
i )) is �nitely punctured. We write

@W = @+W [ @−W where @�W = [ri=1@V
�
i . Then f̂#(@+W ) \W = ; and

@−W \ f̂#(W ) = ;. We say that W is the Brouwer subsurface determined by
the B�i ’s.

Denote A� n (X̂ [ (
Sr
i=1 f̂#(V̂ �i ))) by f̂#(W ). By part (2) of Lemma 3.5 of [20]

there is a homeomorphism f̂ 0 , isotopic to f̂ , such that f̂ 0(L) = f̂#(L) for each
component L of @W . In particular f̂ 0(W ) = f̂#(W ).

We recall some more de�nitions from [20].

Let RH(W;@+W ) be the set of non-trivial relative homotopy classes determined
by embedded arcs (�; @�) � (W;@+W ). Given any collection T of elements of
RH(W;@+W ) we will associate another collection f̂#(T ) \W of elements of
RH(W;@+W ). We abuse notation slightly and sometime write T = ftig where
each ti 2 RH(W;@+W ); we do not assume that the ti ’s are distinct and it is
essential that we allow multiplicity to occur.

Choose a homeomorphism f̂ 0 as above. For any arc � � W with endpoints
on @+W , f̂ 0(�) is an arc in f̂#(W ) with endpoints on f̂(@+W ); in partic-
ular, f̂ 0(�) \ @−W = ; and @f̂ 0(�) \ W = ;. Let f̂#(�) � f̂#(W ) be the
geodesic arc that is isotopic rel endpoints to f̂ 0(�). The components �1; : : : ; �r
of f̂#(�) \W are arcs in W with endpoints in @+W . If [� ] denotes the el-
ement of RH(W;@+W ) determined by � then we de�ne f̂#([� ] \ W ) to be
f[�1]; : : : ; [�r]g. It is shown in [20] (see pages 249 - 250) that f̂#([� ]\W ) is well
de�ned.

More generally if T is a �nite collection of elements of RH(W;@+W ) then we
de�ne f̂#(T ) \W = [t2T (f̂#(t) \W ). Note that f̂#(:) \W can be iterated.
Inductively de�ne f̂n#(�) \W = f̂n−1

# (f̂#(�) \W ) \W .

We say that a �nite collection T = ftig of distinct elements of RH(W;@+W )
is �tted if the ti ’s are represented by simple disjoint arcs and if each element
sj 2 f̂#(ti\W ) satis�es �sj 2 T where �sj means sj or sj with its orientation
reversed. We say that t 2 RH(W;@+W ) disappears under iteration if f̂n#(t) \
W = ; for some n > 0. We say that a �tted family T = ftig disappears under
iteration if each ti does.

Lemma 10.8 Assume that Per(f̂ jA�) = ; and that X̂ = [ri=1O(x̂i) where
the �(x̂i)’s are distinct and the !(x̂i)’s are distinct. If T � RH(W;@+W ) is
a �tted family that does not disappear under iteration then there exists t 2 T
and l > 0 such that f̂ l#(t)\W = ft; s1; : : : ; smg where each si disappears under
iteration.
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Proof The �rst half (up through the bottom of page 252) of the proof of
Theorem 5.5 of [20] applies to our current context without change to prove
this lemma.

A non-peripheral line �̂ � A� n X̂ is a reducing line for f̂ relative to X̂ if it is
properly embedded in A� and is f̂ -invariant up to isotopy relative to X̂ . The
isotopy class of f̂ relative to X̂ is reducible if there a reducing line for f̂ relative
to X̂ .

Lemma 10.9 Suppose that W is a Brouwer subsurface for f̂ : A� ! A�
relative to X̂ as above. If there exists t 2 RH(W;@+W ) and l > 0 such
that f̂ l#(t)\W = ft; s1; : : : ; smg where each si disappears under iteration then

isotopy class of f̂ l relative to X̂ is reducible and the reducing line for f̂ l relative
to X̂ can be chosen to be geodesic in a complete hyperbolic structure on A�nX .

Proof The last two paragraphs in the proof of Lemma 6.4 of [20] applies to
our current context without change to prove this lemma.

We now put together these results from [20] to prove our key technical lemma.
Disjoint subsets of @hA� are said to alternate around @hA� if their intersections
with each component of @hA� alternate around that component.

Proposition 10.10 Assume that Per(f̂ jA�) = ; and that X̂ = [ri=1O(x̂i)
where either r = 1 or the 2r points f�(x̂i); !(x̂i) : 1 � i � rg are distinct. Then
there exists l > 0 such that the isotopy class of f̂ l relative to X̂ is reducible.
Moreover, if r = 1 or if the elements of f�(x̂i)g and f!(x̂i)g alternate around
@hA� then the reducing line �̂ for f̂ l relative to X̂ can be chosen so that its
ends converge to single points in @hA� .

Proof of Proposition 10.10 Let B�i and ��i be as in Lemma 10.6. De�ne
W to be the Brouwer subsurface determined by the B�i ’s.

Let T consist of one copy of each element of RH(W;@+W ) that occurs as a
component of f̂n#(�̂−1 )\W for some n > 0. Since the f̂n#(�̂−1 )’s are disjoint and
simple and since W is �nitely punctured, T is �nite. It is �tted by construction.

If T disappears under iteration then B̂1 = [1n=−1f̂
n
#(�̂−1 ) � A� is a properly

embedded f# -invariant line and a reducing line �̂ is obtained by pushing B̂1

o� of itself into a non-contractible complementary component. The ends of �̂
converge to �(x̂1) and !(x̂1) respectively. In this case l = 1.
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Suppose now that T does not disappear under iteration. Lemmas 10.8 and
10.9 imply the existence of l > 0 and a reducing line � for f̂ l relative to X̂
that is realized as a geodesic in A� n X̂ . Lemma 10.7 implies that each end
of � intersects at most one B+

i or B+
j . There is therefore no obstruction to

isotoping the end of � relative to the union of the B�i so that it converges to
a single point in @hA� .

Proof of Lemma 10.2 If ~γ(~x) projects to a geodesic γ 2 Γ(f) that is not
simple, then there is a covering translation T such that T (~γ(~x)) has transverse
intersections with ~γ(~x). In particular, the pair f�(T n(~x)); !(T n(~x))g links the
pair f�(T n+1(~x)); !(T n+1(~x))g for all n. Moreover, the endpoints �(~x) and
!(~x) of ~γ(~x) are distinct from the endpoints of the axis of T so we may apply
Proposition 10.10 to T and X̂ = O(x̂) where x̂ is the projected image of ~x.
The resulting line �̂ lifts to a line ~� � H whose ends converge to single points
on S1 . Up to isotopy relative to the full pre-image ~X = fO(T n(~x1)g � H of
X̂ we may assume that ~� is ~f l -invariant for some l > 0. But then ~� de�nes a
non-trivial partition of ~X in contradiction to the above linking property. This
proves (1).

To prove (2) we assume that γ1 = γ(x1) and γ2 = γ(x2) are birecurrent and
have transverse intersections and we argue to a contradiction. Let ~γi = ~γ(~xi)
be a lift of γi . If the endpoints of ~γi di�er by a covering translation, denote the
image of the axis of this covering translation by �i �M . Since γ1 and γ2 are
birecurrent and have transverse intersections, there are �nite subarcs γ0(xi) of
γ(xi) (where we view γ(xi) as a possibly periodic, in�nite geodesic) such that
γ0(x1)γ0(x2) is an essential closed curve whose associated geodesic � � M is
not a multiple of either �1 or �2 . Lift γ0(xi) to ~γ0(~xi) � ~γ(~xi). After replacing
~γ(~x2) with a translate, we may assume that the terminal endpoint of ~γ0(~x1)
equals the initial endpoint of ~γ0(~x2). Let T be the covering translation that
carries the initial endpoint of ~γ0(~x1) to the terminal endpoint of ~γ0(~x2).

Denote �(T n(~xi)) by �ni and !(T n(~xi)) by !ni . Then f�n2 ; !n2 g links both
f�n1 ; !n1 g and f�n+1

1 ; !n+1
1 g for all n. We claim that the �ni ’s and !ni ’s are

all disjoint. We will focus on !0
i , the other cases being analogous. Since T

has no periodic points other than its two �xed points !0
1 6= !n1 for n 6= 0.

Since the axis of T projects to � , our choice of � guarantees that !0
1 6= �n1 for

any n. The T j(~γ(~x2))’s are disjoint because γ(x2) is simple. By construction,
T j(~γ(~x2)) intersects the component of H n ~γ(~x2) that is disjoint from !0

1 and
so is entirely contained in this component for j 6= 0. In particular, !0

1 is not
equal to �j2 or !j2 for j 6= 0. We already know that !0

1 is not equal to �0
2 or

!0
2 so we have veri�ed the claim.
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De�ne A� using T and let x̂i be the image of ~xi . By our veri�ed claim the
� and ! limit sets of x̂1 and x̂2 are four distinct points in @hA� and we may
apply Proposition 10.10. The proof now concludes as in the previous case.

Proof of Lemma 10.5 Let ~x 2 H be a lift of x 2 M . Given a near cycle
T of H , if either �(~x) or !(~x) is T� there is nothing to prove. Assume then
that f�(~x); !(~x)g \ fT�g = ; and let f̂ : A� ! A� , X̂ = O(x̂), l and �̂ be
as in Proposition 10.10. As in the proof of Lemma 10.2, there is a lift ~� that
separates O(~x) from O(T (~x)). After an isotopy relative to O(~x)[O(T (~x)) we
may assume that ~f l preserves ~�.

We claim that if f�(~x); !(~x)g is contained in a single component of S1 n fT�g
then ~f is Reeb class relative to O(~x) [ O(T ~x): By Theorem 8.3, it su�ces to
show that ~f is not a translation class relative to O(~x)[O(T ~x) and therefore it
su�ces to show that ~f l is not a translation class relative to O( ~f l; ~x)[O( ~f l; T ~x):
This follows from the observation that if f�(~x); !(~x)g) is contained in a single
component of S1 n fT�g then ~γ(~x) and T ~γ(~x) are anti-parallel.

On the other hand, T is a near cycle so there is a free disk containing both
T (~x) and some ~f t(~x). This contradicts Lemma 8.7(2).

11 Birecurrent points

As in the previous section, ~f : H ! H is the identity lift of a �xed point free
homeomorphism f : M !M of a hyperbolic surface. We now also assume that
Per(f) = ;: Let B �M be the set of birecurrent points of f and let ~B � H be
the full pre-image of B .

The following de�nition is necessary to account for isolated punctures in M .

De�nition 11.1 We say that O(x) rotates about the isolated puncture c if for
some (and hence all) lifts ~x 2 H there is a parabolic covering translation T
whose �xed point P projects to c such that every near cycle for every point in
O(~x) is a positive iterate of T .

Lemma 11.2 If ~x 2 ~B and ~�(~x) = ~!(~x) = P , then P projects to an isolated
puncture c in M and O(x) rotates about c.

Proof Suppose that ~�(~x) = ~!(~x) = P . Lemma 10.5 implies that P is T+ or
T− (or both) for an indivisible covering translation T and that all near cycles
for elements of O(~x) are iterates of T .
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We recall from [11] that a disk chain for ~f is an ordered set (U0; U1; : : : ; Un) of
embedded free disks in the surface satisfying:

(1) If i 6= j then either Ui = Uj or Ui \ Uj = ;
(2) For 1 � i � n, there exists mi > 0 with ~fmi(Ui) \ Ui+1 6= ;:

If U0 = Un we say that (U0; : : : ; Un) is a periodic disk chain. Proposition (1.3)
of [11] asserts that if an orientation preserving homeomorphism of R2 possesses
a periodic disk chain then it has a �xed point. Thus ~f has no periodic disk
chains.

For any disk chain D = (U0; : : : ; Un), we denote the disk chain (TU0; : : : ; TUn)
by TD . If D1 = (U0; : : : ; Un) and D2 = (Un; : : : ; Um) where all the Ui ’s are
disjoint or equal, then we denote the disk chain (U0; : : : ; Um) by D1 �D2 .

Suppose that both positive and negative iterates of T occur as near cycles
for elements of O(~x). Then there exist free disks ~U1; ~U2 , elements ~xi 2 ~Ui \
O(~x) and integers p > 0 and q < 0 such that D1 = ( ~U1; T

p( ~U1)) and D2 =
( ~U2; T

q( ~U2)) are disk chains. Since all near cycles for elements of O(~x) are
iterates of T , every translate of ~Ui that intersect O(~x) equals T a( ~Ui) for some
integer a. If it is possible to choose ~U1 and ~U2 so that they have the same
projection in M , do so. If this is not possible, then birecurrence allows us to
replace ~Ui with an arbitrarily small disk neighborhood of ~xi . We may therefore
assume without loss that the projections Ui � M of ~Ui are either disjoint or
equal. Birecurrence implies that there exist integers r and s such that the
forward orbit of ~x1 intersects T r ~U2 and the forward orbit of ~x2 intersects T s ~U1 .
In particular, D3 = ( ~U1; T

r ~U2) and D4 = ( ~U2; T
s ~U1) are disk chains. For

i > − r+s
q the disk chain D5 = (D3; �T rD2 � T r+qD2 � � � T r+(i−1)qD2 � T r+iqD4)

begins at ~U1 and ends at T a ~U1 with a < 0. But then D1 and D5 can be used
to produce a disk chain that begins and ends at ~U1 in contradiction to the fact
that there are no periodic disk chains for ~f . This contradiction proves that all
near cycles for O(~x) are positive iterates of T or all are negative iterates of
T . After replacing T by its inverse if necessary, we may assume that all near
cycles are positive iterates of T .

If T is parabolic, then we’re done so suppose that T is hyperbolic. Thus
T+ = P and T− 6= P . Let us now switch our focus to ~f−1 . All of its near
cycles for ~x are negative iterates of T . But this contradicts the fact that ~x
converges to P 6= T− under iteration by ~f−1 .

We will need the following facts about near cycles.
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Lemma 11.3 Suppose that T is a near cycle for ~x of period m.

(1) There is a neighborhood ~U of ~x such that T is a near cycle for ~y of period
m for each ~y 2 ~U .

(2) For any covering translation S , STS−1 is a near cycle for S~x of period
m.

(3) There is a neighborhood ~U of ~x so that if ~f s(x) 2 S( ~U) for some covering
translation S , then STS−1 is a near cycle for ~f s(~x) of period m.

Proof Items 1 and (2) follow from the de�nition of near cycle. If ~U is as in
(1) and ~f s(x) 2 S( ~U) then T is a near cycle of period m for ~f s(S−1x). Item
(3) now follows from (2).

Lemma 11.4 If ~x 2 ~B and �(~x) 6= !(~x) then one of the following holds.

(1) Every near cycle for every point in O(~x) has axis ~γ(~x).

(2) For every neighborhood V of ~�(~x) or ~!(~x) there is a near cycle for an
element of O(~x) whose �xed points on S1 are contained in V .

Proof We will prove either that (1) holds or that (2) holds for neighborhoods
of !(~x). Applying this with f−1 replacing f completes the proof.

If !(~x) is the �xed point of a parabolic near cycle for an element of O(~x) then
(2) holds for neighborhoods of !(~x) and we are done. Suppose then that !(~x)
is not the �xed point of a parabolic near cycle for an element of O(~x) . If there
is a parabolic near cycle for an element of O(~x) , then Lemma 10.5 implies that
its �xed point must be �(~x).

For t > 0, de�ne Nt = fk 2 Z : there is a near cycle for ~fk(~x) with period at
most tg. Fix t > 0 such that Nt 6= ;. Lemma 11.3 and birecurrence implies
that Nt is bi-in�nite. For each k 2 NT choose a near cycle Tk for ~fk(~x)with
period at most t. Denote the axis of Tk by Ak .

There is a uniform bound to the distance that Tk moves ~fk(~x). This has
several consequences. First, limk!1 Tk(!(~x)) = !(~x). This implies that Tk
is hyperbolic for all large k and hence by Lemma 11.3, hyperbolic for all k .
Additionally, both the translation length of Tk and the distance between ~fk(~xk)
and Ak are uniformly bounded. The set of axes of covering translations with
uniformly bounded translation length is discrete and closed in H . Thus either
there is sequence ki 2 Nt tending to in�nity such that Aki ! !(~x) or there is
a covering translation T whose axis A has !(~x) as an endpoint and satis�es
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Ak = A for all su�ciently large k 2 Nt . If the former case holds we are done,
so assume that Ak = A for all su�ciently large k , say k > K .

Choose any k1 < k2 2 Nt . For any � > 0, there exists k > K and a covering
translation S such that ~fk+j(~x) is � close to ~fk1+j(S~x) for 0 � j � k2−k1 + t.
In other words, the initial k2−k1+t points in the orbits of ~fk(~x) and of ~fk1(S~x)
are within � of each other. For su�ciently small �, Lemma 11.3 implies that
k; k + (k2 − k1) 2 Nt , that SAk = Ak1 and that SAk+(k2−k1) = SAk2 . Since
Ak = Ak+(k2−k1) , Ak1 = Ak2 .

We have now shown that Ak = A is independent of k . The same argument
that established limk!1 Tk(!(~x)) = !(~x) also proves that limk!−1 Tk(�(~x)) =
�(~x). Thus �(~x) is an endpoint of A. Since the choice of Tk was arbitrary we
have veri�ed (1) for �xed t. Since t was arbitrary, we have veri�ed (1).

De�nition 11.5 A simple closed geodesic is a partial cross-section to Γ(f) if
it is only crossed in one direction by elements of Γ(f) and if there is at least
one such crossing.

Lemma 11.6 (1) The map that assigns the unordered pair f~�(~x); ~!(~x)g to
~x 2 ~B is continuous.

(2) If x 2 B and γ(x) is de�ned then γ(x) is birecurrent.

(3) If x 2 B and γ(x) is de�ned but is not a simple closed curve, then γ(x)
intersects a partial cross-section �. In this case, the set fy 2 B : γ(y)
crosses �g is open in B .

Proof We �rst show that if γ(x) is de�ned, then continuity at ~x implies that
γ(x) satis�es (2) and (3).

Choose xi = fni(x) with ni > 0 such that xi ! x; choose also lifts ~xi ! ~x.
The geodesics ~γ(~xi) are translates of ~γ(~x). If ~γ(~x) is the axis of a covering
translation, then γ(x) is a simple closed curve and we are done. We may
therefore assume that the ~γ(~xi))’s are distinct as unoriented lines. We may
also assume there is a free disk that contains x and each xi .

The continuity assumption implies that ~γ(~xi)! ~γ(~x) as unoriented lines. From
Lemma 10.2(1) it follows that the ~γ(~xi)’s are disjoint. Lemmas 8.9 and 8.10
therefore imply that for su�ciently large i, say i > N , the ~γ(~xi)’s are consis-
tently oriented (i.e. the lines are parallel and not anti-parallel). Let Ti be the
covering translation that carries ~fni(~x) to ~xi and hence also ~γ(~x) to ~γ(~xi).
Choose ~y 2 γ(~x). Since ~fni(~x) ! !(~x) and ~γ(~xi) ! ~γ(~x) there are points
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~yi 2 ~γ(~x) such that ~yi ! !(~x) and Ti(~yi) ! ~y . This proves that the accumu-
lation set of the forward end of γ(x) contains ~y and hence all of γ(x) since ~y
was arbitrary. By symmetry, γ(x) is also contained in the accumulation set of
its backward end so γ(x) is birecurrent and we have veri�ed (2).

Lemma 10.2(2) now implies that γ(x) does not intersect any other γ(y). Lem-
mas 8.9 and 8.10 therefore imply that if ~γ(~y) is contained in the region bounded
by ~γ(~xi) and ~γ(~xj) for i; j > N , then the orientation on ~γ(~y) agrees with the
orientation ~γ(~xi) and ~γ(~xj). Let ~�0 be a geodesic arc connecting ~γ(~xi) and
~γ(~xj) and let �0 be its projected image. Then elements of Γ(f) cross �0 only
in one direction. Extend �0 to a simple closed curve �0 by following γ(x) from
one intersection with �0 to the next. The geodesic � corresponding to �0 is
a partial cross-section. This establishes the �rst part of (3). The second part
follows from the fact that a pair of geodesics in H have non-empty transverse
intersection if and only if their endpoints link in S1 and the fact that linking
a particular pair of points in S1 is an open condition on pairs of points in S1 .

It remains to establish (1). Suppose that ~xi; ~x 2 ~B and that ~xi ! ~x. We
assume at �rst that �(~x) 6= !(~x). According to Lemma 11.4 there are two
cases to consider. In the �rst, every neighborhood U+ of !(~x) contains T+

1

and T−1 where T1 is a near cycle for an element of O(~x) and every neighborhood
U− of �(~x) contains T+

2 and T−2 where T2 is a near cycle for an element of
O(~x). For su�ciently large i both T1 and T2 are near cycles for elements of
O(~xi). Corollary 10.5 implies that f�(~xi); !(~xi)g intersects both U+ and U−

for all su�ciently large i. This completes the proof of (1) in the �rst case and
so also the proof of (2) and (3) in the �rst case.

In the second case, Lemma 11.4 implies that ~γ(~x) is the axis of a near cycle
for ~x so we have proved (2) and (3). As in the �rst case, for all su�ciently
large i, say i > N , ~γ(~x) is the axis of a near cycle for an element of O(~xi).
Lemma 10.2 and (2) imply that ~γ(~xi) and ~γ(~x) are either disjoint or equal for
i > N . Lemma 10.5 therefore implies that they are equal.

It remains to establish (1) when ~�(~x) = ~!(~x). By Lemma 11.2, ~�(~x) = ~!(~x) =
T� for a parabolic covering translation and every near cycle for O(~x) is an
iterate of T . For su�ciently large i, iterates of T are near cycles for elements
of O(~xi). By Lemma 10.5 either �(~xi) or !(~xi) is T� . This rules out the
possibility that γ(xi) is de�ned and birecurrent. The only other possibility is
that ~�(~xi) = ~!(~xi) = T� .
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12 Proof of Theorem 1.1

The following result is implicit in the paper of Atkinson [1]. Since it is not
explicit there we give the (short) proof here. This proof is essentially the same
as an argument in [1].

Proposition 12.1 Suppose T : X ! X is an ergodic automorphism of a
probability space (X; �) and let � : X ! R be an integrable function withR
� d� = 0: Let S(n; x) =

Pn−1
i=0 �(T i(x)). Then for any " > 0 the set of x

such that jS(n; x)j < " for in�nitely many n is a full measure subset of X .

Proof Let A denote the set of x such that jS(n; x)j < " for only �nitely many
n. We will show the assumption �(A) > 0 leads to a contradiction. Suppose
�(A) > 0 and let Am denote the subset of A such that jS(i; x)j < " for m or
fewer values of i. Then A = [Am and there is an N > 0 such that �(AN ) > p
for some p > 0:

The ergodic theorem applied to the characteristic function of AN implies that
for almost all x and all su�ciently large n (depending on x) we have

card(AN \ fT i(x) j 0 � i < ng)
n

> p:

We now �x an x 2 AN with this property. Let Bn = fi j 0 � i � n and T i(x) 2
ANg and r = card(Bn); then r > np. Any interval in R of length " which
contains S(i; x) for some i 2 Bn contains at most N values of fS(j; x) : j > ig:
Hence any interval of length " contains at most N elements of fS(i; x) j i 2 Bng:
Consequently an interval containing the r numbers fS(i; x) j i 2 Bng must have
length at least r"=N . Since r > np this length is > np"=N: Therefore

sup
0�i�n

jS(i; x)j > np"

2N
;

and hence by the ergodic theorem, for almost all x 2 AN��� Z � d�
��� = lim

n!1
jS(n; x)j

n
= lim sup

n!1

jS(n; x)j
n

>
p"

2N
> 0:

This contradicts the hypothesis so our result is proven.

Corollary 12.2 Suppose T : X ! X is an automorphism of a Borel proba-
bility space (X;�) and � : X ! R is an integrable function. Let S(n; x) =Pn−1

i=0 �(T i(x)) and suppose �(P ) > 0 where P = fx j limn!1 S(n; x) =1g:
Let

�̂(x) = lim
n!1

S(n; x)
n

:
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Then
R
P �̂ d� > 0: In particular �̂(x) > 0 for a set of positive �-measure.

Proof By the ergodic decomposition theorem there is a measure m on the
space M of all T invariant ergodic Borel measures on X with the property
that for any � integrable function  : X ! R we have

R
 d� =

R
M I( ; �) dm

where � 2M and I( ; �) =
R
 d�:

The set P is T invariant. Replacing �(x) with �(x)XP (x); where XP is the
characteristic function of P; we may assume that � vanishes outside P . Then
clearly �̂(x) � 0 for all x for which it exists. Let MP denote f� 2M j �(P ) >
0g. If � 2 MP the fact that �̂(x) � 0 and the ergodic theorem imply that
I(�; �) =

R
� d� =

R
�̂ d� � 0. Also Proposition 12.1 implies that

R
� d� = 0

is impossible so I(�; �) > 0: Then �(P ) =
R
I(XP ; �) dm =

R
�(P ) dm =R

MP
�(P ) dm: This implies m(MP ) > 0 since �(P ) > 0:

Hence Z
�̂ d� =

Z
� d� =

Z
I(�; �) dm �

Z
MP

I(�; �) dm > 0

since I(�; �) > 0 for � 2MP and m(MP ) > 0:

We are now prepared to complete the proof of the following result from x1.

Theorem 1.1 Suppose F : S ! S is a non-trivial, Hamiltonian surface dif-
feomorphism and that if S = S2 then Fix(F ) contains at least three points.
Then F has periodic points of arbitrarily high period.

Proof We �rst observe that F has in�nite order. If R(F ) 6= ; then this follows
from the fact that the isotopy class of F relative to Fix(F ) has in�nite order.
If R(F ) = ; this follows from Lemma 6.3.

Suppose that the periods of points in Per(F ) are bounded. We will show that
this leads to a contradiction. Replacing F with an iterate we may assume
Fix(F ) = Per(F ) 6= ;. By [4] and Proposition 7.1, M = S n Fix(F ) is F
invariant and f = F jM : M !M is isotopic to the identity.

No component of M can be a disk by Theorem 3.1. We �rst handle the case
that some component U is an annulus. In this case by Lemma 5.1 U can be
compacti�ed to a closed annulus �U in such a way that f extends to the identity
on at least one boundary component (this is where the assumption that Fix(f)
has at least three points if S = S2 is used). If the lift of f j �U which �xes points
on the boundary were to have mean rotation number zero, f j �U would have an
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interior �xed point by Theorem 2.1 of [15], which is impossible. Hence this
lift has non-zero mean rotation number and consequently a point of non-zero
rotation number. Also f j �U is chain recurrent since it preserves a �nite measure
positive on open sets. It now follows from Theorem 3.2 that f has points of
arbitrarily high period.

We are left with the case that all components of M have a hyperbolic structure.
If M is not connected we replace it by one component. Let ~f : H[S1 ! H[S1
be the identity lift of f .

We continue with the notation of the previous sections. Recall that by the
Poincar�e recurrence theorem the set of birecurrent points of M has full mea-
sure. Since there are only countably many simple closed geodesics and isolated
punctures in M , Lemma 11.2 and Lemma 11.6 imply that there is a set P � S
of positive measure such that one of the following conditions is satis�ed by all
x 2 P :

(1) γ(x) = γ for some simple closed geodesic γ

(2) O(x) rotates about c for some isolated puncture c

(3) γ(x) crosses � for some partial cross section �.

We consider these possibilities in order.

First assume γ(x) = γ is a simple closed geodesic. Let ~γ be a lift of γ and let
~P (~γ) = f~x 2 H : ~x projects into P and ~γ(~x) = ~γg. Recall that the canonical
cyclic cover f̂ : A! A associated to γ is induced from ~f by taking the quotient
space of H [S1 under the action of the indivisible covering translation T with
axis equal to ~γ . By Lemma 5.4 it su�ces to show that ~f considered as a
lift of f̂ has points of two di�erent rotation numbers. Denote the image of
~P (~γ) in A by P̂ . If T0 is another covering translation, not a power of T ,
then ~γ(T0(~x)) = T0(~γ) 6= ~γ so the covering map � : Int(A) ! M restricts to
a bijection between P̂ and P . In particular there is a �nite measure � on
P̂ de�ned by �(A) = !(�(A)). The identity lift of f is a lift of f̂ . We can
now apply Corollary 12.2 to f̂ : A! A with measure � and function � = �; a
homological displacement function, so that �̂(x) = �(x; ~f): It follows that there
is a point of A with positive rotation number. Since any point of @A has zero
rotation number for f̂ , this completes the proof in the �rst case.

Next we consider the case that O(x) rotates about c for some isolated puncture
c. Recall from De�nition 11.1 that this means if x 2 P then for a lift ~x 2 H
there is a parabolic covering translation T whose �xed point p corresponds to
c such that every near cycle for every point in O(~x) is a positive iterate of T .
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Let ~P (p) = f~x 2 H : ~x projects into P and ~!(~x) = ~�(~x) = pg. Let f̂ : A! A
be the canonical cyclic cover associated to γ and recall that f̂ jintA is induced
from ~f jH by taking the quotient space under the action of T . As in the previous
case the image P̂ � A of ~P (p) has a �nite invariant measure de�ned by �(A) =
!(�(A)). By Lemma 5.2 and Lemma 5.4 it su�ces to show that ~f considered
as a lift of f̂ has points of positive rotation number.

Let Û � intA be a lift of an open free disk U �M for f such that �(ÛP ) > 0
where ÛP = Û \ P̂ : A full measure set of UP = U \P is recurrent. But the fact
that O(x) rotates about c for x 2 P means that if x 2 UP \fk(UP ); for k > 0,
and x̂ 2 ÛP \�−1(x) then x̂ 2 ÛP \ f̂k(ÛP ): It follows that if V̂ = [n�0f̂

n(ÛP )
and V = [n�0f

n(UP ) then �jV̂ : V̂ ! V is a measure preserving bijection on
a set of full measure. In particular �(V̂ ) is �nite.

Let � : A ! R be a homological displacement function for the lift f̂ and let
�U : ÛP ! R be de�ned by

�U (x) =
n−1X
m=0

�(f̂m(x)):

where x 2 ÛP , f̂n(x) 2 ÛP , and f̂k(x) =2 ÛP for 1 � k < n: Note in this case
that if ~UP is a lift of ÛP and ~x 2 ~UP is a lift of x; then ~fn(~x) 2 T k( ~UP ) for
some k > 0: Hence if we identify H1(A; R) with R we can consider �U as a real
valued function which takes on only strictly positive integer values. In e�ect
�U is a homological displacement function for the �rst return map of f̂ on UP .

We claim that
R
V̂ � d� =

R
Ûp
�U d�: This can be seen by setting

Wn = fx 2 ÛP jf̂n(x) 2 ÛP and f̂k(x) =2 ÛP for 0 < k < ng

and letting Vn = [n−1
m=0f̂

m(Wn): ThenZ
Wn

�U d� =
Z
Wn

n−1X
m=0

�(f̂m(x)) d� =
n−1X
m=0

Z
f̂m(Wn)

� d� =
Z
Vn

� d�:

Since the Wn ’s are pairwise disjoint as are the Vn ’s and since ÛP = [Wn and
V̂ = [Vn the claim

R
V̂ � d� =

R
Ûp
�U d� follows.

Hence Z
V̂
�(x; ~f) d� =

Z
V̂
� d� =

Z
Ûp

�U d� > 0;

and it follows that �(x; ~f) > 0 on a set of positive measure. Since f̂ is covered by
the identity lift it has �xed points in the boundary of A and hence it has points
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of two distinct rotation numbers. By Lemma 5.4 f̂ has points of arbitrarily
high period.

We are left with the case that γ(x) crosses the partial cross section �, which we
will show contradicts the hypothesis that the flux homomorphism is zero. We
assume that all crossings of � by elements of Γ(f) are in the positive direction.
Let Ft be an isotopy of S with F0 = id and F1 = F: Let � : S ! H1(S;R) be
a homological displacement function. Then

��(Ft) ^ [�] =
Z
�(x; Ft) ^ [�] d� =

Z
�(x) ^ [�] d�:

Also since there is no x for which γ(x) crosses � in the negative sense we have
�(x; Ft) ^ [�] � 0 for all x in a full measure subset of S and hence

��(Ft) ^ [�] =
Z
�(x; Ft) ^ [�] d� �

Z
P
�(x; Ft) ^ [�] d�:

We want now to apply Corollary 12.2 with �(x) = �(x) ^ [�]; which will mean
that �̂(x) = �(x; Ft) ^ [�]: If S(n; x) =

Pn−1
i=0 �(F

i(x)) ^ [�] the fact that
γ(x) = γ for all x 2 P implies that lim

n!1
S(n; x)) =1 for all x 2 P . Thus by

Corollary 12.2 we conclude

��(Ft) ^ [�] �
Z
P
�(x; Ft) ^ [�] d� =

Z
P
�̂ d� > 0:

Therefore by Proposition 2.11 F(Ft)([�]) 6= 0 contradicting the hypothesis that
F is Hamiltonian.

Proof of Theorem 1.3 Replacing F by a power we may assume that F has
more than 2g + 2 �xed points where g is the genus of S . Let Q be a �nite set
consisting of more than 2g + 2 �xed points. By Theorem 1.1, we can choose
a periodic point x whose period is p > 1: Letting P = Q [ orb(x) we observe
that the Thurston canonical form of F relative to P cannot be periodic. This
is because any non-trivial periodic di�eomorphism of S can have at most 2g+2
�xed points (see [8]).

Hence some iterate of the Thurston canonical form of F relative to P must be
reducible with either a pseudo-Anosov component or a non-trivial Dehn twist
along a reducing curve. In either of these cases F p is not isotopic to the identity
relative to P .

Proof of Theorem 1.4 This is an immediate consequence of Theorem 1.3
and Proposition 7.1.
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