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Abstract

In this paper we study some aspects of the topological structure
of the weak fuzzy normed spaces and its relation with the topological
vector spaces. We give characterizations of those topological vector
spaces that are metrizable, locally bounded and normable in terms of
weak fuzzy norms.
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1 Introduction

The study of fuzzy normed spaces is relatively recent in the field of fuzzy
functional analysis. The first definition of fuzzy norm on a linear space
was given by Katsaras [9] in 1984 while studyng topological vector spaces.
Following this work, Felbin [7] offered in 1992 an alternative definition of
a fuzzy norm on a linear space with an associated metric of Kaleva and
Seikkala’s type [8]. In 1994 Cheng and Mordeson [6] gave another definition
of fuzzy norm that corresponds with the notion of a fuzzy metric as defined
by Kramosil and Michalek in [10].

∗The author acknowledges the support of the Ministry of Economy and Competitive-
ness of Spain, Grant MTM2012-37894-C02-01
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The notion of weak fuzzy norm on a real vector space generalizes the no-
tion of fuzzy norm. Weak fuzzy norms appear in the theory of fuzzy normed
spaces when dealing with the duality in this context (see [2]). Indeed, if
(X,N) is a fuzzy normed space in the sense of Cheng and Mordeson ([6])
then its topological dual X∗ can be equipped with a weak fuzzy norm N∗

that plays a similar role to that the dual norm on the classical theory of
normed spaces ([2]). On the other hand, there is in the last years a growing
interest in the theory of extended normed spaces ([3, 4, 5]) and this class of
spaces, as we shall see in this paper, provides a natural class of examples of
weak fuzzy normed spaces. These facts motivate a fully exploration of the
weak fuzzy normed spaces. In this direction we here study some aspects of
the topological structure of these spaces and its relation with the classical
topological vector spaces.

Let X be a linear space and let a function ‖ · ‖ : X → R+ ∪ {∞}. If ‖ · ‖
satisfies the conditions of a norm we say that ‖ · ‖ is an extended norm. The
pair (X, ‖ · ‖) is called an extended normed space.

According to [13] a binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is a con-
tinuous t-norm if ∗ satisfies the following conditions: (i) ∗ is associative and
commutative; (ii) ∗ is continuous; (iii) a ∗ 1 = a for every a ∈ [0, 1]; (iv)
a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, with a, b, c, d ∈ [0, 1].

Three paradigmatic examples of continuous t-norms are ∧, · and ∗L (the
Lukasiewicz t-norm), which are defined by a ∧ b = min{a, b}, a · b = ab and
a ∗L b = max{a + b − 1, 0}, respectively. Recall that ∗L ≤ · ≤ ∧. In fact,
∗ ≤ ∧ for every continuous t-norm ∗.

2 Weak fuzzy normed spaces

Definition 1. ([2]) If X be a real vector space, a weak fuzzy norm on X
is a pair (N, ∗) such that, ∗ is a continuous t-norm and N is a fuzzy set
in X × [0,∞) satisfying the following conditions for every x, y ∈ X, and
t, s ≥ 0:

(FN1) N(x, 0) = 0.

(FN2) N(x, t) = 1 for all t > 0⇔ x = 0.

(FN3) N(cx, t) = N(x, t/ | c |) for every c ∈ R\{0}.

(FN4) N(x+ y, t+ s) ≥ N(x, t) ∗N(y, s).
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(FN5) N(x, ·) : [0,∞)→ [0, 1] is left continuous.

The triple (X,N, ∗) is called a weak fuzzy normed space.

If (N, ∗) is a weak fuzzy norm on X satisfying:

(FN6) limt→∞N(x, t) = 1 for all x ∈ X

then (N, ∗) is a fuzzy norm on X.
If, in adition, ∗ = ∧, then one has the notion of a fuzzy norm as given

by Cheng and Morderson [6].

Example 2. Let (X, ‖ · ‖) be an extended normed space.

(a) Let N : X × [0,∞)→ [0, 1] given by N(x, 0) = 0 for all x ∈ X and

N(x, t) =
t

t+ ‖x‖
,

for all x ∈ X and t > 0. Then (N, ∗) is a weak fuzzy norm on X, where
∗ is any continuous t-norm. Note that if there exists x ∈ X such that
‖x‖ =∞, then (N, ∗) is not a fuzzy norm because limt→∞N(x, t) = 0.

(b) Let N : X × [0,∞) → [0, 1] given by N(x, t) = 0 if t ≤ ‖x‖ and
N(x, t) = 1 if t > ‖x‖. Then (N, ∗) is a fuzzy norm on X, where ∗ is
any continuous t-norm. As above, if ‖x‖ =∞, then limt→∞N(x, t) =
0.

If (X,N, ∗) is a weak fuzzy normed space, the open ball BN (x, r, t) with
center x, radius r, 0 < r < 1, and t > 0 is defined as follows:

BN (x, r, t) = {y ∈ X : N(y − x, t) > 1− r}.

We note that BN (x, r, t) = x + BN (0, r, t), for all x ∈ X and 0 < r <
1, t > 0. The closed ball B̄N (x, r, t) with center x, radius r, 0 < r < 1, and
t > 0 is defined as follows:

B̄N (x, r, t) = {y ∈ X : N(y − x, t) ≥ 1− r}.

It is clear that if (X,N, ∗) is a weak fuzzy normed space, the fuzzy set
MN in X ×X × [0,∞) given by MN (x, y, t) = N(y − x, t) is a fuzzy metric
on X in the sense of Kramosil and Michalek [10]. This fuzzy metric induces
a topology τN on X, which has as a base the collection {BN (x, r, t) : x ∈
X, 0 < r < 1, t > 0}. Moreover τN is metrizable and the countable collection
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of balls {BN (x, 1/n, 1/n) : n = 2, 3, ...} forms a fundamental system of
neighborhoods of x, for all x ∈ X.

It is easy to see that if (X, ‖ · ‖) is an extended normed space, then
the topology τN agrees with the topology induced by the extended norm
‖ · ‖ where (N, ∗) is one of the weak fuzzy norms of Example 1. Therefore,
the extended normed spaces are included in the class of weak fuzzy normed
spaces.

In the same way that the subspace of an extended norm space consisting
of all vectors with finite norm is a normed space, the subspace of a weak
fuzzy normed space consisting of all vectors that satisfy condition (FN6) is
a fuzzy normed space.

If (X,N, ∗) is a weak fuzzy normed space, from Proposition 1 and 3 of
[1], we obtain the following properties of the open balls with center in the
origin.

Proposition 3. Let (X,N, ∗) be a weak fuzzy normed space and let B the
family of open balls with center in the origin. Then

(a) BN (0, r, t) is balanced for all t > 0 and 0 < r < 1.

(b) λBN (0, r, t) = BN (0, r, λt), for every λ > 0, t > 0 and 0 < r < 1.

(c) If U ∈ B there is V ∈ B such that V + V ⊂ U.

(d) If U, V ∈ B there is W ∈ B. such that W ⊂ U ∩ V.

e) If ∗ = ∧, then BN (0, r, t) is convex for all t > 0 and 0 < r < 1.

In the following proposition we show the closed relationship between the
absorbency of the open balls and condition (FN6).

Proposition 4. A weak fuzzy normed space (X,N, ∗) is a fuzzy normed
space if and only if B(0, r, t) is an absorbent set for all t > 0 and 0 < r < 1.

Proof. The ’only if’ part follows from [1, Proposition 1]. For the converse,
suppose that there exists x0 ∈ X such that limt→∞N(x0, t) 6= 1. Then
there exists 0 < ε < 1 such that N(x0, t) < 1 − ε for all t > 0. So that
N(x0, λt) < 1 − ε, for all λ > 0, i.e., x0

λ /∈ B(0, ε, t). Therefore B(0, ε, t) is
not an absorbent set.

It is well known that if (X,N, ∗) is a fuzzy normed space, then (X, τN )
is a topological vector space. This is not the case in general if (N, ∗) a weak
fuzzy norm on X. Indeed, by Proposition 4, if there exists x ∈ X such that
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limt→∞N(x, t) 6= 1, there exist neighborhoods of 0 that are not absorbent
sets. Consequently, (X, τN ) is not a topological vector space.

If (X, τ) is a topological vector space and (N, ∗) is a weak fuzzy norm
on X, we say that (N, ∗) is compatible with τ if τN = τ.

Proposition 5. If (X, τ) is a topological vector space and (N, ∗) is a weak
fuzzy norm on X compatible with τ, then (N, ∗) is a fuzzy norm.

Proof. If τN = τ, then BN (0, r, t) is neighborhood of 0 in (X, τ) for all
t > 0 and 0 < r < 1. Since (X, τ) is a topological vector space, we have
that BN (0, r, t) is an absorbent set for all t > 0 and 0 < r < 1 and so, by
Proposition 4, (N, ∗) is a fuzzy norm on X.

Then, we can obtain the following characterizations of metrizable topo-
logical vector spaces in terms of weak fuzzy norms.

Theorem 6. For a topological vector space (X, τ) the following conditions
are equivalent:

(1) (X, τ) is metrizable;

(2) there is a fuzzy norm (N, ∗) on X compatible with τ ;

(3) there is a weak fuzzy norm (N, ∗) on X compatible with τ .

Proof. (1) ⇒ (2) If (X, τ) is metrizable then there is a fuzzy norm (N, ∗L)
on X compatible with τ (see [11] or Theorem 2 of [1] ).

(2) ⇒ (1) If (N, ∗) is a fuzzy norm on X then (X, τN ) is a metrizable
topological vector space (see [12] or Theorem 1 (A) of [1]). Since τN = τ,
(X, τ) is metrizable.

(2)⇔ (3) This follows from Proposition 5.

Theorem 7. For a topological vector space (X, τ) the following conditions
are equivalent:

(1) (X, τ) is metrizable and locally convex;

(2) there is a fuzzy norm (N,∧) on X compatible with τ ;

(3) there is a weak fuzzy norm (N,∧) on X compatible with τ .

Proof. (1)⇔ (2) This is Theorem 4 of [1].
(2)⇔ (3) This follows from Proposition 5.
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From Proposition 5 and Theorems 5 and 7 of [1], we can also obtain
characterizations of those topological vector spaces that are locally bounded
and normable in terms of weak fuzzy norms.

Theorem 8. For a topological vector space (X, τ) the following conditions
are equivalent:

(1) (X, τ) is locally bounded;

(2) there is a fuzzy norm (N, ∗) on X compatible with τ such that limt→∞N(x, t) =
1 uniformly on an open ball centered at origin;

(3) there is a weak fuzzy norm (N, ∗) on X compatible with τ such that
limt→∞N(x, t) = 1 uniformly on an open ball centered at origin.

Theorem 9. For a topological vector space (X, τ) the following conditions
are equivalent:

(1) (X, τ) is normable;

(2) there is a fuzzy norm (N,∧) on X compatible with τ such that limt→∞N(x, t) =
1 uniformly on an open ball centered at origin;

(3) there is a weak fuzzy norm (N,∧) on X compatible with τ such that
limt→∞N(x, t) = 1 uniformly on an open ball centered at origin.

3 The dual of a fuzzy normed space

As mentioned at the beginning of this paper the notion of weak fuzzy
norm appears in the study of fuzzy normed spaces when it comes to con-
structing the dual space of a fuzzy normed spaces. In Section 4 of [2], after
an extensive research on structural properties of the fuzzy normed spaces,
the authors constructed an appropriate weak fuzzy norm on the topological
dual of a fuzzy normed space (X,N,∧) and then they proved a theorem of
Hahn-Banach type in the frame of fuzzy normed spaces which generalizes
the classical one for normed spaces.

Let (X,N,∧) a fuzzy normed space and let (Ns,∧) be the standard fuzzy
norm on R, i.e., Ns(x, 0) = 0 for x ∈ R and Ns(x, t) = t/(t + |x|) for all
x ∈ R and t > 0.

Denote by X∗ the set of all continuous linear mappings from (X, τN ) to
(R, τNs). (Note that τNs is the usual topology of R.)
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The weak fuzzy norm of X∗ is defined by N∗(f, 0) = 0 for all f ∈ X∗,
and

N∗(f, t) = sup{α ∈ [0, 1) : ‖f‖∗α < t},

for all f ∈ X∗, where

‖f‖∗α = sup{|f(x)| : ‖x‖1−α ≤ 1},

and
‖x‖1−α = inf{t > 0 : N(x, t) ≥ 1− α}.

The following example shows that (N∗,∧) is not in general a fuzzy norm
on X∗.

Example 10. (See Example 19 of [2]) Let X be the linear space of all
sequences x := (xn)n of real scalars and let (N,∧) be the fuzzy norm induced
on X by the ascending family of separating seminorms {‖ · ‖α : α ∈ (0, 1)}
given by ‖x‖α = qn(x) if α ∈ (n−1n , n

n+1 ], for all n ∈ N, where qn(x) =
max{|x1|, . . . , |xn|}.

Let f : X → R be the linear function given by f(x) = x1 +x2 +x3. Then,
f ∈ X∗ and ‖f‖∗1/2 =∞. Since ‖f‖∗α ≤ ‖f‖∗β whenever α ≤ β, we have that

N∗(f, t) = sup{α ∈ [0, 1) : ‖f‖∗α < t} < 1/2,

for all t > 0, therefore limt→∞N
∗(f, t) ≤ 1/2.
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