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Preface

Preface to Version 1.1

This is a corrected version of the first (and only) edition of the text, published by in
1984 by Springer-Verlag as Grundlehren der mathematischen Wissenschaften 278. It is
available only on the internet, at the locations given on the title page.

All known errors have been corrected. The first chapter has been partially revised and
supplemented with additional material. The later chapters are essentially as they were in
the first edition. Some additional references have been added as well (discussed below).

Our text is intended primarily as an exposition of the mathematics, not a historical
treatment of it. In particular, if we state a theorem without attribution we do not in any
way intend to claim that it is original with this book. We note specifically that most of the
material in Chapters 4 and 8 is an extensive reformulation of ideas and theorems due to C.
Ehresmann, J. Bénabou, C. Lair and their students, to Y. Diers, and to A. Grothendieck
and his students. We learned most of this material second hand or recreated it, and so
generally do not know who did it first. We will happily correct mistaken attributions
when they come to our attention.

THE BIBLIOGRAPHY. We have added some papers that were referred to in the original
text but didn’t make it into the bibliography, and also some texts about the topics herein
that have been written since the first edition was published. We have made no attempt
to include research papers written since the first edition.

ACKNOWLEDGMENTS. We are grateful to the following people who pointed out errors
in the first edition: D. Cubri¢, Samuel Eilenberg, Felipe Gago-Cuso, B. Howard, Pe-
ter Johnstone, Christian Lair, Francisco Marmolejo, Colin McLarty, Jim Otto, Vaughan
Pratt, Dwight Spencer, and Fer-Jan de Vries.

When (not if) other errors are discovered, we will update the text and increase the
version number. Because of this, we ask that if you want a copy of the text, you download
it from one of our sites rather than copying the version belonging to someone else.

Preface to the First Edition

A few comments have been added, in italics, to the original preface. As its title suggests,
this book is an introduction to three ideas and the connections between them. Before
describing the content of the book in detail, we describe each concept briefly. More

vi



TOPOSES, TRIPLES AND THEORIES vii

extensive introductory descriptions of each concept are in the introductions and notes to
Chapters 2, 3 and 4.

A topos is a special kind of category defined by axioms saying roughly that certain
constructions one can make with sets can be done in the category. In that sense, a topos
is a generalized set theory. However, it originated with Grothendieck and Giraud as
an abstraction of the properties of the category of sheaves of sets on a topological space.
Later, Lawvere and Tierney introduced a more general idea which they called “elementary
topos” (because their axioms were first order and involved no quantification over sets),
and they and other mathematicians developed the idea that a theory in the sense of
mathematical logic can be regarded as a topos, perhaps after a process of completion.

The concept of triple originated (under the name “standard constructions”) in Gode-
ment’s book on sheaf theory for the purpose of computing sheaf cohomology. Then Peter
Huber discovered that triples capture much of the information of adjoint pairs. Later
Linton discovered that triples gave an equivalent approach to Lawvere’s theory of equa-
tional theories (or rather the infinite generalizations of that theory). Finally, triples have
turned out to be a very important tool for deriving various properties of toposes.

Theories, which could be called categorical theories, have been around in one incarna-
tion or another at least since Lawvere’s Ph.D. thesis. Lawvere’s original insight was that a
mathematical theory—corresponding roughly to the definition of a class of mathematical
objects—could be usefully regarded as a category with structure of a certain kind, and a
model of that theory—one of those objects—as a set-valued functor from that category
which preserves the structure. The structures involved are more or less elaborate, de-
pending on the kind of objects involved. The most elaborate of these use categories which
have all the structure of a topos.

Chapter 1 is an introduction to category theory which develops the basic constructions
in categories needed for the rest of the book. All the category theory the reader needs
to understand the book is in it, but the reader should be warned that if he has had no
prior exposure to categorical reasoning the book might be tough going. More discursive
treatments of category theory in general may be found in Borceux [199/4], Mac Lane [1998],
and Barr and Wells [1999]; the last-mentioned could be suitably called a prequel to this
book.

Chapters 2, 3 and 4 introduce each of the three topics of the title and develop them
independently up to a certain point. Each of them can be read immediately after Chapter
1. Chapter 5 develops the theory of toposes further, making heavy use of the theory of
triples from Chapter 3. Chapter 6 covers various fundamental constructions which give
toposes, with emphasis on the idea of “topology”, a concept due to Grothendieck which
enables us through Giraud’s theorem to partially recapture the original idea that toposes
are abstract sheaf categories. Chapter 7 provides the basic representation theorems for
toposes. Theories are then carried further in Chapter 8, making use of the representation
theorems and the concepts of topology and sheaf. Chapter 9 develops further topics in
triple theory, and may be read immediately after Chapter 3. Thus in a sense the book,
except for for Chapter 9, converges on the exposition of theories in Chapters 4 and 8. We
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hope that the way the ideas are applied to each other will give a coherence to the many
topics discussed which will make them easier to grasp.

We should say a word about the selection of topics. We have developed the introduc-
tory material to each of the three main subjects, along with selected topics for each. The
connections between theories as developed here and mathematical logic have not been
elaborated; in fact, the point of categorical theories is that it provides a way of making
the intuitive concept of theory precise without using concepts from logic and the theory
of formal systems. The connection between topos theory and logic via the concept of the
language of a topos has also not been described here. Categorical logic is the subject of
the book by J. Lambek and P. Scott [1986] which is nicely complementary to our book.

Another omission, more from lack of knowledge on our part than from any philo-
sophical position, is the intimate connection between toposes and algebraic geometry. In
order to prevent the book from growing even more, we have also omitted the connection
between triples and cohomology, an omission we particularly regret. This, unlike many
advanced topics in the theory of triples, has been well covered in the literature. See also
the forthcoming book, Acyclic Models, by M. Barr.

Chapters 2, 3, 5, 6 and 7 thus form a fairly thorough introduction to the theory of
toposes, covering topologies and the representation theorems but omitting the connections
with algebraic geometry and logic. Adding chapters 4 and 8 provides an introduction to
the concept of categorical theory, again without the connection to logic. On the other
hand, Chapters 3 and 9 provide an introduction to the basic ideas of triple theory, not
including the connections with cohomology.

It is clear that among the three topics, topos theory is “more equal” than the others
in this book. That reflects the current state of development and, we believe, importance
of topos theory as compared to the other two.

FOUNDATIONAL QUESTIONS. It seems that no book on category theory is considered
complete without some remarks on its set-theoretic foundations. The well-known set
theorist Andreas Blass gave a talk (published in Gray [1984]) on the interaction between
category theory and set theory in which, among other things, he offered three set-theoretic
foundations for category theory. One was the universes of Grothendieck (of which he
said that one advantage was that it made measurable cardinals respectable in France)
and another was systematic use of the reflection principle, which probably does provide a
complete solution to the problem; but his first suggestion, and one that he clearly thought
at least reasonable, was: None. This is the point of view we shall adopt.

For example, we regard a topos as being defined by its elementary axioms, saying
nothing about the set theory in which its models live. One reason for our attitude is that
many people regard topos theory as a possible new foundation for mathematics. When we
refer to “the category of sets” the reader may choose between thinking of a standard model
of set theory like ZFC and a topos satisfying certain additional requirements, including
at least two-valuedness and choice.
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We will occasionally use procedures which are set-theoretically doubtful, such as the
formation of functor categories with large exponent. However, our conclusions can always
be justified by replacing the large exponent by a suitable small subcategory.

TERMINOLOGY AND NOTATION. With a few exceptions, we usually use established ter-
minology and standard notation; deviations from customary usage add greatly to the
difficulties of the reader, particularly the reader already somewhat familiar with the sub-
ject, and should be made only when the gain in clarity and efficiency are great enough to
overcome the very real inconvenience they cause. In particular, in spite of our recognition
that there are considerable advantages to writing functions on the right of the argument
instead of the left and composing left to right, we have conformed reluctantly to tradition
in this respect: in this book, functions are written on the left and composition is read
right to left.

We often say “arrow” or “map” for “morphism”, “source” for “domain” and “target”
for “codomain”. We generally write “aX” instead of “ax” for the component at X of the
natural transformation «, which avoids double subscripts and is generally easier to read.
It also suppresses the distinction between the component of a natural transformation at
a functor and a functor applied to a natural transformation. Although these two notions
are semantically distinct, they are syntactically identical; much progress in mathematics
comes about from muddying such distinctions.

Our most significant departures from standard terminology are the adoption of Freyd’s
use of “exact” to denote a category which has all finite limits and colimits or for a
functor which preserves them and the use of “sketch” in a sense different from that of
Ehresmann. Our sketches convey the same information while being conceptually closer
to naive theories.

There are two different categories of toposes: one in which the geometric aspect is
in the ascendent and the other in which the logic is predominant. The distinction is
analogous to the one between the categories of complete Heyting algebras and that of
locales. Thinking of toposes as models of a theory emphasizes the second aspect and that
is the point of view we adopt. In particular, we use the term “subtopos” for a subcategory
of a topos which is a topos, which is different from the geometric usage in which the right
adjoint is supposed an embedding.

HISTORICAL NOTES. At the end of many of the chapters we have added historical notes.
It should be understood that these are not History as that term is understood by the
historian. They are at best the raw material of history.

At the end of the first draft we made some not very systematic attempts to verify
the accuracy of the historical notes. We discovered that our notes were divided into two
classes: those describing events that one of us had directly participated in and those that
were wrong! The latter were what one might conjecture on the basis of the written record,
and we discovered that the written record is invariably misleading. Our notes now make
only statements we could verify from the participants. Thus they are incomplete, but we
have some confidence that those that remain have some relation to the actual events.
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WHAT IS EXPECTED FROM THE READER. We assume that the reader is familiar with
concepts typically developed in first-year graduate courses, such as group, ring, topological
space, and so on. The elementary facts about sheaves which are needed are developed
in the book. The reader who is familiar with the elements of category theory including
adjoint functors can skip nearly all of Chapter 1; he may need to learn the element
notation introduced in Section 1.4 and the square bracket notation defined in Sections 1.6
and 1.7.

Most of the exercises provide examples or develop the theory further. We have mostly
avoided including exercises asking for routine verifications or giving trivial examples. On
the other hand, most routine verifications are omitted from the text; usually, in a proof,
the basic construction is given and the verification that it works is left to the reader (but
the first time a verification of a given type is used it is given in more detail). This means
that if you want to gain a thorough understanding of the material, you should be prepared
to stop every few sentences (or even every sentence) and verify the claims made there in
detail. You should be warned that a statement such as, “It is easy to see...” does not
mean it is necessarily easy to see without pencil and paper!

ACKNOWLEDGMENTS. We are grateful to Barry Jay, Peter Johnstone, Anders Linnér,
John A. Power and Philip Scott for reading portions of the manuscript and making many
corrections and suggestions for changes; we are particularly grateful to Barry Jay, who
up to two weeks before the final printout was still finding many obscurities and typoes
and some genuine mathematical errors. We have benefited from stimulating and infor-
mative discussions with many people including, but not limited to Marta Bunge, Radu
Diaconescu, John W. Duskin, Michael Fourman, Peter Freyd, John Gray, Barry Jay, Peter
Johnstone, André Joyal, Joachim Lambek, F. William Lawvere, Colin McLarty, Michael
Makkai and Myles Tierney. We would like to give especial thanks to Roberto Minio who
expended enormous effort in turning a string of several million zeroes and ones into the
text you see before you; John Aronis also helped in this endeavor, which took place at
Carnegie-Mellon University with the encouragement and cooperation of Dana Scott.

We are also grateful to Beno Eckmann, who brought us together at the Forschungs-
institut fiir Mathematik, ETH Ziirich. If Eilenberg and Mac Lane were the fathers of
categorical algebra, Eckmann was in a very real sense the godfather. Many of the most
important developments in categorical algebra and categorical logic took place in the
offices of the Forschungsinstitut, which was then on Zehnderweg.

Portions of this book were written while both authors were on sabbatical leave from
their respective institutions. The first author was supported during the writing by grants
from the National Science and Engineering Research Council, by a team grant from the
Ministere de I'Education du Québec and by a grant to the Groupe Interuniversitaire en
Etudes Catégories, also from the Ministere de IEducation du Québec. The second author
was partially supported by DOE contract DE-AC01-80RA5256. In addition we received
considerable free computing time from the McGill University Computing Centre.
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1

Categories

1. Definition of category

A category C consists of two collections, Ob(C), whose elements are the objects of C,
and Ar(C), the arrows (or morphisms or maps) of C. To each arrow is assigned a
pair of objects, called the source (or domain) and the target (or codomain) of the
arrow. The notation f: A—— B means that f as an arrow with source A and target B.
If f:A—— B and g: B—— C' are two arrows, there is an arrow go f: A—— C called
the composite of g and f. The composite is not defined otherwise. We often write g f
instead of go f when there is no danger of confusion. For each object A there is an arrow
id4 (often written 14 or just 1, depending on the context), called the identity of A, whose
source and target are both A. These data are subject to the following axioms:

1. for f: A—— B,
foidg =idpe f = f;

2. for f{A——B, g:B——C, h:C —= D,
ho(gef)=(hog)ef

A category consists of two “collections”, the one of sets and the one of arrows. These
collections are not assumed to be sets and in many interesting cases they are not, as will
be seen. When the collection of arrows is a set then the category is said to be small.
It follows in that case that the collection of objects is also a set since there is one-one
correspondence between the objects and the identity arrows.

While we do not suppose in general that the arrows form a set, we do usually suppose
(and will, unless it is explicitly mentioned to the contrary) that when we fix two objects
A and B of C, that the collection of arrows with source A and target B is a set. This set
is denoted Homgc (A, B). We will omit the subscript denoting the category whenever we
can get away with it. A set of the form Hom(A, B) is called a homset. Categories that
satisfy this condition are said to be locally small.

Many familiar examples of categories will occur immediately to the reader, such as the
category Sel of sets and set functions, the category GIp of groups and homomorphisms,

1



2 MICHAEL BARR AND CHARLES WELLS

and the category TOP of topological spaces and continuous maps. In each of these cases,
the composition operation on arrows is the usual composition of functions.

A more interesting example is the category whose objects are topological spaces and
whose arrows are homotopy classes of continuous maps. Because homotopy is compatible
with composition, homotopy classes of continuous functions behave like functions (they
have sources and targets, they compose, etc.) but are not functions. This category is
usually known as the category of homotopy types.

All but the last example are of categories whose objects are sets with mathematical
structure and the morphisms are functions which preserve the structure. Many mathe-
matical structures are themselves categories. For example, one can consider any group G
as a category with exactly one object; its arrows are the elements of G regarded as having
the single object as both source and target. Composition is the group multiplication, and
the group identity is the identity arrow. This construction works for monoids as well. In
fact, a monoid can be defined as a category with exactly one object.

A poset (partially ordered set) can also be regarded as a category: its objects are its
elements, and there is exactly one arrow from an element x to an element y if and only if
x < y; otherwise there are no arrows from z to y. Composition is forced by transitivity
and identity arrows by reflexivity. Thus a category can be thought of as a generalized
poset. This perception is important, since many of the fundamental concepts of category
theory specialize to nontrivial and often well-known concepts for posets (the reader is
urged to fill in the details in each case).

In the above examples, we have described categories by specifying both their objects
and their arrows. Informally, it is very common to name the objects only; the reader is
supposed to supply the arrows based on his general knowledge. If there is any doubt, it
is, of course, necessary to describe the arrows as well. Sometimes there are two or more
categories in general use with the same objects but different arrows. For example, the
following three categories all have the same objects: complete sup-semilattices, complete
inf-semilattices, complete lattices. Further variations can be created according as the
arrows are required to preserve the top (empty inf) or bottom (empty sup) or both.

1.1. SOME CONSTRUCTIONS FOR CATEGORIES. A subcategory D of a category C is a
pair of subsets Do and D4 of the objects and arrows of C respectively, with the following
properties.

1. If f € D4 then the source and target of f are in Dg.
2. If C € Do, then idg € Dy.

3. It f, g € Dy are a composable pair of arrows then go f € D 4.

The subcategory is full if for any C,D € Do, if f:C —= D in C, then f € Dy.
For example, the category of Abelian groups is a full subcategory of the category of
groups (every homomorphism of groups between Abelian groups is a homomorphism of
Abelian groups), whereas the category of monoids (semigroups with identity element) is
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a subcategory, but not a full subcategory, of the category of semigroups (a semigroup
homomorphism need not preserve 1).

One also constructs the product C x D of two categories C and D in the obvious
way: the objects of C x D are pairs (A, B) with A an object of C and B an object of D.
An arrow

(f,9): (A, B) — (A", B')

has f: A——= A" in C and g: B—— B’ in D. Composition is coordinatewise.

To define the next concept, we need the idea of commutative diagram. A diagram
is said to commute if any two paths between the same nodes compose to give the same
morphism. The formal definition of diagram and commutative diagram is given in 7.

If A is any object of a category C, the slice category C /A of objects of C over A has
as objects all arrows of C with target A. An arrow of C /A from f: B——=Ato g:C——=A
is an arrow h: B—— C making the following diagram commute.

B L C
\ /
A
In this case, one sometimes writes h: f —— g over A.
It is useful to think of an object of St /A as an A-indexed family of disjoint sets (the

inverse images of the elements of A). The commutativity of the above diagram means
that the function h is consistent with the decomposition of B and C' into disjoint sets.

1.2. DEFINITIONS WITHOUT USING ELEMENTS. The introduction of categories as a part
of the language of mathematics has made possible a fundamental, intrinsically categorical
technique: the element-free definition of mathematical properties by means of commuta-
tive diagrams, limits and adjoints. (Limits and adjoints are defined later in this chapter.)
By the use of this technique, category theory has made mathematically precise the unity
of a variety of concepts in different branches of mathematics, such as the many product
constructions which occur all over mathematics (described in Section 7) or the ubiqui-
tous concept of isomorphism, discussed below. Besides explicating the unity of concepts,
categorical techniques for defining concepts without mentioning elements have enabled
mathematicians to provide a useful axiomatic basis for algebraic topology, homological
algebra and other theories.

Despite the possibility of giving element-free definitions of these constructions, it re-
mains intuitively helpful to think of them as being defined with elements. Fortunately,
this can be done: In Section 4, we introduce a more general notion of element of an object
in a category (more general even when the category is S€t) which in many circumstances
makes categorical definitions resemble familiar definitions involving elements of sets, and
which also provides an explication of the old notion of variable quantity.
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1.3. ISOMORPHISMS AND TERMINAL OBJECTS. The notion of isomorphism can be given
an element-free definition for any category: An arrow f: A—— B in a category is an
isomorphism if it has an inverse, namely an arrow g: B—— A for which fog = idg
and go f =1idy4. In other words, both triangles of the following diagram must commute:

A—L .p
id g id
A - B

In a group regarded as a category, every arrow is invertible, whereas in a poset regarded
as a category, the only invertible arrows are the identity arrows (which are invertible in
any category).

It is easy to check that an isomorphism in GIp is what is usually called an isomorphism
(commonly defined as a bijective homomorphism, but some newer texts give the definition
above). An isomorphism in Set is a bijective function, and an isomorphism in TOpP is a
homeomorphism.

Singleton sets in Set can be characterized without mentioning elements, too. A ter-
minal object in a category C is an object T" with the property that for every object A
of C there is exactly one arrow from A to 7. It is easy to see that terminal objects in
Set, Top, and Grp are all one element sets with the only possible structure in the case of
the last two categories.

1.4. DuaLity. If C is a category, then we define C°P to be the category with the same
objects and arrows as C, but an arrow f: A—— B in C is regarded as an arrow from B
to A in C°P. In other words, for all objects A and B of C,

Homc¢ (A, B) = Homgop (B, A)

If f:A——= B and g: B——(C in C, then the composite f o g in C° is by definition the
composite go f in C. The category C°P is called the opposite category of C.

If P is a property that objects or arrows in a category may have, then the dual of P is
the property of having P in the opposite category. As an example, consider the property
of being a terminal object. If an object A of a category C is a terminal object in C°P, then
Homcop (B, A) has exactly one arrow for every object B of C. Thus the dual property
of being a terminal object is the property: Hom(A, B) has exactly one arrow for each
object B. An object A with this property is called an initial object. In Set and Top,
the empty set is the initial object (see “Fine points” on page 6). In GIP, on the other
hand, the one-element group is both an initial and a terminal object.

Clearly if property P is dual to property Q then property Q is dual to property P.
Thus being an initial object and being a terminal object are dual properties. Observe
that being an isomorphism is a self-dual property.
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Constructions may also have duals. For example, the dual to the category of objects
over A is the category of objects under A. An object is an arrow from A and an arrow
from the object f: A—— B to the object g: A——=C'is an arrow h from B to C for which
ho f=g.

Often a property and its dual each have their own names; when they don’t (and

sometimes when they do) the dual property is named by prefixing “co-”. For example,
one could, and some sources do, call an initial object “coterminal”, or a terminal object
“coinitial”.
1.5. DEFINITION OF CATEGORY BY COMMUTATIVE DIAGRAMS. The notion of category
itself can be defined in an element-free way. We describe the idea behind this alternative
definition here, but some of the sets we construct are defined in terms of elements. In
Section 6, we show how to define these sets without mentioning elements (by pullback
diagrams).

Before giving the definition, we mention several notational conventions that will recur
throughout the book.

1. If X and Y are sets, p;: X x Y ——= X and py: X X Y ——=Y are the coordinate
projections.

2. If X, Y and Z are sets and f: X —=Y, g: X ——= 7 are functions,
(f,9): X —=Y x Z
is the function whose value at a € X is (f(a), g(a)).
3. X, Y, Z and W are sets and f: X —= 7, g: Y ——= W are functions, then
fXgXXxY—ZxW

is the function whose value at (a,b) is (f(a), g(b)). This notation is also used for
maps defined on subsets of product sets (as in 4 below).

A category consists of two sets A and O and four functions d°, d': A—=0O, u: O——=A
and m: P—— A, where P is the set

{(f,9) | d°(f) =d'(9)}

of composable pairs of arrows for which the following Diagrams 1-4 commute. For exam-
ple, the right diagram of 2 below says that d!op; = d!om. We will treat diagrams more
formally in Section 7.

ido (1)
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This says that the source and target of idx is X.

P p2 A P p1 A
" a° " at 2
A—0>0 A——>0
d d

This says that the source of f o g is that of g and its target is that of f.

A (1,u0d®) p (uod1,1) A
. m , (3)
ida ida
A

This characterizes the left and right identity laws.
In the next diagram, @) is the set of composable triples of arrows:

Q={(f.9,h) [ d'(h) =d°(g) and d'(g) = d°(f)}

Q 1xm P
mx1 m (4)
P— A

This is associativity of composition.

It is straightforward to check that this definition is equivalent to the first one.

The diagrams just given actually describe geometric objects, namely the classifying
space of the category. Indeed, the functions between O, A, P and @ generated by u, d°,
d', m and the coordinate maps form a simplicial set truncated in dimension three. The
reader needs no knowledge of simplicial sets for this text.

1.6. FINE POINTS. Note that a category may be empty, that is have no objects and (of
course) no arrows. Observe that a subcategory of a monoid regarded as a category may
be empty; if it is not empty, then it is a submonoid. This should cause no more difficulty
than the fact that a submonoid of a group may not be a subgroup. The basic reason is
that a monoid must have exactly one object, while a subcategory need not have any.

It is important to observe that in categories such as Set, Grp and TOp in which the
arrows are actually functions, the definition of category requires that the function have
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a uniquely specified domain and codomain, so that for example in TOP the continuous
function from the set R of real numbers to the set R™ of nonnegative real numbers which
takes a number to its square is different from the function from R to R which does the
same thing, and both of these are different from the squaring function from R to R*.

A definition of “function” in Set which fits this requirement is this: A function is
an ordered triple (A, G, B) where A and B are sets and G is a subset of A x B with the
property that for each x € A there is exactly one y € B such that (z,y) € G. This is
equivalent to saying that the composite

G—AxB—A

is an isomorphism (the second function is projection on the first coordinate). Then the
domain of the function is the set A and the codomain is B. As a consequence of this
definition, A is empty if and only if G is empty, but B may or may not be empty. Thus
there is exactly one function, namely (0,0, B), from the empty set to each set B, so
that the empty set is the initial object in S€t, as claimed previously. (Note also that
if (A, G, B) is a function then G uniquely determines A but not B. This asymmetry is
reversed in the next paragraph.)

An equivalent definition of function is a triple (A, G*, B) where G* is the quotient
of the disjoint union A + B by an equivalence relation for which each element of B is
contained in exactly one equivalence class. In other words, the composite

B——=A+B—=G*

is an isomorphism, where the first arrow is the inclusion into the sum and the second is the
quotient mapping. This notion actually corresponds to the intuitive picture of function
frequently drawn for elementary calculus students which illustrates the squaring function
from {—2,-1,0,1,2} to {0,1,2,3,4} this way:

—2

D) 4
—1

1 1

The set GG is called the graph and G* the cograph of the function. We will see in
Section 1.8 that the graph and cograph are dual to each other.

EXERCISES 1.1.
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(SGRPOID)O. Show that the following definition of category is equivalent to the defini-
tion given in this section. In this definition, to say that an element e has the identity
property means that for all f and g, eo f = f whenever eo f is defined and goe = g
whenever g o e is defined.
This is the alternative definition: A category is a set with a partially defined binary
operation denoted “o” with the following properties:
a. the following statements are equivalent:

(i) feog and goh are both defined;
(ii) fo(geh) is defined;
(ili) (f o g)eh is defined;
b. if (f o g)oh is defined, then (fog)oh = fo(goh);

c. for any f, there are elements e and ¢’ with the identity property for which eo f and
f o€ are defined.

(CCON)?. Verify that the following constructions produce categories.

a. For any category C, the arrow category Ar(C) of arrows of C has as objects the
arrows of C, and an arrow from f: A—=B to g: A'——= B’ is a pair of arrows h: A—— A’
and k: B—— B’ making the following diagram commute:

AN n
f g
B B’

b. The twisted arrow category of C is defined the same way as the arrow category
except that the direction of £ is reversed.

(ISO)O. a. Show that h: f — ¢ is an isomorphism in the category of objects of C over
A if and only if & is an isomorphism of C.

b. Give an example of objects A, B and C' in a category C and arrows f: B—— A and
g: C' —— A such that B and C are isomorphic in C but f and g are not isomorphic in

C/A.

(IIT)°. Describe the isomorphisms, initial objects, and terminal objects (if they exist) in
each of the categories in Exercise c.

(IPOS)Q. Describe the initial and terminal objects, if they exist, in a poset regarded as
a category.

(TISO)O. Show that any two terminal objects in a category are isomorphic by a unique
isomorphism.
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(SKEL)O. a. Prove that for any category C and any arrows f and g of C such that the
target of ¢ is isomorphic to the source of f, there is an arrow f’ which (i) is isomorphic to
fin Ar(C) and (ii) has source the same as the target of g. (Ar(C) is defined in Exercise c
above.)

b. Use the fact given in (a) to describe a suitable definition of domain, codomain and
composition for a category with one object chosen for each isomorphism class of objects
of C and one arrow from each isomorphism class of objects of Ar(C). Such a category is
called a skeleton of C.

(COMP)O. A category is connected if it is possible to go from any object to any other
object of the category along a path of “composable” forward or backward arrows. Make
this definition precise and prove that every category is a union of disjoint connected
subcategories in a unique way.

(PREO)Q. A preorder is a set with a reflexive, transitive relation defined on it. Explain
how to regard a preorder as a category with at most one arrow from any object A to any
object B.

(OPP)O. a. Describe the opposite of a group regarded as a category. Show that it is
isomorphic to, but not necessarily the same as, the original group.

b. Do the same for a monoid, but show that the opposite need not be isomorphic to
the original monoid.

c. Do the same as (b) for posets.

(QUOT)O. An arrow congruence on a category C is an equivalence relation £ on the
arrows for which

(i) fEf" implies that f and f’ have the same domain and codomain.
(ii) If fEf" and gE¢' and f o g is defined, then (f o g)E(f o ¢’).

There are more general congruences in which objects are identified. These are consid-
erably more complicated since new composites are formed when the target of one arrow
gets identified with the source of another.

a. Show that any relation R on the arrows of C generates a unique congruence on C.

b. Given a congruence E on C, define the quotient category C/E in the obvious
way (same objects as C) and show that it is a category. This notation conflicts with the
slice notation, but context should make it clear. In any case, quotient categories are not
formed very often.

(Thus any set of diagrams in C generate a congruence £ on C with the property that
C/E is the largest quotient in which the diagrams commute.)

(PTD)O. Show that in a category with an initial object 0 and a terminal object 1, 0 = 1
if and only if there is a map 1 ——=0.
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2. Functors

Like every other kind of mathematical structured object, categories come equipped with
a notion of morphism. It is natural to define a morphism of categories to be a map which
takes objects to objects, arrows to arrows, and preserves source, target, identities and
composition.

If C and D are categories, a functor F:C ——D is a map for which

1. if f: A—— B is an arrow of C, then Ff: FA—— FB is an arrow of D;
2. F(idA):idFA; and
3. if g: B——C, then F(go f) = Fgo Ff.

If F:C ——=D is a functor, then F°P: C°? ——D°P is the functor which does the same
thing as F' to objects and arrows.

A functor F:C° ——= D is called a contravariant functor from C to D. In this
case, F°P goes from C to D°P. For emphasis, a functor from C to D is occasionally called
a covariant functor.

F:C ——=D is faithful if it is injective when restricted to each homset, and it is full
if it is surjective on each homset, i.e., if for every pair of objects A and B, every arrow
in Hom(F A, FB) is F of some arrow in Hom(A, B). Some sources use the phrase “fully
faithful” to describe a functor which is full and faithful.

F preserves a property P that an arrow may have if F'(f) has property P whenever
f has. It reflects property P if f has the property whenever F'(f) has. For example, any
functor must preserve isomorphisms (Exercise 2.2), but a functor need not reflect them.

Here are some examples of functors:

1. For any category C, there is an identity functor idg:C —=C.

2. The categories GIP and TOP are typical of many categories considered in mathe-
matics in that their objects are sets with some sort of structure on them and their
arrows are functions which preserve that structure. For any such category C, there
is an underlying set functor U:C —— Set which assigns to each object its set
of elements and to each arrow the function associated to it. Such a functor is also
called a forgetful functor, the idea being that it forgets the structure on the set.
Such functors are always faithful and rarely full.

3. Many other mathematical constructions, such as the double dual functor on vector
spaces, the commutator subgroup of a group or the fundamental group of a path
connected space, are the object maps of functors (in the latter case the domain is
the category of pointed topological spaces and base-point-preserving maps). There
are, on the other hand, some canonical constructions which do not extend to maps.
Examples include the center of a group or ring, and groups of automorphisms quite
generally. See Exercise ¢ and Exercise c.
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4. For any set A, let F'A denote the free group generated by A. The defining property
of free groups allows you to conclude that if f: A —— B is any function, there is
a unique homomorphism F'f: FA —— F'B with the property that Ffoi = jo f,
where i: A—— F A and j: B—— F'B are the inclusions. It is an easy exercise to see
that this makes F' a functor from Set to Grp. Analogous functors can be defined
for the category of monoids, the category of Abelian groups, and the category of
R-modules for any ring R.

5. For a category C, Hom¢ = Hom is a functor in each variable separately, as follows:
For fixed object A, Hom(A, f): Hom(A, B)—=Hom(A, C) is defined for each arrow
f: B——=C by requiring that Hom(A, f)(g) = f o g for ¢ € Hom(A, B); this makes
Hom(A, —):C —— Set a functor. Similarly, for a fixed object B, Hom(—, B) is
a functor from C° to Set; Hom(h, B) is composition with A on the right instead
of on the left. Hom(A, —) and Hom(—, B) are the covariant and contravariant
hom functors, respectively. Hom(—, —) is also a Sét-valued functor, with domain
Cep x C. A familiar example of a contravariant hom functor is the functor which
takes a vector space to the underlying set of its dual.

6. The powerset (set of subsets) of a set is the object map of an important contravari-
ant functor P from Set to Set which plays a central role in this book. The map from
P B to PA induced by a function f: A—— B is the inverse image map; precisely, if
By € PB,ie. By C B, then

Pf(Bo) ={z € A| f(z) € Bo}

The object function P can also be made into a covariant functor, in at least two
different ways (Exercise c).

7. If G and H are groups considered as categories with a single object, then a functor
from G to H is exactly a group homomorphism.

8. If P and (Q are posets, a functor from P to () is exactly a nondecreasing map. A
contravariant functor is a nonincreasing map.

2.1. ISOMORPHISM AND EQUIVALENCE OF CATEGORIES. The composite of functors is
a functor, so the collection of categories and functors is itself a category, denoted Cat. If
C and D are categories and F:C ——=D is a functor which has an inverse G: D —=C,
so that it is an isomorphism in the category of categories, then naturally C and D are
said to be isomorphic.

However, the notion of isomorphism does not capture the most useful sense in which
two categories can be said to be essentially the same; that is the notion of equivalence.
A functor F:C ——D is said to be an equivalence if it is full and faithful and has the
property that for any object B of D there is an object A of C for which F(A) is isomorphic
to B. The definition appears asymmetrical but in fact given the axiom of choice if there
is an equivalence from C to D then there is an equivalence from D to C (Exercise c).
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The notion of equivalence captures the perception that, for example, for most purposes
you are not changing group theory if you want to work in a category of groups which
contains only a countable number (or finite, or whatever) of copies of each isomorphism
type of groups and all the homomorphisms between them.

Statements in Section 1 like, “A group may be regarded as a category with one object
in which all arrows are isomorphisms” can be made precise using the notion of equivalence:
The category of groups and homomorphisms is equivalent to the category of categories
with exactly one object in which each arrow is an isomorphism, and all functors between
them. Any isomorphism between these categories would seem to require an axiom of
choice for proper classes.

2.2. CoMMA CATEGORIES. Let A, C and D be categories and F:C —=A, G:D —A
be functors. From these ingredients we construct the comma category (F,G) which
is a generalization of the slice A /A of a category over an object discussed in Section 1.
The objects of (F, Q) are triples (C, f, D) with f: FC —— GD an arrow of A and C, D
objects of C and D respectively. An arrow (h,k): (C, f, D) — (C', f', D') consists of
h:C ——=C" and k: D —— D’ making

FCo—th . por
f f!

commute. It is easy to verify that coordinatewise composition makes (F, G) a category.
When A is an object of A, we can consider it as a functor A: 1—=A. Then the comma
category (Ida, A) is just the slice A /A defined in Section 1. The category of arrows under
an object is similarly a comma category.
Each comma category (F,G) is equipped with two projections p;: (F,G) — C
projecting objects and arrows onto their first coordinates, and py: (F, G)——=D projecting
objects onto their third coordinates and arrows onto their second.

EXERCISES 1.2.

(PISO)O. Show that functors preserve isomorphisms, but do not necessarily reflect them.

(AC)O. Use the concept of arrow category to describe a functor which takes a group
homomorphism to its kernel.

(EAAM)®. Show that the following define functors:

a. the projection map from a product C x D of categories to one of them;

b. for C a category and an object A of C, the constant map from a category B to C
which takes every object to A and every arrow to id 4;

c. the forgetful functor from the category C /A of objects over A to C which takes an
object B—— A to B and an arrow h: B—— C over A to itself.
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(POWO)O. Show that the functor P of Example 6 is faithful but not full and reflects
isomorphisms.

(FTI)O. Give examples showing that functors need not preserve or reflect initial or ter-
minal objects.

(POW)O. Show that the map which takes a set to its powerset is the object map of at
least two covariant functors from Set to Set: If f: A—— B, one functor takes a subset
Ap of A to its image fi(Ag) = f(Ap), and the other takes Ay to the set

fo(A)) ={yeB| if f(z) =ythenz € A} ={y € B| f'(y) C Ao}

Show that f~!'(B) C A if and only if B C f.,(A) and that A C f~!(B) if and only if
fitA) € B.

(FRG)O. Show that the definition given in Example 4 makes the free group construction
F' a functor.

(CTR)O. Show that there is no functor from GIp to Grp which takes each group to its
center. (Hint: Consider the group G consisting of all pairs (a,b) where a is any integer
and 0 is 0 or 1, with multiplication

(a.b)(c,d) = (a+ (=1)'e, b+ d)
the addition in the second coordinate being mod 2.)

(AUT)®. Show that there is no functor from Grp to Grp which takes each group to its
automorphism group. (Hint: It is known that the group Gl3(Z/2Z) of invertible 3 x 3
matrices over the field of 2 elements is simple.)

(SKELQ)O. Show that every category is equivalent to its skeleton (see Exercise b of Sec-
tion 1).

(EQU)O. Show that equivalence is an equivalence relation on any set of categories. (This
exercise is easier to do after you do Exercise e of Section 3.)

(PREORD)O. a. Make the statement “a preordered set can be regarded as a category
in which there is no more than one arrow between any two objects” precise by defining
a subcategory of the category of categories and functors that the category of preordered
sets and order-preserving maps is equivalent to (see Exercise b of Section 1).

b. Show that, when regarded as a category, every preordered set is equivalent to a
poset.

(BOOL)®. An atom in a Boolean algebra is an element greater than 0 but with no
elements between it and 0. A Boolean algebra is atomic if every element x of the algebra
is the join of all the atoms smaller than x. A Boolean algebra is complete if every subset
has an infimum and a supremum. A CABA is a complete atomic Boolean algebra.
A CABA homomorphism is a Boolean algebra homomorphism between CABA’s which
preserves all infs and sups (not just finite ones, which any Boolean algebra homomorphism
would do). Show that the opposite of the category of sets is equivalent to the category of
CABA’s and CABA homomorphisms.
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(USL)O. An upper semilattice is a partially ordered set in which each finite subset
(including the empty set) of elements has a least upper bound. Show that the category of
upper semilattices and functions which preserve the least upper bound of any finite subset
(and hence preserve the ordering) is equivalent to the category of commutative monoids
in which every element is idempotent and monoid homomorphisms.

(COMA)®. Show that the arrow and twisted arrow categories of Exercise ¢ of Section 1
are comma categories.

(NSD)Q. Show neither that the category Set of sets nor the category Ab of abelian groups
is equivalent to its opposite category. (Hint: Find a property of the category for which
the dual property is not satisfied.)

3. Natural transformations

In topology, a homotopy from f: A—— B to g: A—— B is given by a path in B from
fx to gx for each element x € A such that the paths fit together continuously. A natural
transformation is analogously a deformation of one functor to another.

If /:C —=D and G:C ——=D are two functors, \: F——=( is a natural transfor-
mation from F' to G if X is a collection of arrows AC: FFC ——= GC, one for each object
C of C, such that for each arrow g: C' —=C"’ of C the following diagram commutes:

FC—2 . qC

Fg Gg

GC'

FC’ -
AC
The arrows AC' are the components of .

The natural transformation A is a natural equivalence if each component of A is an
isomorphism in D.

The natural map of a vector space to its double dual is a natural transformation from
the identity functor on the category of vector spaces and linear maps to the double dual
functor. When restricted to finite dimensional vector spaces, it is a natural equivalence.
As another example, let n > 1 be a positive integer and let GL,, denote the functor from
the category of commutative rings with unity to the category of groups which takes a ring
to the group of invertible n x n matrices with entries from the ring, and let Un denote the
group of units functor (which is actually GL;). Then the determinant map is a natural
transformation from GL, to Un. The Hurewicz transformation from the fundamental
group of a topological space to its first homology group is also a natural transformation
of functors.
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3.1. FuNcTOR CATEGORIES. Let C and D be categories with C small. The collection
Func(C, D) of functors from C to D is category with natural transformations as arrows.
If F and G are functors, a natural transformation X requires, for each object C of C, an
element of Homp (FC,GC), subject to the naturality conditions. If C is small, there is
no more than a set of such natural transformations F'——= G and so this collection is a
set. If \: F—— G and p: G —— H are natural transformations, their composite po A is
defined by requiring its component at C' to be uC o A\C. Of course, Func(C,D) is just
Homc,(C, D), and so is already a functor in each variable to Set. It is easy to check that
for any F:D —=E,

Func(C, F): Func(C,D) —— Func(C,E)

is actually a functor and not only a Set-function, and similarly for Func(F,C), so that in
each variable Func is actually a Cat-valued functor.

We denote the hom functor in Func(C, D) by Nat(F, G) for functors F, G:C——=D. A
category of the form Func(C,D) is called a functor category and is frequently denoted
D€ especially in the later chapters on sheaves.

3.2. NOTATION FOR NATURAL TRANSFORMATIONS. Suppose there are categories and
functors as shown in this diagram:

F
B—t—C D~
G

Note that in diagrams, we often denote a natural transformation by a double arrow:
XF =G

Suppose A\: F'——= (G is a natural transformation. Then A induces two natural trans-
formations KA\: KF—— KG and AH: FH —— GH. The component of K\ at an object
C of C is

K(\C): KFC —= KGC

Then K\ is a natural transformation simply because K, like any functor, takes commu-
tative diagrams to commutative diagrams. The component of N\H at an object B of B
is the component of A at HB. AH is a natural transformation because H is defined on
morphisms.

We should point out that although the notations KA and AH look formally dual, they
are quite different in meaning. The first is the result of applying a functor to a value of a
natural transformation (which is a morphism in the codomain category) while the second
is the result of taking the component of a natural transformation at a value of a functor.
Nonetheless, the formal properties of the two quite different operations are the same.
This is why we use the parallel notation when many other writers use distinct notation.
(Compare the use of (f,v) for f(v) by many analysts.) Thus advances mathematics.

Exercise b below states a number of identities which hold for natural transformations.
Some of them are used later in the book, particularly in triple theory.
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EXERCISES 1.3.

(NTF)O. Show how to describe a natural transformation as a functor from an arrow
category to a functor category.

(NTG)Q. What is a natural transformation from one group homomorphism to another?

(HMNAT)®. Let R:C——=D be a functor. Show that f — Rf is a natural transformation
Homg (C, —) —=Homp (RC, R(—)) for any object C of C.

(FRGRP)”. a. Show that the inclusion of a set A into the free group F'A generated by A
determines a natural transformation from the identity functor on Set to the functor UF
where U is the underlying set functor.

b. Find a natural transformation from FU: GIp——=GIp to the identity functor on Grp
which takes a one letter word of FUG to itself. Show that there is only one such.

(SING)O. In Section 2, we mentioned three ways of defining the powerset as a functor.
(See Exercise c.) For which of these definitions do the maps which take each element x
of a set A to the set {z} (the “singleton” maps) form a natural transformation from the
identity functor to the powerset functor?

(GOD)O. Let categories and functors be given as in the following diagram.

B———=C———=D
G

K

Suppose k: F'—— G and pu: H—— K are natural transformations.
a. Show that this diagram commutes:

HF — 1" .G

uF nG

KF KG

Kk

b. Define px by requiring that its component at B be uGB o HxB, which by (a) is
KrkBouF B. Show that uk is a natural transformation from H e F' to K oG. This defines
a composition operation, called application, on natural transformations. Although it
has the syntax of a composition law, as we will see below, semantically it is the result of
applying p to k. In many, especially older works, it is denoted p * x, and these books
often use juxtaposition to denote composition.

c¢. Show that Hk and puG have the same interpretation whether thought of as instances
of application of a functor to a natural transformation, resp. evaluation of a natural
transformation at a functor, or as examples of an application operation where the name
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of a functor is used to stand for the identity natural transformation. (This exercise may
well take longer to understand than to do.)

d. Show that application as defined above is associative in the sense that if (uk)g is
defined, then so is pu(kf3) and they are equal.

e. Show that the following rules hold, where o denotes the composition of natural
transformations defined earlier in this chapter. These are called Godement’s rules. In
each case, the meaning of the rule is that if one side is defined, then so is the other and
they are equal. They all refer to the diagram below, and the name of a functor is used to
denote the identity natural transformation from that functor to itself. The other natural
transformations are x: Fy — F5, \: F5 —— F3, pu: G — G4, and v: G — G3.

A_E B/if'\c/ifmo " E

F3 GS

(EQUIN®. Show that two categories C and D are equivalent if and only if there are
functors F:C ——=D and G:D ——=C such that G o F' is naturally equivalent to idc and
F o GG is naturally equivalent to idp.

4. Elements and Subobjects

4.1. ELEMENTS. One of the important perceptions of category theory is that an arrow
x: T—— A in a category can be regarded as an element of A defined over T'. The idea
is that z is a variable element of A, meaning about the same thing as the word “quantity”
in such sentences as, “The quantity 22 is nonnegative”, found in older calculus books.
One must not get carried away by this idea and introduce elements everywhere. One
of the main benefits of category theory is you don’t have to do things in terms of elements
unless it is advantageous to. In Chapter 3mit is a construction that is almost impossible to
understand in terms of elements, but is very easy with the correct conceptual framework.
On the other hand, we will see many examples later in which the use of elements leads to
a substantial simplification. The point is not to allow a tool to become a straitjacket.
When x: T —— A is thought of as an element of A defined on T, we say that 7" is the
domain of variation of the element z. It is often useful to think of z as an element
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of A defined in terms of a parameter in T. A related point of view is that x is a set of
elements of A indexed by T'. By the way, this is distinct from the idea that x is a family
of disjoint subsets of T" indexed by A, as mentioned in 1.1.

The notation “r €T A” is a useful quick way of saying that z is an element of A
defined on T'. This notation will be extended when we consider subobjects later in this
section.

Ifz €7 Aand f: A——=B, then foxr €’ B; thus morphisms can be regarded as functions
taking elements to elements. The Yoneda Lemma, Theorem 2 of the next section, says
(among other things) that any function which takes elements to elements in a coherent
way in a sense that will be defined precisely “is” a morphism of the category. Because of
this, we will write f(z) for fox when it is helpful to think of z as a generalized element.

Note that every object A has at least one element id 4, its generic element.

If A is an object of a category C and F': C——=D is a functor, then F takes any element
of A to an element of F'A in such a way that (i) generic elements are taken to generic
elements, and (ii) the action of F' on elements commutes with change of the domain of
variation of the element. (If you spell those two conditions out, they are essentially the
definition of functor.)

Isomorphisms can be described in terms of elements, too: An arrow f: A—— B is an
isomorphism if and only if f (thought of as a function) is a bijection between the elements
of A defined on T and the elements of B defined on T for all objects T of C. (To get the
inverse, apply this fact to the element id4: A——=A.) And a terminal object is a singleton
in a very strong sense—for any domain of variation it has exactly one element.

In the rest of this section we will develop the idea of element further and use it to
define subobjects, which correspond to subsets of a set.

4.2. MONOMORPHISMS AND EPIMORPHISMS. An arrow f: A —— B is a monomor-
phism (or just a “mono”, adjective “monic”), if f (i.e., Hom(T', f)) is injective (one to
one) on elements defined on each object T—in other words, for every pair z,y of elements
of A defined on T, f(z) = f(y) implies z = y.

In terms of composition, this says that f is left cancelable, i.e, if fox = f oy, then
x = y. This has a dual concept: The arrow f is an epimorphism (“an epi”, “epic”)
if it is right cancelable. This is true if and only if the contravariant functor Hom(f, T')
is injective (not surjective!) for every object T. Note that surjectivity is not readily
described in terms of generalized elements.

In Set, every monic is injective and every epic is surjective (onto). The same is true of
GIp, but the fact that epis are surjective in GIP is moderately hard to prove (Exercise 4.5).
On the other hand, any dense map, surjective or not, is epi in the category of Hausdorff
spaces and continuous maps.

An arrow f: A—— B which is “surjective on elements”, in other words for which
Hom (T, f) is surjective for every object T, is necessarily an epimorphism and is called a
split epimorphism. An equivalent definition is that there is an arrow g: B—— A which
is a right inverse to f, so that fog = idg. The Axiom of Choice is equivalent to the
statement that every epi in Set is split. In general, in categories of sets with structure
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and structure preserving functions, split epis are surjective and (as already pointed out)
surjective maps are epic (see Exercise 4.5), but the converses often do not hold. We
have already mentioned Hausdorff spaces as a category in which there are nonsurjective
epimorphisms; another example is the embedding of the ring of integers in the field of
rational numbers in the category of rings and ring homomorphisms. As for the other
converse, in the category of groups the (unique) surjective homomorphism from the cyclic
group of order 4 to the cyclic group of order 2 is an epimorphism which is not split.

An arrow with a left inverse is necessarily a monomorphism and is called a split
monomorphism. Split monos in TOP are called retractions; in fact the word “retraction”
is sometimes used to denote a split mono in any category.

The property of being a split mono or split epi is necessarily preserved by any functor.
The property of being monic or epic is certainly not in general preserved by any functor.
Indeed, if F'f is epi for every functor F, then f is necessarily a split epi. (Exercise 4.5.)

Notation: In diagrams, we usually draw an arrow with an arrowhead at its tail:

-

to indicate that it is a monomorphism. The usual dual notation for an epimorphism is

E——

However in this book we reserve that latter notation for reqular epimorphisms to be defined
in 8.1.

4.3. SUBOBJECTS. We now define the notion of subobject of an object in a category;
this idea partly captures and partly generalizes the concept of “subset”, “subspace”, and
so on, familiar in many branches of mathematics.

If i: Ag—— A is a monomorphism and a: T —— A, we say a factors through i (or
factors through Ay if it is clear which monomorphism 4 is meant) if there is an arrow j

for which
T

7 (5)

Ay A

commutes. In this situation we extend the element point of view and say that the element
a of A is an element of Ay (or of 4 if necessary). This is written “a €4 Ay”. The subscript
A is often omitted if the context makes it clear.

4.4. LEMMA. Leti: Ag—=A andi': Ay—=A be monomorphisms in a category C. Then
Ay and A have the same elements of A if and only if they are isomorphic in the category
C /A of objects over A, in other words if and only if there is an isomorphism j: A—— A’
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for which
Ag
il N (6)
A6 - A

commautes.

PROOF. Suppose Ay and A have the same elements of A. Since i eﬁo Ag, it factors
through Aj, so there is an arrow j: Ag—— A, such that (2) commutes. Interchanging A,
and A{ we get k: Ay —— Ap such that iok = i'. Using the fact that ¢ and i’ are monic, it
is easy to see that j and k must be inverses to each other, so they are isomorphisms.
Conversely, if j is an isomorphism making (2) commute and a € Ay, so that a = iou
for some u: T'—— Ag, then a = 7’0 jou so that a € Aj. A similar argument interchanging
Ap and Aj, shows that Ay and Aj have the same elements of A. "

Two monomorphisms which have the same elements are said to be equivalent. A
subobject of A is an equivalence class of monomorphisms into A. We will frequently
refer to a subobject by naming one of its members, as in “Let Ay > A be a subobject
of A”.

In Set, each subobject of a set A contains exactly one inclusion of a subset into A,
and the subobject consists of those injective maps into A which has that subset as image.
Thus “subobject” captures the notion of “subset” in Set exactly.

Any map from a terminal object in a category is a monomorphism and so determines
a subobject of its target. Because any two terminal objects are isomorphic by a unique
isomorphism (Exercise b of Section 1), that subobject contains exactly one map based on
each terminal object. We will henceforth assume that in any category we deal with, we
have picked a particular terminal object (if it has one) as the canonical one and call it
“the terminal object”.

4.5. GLOBAL ELEMENTS. In the category of sets, an element in the ordinary sense of
a set B is essentially the same thing as an arrow from the terminal object of Set to
B. In general, an arrow in some category from the terminal object to some object is
called a global element of that object, for reasons which will become apparent in the
next paragraph. In most categories which arise in practice, ezcept Set, an object is not
determined by its global elements. For example, in GIP, each group has exactly one global
element.

A more interesting example arises in connection with continuous functions. This
example is worth studying in detail because it illustrates and motivates much of sheaf
theory. Let A be a topological space and let R denote the set of real numbers. Let
O(A) denote the category whose objects are the open sets of A and whose arrows are
the inclusion maps of one open set into another. Let C:0O(A)°® —— Set denote the
contravariant functor which takes each open set U to the set of real-valued continuous
functions defined on U, and to each inclusion of an open set U of A into an open set V'
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associates the map from C(V') to C(U) which restricts a continuous function defined on
V to U. An important point about these restriction maps is that they are not in general
surjective—that is, there are in general functions defined on an open set which cannot be
extended to a bigger open set. Think of f(z) = 1/z, for example.

This functor C' is an object in the category F = Func(O(A)°P, Set). The terminal
object of F is the functor which associates a singleton set to each open set of A and the
only possible map to each arrow (inclusion map) of O(A). It is a nice exercise to prove
that a global element of C' is precisely a continuous real-valued function defined on all of

A.
EXERCISES 1.4.

(IEL)O. Describe initial objects using the terminology of elements, and using the termi-
nology of indexed families of subsets.

(INJ SET)Q. Show that in Set, a function is injective if and only if it is a monomorphism
and surjective if and only if it is an epimorphism.

(SETSPLIT)®. Show that every epimorphism in Set is split. (This is the Axiom of
Choice.)

(INJAB)®. Show that in the category of Abelian groups and group homomorphisms, a
homomorphism is injective if and only if it is a monomorphism and surjective if and only
if it is an epimorphism.

(ABNOT)Q. Show that neither monos nor epis are necessarily split in the category of
Abelian groups.

(SIG)°. Show that in GIp, every homomorphism is injective if and only if it is a mono-
morphism and surjective if and only if it is an epimorphism. (If you get stuck trying to
show that an epimorphism in GIp is surjective, see the hint on p.21 of Mac Lane [1971].)

(SURTOP)”. Show that all epimorphisms are surjective in TOP, but not in the category
of all Hausdorff spaces and continuous maps.

(SURRING)®. Show that the embedding of an integral domain (assumed commutative
with unity) into its field of quotients is an epimorphism in the category of commutative
rings and ring homomorphisms. When is it a split epimorphism?

(SURJSPLIT)®. Show that the following two statements about an arrow f: A—= B in
a category C are equivalent:

(i) Hom(T, f) is surjective for every object T of C.

(ii) There is an arrow g: B—— A such that fog =idg.

Furthermore, show that any arrow satisfying these conditions is an epimorphism.

(GLEP)O. Show that if F'f is epi for every functor F', then f is a split epi.
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(UND)®. Let U:C —— Set be a faithful functor and f an arrow of C. (Note that
the functors we have called “forgetful”—we have not defined that word formally—are
obviously faithful.) Prove:

a. If U f is surjective then f is an epimorphism.

b. If f is a split epimorphism then U f is surjective.

c. If Uf is injective then f is a monomorphism.

d. If f is a split monomorphism, then U f is injective.

(SUBF)®. A subfunctor of a functor F:C —— Set is a functor G with the properties
a. GA C F A for every object A of C.
b. If f: A—— B, then F(f) restricted to G(A) is equal to G(f).
Show that the subfunctors of a functor are the “same” as subobjects of the functor in
the category Func(C, Set).

5. The Yoneda Lemma

5.1. ELEMENTS OF A FUNCTOR. A functor F:C ——= Set is an object in the functor
category Func(C,Set): an “element” of F is therefore a natural transformation into F.
The Yoneda Lemma, Lemma 1 below, says in effect that the elements of a Set-valued
functor F' defined (in the sense of Section 4) on the homfunctor Hom(A, —) for some
object A of C are essentially the same as the (ordinary) elements of the set F'A. To state
this properly requires a bit of machinery.

If f1A—— B in C, then f induces a natural transformation from Hom(B,—) to
Hom(A, —) by composition: the component of this natural transformation at an object C'
of C takes an arrow h: B——=C to ho f: A——=C. This construction defines a contravariant
functor from C to Func(C, Set) called the Yoneda map or Yoneda embedding. It is
straightforward and very much worthwhile to check that this construction really does give
a natural transformation for each arrow f and that the resulting Yoneda map really is a
functor.

Because Nat(—, —) is contravariant in the first variable (it is a special case of Hom),
the map which takes an object B of C and a functor F': C ——=Sget to Nat(Hom(B, —), F)
is a functor from C x Func(C, Set) to Set. Another such functor is the evaluation functor
which takes (B, F) to FB, and (g, \), where g: B——A € C and \: F—=( is a natural
transformation, to Gg - AB. Remarkably, these two functors are naturally isomorphic; it
is in this sense that the elements of F' defined on Hom(B, —) are the ordinary elements
of F'B.

5.2. LEMMA. [Yoneda] The map ¢:Nat(Hom(B,—),F) —— FB defined by ¢(\) =
AB(idp) is a natural isomorphism of the functors defined in the preceding paragraph.

PRrROOF. The inverse of ¢ takes an element u of F'B to the natural transformation A
defined by requiring that AA(g) = Fg(u) for ¢ € Hom(B, A). The rest of proof is a
routine verification of the commutativity of various diagrams required by the definitions.

]
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The first of several important consequences of this lemma is the following embedding
theorem. This theorem is obtained by taking F' in the Lemma to be Hom(A, —), where A
is an object of C; this results in the statement that there is a natural bijection between
arrows g: A—— B and natural transformations from Hom(B, —) to Hom(A, —).

5.3. THEOREM. [Yoneda Embeddings]
1. The map which takes f: A——= B to the induced natural transformation
Hom(B, —) —— Hom(A, —)
is a full and faithful contravariant functor from C to Func(C, Set).

2. The map taking f to the natural transformation
Hom(—, A) —— Hom(—, B)
is a full and faithful functor from C to Func(C°P, Set).

PRrROOF. It is easy to verify that the maps defined in the Theorem are functors. The fact
that the first one is full and faithful follows from the Yoneda Lemma with Hom(A, —) in
place of F'. The other proof is dual. [

The induced maps in the Theorem deserve to be spelled out. If f: S——=T, the natural
transformation corresponding to f given by (i) has component

Hom(f, A): Hom(T, A) — Hom(S, A)

at an object A of C—this is composing by f on the right. If z €7 A, the action of
Hom(f, A) “changes the parameter” in A along f.
The other natural transformation corresponding to f is

Hom(T, f): Hom(T, A) — Hom(T', B)

; since the Yoneda embedding is faithful, we can say that f is essentially the same as
Hom(—, f). If « is an element of A based on 7', then Hom(7', f)(x) = fox. Since “f is
essentially the same as Hom(—, f)”, this justifies the notation f(x) for f oz introduced
in Section 4.

The fact that the Yoneda embedding is full means that any natural transformation
Hom(—, A) —— Hom(—, B) determines a morphism f: A ——= B, namely the image of
id 4 under the component of the transformation at A. Spelled out, this says that if f is
any function which assigns to every element z:7 —— A an element f(z):7 —— B with
the property that for all t: S——=1T, f(xot) = f(x) ot (this is the “coherence condition”
mentioned in Section 4) then f “is” (via the Yoneda embedding) a morphism, also called f
to conform to our conventions, from A to B. One says such an arrow exists “by Yoneda”.

In the same vein, if g: 1— A is a morphism of C, then for any object T, g determines
an element ¢g( ) of A defined on T by composition with the unique element from 7" to 1,
which we denote (). This notation captures the perception that a global element depends
on no arguments. We will extend the functional notation to more than one variable in
Section 7.
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5.4. UNIVERSAL ELEMENTS. Another special case of the Yoneda Lemma occurs when
one of the elements of F' defined on Hom(A, —) is a natural isomorphism. If

f:Hom(A, =) —F

is such a natural isomorphism, the (ordinary) element u € F'A corresponding to it is called
a universal element for F', and F' is called a representable functor, represented by
A. Tt is not hard to see that if F'is also represented by A’, then A and A’ are isomorphic
objects of C. (See Exercise b, which actually says more than that.)

The following lemma gives a characterization of universal elements which in many
books is given as the definition.

5.5. LEMMA. Let F:C ——=Set be a functor. Then w € FA is a universal element for
F if and only if for every object B of C and every element t € FB there is exactly one
arrow g: A—s B such that Fg(u) = t.

PROOF. If u is such a universal element corresponding to a natural isomorphism
f:Hom(A, —) —F

, and ¢t € FB, then the required arrow g is the element (37'B)(¢) in Hom(A, B). Con-
versely, if u € F'A satisfies the conclusion of the Lemma, then it corresponds to some
natural transformation $: Hom(A, —) —— F' by the Yoneda Lemma. It is routine to ver-
ify that the map which takes t € F'B to the arrow g € Hom(A, B) given by the assumption
constitutes an inverse in Func(C, Set) to 5B. ]

In this book, the phrase “u € F'A is a universal element for F” carries with it the
implication that u and A have the property of the lemma. (It is possible that u is also an
element of F'B for some object B but not a universal element in F'B.)

As an example, let G be a free group on one generator g. Then g is the “universal
group element” in the sense that it is a universal element for the underlying set functor
U:Grp——=Set (more precisely, it is a universal element in UG). This translates into the
statement that for any element x in any group H there is a unique group homomorphism
F: G—— H taking g to x, which is exactly the definition of “free group on one generator

2

g’

Another example which will play an important role in this book concerns the con-
travariant powerset functor P: St —— Set defined in Section 2. It is straightforward
to verify that a universal element for P is the subset {1} of the set {0, 1}; the function
required by the Lemma for a subset By of a set B is the characteristic function of By. (A
universal element for a contravariant functor, as here—meaning a universal element for
P: Set°® —— Set—is often called a “couniversal element”.)

EXERCISES 1.5.

(UNIV)®. Find a universal element for the functor
Hom(—, A) x Hom(—, B): Set°? —— Set
for any two sets A and B. (If h: U ——=V/, this functor takes a pair (f,g) to (ho f,heg).)
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(GPA)O. a. Show that an action of a group G on a set A is essentially the same thing as
a functor from G regarded as a category to Set.

b. Show that such an action has a universal element if and only if for any pair x and y
of elements of A there is exactly one element g of G for which gz = y.

(UPOW)O. Are either of the covariant powerset functors defined in Exercise c of Section 2
representable?

(UNIQ)®. Let F:C ——=Set be a functor and u € FA, ' € FA' be universal elements
for F'. Show that there is a unique isomorphism ¢: A—— A’ such that Fp(u) = '

(FRGP)®. Let U:Grp —= Set be the underlying set functor, and F: Set —— GIp the
functor which takes a set A to the free group on A. Show that for any set A, the covariant
functor Homset (A, U(—)) is represented by F'A, and for any group G, the contravariant
functor Homgpp (F'(—), G) is represented by UG.

6. Pullbacks

The set P of composable pairs of arrows used in Section 1.1 in the alternate definition of

category is an example of a “fibered product” or “pullback”. A pullback is a special case

of “limit”, which we treat in Section 7. In this section, we discuss pullbacks in detail.
Let us consider the following diagram D in a category C.

B

Q

(7)

A C

f

We would like to objectify the set {(z,y) | f(z) = g(y)} in C; that is, find an object of
C whose elements are those pairs (z,y) with f(z) = g(y). Observe that for a pair (z,y)
to be in this set, x and y must be elements of A and B respectively defined over the same
object T'.

The set of composable pairs of arrows in a category (see Section 1) are a special case
in Set of this, with A = B being the set of arrows and f =d° g=d".

Thus we must consider commutative diagrams like

T—Y - B
T g (8)
A——F—C

In this situation, (7, z,y) is called a commutative cone over D based on T, and
the set of commutative cones over D based on T is denoted Cone(7', D) . A commutative
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cone based on T" over D may usefully be regarded as an element of D defined on 7. In
Section 7, we will see that a commutative cone is actually an arrow in a certain category,
so that this idea fits with our usage of the word “element”.

Our strategy will be to turn Cone(—, D) into a functor; then we will say that an
object represents (in an informal sense) elements of D, in other words pairs (x,y) for
which f(z) = g(y), if that object represents (in the precise technical sense) the functor
Cone(—, D).

We make will make Cone(—, D) into a contravariant functor to Set: If h: W ——=T is
an arrow of C and (T, z,y) is a commutative cone over (1), then

Cone(h, DT, x,y) = (W, o h,yh)

which it is easy to see is a commutative cone over D based on W.

An element (P,p;,p2) of D which is a universal element for Cone(—, D) (so that
Cone(—, D) is representable) is called the pullback or the fiber product of the diagram
D. The object P is often called the pullback, with p; and p, understood. As the reader
can verify, this says that (P, p1, p2) is a pullback if

p—” .B
P1 g (9)
A—F7—C

commutes and for any element of D based on T, there is a unique element of P based on
T which makes

T
y
x p—2 =B (10)
p1 g
A C

f
commute. Thus there is a bijection between the elements of the diagram D defined on T’
and the elements of the fiber product P defined on 7. When a diagram like 10 has this
property it is called a pullback diagram.
The Cone functor exists for any category, but a particular diagram of the form 7 need
not have a pullback.

6.1. PROPOSITION. If Diagram 9 is a pullback diagram, then the cone in Diagram § is
also a pullback of Diagram 7 if and only if the unique arrow from T to P making everything
i Diagram 10 commute is an isomorphism.
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PROOF. (This theorem actually follows from Exercise b of Section 5, but we believe a
direct proof is instructive.) Assume that (2) and (3) are both pullback diagrams. Let
u: T'—P be the unique arrow given because 9 is a pullback diagram, and let v: P——T"be
the unique arrow given because 8 is a pullback diagram. Then both for g = wev: P——P
and g = idp it is true that p; o ¢ = p; and ps o g = py. Therefore by the uniqueness part
of the definition of universal element, u o v = idp. Similarly, v c u = idr, so that u is an
isomorphism between T" and P making everything commute. The converse is easy. [

The preceding argument is typical of many arguments making use of the uniqueness
part of the definition of universal element. We will usually leave arguments like this to
the reader.

A consequence of Proposition 1 is that a pullback of a diagram in a category is not
determined uniquely but only up to a “unique isomorphism which makes everything com-
mute”. This is an instance of a general fact about constructions defined as universal
elements which is made precise in Proposition 1 of Section 7.

6.2. NOTATION FOR PULLBACKS. We have defined the pullback P of Diagram 7 so that
it objectifies the set {(z,y) | f(z) = g(y)}. This fits nicely with the situation in Set,
where one pullback of (1) is the set {(z,v) | f(z) = g(y)} together with the projection
maps to A and B, and any other pullback is in one to one correspondence with this one
by a bijection which commutes with the projections. This suggest the introduction of a
setlike notation for pullbacks: We let [(z,y) | f(x) = ¢g(y)] denote a pullback of (1). In
this notation, f(z) denotes f oz and g(y) denotes goy as in Section 4, and (x,y) denotes
the unique element of P defined on 7" which exists by definition of pullback. It follows
that pi(z,y) = x and ps(z,y) = y, where we write pi(x,y) (not pi((z,y))) for py o (z,y).

The idea is that square brackets around a set definition denotes an object of the
category which represents the set of arrows listed in curly brackets—“represents” in the
technical sense, so that the set in curly brackets has to be turned into the object map of
a set-valued functor. The square bracket notation is ambiguous. Proposition 1 spells out
the ambiguity precisely.

We could have defined a commutative cone over (1) in terms of three arrows, namely
a cone (T,x,y,z) based on T would have z: T —— A, y: T —— B and z: T —— C such
that fox = goy = 2. Of course, z is redundant and in consequence the Cone functor
defined this way would be naturally isomorphic to the Cone functor defined above, and
so would have the same universal elements. (The component of the natural isomorphism
at T takes (T, x,y) to (T,x,y, f ox)). Thus the pullback of (1) also represents the set
{(z,y,2) | f(x) = g(y) = z}, and so could be denoted [(z,y,2) | f(z) = g(y) = z].
Although this observation is inconsequential here, it will become more significant when
we discuss more general constructions (limits) defined by cones.

There is another way to construct a pullback in Set when the map ¢ is monic. In
general, when ¢ is monic, {(z,y) | f(z) = g(y)} = {z | f(x) € g(B)}, which in Set is
often denoted f~!(B). In general, a pullback along a subobject can be interpreted as an
inverse image which as we will see is again a subobject.
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The pullback Diagram 9 is often reg