UNIVERSITATIS IAGELLONICAE ACTA MATHEMATICA, FASCICUEUS XXV
1985

The Central Limit Theorem for Transformations
on the Real Line

by Marian JABLONSKI and Jan MALCZAK

1. Introduction. The purpose of the present paper is to prove the central limit theorem
for a family of mappings of the real line into itself. This family contains as a special case

the functions of the form T(x) = atg(bx-+c). |
~ There is a large class of chaotic functions for which the central limit theorem holds.
This problem has been investigated in [4], [S], [6], [8], [10] for a transformation 7": [0, 1] -
~10,1] or for T: A~ A, where A4 is an n-dimensional compact connected manifold.
In the proof of the central limit theorem we shall use the technique developed in [3],
[9]. Tt is based on the fact that the Frobenius-Perron operator corresponding t the point
transformation under consideration has such property which allows us to prove the proper
approximation of the strong mixing coefficient some stationary sequence of random
variables. ' |

2. Preliminaries. Let (R, Z,v) be a measure space with o-finite measure v and let
L,(R, X, v) be the space of all functions f defined on the real line for which |f] is
integrable. For a measurable nonsingular function 7: R — R (ie., if AeZX, v(A) =0
implies v(T~'(4)) = 0) we define the Frobenius-Perron operator Pp: Li(R,Z,v) -
— L,(R, X, v) by the formula ‘

{Prfdv= | fdv
A T-1(4)
which is valid for each set 4 € X. The operator Py is linear, continuous and satisfies the
following conditions: -
(a) Py is positive: f=0 = Prf20;
(b) Py preserves integrals:

§ Ppfdv = § fdv, feLAR,Z,v);

(¢) Pyn = Py, where T” denotes the n-th iterate of T;

(d) Pyf = f iff the measure du = fdv is invarjant under T, ie, p(T™'(4)) = u(4}
for A€ Z. | | ,
13¢
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Let {I.}r= -, be a countable partition of the real line R such that
(i) each [, is an open set
(i) I, nI; = for k # j

k=

(ii1) RN U I, is a countable set

k=—aw

(iv) sup|f] = L< o0 .
where |I,| denotes the length of /.
Let T: (J I, » R be a function satisfying the following conditions:
(v) for any k the restriction T, of T to the interval /, is differentiable and its derivative
T, is locally Lipschitzean
(vi) |Ty(x)|=g>1 for xel,
(vii) T(4) = R |

LTV
(Tk(x))

(ix) w(x) = sup LIS

L,

(vil1)

is bounded and integrable on R, where lﬁk =T !

It is shown in [1] that for a function T satisfying (i)—(ix) there exists a unique
probabilistic, absolutely continuous (with respect to the Lebesgue measure m) measure y
on R, invariant under T.

In the sequel we shall denote by Py and P; the Frobenius-Perron operator defined
on L(R, X, m) and L,(R, Z, u), respectively, where X is o-field of Borel sets.

We state the following convergence theorem

THEOREM 1. Let T: \J I, = R be a function satisfyving (i}—(ix). Then there exist constants
K>0, C>0 and 0<s<1 such that for a nonnegative function f with bounded variation on R

(1) |P7 f— gl il Lyl -<~S"K( -_\/ S+Cl Al Lm)
and |
(2) 1PES = Gl W e amyl 2oy 5™ K( y F+CUS Neyem) »

where g, is the density of the probabilistic measure w invariant under T and \/ [ denotes
the variation of f over R.
Proof of this Theorem is given in [3].

3. A central limit theorem. Before stating our theorem let us make some assumptions.
Assume that there exists an increasing sequence of positive integers {a,}; such that
(x) there are M,>0, pe N such that

Card{]js: Iel—-a,, a,]} < Mlnp“



197

(xi) there exists d >0 such that

% K0 @n J
Y (| wdm— | odm)r+i<owo,
n=1 —o ~an

where w(x) is from (ix), and
C &
Y {s"nP( min gp)_l)m<oo,
n=1 [~ @n, an) *
where s, g, are from Theorem 1 and p is from (x).
Under the assumptions (i)—(xi) about the point transformation 7: R — R we shall
prove the following |

THEOREM 2. If either
(a) f is a function of bounded variation on R, or
(b) f is Hélder continuous,

then

3) 6" = E(f~EfY+2 T EI(~EN(f e T'=E,f)]<

'1"_1 ;
@ el GeTeBN<f - 0,0,

1 —1? _ I (z>0)
where E,f = | fdu, ®,(2) = N exp| — |dt if 6>0 and Dy(z) = 0 (2<0)

In order to prove this theorem we need the following notations and one lemma.
Let £, be a process on the probability space (R, X, p), (Z-o-field of the Borel sets)
given by the formula
& = 2(T7)

o

where y = ) a;y,, with o, # o; for i # j.

i=—o0

DenZ)te by M} the o-field generatéd by the sets of the f01.’m
{x € R: (fk(x): Tees él(x)) € A} ’

where AcR'**1 is a (I—k+1)-dimensional cube.
It is easy to see that 9§ is generated by the set of intervals {/;};2_.,.
We have the following

LeMMA. If T satisfies the assumptions (1)—(xi), then &, is a stationary process with the
strong mixing coefficients -

w(k) = sup sup |u(d o B)—p(A)p(B)

AcI] BemP
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satisfying the following inequalin'es

(5) a(m<s"(en®+d)( min g,)" ! +2( _[ wdm— | wdm)

[—an,8n] = dn

where c, d are some constants, o is from (ix) and 9. i the density of the invariant measure u.

Proof. Let B be a Borel set and 4 = |J I,, where J is a sﬁbset of the integer set. Define
ied
A, =An[~a,, a,] and 4) = A—A,. We have
B(T "(B) & A)—~u(B) ()] = (T ~"(B) ~ (4], 0 )~ p(B) (4, U AL
= u(T™"(B) N A)—~p(A) p(B)+pu(T " "(B) O A;)—p(AL) u(B)|

< (T (B) v Ap)~ p(Ap) u(B)| +2u(A4L).

Since (pr)gu = PT(fgn) for fe Ll(R:‘Zs ”) and “(T_"(B) N A::) = I (anA:.)XBdMa by (l)

and (x) we have
(T ~%(B) N A) — (A u(B)| = f (P"yan—pu(A4,)) ysdu)
P'(yang,)— 1149, IL,my 90
P

< u(B) max [P%, —p(4,) € max

[—am an] [—an,a“]

HK(\/(YA"g,u)-*_C”XA"gu”Li(m))( min gy,) 1

[ ~an,an]
+oo

nK(ZMlnpma'xg.u-]- Vgp'l"C”gn”Ll(m))( min g,u) '

[—an,an]
+ o0

< s%en”+d)( min g,)"", where ¢ = 2M ;Kmaxg, + \/gu and d = CK|1g,lIL,m)-

[—an,an]
On the other hand
lu(A)] = | j dlil = I _f gudm|< | wdm< | odn— | wdm.

An An An' -« T an

On

Therefore

an

(T ~"(B) N A)—pu(A)-u(B)| <s"(cn®+d)( min g,)" '+2{ j wdm— | wdm).

[~ an,dn] “~&n
Since
a(n)< sup sup |u(T~"(B) A A)~u(A)u(B),

Bel
Aem)

we have

cx(n)<s"(cn +d)( min g#) 1+ 2( I wdm -~ I (z)dm)

[— 3, an] —dp

This completes the proof of the lemma.
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Proof of Theorem 2. The estimation of the strong mixing coefficients for a stationary
process &, allows us to invoke Theorem 18.6.2 of [1] directly in order to obtain a central
limit theorem. Thus, we need only to prove

(6) | ElfI*"?<w
o0 . 245 1+8
(7) - k; [E|/—E{fIME}FF3]2+o< 0,

where E {f |9MME) is the conditional expectation of f given a ¢-field M, and

@ g
®) Y (2(n)) T+ < 0
' n=1
for some 6>0 and ariy f satisfying the assumptions of Theorem 2.
Let f be of bounded variation. The inequality (6) is obvious. The condition (8) is
a simple consequence of the inequality (5) and the assumption (ix). Therefore, it remains
only to prove (7). The o-field ML is generated by the intervals of the form

T~ -

ID::-

)

Denote by Q, the set of intervals given by (9). It is obvious that the length of each interval
from O, is not greater then L(inf|T') ¥, that is

(10) m(A)sL(inflT"I)"ksLQ"" -for every A€ Q, .

By ( 10) for any f of bounded variation we have

esimire” [[r-5ty [ o]
EJf—Ef] }I<Z f @ fdu | du

AEQk A

Z J(\/f) "“<va f(\/f)du
Y V) o (yf) .

- a0 Aer

. ~ 2+6 .
Hence since L(x) > L*(u) for 8 = m < 2, we obtain (7). Now, let f be Holder continuous.

We have
sup|f—E,{fIM5}| < sup sup | f— —— J‘fd”,
) AcQi A u(A)
Sjuep sup Lf ()~ < R(m(A)P <K (Gnf(TDP)*
€Qr x,¥ye

for some K>0 and B>0. This yields (7) and completes the proof of Theorem 2.

-~
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4. Example. The conditions (1}—(xi) are satisfied for T(x) = atg(bx+c¢) if Iabl>l
In fact, we have

» |ab]
T = =lab|>1,
I_ < cos?(bx+c) lab| >
TGl _ i1 y
- = |=sin2(bx+¢)| < —, and
TP la S al
o) = sup DN _la
| 7;| ﬂ(az‘l‘xz) .
Let a, = n®. We have
2 1\
J wdm— dem = (Tc——ZZarctgn—)b“l = 0(—2).
| a n
Therefore for §>2;
a0 o0 a, 3
Y ( f wdm— | 0dm)?¥i <.
n=1 —om —dn

From the fact that

la|
(Prf)(x) = Zf ( (amtg“k“ c))n(a2+x2)|b|
k=—ow
we obtain

P | : rct .l k lal : ct ¢ la
= == —1d ——KInT—C = T Y
9. = Frg, 9u\p & n(a® + x?)|b| Z G 58, n(a +x%)|b}

k=—w

¢ i, Ial |B] n
= —5—, where ¢ = — Hf 9,= 5, €xp | - for some constant o (see [3]).
s

a +x- |bl
-5
. : : : | 215
Thus, since (x) is satisfied with p = 2 and M, = = therefore
T :
: - 4
E : 553 z i a”+
(Snnp( min gﬂ )2+a£ (S (—i—))z+5<oo
[~ an, ay) C
n=1
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