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MULTILINEARITY OF SKETCHES
DAVID B. BENSON

Transmitted by Jiri Rosicky
ABSTRACT. We give a precise characterization for when the models of the tensor
product of sketches are structurally isomorphic to the models of either sketch in the
models of the other. For each base category K call the just mentioned property (sketch)
K-multilinearity. Say that two sketches are K-compatible with respect to base category
Kcommute
just in case in each K-model, the limits for each limit speci cation in each sketch
with the colimits for each colimit speci cation in the other sketch and all
limits and colimits are pointwise. Two sketches are K-multilinear if and only if the two
sketches are K-compatible. This property then extends to strong Colimits of sketches.
We shall use the technically useful property of limited completeness and completeness
of every category of models of sketches. That is, categories of sketch models have all
limits commuting with the sketched colimits and and all colimits commuting with the
sketched limits. Often used implicitly, the precise statement of this property and its
proof appears here.

1. Introduction
As Ageron mentions in [2], the equivalence of the models of one sketch in the models
of another to the models of the second sketch in the models of the rst sketch depends
upon the commutivity of the limits and colimits speci ed. More is required to obtain
this equivalence in a structural manner. What is required is the pointwise construction of
the limits and colimits in the model categories, these being full subcategories of functor
categories. We develop these conditions, both necessary and sucient, through the use of
tensor sketches, [2]. The tensor sketch formed from two sketches inherently contains only
the acceptable limits and colimits, that is, those formed pointwise. We de ne a tensor
sketch of two sketches to be K-multilinear if and only if it is structurally isomorphic to
the models of the rst sketch in the models of the second with respect to base category
K.
We shall use the fact that, provided the base category K for models has enough limits
and colimits, the category of models Mod(s; K) for sketch s has all limits which commute
with the colimits speci ed by the sketch colimit speci cations in Cs and has all the colimits
which commute with the limits speci ed by the limit speci cations Ls . This fact is implicit
in studies such as [5, 1] and is stated here as a lemma.
A preliminary version of these ideas was presented at the Fourth Workshop on Foundational Methods
in Computer Science, June 1995, organized by Robin Cockett, the University of Calgary.
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Two sketches are said to be K-compatible when, indeed, the speci ed limits in models
of the rst sketch commute with the speci ed colimits in models of the second sketch and
the speci ed limits in models of the second sketch commute with the speci ed colimits
in models of the rst sketch and also all the speci ed limits and colimits are acceptable.
In section 3 we show that a tensor sketch is K-multilinear if and only if the two sketches
involved are K-compatible. In section 4 we outline the fact that the tensor product
of sketches commutes with the formation of any strong Colimit of a small diagram of
sketches.

2. Preliminaries

Fix a base category K. Throughout, K is assumed to have enough limits and colimits. In
particular, in every subcategory of functors F  KA that we consider, determining which
limits and colimits are pointwise will be of central importance.
In each diagram in any category B, D : D
B , the shape category D is small. For
simplicity of notation, limits and colimits are written as class representatives rather than
the class of isomorphic objects. So we write in the style of  = colim D for the apex of the
representative colimiting cone of the diagram D : D
B , and say that  is the colimit
of D. We shall use any of the following notations for the limit of a diagram D : D
B:
lim D = limD D = limd2D D(d): In some places the limits and colimits are taken with a
parameter, [4], not indicated in the subscripting but clear from the diagram form.
2.1. Closures of Limits and Colimits. As usual for small category A,
K is the evaluation functor. For each subcategory of functors F  KA,
" : A  KA
": A  F
K is the domain restriction of the evaluation functor.
/

/

/

/

/

2.2. Definition. Let F be a subcategory of functors F  KA . The diagram C : C

F

is said to be an acceptable colimit diagram if the colimit of C, colim C , exists in F and
moreover
colim C = colimC "  (A  C );
that is, the colimit of C is a pointwise colimit. The de nition of acceptable limit diagram
is entirely similar.
2.3. Definition. Let A be a small category and let F  KA be a category of functors.
A is said to be a limit constraint for F if every diagram F  L,
A diagram L : L
for F 2 F , has a limit. Similarly for colimit constraints. A limit constraint establishes
a functor Lim(L): F
K with value for each F 2 F being lim F  L. Similarly for
colimit constraints.
It is clear that Lim(L) = limL "  (L F ) although complete precision requires another
universe since F is not necessarily small. Our purpose is simply explicating the various
notations for the limits and colimits of immediate interest.
/

/

/
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2.4. Definition. With the notation just established, let L denote the class of all accept-

able colimit diagrams in F with colimits which in fact commute, up to isomorphism in K,
with every limit constraint in the class of limit constraints L. Precisely,

L = fC : C
/

Fj C acceptable and colimC Lim(L)  C = limL (colim C )  L
for all L : L
A2Lg
/

Similarly, C is the class of all acceptable limit diagrams with limits which commute, up to
isomorphism in K, with every colimit constraint in the class of colimit constraints C .
The isomorphism de ning L can also be written in the style

colimc2C liml2L C (c)(L(l)) 
= liml2L colimc2C C (c)(L(l))
since the functor colimits are pointwise.
An example for the base category Sets: Let F be a Diers category, [5], a subcategory
of SetsA. Such a category is given by limit constraints and coproduct constraints. It is
known that each such Diers category has all connected limits which are formed pointwise
in SetsA , since connected limits commute with coproducts in Sets. Symbolically,
(connected limits)  (coproducts):
2.5. Sketch Definitions.

2.6. Definition. A sketch s = (As ; Ls ; Cs ; s ) consists of a small category As , a class of

diagrams Ls called limit speci cations, a class of diagrams Cs called colimit speci cations,
and a function  = s assigning a cone to every limit speci cation in Ls and a cocone to
every colimit speci cation in Cs .
2.7. Definition. A sketch map from sketch s to sketch t is a functor F : As
At
such that F carries Ls into Lt and carries Cs to Ct homomorphically with respect to .
2.8. Definition. A model of sketch s in category K is a functor M : As
K such
that
/

/

lim M  L = M ((L))
colim M  C = M ((C ))

for all L in Ls;
for all C in Cs :

The category of all models of sketch s in category K is denoted by Mod(s; K) and typically
by Mod s when K = Sets. The category of models Mod(s; K) is a full subcategory of
KAs .
In the subcategory of functors Mod(s; K)  KAs , each limit speci cation of s is a
limit constraint and each colimit speci cation of s is a colimit constraint.
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Mod(s; K) such that

limL Colim(C )  L = colimC (lim L)  C for all C 2 Cs, that is, such that the limit
of L commutes with all the colimits speci ed in Cs ,
L 2 Cs :
/

Similarly, for each diagram C such that the colimit of C commutes with all the limits
speci ed in Ls , C 2 Ls :
Proof. Let L : L
Mod(s; K) be a diagram with limit commuting with all the colimits speci ed in Cs. The pointwise limit of the diagram, liml2L L(l), is given in
the functor category KAs by (x) = liml2L L(l)(x), x in s. It remains to show that
2 Mod(s; K). It suces to demonstrate, for each colimit speci cation C : C
As
in Cs, that colim  C = ((C )). We have colim L(l)  C = L(l)((C )); l 2 L, since
each L(l) is a model in Mod(s; K). Therefore,
/

/

((C )) = liml2L L(l)((C )) = liml2L colimc2C L(l)(C (c))
= colimc2C liml2L L(l)(C (c)) = colimc2C (C (c)):
An entirely similar argument applies to diagrams which commute with all the limits
speci ed in Ls.
From this lemma, we may say that the category of models Mod(s; K) is Cs -replete and
also Ls -coreplete.
For properties of sketches and models in Sets see [1, 5, 3].
2.10. Definition. Sketch s said to be K-compatible with sketch t just in case both (i)
and (ii) hold for every model M 2 Mod(s; Mod(t; K)):
(i) For every limit speci cation L : L
As in Ls , M  L 2 Ct. (ii) Symmetrically with regard to colimit
speci cations in s and Lt .
When sketch s is K-compatible with sketch t, for each model M the M -limits determined by the limit speci cations of sketch s commute with the colimits determined by the
colimit speci cations of sketch t. To give details, consider model M 2 Mod(s; Mod(t; K))
and limit speci cation L 2 Ls . We have, for each C 2 Ct,
/

limL Colim(C )  (M  L) 
= colim (lim M  L)  C

which also may be written as

liml2L colimc2C M (L(l))(C (c)) 
= colimc2C liml2L M (L(l))(C (c)):

Similarly with regard to colimit speci cations in s and limit speci cations in t.
In the next section we show that K-compatibility is symmetric with respect to the two
sketches.
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Here are some symbolic examples: A limit sketch, [1], is a sketch s in which the colimit
speci cation set is empty, Cs = ;. We shall say that such a sketch s is a (limit, ;)-sketch.
Clearly every pair of (limit, ;)-sketches is K-compatible for every base category K with
sucient limits.
A (connected limit, ;)-sketch is a (limit, ;)-sketch s in which the shape of every limit
speci cation in Ls is nonempty and connected. A (limit, coproduct)-sketch is a sketch t
in which the shape of every colimit speci cation in Ct is discrete. For each such sketch t,
Mod(t; Sets) is a Diers category. Each (connected limit, ;)-sketch s is Sets-compatible
with each (limit, coproduct)-sketch t.
The notion of a (connected limit, coproduct)-sketch is clear by example. Every pair
of (connected limit, coproduct)-sketches is Sets-compatible.
2.11. Sketch Tensor Products.
2.12. Definition. Let s and t be sketches. The tensor product of s and t is the sketch

s t = (As  At; Ls t; Cs t ; s t)
where the limit speci cation and colimit speci cation data in the tensor product sketch
s t is given as follows: For L 2 Ls ; L : D
As ; and each object y of At, written y
in t, let Ly denote the diagram
/

Ly : D
and let
For L 2 Lt; L : D
diagram
and let

/

As  At : d
/



/

(L(d); y)

s t(Ly ) = (s(L); y):
At; and each object x of As, written x in s, let Lx denote the
Lx : D
/

As  At : d


/

(x; L(d))

s t(Lx ) = (x; t(L)):
The class of limit speci cations for s t is

Ls t = fLxjL 2 Lt; x in sg [ fLy jL 2 Ls ; y in tg:
The construction of the colimit speci cation data is entirely similar.
One easily checks that s t is the sketch in the product category As  At with the
coarest limit and colimit speci cation data such that the canonical functors

(x; ;): At
(;; y): As

/

/

As  At;

x in s;

As  At;

y in t;

Theory and Applications of Categories, Vol. 3, No. 11

274

are sketch maps, written
s t;
viz,
(;; y): s
s t:
(x; ;): t
This de nition of tensor product thus agrees with that in [2].
Note that in every model M of s t the M -limit of every limit speci cation Lx for
L 2 Lt and x in s commutes with the M -colimit of every colimit speci cation Cy for
C 2 Cs and y in t, and similarly regarding Ct and Ls. The sketch object (s(C ); t(L)) of
s t provides, simultaneously, the M -limit of Ls(C) and the M -colimit of Ct(L) in every
model M of s t. Here is the calculation for M 2 Mod(s t; K), limit speci cation
L: L
As 2 Ls and colimit speci cation C : C
At 2 Ct :
colimc2C lim M  LC(c) = colimc2C M (s t (LC(c)))
= colimc2C M (s(L); C (c))
= M (s(L); t(C ))
= liml2L M (L(l); t(C ))
= liml2L M (s t (CL(l)))
= liml2L colim M  CL(l):
Therefore the model category Mod(s t; K) is empty if the limits and colimits speci ed
by one of the sketches do not commute, in K, with the colimits and limits speci ed by
the other. An example is found in [2].
2.13. Lemma. For any pair of sketches s and t, the functor Curry : KAs At
KAt As ;
where Curry(M )(x)(y) = M (x; y), domain and codomain restricts to
Mod(s; Mod(t; K)) :
Curry : Mod(s t; K)
This restricted functor Curry is injective on objects.
Proof. For each M 2 Mod(s t; K); Curry(M ) is a model of s in Mod(s; KAt ) since
for each L : L
As 2 Ls and each y in s,
liml2L Curry(M )(L(l))(y) = liml2L M (L(l); y)
= lim M  Ly
= M (s t(Ly ))
= M (s(L); y)
= Curry(M )(s(L))(y)
is pointwise so that lim Curry(M )  L = Curry(M )(s (L)) and similarly for the colimit
speci cations in Cs. Further, Curry(M ) is a model of s in Mod(s; Mod(t; K)) as for
each x in s, Mx = Curry(M )(x) enjoys the properties that
lim Mx  L = Mx(t(L))
for all L 2 Lt;
colim Mx  C = Mx(t(C ))
for all C 2 Ct
/

/

/

/

/

/

/
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since: for each L 2 Ls , Mx (t(L)) = M (s t(Lx)) = lim M  Lx = lim Mx  L and
similarly for colimit speci cations. The injectivity follows immediately from the fact that
the original Curry is an isomorphism.
2.14. Definition. For sketches s and t, the tensor sketch s t is said to be K-multilinear
if
Curry : Mod(s t; K) 
= Mod(s; Mod(t; K))
is an isomorphism.
By the symmetry in the de nition, s t 
= t s. To repeat, in the next section we
show that multilinearity is also symmetric.

3. Multilinearity is equivalent to compatibility
3.1. Theorem. For all sketches s and t, s t is K-multilinear if and only if s is K-

compatible with t.
Proof. Assume that sketch s is K-compatible with sketch t. From the previous lemma,
Mod(s; Mod(t; K)) . It remains to show that every
(2.5), Mod(s t; K)
model in Mod(s; Mod(t; K)) is isomorphic to a model in Mod(s t; K) via Uncurry,
where Uncurry(M )(x; y) = M (x)(y): To this end consider M 2 Mod(s; Mod(t; K)):
At
First, M is a functor M : As
KAt with the property that for each C : C
in Ct and for each x in s, colimC M (x)  C = M (x)(t(C )): Via Uncurry, we have
colimC Uncurry(M )  Cx = Uncurry(M )(s t (Cx)). For each y in t the M -limit of
speci cation L : L
As in Ls is liml2L M (L(l))(y) = M (s (L))(y) by K-compatibility.
This establishes that limL Uncurry(M )  Ly = Uncurry(M )(s t (Ly )). The case
of limit speci cations in t and colimit speci cations in s is entirely similar. Therefore
Uncurry(M ) 2 Mod(s t; K). Clearly the functor Uncurry is injective on objects. It
is immediately that Curry and Uncurry are bijective on natural transformations and
so Curry is an isomorphism.
Now assume that Mod(s; Mod(t; K)) 
= Mod(s t; K) via the functor Uncurry.
Consider any limit speci cation L : L
As in Ls and M 2 Mod(s; Mod(t; K)). We
see that M  L is an acceptable limit diagram by the following in which for notational
convenience we let M 0 = Uncurry(M ). For each y in t
(lim M  L)(y) = M (s(L))(y) = M 0(s t (Ly )) = lim M 0  Ly = liml2L M (L(l))(y)
so that lim M  L is indeed pointwise. Continuing the same notation, consider in addition
any colimit speci cation C : C
At in Ct. We have, by taking the colimit of the
above,
colimc2C liml2L M 0(L(l); C (c)) = M 0(s (L); t(C ))
while for each l 2 L,
colimc2C M 0(L(l); C (c)) = M 0(L(l); t(C ))




/

/

/

/

/

/
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and so

liml2L colimc2C M 0(L(l); C (c)) = M 0(s(L); t(C )):
As the argument for colimit speci cations in s is entirely similar, we have completed the
proof that s is K-compatible with t.
3.2. Remark. Since the case of Mod(t; Mod(s; K)) is symmetric to the situation just
considered we have that t in K-compatible with s if and only if s is K-compatible with t.
As a computer science application of this theorem, note that the natural join { in
the sense of relational databases { is a pullback. Pullbacks may be speci ed in a (connected limit, ;)-sketch. Lists and streams with cons, hd, and tl may be speci ed in a
(limit, coproduct)-sketch. From the theorem we have that joins of lists are structurally
isomorphic to lists of joins.
As another example, note that the tensor product of two (connected limit, coproduct)sketches is again a (connected limit, coproduct)-sketch.

4. Colimits of Sketches commute with Tensor Products
The de nition of the strong Colimit of sketches is given in Chapter 5 of [5] with respect
to a small weight W : I op
Cats : These W -Colimits do not change the shapes of
the limit speci cations or the colimit speci cations in the sketches ;I for any diagram of
sketches ;: I
Sketches :
4.1. Definition. For each sketch s and each diagram of sketches ;: I
Sketches;
the diagram of sketches s ; is de ned by
(s ;)I = s (;I );
I 2 I:
We may then elide the redundant parenthesis to write s ;I . The following result is
entirely syntactic, that is, solely a property of sketches.
4.2. Theorem. For each sketch s, each diagram of sketches ;: I
Sketches and
each small weight W : I op
Cats ;
/

/

/

/

/

s StrongColimW ; 
= StrongColimW (s ;):
Proof. (Outline.) The strong W -colimit construction has objects of the form
I (X )(A) = hI; X; Ai
for I in I , X in WI and A in ;I , [5], p. 102. The Colimiting cocone is denoted by
StrongColimW ; :
I (X ): ;I
In s StrongColimW ; the limit speci cations arising from L : L
As in Ls have
the form
LhI;X;Ai : l
(L(l); hI; X; Ai)
/

/



/
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for each I in I , each X in WI and each A in ;I . The cone assigned is

hI; X; Ai):
As in Ls have
In StrongColimW (s ;) the limit speci cations arising from L : L
the form
hI; X; (L(l); A)i
I (X )  LA : l
for each I in I , each X in WI and each A in ;I . The cone assigned is
I (X )(s ;I (LA )) = hI; X; (s (L); A)i:
s

StrongColimW ; (LhI;X;Ai) = (s (L);

/



/

These give equivalent constraints on the models. An entirely similar argument applies to
the colimit speci cations.
4.3. Corollary. If sketch s is K-compatible with each sketch ;I ,
Mod(StrongColimW ;; Mod(s; K)) 
= Mod(s StrongColimW ;; K):

This corollary generalizes the usual notion of multilinearity in mathematical module
theory and is the main motivation for calling these properties of compatible sketches
K-multilinearity.

References

[1] Jiri Adamek & Jiri Rosicky, Locally Presentable and Accessible Categories, London Math. Soc.
Lecture Note Series 189, Cambridge University Press, 1994.
[2] Pierre Ageron, The logic of structures, J. Pure Appl. Alg. 79(1992), 15-34.
[3] Michael Barr & Charles Wells, Category Theory for Computing Science second edition, Prentice
Hall International, 1995. See Electronic Suppliment.
[4] Saunders Mac Lane, Categories for the Working Mathematician, Springer-Verlag, 1971.
[5] Michael Makkai & Robert Pare, Accessible Categories: The Foundations of Categorical Model
Theory, Contemporary Mathematics 104, Amer. Math. Soc., 1989. Review by John Gray, Bull.
Amer. Math. Soc. (New Series) 25(1991), 131-140.

School of Electrical Engineering and Computer Science
Washington State University
Box 642752
Pullman, WA 99164-2752
U.S.A.
Email: dbenson@eecs.wsu.edu

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/1997/n11/n11.fdvi,psg

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that
signi cantly advance the study of categorical algebra or methods, or that make signi cant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of
pure category theory, including higher dimensional categories; applications of category theory to algebra,
geometry and topology and other areas of mathematics; applications of category theory to computer
science, physics and other mathematical sciences; contributions to scienti c knowledge that make use of
categorical methods.
Articles appearing in the journal have been carefully and critically refereed under the responsibility
of members of the Editorial Board. Only papers judged to be both signi cant and excellent are accepted
for publication.
The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived
electronically and in printed paper format.
Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as
they are published. Full text of published articles is available in .dvi and Postscript format. Details will
be e-mailed to new subscribers and are available by WWW/ftp. To subscribe, send e-mail to tac@mta.ca
including a full name and postal address. For institutional subscription, send enquiries to the Managing
Editor, Robert Rosebrugh, rrosebrugh@mta.ca.
Information for authors. The typesetting language of the journal is TEX, and LATEX is the
preferred avour. TEX source of articles for publication should be submitted by e-mail directly to an
appropriate Editor. They are listed below. Please obtain detailed information on submission format and
style les from the journal's WWW server at URL http://www.tac.mta.ca/tac/ or by anonymous ftp
from ftp.tac.mta.ca in the directory pub/tac/info. You may also write to tac@mta.ca to receive
details by e-mail.
Editorial board.
John Baez, University of California, Riverside: baez@math.ucr.edu
Michael Barr, McGill University: barr@triples.math.mcgill.ca
Lawrence Breen, Universite de Paris 13: breen@math.univ-paris13.fr
Ronald Brown, University of North Wales: r.brown@bangor.ac.uk
Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu
Aurelio Carboni, Universita della Calabria: carboni@unical.it
P. T. Johnstone, University of Cambridge: ptj@pmms.cam.ac.uk
G. Max Kelly, University of Sydney: kelly m@maths.usyd.edu.au
Anders Kock, University of Aarhus: kock@mi.aau.dk
F. William Lawvere, State University of New York at Bu alo: wlawverer@acsu.buffalo.edu
Jean-Louis Loday, Universite de Strasbourg: loday@math.u-strasbg.fr
Ieke Moerdijk, University of Utrecht: moerdijk@math.ruu.nl
Susan Nie eld, Union College: niefiels@union.edu
Robert Pare, Dalhousie University: pare@cs.dal.ca
Andrew Pitts, University of Cambridge: ap@cl.cam.ac.uk
Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca
Jiri Rosicky, Masaryk University: rosicky@math.muni.cz
James Stashe , University of North Carolina: jds@charlie.math.unc.edu
Ross Street, Macquarie University: street@macadam.mpce.mq.edu.au
Walter Tholen, York University: tholen@mathstat.yorku.ca
Myles Tierney, Rutgers University: tierney@math.rutgers.edu
Robert F. C. Walters, University of Sydney: walters b@maths.usyd.edu.au
R. J. Wood, Dalhousie University: rjwood@cs.da.ca

