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� -DIST ANCE IN A GENERAL TOPOLOGICAL SPA CE

(X ; � ) WITH APPLICA TION TO FIXED POINT THEOR Y

M. AAMRI and D. EL MOUT AWAKIL

Abstra ct. The main purp ose of this paper is to de�ne the notion of a � -distance
function in a general top ological space(X ; � ). As application, we get a generalization
of the well known Banach's �xed point theorem.

A.M.S. (MOS) Sub ject Classi�cation Co des. 54A05, 47H10,54H25, 54E70

Key W ords and Phrases. Hausdor� topological spaces,Topological spacesof
type F, symmetrizable topological spaces,Fixed points of contractiv e maps

1. Intr oduction

It is well known that the Banach contraction principle is a fundamental result
in �xed point theory, which has been used and extended In many di�eren t direc-
tions ([2],[3],[4],[6],[9]). On the other hand, it has been observed ([3],[5]) that the
distance function used in metric theorems proofs need not satisfy the triangular
inequality nor d(x; x) = 0 for all x. Motiv ated by this fact, we de�ne the concept
of a � -distance function in a general topological space(X ; � ) and we prove that
symmetrizable topological spaces([5]) and F-type topological spacesintro duced in
1996by Fang [4] (recall that metric spaces,Hausdor� topological vector spacesand
Mengerprobabilistic metric spaceare all a special caseof F-type topological spaces)
possesssuch functions. �nally , we give a �xed point theorem for contractiv e maps
in a general topological space(X ; � ) with a � -distance which gives the Banach's
�xed point theorem in a new setting and also givesa generalization of jachymski's
�xed point result [3] establishedin a semi-metric case.
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Casablanca , Moro cco
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2. � -dist ance

Let (X ; � ) be a topological spaceand p : X � X � ! I R+ be a function. For any
� > 0 and any x 2 X , let Bp(x; � ) = f y 2 X : p(x; y) < � g.

De�nition 2.1. The function p is said to be a � -distance if for each x 2 X and
any neighborhood V of x, there exists � > 0 with Bp(x; � ) � V .

Example 2.1. Let X = f 0;1;3g and � = f; ; X ; f 0;1gg. Consider the function
p : X � X � ! I R+ de�ned by

p(x; y) =

8
<

:

y; x 6= 1

1
2

y; x = 1:

We have, p(1; 3) = 3
2 6= p(3; 1) = 1. Thus, p us not symmetric. Moreover, we have

p(0; 3) = 3 > p(0; 1) + p(1; 3) =
5
2

which implies that p fails the triangular inequality. However, the function p is a
� -distance.

Example 2.2. Let X = I R+ and � = f X ; ;g . It is well known that the space
(X ; � ) is not metrizable. Consider the function p de�ned on X � X by p(x; y) = x
for all x; y 2 X . It is easyto seethat the function p is a � -distance.

Example 2.3. In [5], Hicks established several important common �xed point
theorems for general contractiv e selfmappings of a symmetrizable (resp. semi-
metrizable) topological spaces.Recall that a symmetric on a set X is a nonnegative
real valued function d de�ned on X � X by

(1) d(x; y) = 0 if and only if x = y,
(2) d(x; y) = d(y; x)

A symmetric function d on a set X is a semi-metric if for each x 2 X and each
� > 0, Bd(x; � ) = f y 2 X : d(x; y) � � g is a neighborhood of x in the topology � d

de�ned as follows

� d = f U � X= 8x 2 U; Bd(x; � ) � U; f orsome � > 0g

A topological spaceX is said to be symmetrizable (semi-metrizable) if its topology
is induced by a symmetric (semi-metric) on X . Moreover, Hicks [5] proved that
very generalprobabilistic structures admit a compatible symmetric or semi-metric.
For further details on semi-metric spaces(resp. probabilistic metric spaces),see,
for example, [8] (resp. [7]). Each symmetric function d on a nonempty set X is a
� d-distance on X where the topology � d is de�ned as follows: U 2 � d if 8x 2 U,
Bd(x; � ) � U; for some � > 0.

Example 2.4. Let X = [0; + 1 [ and d(x; y) = jx � yj the usual metric. Consider
the function p : X � X � ! I R+ de�ned by

p(x; y) = ej x � y j ; 8x; y 2 X

It is easy to seethat the function p is a � -distance on X where � is the usual
topology since 8x 2 X ; Bp(x; � ) � Bd(x; � ), � > 0. Moreover, (X ; p) is not a
symmetric spacesince for all x 2 X , p(x; x) = 1.
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Example 2.5 - Top ological spaces of t yp e (EL).

De�nition 2.2. A topological space(X ; � ) is said to be of type (EL) if for each
x 2 X , there exists a neighborhood base Fx = f Ux (�; t)=� 2 D ; t > 0g, where
D = (D ; � ) denotesa directed set, such that X = [ t> 0Ux (�; t), 8� 2 D , 8x 2 X .

remark 2.1. In [4], Fang intro duced the concept of F-type topological spaceand
gave a characterization of the kind of spaces.The usual metric spaces,Hausdor�
topological vector spaces,and Mengerprobabilistic metric spacesare all the special
casesof F-type topological Spaces. Furtheremore, Fang establisheda �xed point
theorem in F-type topological spaceswhich extendsCaristi's theorem [2]. We recall
the concept of this spaceas given in [4]

De�nition [4]. A topological space(X ; � ) is said to be F-type topological space
if it is Hausdor� and for each x 2 X , there exists a neighborhood base Fx =
f Ux (�; t)=� 2 D ; t > 0g, where D = (D ; � ) denotesa directed set, such that

(1) If y 2 Ux (�; t), then x 2 Uy (�; t),
(2) Ux (�; t) � Ux (�; s) for � � �; t � s,
(3) 8� 2 D , 9� 2 D such that � � � and Ux (�; t1) \ Uy (�; t2) 6= ; , implies

y 2 Ux (�; t1 + t2),
(4) X = [ t> 0Ux (�; t), 8� 2 D , 8x 2 X .

It is clear that a topological spaceof type F is a Hausdor� topological spaceof
type (EL). Therefore The usual metric spaces,Hausdor� topological vector spaces,
and Menger probabilistic metric spacesare special casesof a Hausdor� topological
Spaceof type (EL).

prop osition 2.1. Let (X ; � ) be a topological space of type (EL). Then, for each
� 2 D , there exists a � -distance function p� .

Proof. Let x 2 X and � 2 D . Consider the set Ex = f Ux (�; t)j� 2 D ; t > 0g of
neighborhoods of x such that X = [ t> 0Ux (�; t). Then for each y 2 X , there exists
t � > 0 such that y 2 Ux (�; t � ). Therefore, for each � 2 D , we can de�ne a function
p� : X � X � ! I R+ as follows

p� (x; y) = inf f t > 0; y 2 Ux (�; t)g:

set B � (x; t) = f y 2 X jp� (x; y) < tg. let x 2 X and Vx a neighborhood of x. Then
the exists (�; t) 2 D � I R+ , such that Ux (�; t) � Vx . We show that B � (x; t) �
Ux (�; t). Indeed,considery 2 B � (x; t) and supposethat y =2 Ux (�; t). It followsthat
p� (x; y) � t, which implies that y =2 B � (x; t). A contradiction. Thus B � (x; t) � Vx .
Therefore p� is a � -distance function.

remark 2.2. As a consequenceof proposition 3:1, we claim that each topological
spaceof type (EL) has a familly of � -distancesM = f p� j� 2 Dg.

3. Some pr oper ties of � -dist ances

lemma 3.1. Let (X ; � ) be a topological space with a � -distance p.

(1) Let (xn ) be arbitrary sequence in X and (� n ) be a sequence in I R+ con-
verging to 0 such that p(x; xn ) � � n for all n 2 I N . Then (xn ) converges
to x with respect to the topology � .
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(2) If (X ; � ) is a Hausdor� topological space, then (2:1) p(x; y) = 0 implies
x = y. (2:2) Given (xn ) in X ,

lim
n !1

p(x; xn ) = 0 and lim
n !1

p(y; xn ) = 0

imply x = y.

Proof.

(1) Let V be a neighborhood of x. Since lim p(x; xn ) = 0, there exists N 2 I N
such that 8n � N , xn 2 V . Therefore lim xn = x with respect to � .

(2) (2:1) Sincep(x; y) = 0, then p(x; y) < � for all � > 0. Let V be a neighbor-
hood of x. Then there exists � > 0 such that Bp(x; � ) � V , which implies
that y 2 V . Since V is arbitrary , we conclude y = x. (2:2) From (2.1),
lim p(x; xn ) = 0 and lim p(y; xn ) = 0 imply lim xn = x and lim xn = y with
respect to the topology � which is Hausdor�. Thus x = y.

Let (X ; � ) be a topological spacewith a � -distance p. A sequencein X is p-
Cauchy if it satis�es the usual metric condition with respect to p. There are several
conceptsof completenessin this setting.

De�nition 3.1. Let (X ; � ) be a topological spacewith a � -distance p.

(1) X is S-complete if for every p-Cauchy sequence(xn ), there exists x in X
with lim p(x; xn ) = 0.

(2) X is p-Cauchy complete if for every p-Cauchy sequence(xn ), there exists x
in X with lim xn = x with respect to � .

(3) X is said to be p-bounded if supf p(x; y)=x; y 2 X g < 1 .

remark 3.1. Let (X ; � ) be a topological spacewith a � -distance p and let (xn ) be
a p-Cauchy sequence.Supposethat X is S-complete,then there exists x 2 X such
that lim p(xn ; x) = 0. Lemma 4:1(b) then gives lim xn = x with respect to the
topology � . Therefore S-completenessimplies p-Cauchy completeness.

4. Fixed point theorem

In what follows, we involve a function  : I R+ � ! I R+ which satis�es the
following conditions

(1)  is nondecreasingon I R+ ,
(2) lim  n (t) = 0; 8t 2]0; + 1 [.

It is easy to see that under the above properties,  satis�es also the following
condition

 (t) < t; f oreacht 2]0; + 1 [

Theorem 4.1. Let (X ; � ) be a Hausdor� topological space with a � -distance p.
Suppose that X is p-bounded and S-complete. Let f be a selfmapping of X such
that

p(f x; f y) �  (p(x; y)) ; 8x; y 2 X

Then f has a unique �xed point.

Proof. Let x0 2 X . Consider the sequence(xn ) de�ned by
� x0 2X ;

xn +1 = f xn
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We have

p(xn ; xn + m ) = p(f xn � 1; f xn + m � 1)

�  (p(xn � 1; xn + m � 1)) =  (p(f xn � 2; f xn + m � 2))

�  2(p(xn � 2; xn + m � 2))

::::

�  n (p(x0; xm )) �  n (M )

where M = supf p(x; y)=x; y 2 X g. Since lim  n (M ) = 0, we deduce that the
sequence(xn ) is a p-cauchy sequence.X is S-complete,then lim p(u; xn ) = 0, for
someu 2 X , and therefore lim p(u; xn +1 ) = 0 and lim p(f u; f xn ) = 0. Now, we
have lim p(f u; xn +1 ) = 0 and lim p(u; xn +1 ) = 0. Therefore, lemma 3:1(2:2) then
givesf u = u. Supposethat there exists u; v 2 X such that f u = u and f v = v. If
p(u; v) 6= 0, then

p(u; v) = p(f u; f v) �  (p(u; v)) < p(u; v)

a contradiction. Therefore the �xed point is unique. Hencewe have the theorem.

When  (t) = kt; k 2 [0; 1[, we get the following result, which givesa generaliza-
tion of Banach's �xed point theorem in this new setting

Corollary 4.1. Let (X ; � ) be a Hausdor� topological space with a � -distance p.
Suppose that X is p-bounded and S-complete. Let f be a selfmapping of X such
that

p(f x; f y) � kp(x; y); k 2 [0; 1[; 8x; y 2 X

Then f has a unique �xed point.

Since a symmetric space(X ; d) admits a � d-distance where � d is the topology
de�ned earlier in example 2:3, corollary 4:1 givesa genaralization of the following
known result (Theorem 1[5] for f = I dX which generalizeProposition 1[3]). Recall
that (W:3) denotesthe following axiom given by Wilson [8] in a symmetric space
(X ; d): (W:3) Given f xn g; x and y in X , lim d(xn ; x) = 0 and lim d(xn ; y) = 0 imply
x = y. It is clear that (W:3) guaranteesthe uniquenessof limits of sequences.

corollary 4.2. Let (X ; d) be a d-bounded and S-completesymmetric space satisfy-
ing (W:3) and f be a selfmappingof X such that

d(f x; f y) � kd(x; y); k 2 [0; 1[; 8x; y 2 X

Then f has a �xed point.
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A SOLUTION TO AN "UNSOL VED

PR OBLEM IN NUMBER THEOR Y"

Allan J. Ma cLeod

Abstra ct. We discuss the problem of �nding integer-sided triangles with the ratio
base/altitude or altitude/base an integer. This problem is mentioned in Richard
Guy's book "Unsolv ed Problems in Number Theory". The problem is shown to be
equivalent to �nding rational points on a family of elliptic curves. Various computa-
tional resources are used to �nd those integers in [1; 99] which do appear, and also
�nd the sides of example triangles.

A.M.S. (MOS) Sub ject Classi�cation Co des. 11D25 , 11Y50

Key W ords and Phrases. Triangle, Elliptic curve, Rank, Descent

1. In tro duction

Richard Guy's book Unsolved Problems in Number Theory [5] is a rich sourceof
fascinating problems. The �nal 3 paragraphs in section D19 of this book discuss
the following problem:

Problem Which integersN occur as the ratios base/height in integer-sidedtrian-
gles?

Also mentioned is the dual problem where height/base is integer. Somenumerical
examples are given together with some more analytical results, but no detailed
analysis is presented.

Let BCD be a triangle with sidesb,c,d using the standard naming convention. Let
a be the height of B above the side CD. If one of the anglesat C or D is obtuse
then the height lies outside the triangle, otherwise it lies inside.

Assume, �rst, that we have the latter. Let E be the intersection of the height and
CD, with DE = z and EC = b� z. Then
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(1)
a2 + z2 = c2

a2 + (b� z)2 = d2

Now, if base/height = N, the secondequation is

a2 + (z � N a)2 = d2

For altitudes outside the triangle the equations are the same, except for z � N a
replaced by z + N a. We thus consider the general system, with N positive or
negative.

(2)
a2 + z2 = c2

a2 + (z � N a)2 = d2

Clearly, wecanassumethat a and z haveno commonfactors, sothere exists integers
p and q (of opposite parities) such that (1) a = 2pq,z = p2 � q2, or (2) a = p2 � q2,
z = 2pq.

As a �rst stage, we can set up an easysearch procedure. For a given pair (p;q),
compute a and x using both the above possibilities. For N in a speci�ed range test
whether the resulting d value is an integer square.

This can be very simply done using the software package UBASIC, leading to
the results in Table 1, which come from searching with 3 � p + q � 999 and
� 99 � N � 99.

This table includesresults for the formulaequoted in Guy, namely N = 2m(2m2+ 1)
and N = 8t2 � 4t + 2, and the individual valuesquoted except for N = 19. It also
includes solutions from other values.

It is possible to extend the search but this will take considerably more time and
there is no guarantee that we will �nd all possiblevaluesof N. We needalternativ e
meansof answering the following questions:

(1) can we say for a speci�ed value of N whether a solution exists?

(2) if one exists, can we �nd it?

2. Elliptic Curv e Form ulation

In this section, we show that the problem can be consideredin terms of elliptic
curves.

Assuming a = 2pq and z = p2 � q2, then the equation for d is

(3) d2 = p4 � 4N p3q + (4N 2 + 2)p2q2 + 4N pq3 + q4

De�ne j = d=q2 and h = p=q, so that
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Table 1. Solutions for 2 � N � 99

N b c d N b c d

5 600 241 409 6 120 29 101
8 120 17 113 9 9360 1769 10841

13 291720 31849 315121 14 2184 685 1525
15 10920 2753 8297 18 6254640 439289 6532649
20 46800 8269 54781 26 15600 5641 10009
29 3480 169 3601 29 737760 31681 719329
29 706440 336841 371281 34 118320 4441 121129
36 4896 305 4625 40 24480 1237 23413
40 24360 3809 20609 40 741000 274853 1015397
42 24360 3389 21029 42 68880 26921 42041
42 2270520 262909 2528389 48 118320 4033 121537
61 133224 2305 132505 62 226920 93061 133981
68 4226880 90721 4293409 86 614040 260149 354061
94 3513720 42709 3493261 99 704880 198089 506969

(4) j 2 = h4 � 4N h3 + (4N 2 + 2)h2 + 4N h + 1

This has an obvious rational point h = 0; j = 1, and so is birationally equivalent
to an elliptic curve, seeMordell [7]. Using standard algebra, we can can link this
equation to the curve

(5) EN : y2 = x3 + (N 2 + 2)x2 + x

with the transformations h = p=q= (N x + y)=(x + 1).

If, however, a = p2 � q2 and z = 2pq, we have a di�eren t quartic for d2, but leading
to the sameelliptic curve, with the relevant transformation p=q= (N x + x + y +
1)=(N x � x + y � 1).

Thus the existenceof solutions to the original problem is related to the rational
points lying on the curve. There is the obvious point (x; y) = (0; 0), which gives
p=q= 0 or p=q= � 1, neither of which give non-trivial solutions. A little thought
shows the points (� 1; � N ), giving p=q= 1 , p=q= 0=0, or p=q= 1, again failing
to give non-trivial solutions.

We can, in fact, invert this argument and show the following

Lemma: If (x; y) is a rational point on the elliptic curve EN with x 6= 0 or
x 6= � 1, then we get a non-trivial solution to the problem.

The proof of this is a straightforward consideration of the situations leading to
p2 � q2 = 0 or pq = 0, and showing that the only rational points which can cause
these are x = 0 or x = � 1. It is also clear that if a or z becomenegative we can
essentially ignore the negative sign.
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3. Torsion Poin ts

It is well known that the rational points on an elliptic curveform a �nitely-generated
group, which is isomorphic to the group T � Zr , where r � 0 is the rank of the
elliptic curve, and T is the torsion subgroup of points of �nite order.

We �rst considerthe torsion points. The point at in�nit y is consideredthe identit y
of the group. Points of order 2 have y = 0, so (0; 0) is one. The other roots of
y = 0 are irrational for N integral, so there is only one point of order 2. Thus, by
Mazur's theorem, the torsion subgroup is isomorphic to Z=nZ, with the symmetry
of the curve about y = 0 ensuring N one of 2; 4; 6; 8; 10; 12.

For elliptic curvesof the form y2 = x(x2 + ax + b), a point P = (x; y) leads to 2P
having x-coordinate (x2 � b)2=4y2. Thus, if P has order 4, then 2P has order 2, so
2P=(0,0) for the curves EN . Thus x2 � 1 = 0, so that x = � 1. The value x = 1
givesy =

p
N 2 + 4, which is irrational. x = � 1 givesy = � N , so that (� 1; � N )

are the only order 4 points. This reducesthe possibilities for the torsion subgroup
to Z=4Z, Z=8Z, or Z=12Z.

For Z=8Z, we would have 4 points of order 8. SupposeQ is of order 8, giving 2Q of
order 4. Thus the x-coordinate of 2Q must be -1, but as we stated previously, the
x-coordinate of 2Q is a square. Thus there cannot be any points of order 8.

For Z=12Z, we would have 2 points of order 3, which correspond to any rational
points of in
ection of the elliptic curve. Theseare solutions to

(6) 3x4 + 4(N 2 + 2)x3 + 6x2 � 1 = 0

If x = r=s is a rational solution to this, then sj3 and r j1, so the only possible
rational roots are � 1 and � 1=3. Testing each shows that they are not roots for any
value of N.

Thus, the torsion subgroup consistsof the point at in�nit y, (0,0), (� 1; � N ). As we
saw, in the previous section, thesepoints all lead to trivial solutions. We thus have
proven the following

Theorem: A non-trivial solution exists i� the rank of EN is at least 1. If the
rank is zero then no solution exists.

4. Parametric Solutions

As mentioned in the intro duction, Guy quotes the fact that solutions exist for
N = 2m(2m2 + 1) and N = 8t2 � 4t + 2, though without any indication of how
theseforms werediscovered. We show, in this section,how to usethe elliptic curves
EN to determine new parametric solutions.

The simple approach usedis basedon the fact that rational points on elliptic curves
of the form

y2 = x3 + ax2 + bx

have x = du2=v2 with djb. Thus, for EN , we can only have d = � 1.

We look for integer points so v = 1, and searched over 1 � N � 999 and 1 � u �
99999to �nd points on the curve. The data output is then analysedto search for
patterns leading to parametric solutions.
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For example, the above sequenceshave points P given by

1. N = 2m(2m2 + 1), P = (4m2; 2m(8m4 + 4m2 + 1)),

2. N = 8t2 + 4t + 2, P = (� (8t2 + 4t + 1)2; 2(4t + 1)(4t2 + 2t + 1)(8t2 + 4t + 1)),

3. N = 8t2 � 4t + 2, P = (� (8t2 � 4t + 1)2; 2(4t � 1)(4t2 � 2t + 1)(8t2 � 4t + 1)).

Theseparametric solutions are reasonablyeasyto seein the output data. Slightly
more di�cult to �nd is the solution with N = 4(s2+ 2s+ 2), x = (2s3+ 6s2 + 7s+ 3)2

and y = (s + 1)(s2 + 2s + 2)(2s2 + 4s + 3)(4s4 + 16s3 + 32s2 + 32s + 13).

Using p=q = (N x + y)=(x + 1) with a = 2pq; z = p2 � q2, we �nd the following
formulae for the sidesof the triangles:

b = 8(s + 1)(s2 + 2s + 2)(2s2 + 2s + 1)(2s2 + 4s + 3)(2s2 + 6s + 5)

c =16s10 + 192s9 + 1056s8 + 3504s7 + 7768s6 + 12024s5

+ 13168s4 + 10076s3 + 5157s2 + 1594s + 226

d = 16s10 + 128s9 + 480s8 + 1104s7 + 1720s6

+ 1896s5 + 1504s4 + 868s3 + 381s2 + 138s + 34

Other parametric solutions can be found by adding the points on the curve to the
torsion points.

5. Rank Calculations

We now describe a computational approach to the determination of the rank. This
follows the approach of Zagier& Kramarcz [10]or Bremner & Jones[2] for example.
The computations are basedon the Birch and Swinnerton-Dyer (BSD) conjecture,
which states(roughly) - if an elliptic curve hasrank r, then the L-seriesof the curve
hasa zeroof order r at the point 1. Smart [9] calls this the "conditional algorithm"
for the rank.

The L-seriesof an elliptic curve can be de�ned formally as

L (s) =
1X

k=1

ak

ks

where ak are integerswhich depend on the algebraic properties of the curve. This
form is uselessfor e�ectiv e computation at s = 1, sowe usethe following form from
Proposition 7.5.8. of Cohen [3]

L (1) =
1X

k=1

ak

k

�
exp(� 2� kA=

p
N � ) + � exp(� 2� k=(A

p
N � ))

�

with � = � 1 - the sign of the functional equation, N � - the conductor of the
equation, and A ANY number.

N � can be computed by Tate's algorithm - seeAlgorithm 7.5.3 of Cohen, while �
can be computed by computing the right-hand sum at two closevaluesof A - say
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1 and 1.1 - and seeingwhich choice of � leads to agreement (within rounding and
truncation error). If � = 1 then the curve has even rank, whilst if � = � 1 the curve
has odd rank.

We thus determine the value of � . If � = 1, we compute

L (1) = 2
1X

k=1

ak

k
exp(� 2� k=

p
N � )

and, if this is non-zero, then we assumer = 0, whilst, if zero, r � 2. For � = � 1,
we compute

L 0(1) = 2
1X

k=1

ak

k
E1(2� k=

p
N � )

with E1 the standard exponential integral special function. If this is non-zero,then
we assumer = 1, whilst if zero, r � 3.

The most time-consumingaspect of thesecomputations is the determination of the
ak values. Cohen givesa very simple algorithm which is easyto code, but takesa
long time for k large. To achieve convergencein the above sums we clearly need
k = O(

p
N � ). Even in the simple range we consider,N � can be several million, so

we might have to compute many thousandsof ak values.

6. Numerical Results

Using all the ideasof the previoussection,wewrote a UBASIC program to estimate
the rank of EN for 1 � N � 99. The results are given in the following table. We
have no proof that these values are correct, but for every value of N with rank
greater than 0 we have found a non-trivial solution to the original triangle problem.

TABLE 2. Rank of EN for 1 � N � 99

0 1 2 3 4 5 6 7 8 9

00+ 0 0 0 0 1 1 0 1 1
10+ 0 0 0 1 1 1 0 1 1 1
20+ 1 1 1 1 0 0 1 0 0 2
30+ 0 1 1 0 1 1 1 1 1 0
40+ 2 0 2 1 1 1 0 0 1 0
50+ 0 0 1 2 0 0 0 0 0 0
60+ 0 2 2 1 0 0 0 0 2 1
70+ 0 1 1 1 1 0 1 1 0 1
80+ 0 0 0 1 1 2 2 1 0 0
90+ 0 0 1 1 1 1 0 1 1 2

To �nd an actual solution, we can assumethat x = du2=v2 and y = duw=v3, with
(u; v) = 1 and d squarefree,and hencethat
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w2 = du4 + (N 2 + 2)u2v2 + v4=d

implying that d = � 1.

For curveswith rank 2, we found that a simple search quickly �nds a solution. This
also holds for a few rank 1 curves,but most curvesdid not producean answer in a
reasonabletime.

A by-product of the L-seriescalculation is an estimate H of the height of a rational
point on the curve. The height gives a rough idea of how many decimal digits
will be involved in a point, and thus how di�cult it will be to compute it. The
following formula givesthe height, seeSilverman [8] for a more precisede�nition of
the quantities involved.

H =
L 0(1) T 2

2 jX j 
 c

where T is the order of the torsion subgroup, X is the Tate-Safarevicgroup, 
 is
the real period of the curve, and c is the Tamagawa number of the curve.

There is no known algorithm to determine jX j and so we usually use the value 1
in the formula. Note that for this problem T = 4, and that this formula gives a
value half that of an alternativ e height normalisation usedin Cremona [4].

Unfortunately , this value is not always the height of the generator of the in�nite
subgroup, but sometimesof a multiple. An example comesfrom N = 94, where
the height calculation gave a value H = 55:1, suggestinga point with tens of digits
in the numerator and denominator. We actually found a point with x = 4=441.

To determine the values of (d;u; v; w), we used a standard descent procedure as
described by Cremona or Bremner et al [1]. We considerequation (11) �rstly as

w2 = dz2 + (N 2 + 2)zt + t2=d

Sincethis is a quadratic, if we �nd a simple numerical solution, we can parameterise
z = f 1(r; s) and t = f 2(r; s), with f 1 and f 2 homogeneousquadratics in r and s.
We then look for solutions to z = ku2, t = kv2, with k squarefree.

Considering q = kv2, if we �nd a simple numerical solution we can parameterise
again for r and s asquadratics, which are substituted into p = ku2, giving a quartic
which needsto be square. We search this quartic to �nd a solution.

We wrote a UBASIC code which performs the entire processvery e�cien tly . This
enabledmost solutions with heights up to about 16 to be found.

For larger heights we can sometimesusethe fact that the curve EN is 2-isogenous
to the curve

f 2 = g3 � 2(N 2 + 2)g2 + N 2(N 2 + 4)g

with x = f 2=4g2 and y = f (g2 � N 2(N 2 + 4))=8g2. This curve has the samerank as
EN and sometimesa point with estimated height half that of the equivalent point
on EN .
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For points with height greater than about 20, however, we used a new descent
method which involves trying to factorise the quartic which arises in the descent
method discussedabove. This method is described in the report [6]. This has
enabledus to complete a table of solutions for all values in the range 1 < N � 99.

The largest height solved is for N = 79 with E79 having equation y2 = x3 +
6243x2 + x. The estimated height is roughly 40, but the 2-isogenouscurve f 2 =
g3 � 12486g2 + 38975045g was indicated to have a point with height about 20.

We found a point with

g =
283684993467631951390020

46898490944992340041

leading to a point on the original curve with

x =
265479261289194419968505186711433025
170541875947725676769862564358062336

For interested readers,this point leadsto the triangle with sides

b =1465869971847782318353219719440069878

8657474856586410826213286741631164960

c = 892767653488748588760336294270957750

7378277308118665999941086255389471249

d =573595369182305619553786626779319292

6159738767971279754707312477117108209

7. Altitude/Base

If wewish altitude/base=M, then wecanusethe theory of section2, with N = 1=M .
If we de�ne s = M 3y, t = M 2x, we get the system of elliptic curvesFM , given by

s2 = t3 + (2M 2 + 1)t2 + M 4t

These curves have clearly the same torsion structure as EN , with the point at
in�nit y, (0; 0), and (� M 2; � M 2) being the torsion points. We can also search for
parametric solutions, and we found that M = s(s + 2) has the following points:

1. (s3(s + 2); � s3(s + 2)(2s2 + 4s + 1)),

2. (s(s + 2)3; � s(s + 2)3(2s2 + 4s + 1)),

3. (� s(s + 2)(s + 1)2; � s(s + 1)(s + 2))

If we call the �rst point Q, then the secondpoint comesfrom Q + (0; 0) and the
third from Q + (� M 2; M 2).

Considering Q, we �nd
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TABLE 3. Rank of FM for 1 � M � 99

0 1 2 3 4 5 6 7 8 9

00+ 0 0 1 0 1 0 1 1 0
10+ 1 0 0 1 0 1 0 0 1 0
20+ 0 1 0 0 1 0 0 1 0 0
30+ 1 0 0 0 0 1 0 1 0 1
40+ 1 2 2 2 1 0 0 1 1 1
50+ 0 1 1 0 0 2 0 1 1 0
60+ 1 1 1 2 1 0 0 1 1 0
70+ 1 1 1 1 1 0 1 1 0 0
80+ 2 1 0 0 0 0 1 0 2 0
90+ 0 1 0 1 0 1 0 0 0 1

b = 2(s + 1) ; c = s(2s2 + 6s + 5) ; d = (s + 2)(2s2 + 2s + 1)

which always givesan obtuse angle.

The BSD conjecture givesrank calculations listed in Table 3.

As before, we used a variety of techniques to �nd non-torsion points on FM . We
must say that these curves proved much more testing than EN . Several hours
computation on a 200MHz PC were neededfor M = 47, while we have not been
able to �nd a point for M = 67, which hasan estimated height of 45:7, though this
is the only value in [1; 99] for which we do not have a rational point.
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Abstra ct. In the present paper we prove some �xed point theorems for near-
contractiv e type multiv alued mappings in complete metric spaces. these theorems
extend some results in [1], [5], [6] and others
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1 Basic Preliminaries

Let (X, d) be a metric spacewe put:

CB = f A : A is a nonempty closedand bounded subsetof X g

B N = f A : A is a nonempty bounded subsetof X g

If A; B are any nonempty subsetsof X we put:

D (A; B ) = inf f d(a; b) : a 2 A; b 2 B g;

� (A; B ) = supf d(a; b) : a 2 A; b 2 B g;

H (A; B ) = maxf f supf D(a; B ) : a 2 Ag; supf D(b;A) : b 2 B g g:

If follows immediately from the de�nitoin that

� (A; B ) = 0 i� A = B = f ag;

H (a; B ) = � (a; B );

� (A; A) = diamA;

� (A; B ) � � (A; C) + � (A; C);

D (a; A) = 0 if a 2 A;

for all A; B ; C in B N (X ) and a in X :
In generalboth H and � may be in�nite. But on B N (X ) they are �nite. More-

over, on CB (X ) H is actually a metric ( the Hansdor� metric).
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De�nition 1.1. [2] A sequence f An g of subsetsof X is said to be convergent to a
subsetA of X if

(i ) given a 2 A, there is a sequence f an g in X such that an 2 An for n = 1; 2; :::;

and f an g convergesto a

(ii ) given " > 0 there exists a positive integer N such that An � A " for n > N

where A " is the union of all open spheres with centers in A and radius "

Lemma 1.1. [2,3].If f An g and f Bn g are seqences in B N (X ) converging to A and
B in B N (X ) respectively, then the sequence f � (An ; Bn )g convergesto � (A; B ).

Lemma 1.2. [3] Let f An g be a sequence in B N (X ) and x be a point of X such
that � (An ; x) ! 0. Then the sequence f An g convergesto the set f xg in B N (X ).

De�nition 1.2. [3] A set-valued mappingF of X into B N (X ) is said to be contin-
uous at x 2 X if the sequence f F xn g in B N (X ) convergesto F x wheneverf xn g is
a sequence in X converging to x in X . F is said continuous on X if it is continuous
at every point of X .

The following Lemma was proved in [3]

Lemma 1.3. Let f An g be a sequence in B N (X ) and x be a point of X such that

lim
n !1

an = x;

x being independent of the particular choice of an 2 An . If a selfmap I of X is
continuous, then I x is the limit of the sequence f I An g:

De�nition 1.3. [4]. The mappings I : X ! X and F : X ! B N (X ) are � -
compatible if limn !1 � (F I xn ; I F xn ) = 0 wheneverf xn g is a sequence in X such
that I F xn 2 B N (X ),

F xn ! t and I xn ! t

for somet in X .

2. Our Resul ts

We establish the following:

2. 1. A Coincidence Point Theorem

Theorem 2.1. Let I : X ! X and T : X ! B N (X ) be two mappingssuch that
F X � I X and

(C:1) � (� (Tx; Ty)) � a� (d(I x; I y)) + b[� (H (I x; Tx)) + � (H (I y; Ty))]

+ cminf � (D (I y; Tx)) ; � (D (I x; Ty))g;

where x; y 2 X , � : R+ � ! R+ is continuous and strictly increasing such that
� (0) = 0: a; b;c are nonnegative, a + 2b < 1 and a + c < 1. Suppose in addition
that f F; I g are � -compatible and F or I is continuous. Then I and T havea unique
common �xed point z in X and further Tz = f zg.
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Pro of. Let x0 2 X be an arbitrary point in X . SinceTX � I X we choosea point
x1 in X such that I x1 2 Tx0 = Y0 and for this point x1 there exists a point x2 in
X such that I x2 2 Tx1 = Y1, and so on. Continuing in this manner we can de�ne
a sequencef xn g as follows:

I xn +1 2 Txn = Yn

For sinplicit y, we can put Vn = � (Yn ; Yn +1 ); for n = 0; 1; 2; :::: By (C; 1) we have

� (Vn ) = � (� (Yn ; Yn +1 )) = � (� (Txn ; Txn +1 ))

� a� (d(I xn ; I xn +1 )) + b[� (H (I xn ; Txn )) + � (H (I xn +1 ; Txn +1 ))]

+ cminf � (D (I xn +1 ; Txn )) ; � (D (I xn ; Txn +1 ))g

� A1 + A2 + A3

Where
A1 = a� (� (Yn � 1; Yn ))

A2 = b[� (� (Yn � 1; Yn )) + � (� (Yn ; Yn +1 ))] ;

A3 = c� (D (I xn +1 ; Yn )) :

So
� (Vn ) � a� (Vn � 1) + b[� (Vn � 1) + � (Vn )]

Hencewe have

� (Vn ) �
a + b
1 � b

� (Vn � 1) < � (Vn � 1) (1)

Since� is increasing,f Vn g is a decreasingsequence.Let l im n Vn = V , assumethat
V > 0. By letting n ! 1 in (1), Since� is continuous , we have:

� (V ) �
a + b
1 � b

� (V ) < � (V );

which is contradiction , henceV = 0.
Let yn be an arbitrary point in Yn for n = 0; 1; 2; :::: Then

lim
n !1

d(yn ; yn +1 ) � lim
n !1

� (Yn ; Yn +1 ) = 0:

Now, we wish to show that f yn g is a Cauchy sequence,we proceedby contradiction.
Then there exist " > 0 and two sequencesof natural numbers f m(i )g; f n(i )g,
m(i ) > n(i ), n(i ) ! 1 as i ! 1 such taht

� (Yn ( i ) ; Ym (i ) ) > " while � (Yn ( i ) ; Ym (i ) � 1) � "

Then we have

" < � (Yn ( i ) ; Ym (i ) ) � � (Yn ( i ) ; Ym (i ) � 1) + � (Ym (i ) � 1; Ym (i ) )

� " + Vm (i ) � 1;

sincef Vn g convergesto 0, � (Yn ( i ) ; Ym (i ) ) ! " . Futhermore, by triangular inequality,
it follows that

j � (Yn ( i )+1 ; Ym (i )+1 ) � � (Yn ( i ) ; Ym (i ) ) j� Vn ( i ) + Vm (i ) ;
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and therefore the sequencef � (Yn ( i )+1 ; Ym (i )+1 )g convergesto "
>From (C. 2), we also deduce:

� (� (Yn ( i )+1 ; Ym (i )+1 )) = � (� (Txn ( i )+1 ; Txm (i )+1 ))

� C1 + C2 + C3

� C4 + C5 + C6 (4)

Where

C1 = a� (d(I xn ( i )+1 ; I xm (i )+1 )) ;

C2 = b
n

� (� (I xn ( i )+1 ; Txn ( i )+1 )) + � (� (I xm (i )+1 ; Txm (i )+1 ))
o

;

C3 = cmin f � (D (I xn ( i )+1 ; Ym (i )+1 ); � (D (I xn ( i )+1 ; Ym (i )+1 )g;

C4 = a� (� (Yn ( i ) ; Ym (i ) )) ;

C5 = [� (Vn ( i ) ) + � (Vm (i ) ];

C6 = c� (� (Yn ( i ) ; Ym (i ) ) + Vm (i ) ):

Letting i ! 1 in (4), we have

� (" ) � (a + c)� (" ) < � (" )

This is a contradiction. Hencef yn g is a Cauchy sequencein X and it has a limit
y in X . So the sequencef I xn g converge to y and further, the sequencef Txn g
convergeto set f yg. Now suposethat I is continuous. Then

I 2xn ! I y and I Txn ! f I yg

by Lemma 1.3. Since I and T are � -compatible. Therefore T I xn ! f I yg. Using
inequality (C:1) , we have

� (� (T I xn ; Txn )) � a� (d(I 2xn ; I xn )) + b[� (H (I xn ; Txn )) + � (H (I 2xn ; T I xn ))]

+ cmin f � (D (I xn ; T I xn )) ; � (D (I 2xn ; Txn ))g;

for n � 0. As n ! 1 we obtain by Lemma 1.1

� (d(I y; y)) � a� (d(I y; y)) + c� (d(y; I y)) ;

That is � (d(I y; y)) = 0 which implies that I y = y. Further

� (� (Ty; Txn )) � a� (d(I y; I xn )) + b[� (H (I y; Ty)) + � (H (I xn ; Txn ))]

+ cmin f � (D (I xn ; Ty)) ; � (D (I y; Txn ))g;

for n � 0. As n ! 1 we obtain by Lemma 1.1

� (� (Ty; y)) � b� (� (Ty; y)) ;

which implies that Ty = y. Thus y is a coincidencepoint for T and I . Now suppose
that T and I have a secondcommon �xed point z such that Tz = f zg = f I zg.
Then, using inequality (C:1), we obtain

� (d(y; z)) = � (� (Ty; Tz)) � (a + c)� (d(z; y)) < � (d(z; y))

which is a contradiction. This completesthe proof of the Theorem.
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Corollary 2.1 ( [6:Theorem2:1]). Let (X ; d) be a complete metric space, T :
X � ! CB (X ) a multi-valued map satisfying the following condition :

� (� (Tx; Ty)) � a� (d(x; y)) + b
h
� (� (x; Tx)) + � (� (y; Ty))

i
+

+ cmin
n

� (d(x; Ty)) ; � (d(y; Tx))
o

8x; y 2 X ;

where � : R+ � ! R+ is continuous and strictly increasing such that � (0) = 0
and a; b;c are three positive constants such that a + 2b < 1 and a + c < 1, then T
has a unique �xed point.

Note that the proof of Theorem 2.1 is another proof of Corollary 2.1 which is of
interest in part becauseit avoids the useof Axiom of choice.

2. 2. A Fixed Point Theorem

Theorem 2.2. Let (X ; d) be a complete metric space. If F : X ! CB (X ) is a
multi-valued mapping and � : R+ � ! R+ is continuous and strictly increasing
such that � (0) = 0: Furthermore, let a; b;c be three functions from (0; 1 ) into [0; 1)
such that

a + 2b : (0; 1 ) ! [0; 1) and a + c : (0; 1 ) ! [0; 1) are decreasing functions.
Supposethat F satis�es the following condition:

(C:3) � (� (F x; F y)) � a(d(x; y)) � (d(x; y)) + b(d(x; y))[ � (H (x; F x)) + � (H (y; F y))]

+ c(d(x; y)) min f � (D (y; F x)) ; � (D (x; F y))g;

then F has a unique �xed point z in X such that F z = f zg.

Pro of.. First we will establish the existenceof a �xed point. Put p = maxf (a +
2b)

1
2 ; (a+ c)

1
2 g, take any xo in X . Sincewe may assumethat D(x0; F x0) is positive,

wecanchoosex1 2 F x0 which satis�es � (d(x0; x1)) � p(D (x0; F x0)) � (H (x0; F x0)),
we may assumethat p(d(x0; x1)) is positive. Assuming now that D(x1; F x1) is pos-
itiv e, we choosex2 2 F x1 such that � (d(x1; x2)) � p(d(x0; x1)) � (H (x1; F x1)) and
� (d(x1; x2)) � p(D (x1; F x1)) � (d(x1; F x1)), since d(x0; x1) � D (x0; F x0) and p is
deceasingthen we have also

� (d(x0; x1)) � p(d(x0; x1)) � (H (x0; F x0)) : Now

� (d(x1; x2)) � � (� (F x0; F x1))

� a(d(x0; x1)) � (d(x0; x1)) + b(d(x0; x1))[ � (H (x0 ; F x0)) + � (H (x1; F x1))]

+ c(d(x0; x1)) min f � (D (F x0; x1)) ; � (D (x0; F x1))g

� ap� 1� (d(x0; x1)) + bp� 1[� (d(x0; x1)) + � (d(x1; x2))] ;

which implies
� (d(x1; x2)) � q(d(x0; x1)) � (d(x0; x1))

where
q : (0; 1 ) ! [0; 1)

is de�ned by

q =
a + b
p � b

:
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Note that r � t implies q(r ) � p(t) < 1. By induction, assumunig that D(x i ; F x i )
and p(d(x i � 1; x i )) are positive, we obtain a sequencef x i g which satis�es x i 2
F x i � 1, � (d(x i � 1; x i )) � p(d(x i � 1; x i )) � (H (x i � 1; F x i � 1)) ;

� (d(x i ; x i +1 )) � p(d(x i � 1; x i )) � (H (x i ; F x i )) ;

� (d(x i ; x i +1 )) � q(d(x i � 1; x i )) � (d(x i � 1 ; x i ))

� p(d(x i � 1; x i )) � (d(x i � 1 ; x i ))

< � (d(x i � 1; x i )) :

It is not di�cult to verify that l im i d(x i ; x i +1 ) = 0: If f x i g is not Cauchy, there
exists " > 0 and two sequencesof natural numbers f m(i )g; f n(i )g,

m(i ) > n(i ) > i such that d(xm (i ) ; xn ( i ) ) > " while d(xm (i ) � 1; xn ( i ) ) � " . It is
not di�cult to verify that

d(xm (i ) ; xn ( i ) ) ! " as i ! 1 and d(xm (i )+1 ; xn ( i )+1 ) ! " as i ! 1 :

For i su�cien tly large d(xm (i ) ; xm (i )+1 ) < " and d(xn ( i ) ; xn ( i )+1 ) < " . For these i
we have

� (d(xm (i )+1 ; xn ( i )+1 )) � � (� (F xm (i ) ; F xn ( i ) ))

� a(d(xm (i ) ; xn ( i ) )) � (d(xm (i ) ; xn ( i ) ))

+ b(d(xm (i ) ; xn ( i ) ))[ � (H (xm (i ) ; F xm (i ) )) + � (H (xn ( i ) ; F xn ( i ) ))]

+ c(d(xm (i ) ; xn ( i ) )) min f � (D (xm (i ) ; F xn ( i ) )) ; � (D (xn ( i ) ; F xm (i ) )g

� a(d(xm (i ) ; xn ( i ) )) � (d(xm (i ) ; xn ( i ) ))

+ b(d(xm (i ) ; xn ( i ) ))p� 1(d(xn ( i ) ; xn ( i )+1 )) � (d(xn ( i ) ; xn ( i )+1 ))

+ b(d(xm (i ) ; xn ( i ) ))p� 1(d(xm (i ) ; xm (i )+1 )) � (d(xm (i ); xm (i )+1 ))

+ c(d(xn ( i ) ; xm (i ) )� (d(xm (i ) ; xn ( i )+1 ))

� a(d(xm (i ) ; xn ( i ) )) � (d(xm (i ) ; xn ( i )+1 ) + d(xn ( i )+1 ; xn ( i ) )

+ b(d(xm (i ) ; xn ( i ) ))p� 1(d(xn ( i ) ; xn ( i )+1 )) � (d(xn ( i ) ; xn ( i )+1 ))

+ b(d(xm (i ) ; xn ( i ) ))p� 1(d(xm (i ) ; xm (i )+1 )) � (d(xm (i ) ; xm (i )+1 ))

+ c(d(xn ( i ) ; xm (i ) )� (d(xm (i ) ; xn ( i )+1 + d(xn ( i )+1 ; xn ( i ) ))

� [a(" ) + c(" )]� (d(xm (i ) ; xn ( i ) ) + d(xn ( i ) ; xn ( i )+1 ))

+ � (d(xm (i ) ; xm (i )+1 )) + � (d(xn ( i ) ; xn ( i )+1 )) (� )

Letting i ! 1 in (� ), we have: � (" ) � [a(" ) + c(" )]� (" ) < � (" ). This is contra-
diction. Hencef x i g is cauchy sequencein a complete metric spaceX , then there
existe a point x 2 X such that xn ! x as i ! 1 . This x is a �xed point of F
because

� (H (x i +1 ; F x)) = � (� (x i +1 ; F x)) � � (� (F x i ; F x))

� a(d(x i ; x)) � (d(x i ; x))

+ b(d(x i ; x))[ � (H (x; F x)) + � (H (x i ; F x i ))]

+ c(d(x i ; x)) min f � (D (x i ; F x)) ; � (D (x; F x i ))g

� a(d(x i ; x)) � (d(x i ; x))

+ b(d(x i ; x))p� 1(d(x i ; x i +1 )� (d(x i ; x i +1 ))

+ b(d(x i ; x)) � (H (x; F x)) + c(d(x i ; x)) � (d(x; x i +1 ) (�� )
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Using b < 1
2 ; p� 1(d(x i ; x i +1 )) < p� 1(d(x0; x1)) and letting i ! 1 in (�� ); we have:

� (� (x; F x)) �
1
2

� (H (x; F x)) :

That is � (H (x; F x)) = 0 and therefore H (x; F x) = 0 i.e, F x = x: F x = f xg. We
claim that x is unique �xed point of F . For this, we suppose that y (x 6= y) is
another �xed point of F such that F y = f yg. Then

� (d(y; x)) � � (� (F y; F x))

� a� (d(x; y)) + b[� (H (x; F x)) + � (H (y; F y))]

+ c min f � (D (x; F y)) ; � (D (y; F x))g

� [a + c]� (d(x; y)) < � (d(x; y)) ;

a contradiction. This completesthe proof of the theorem.

We may establish a common �xed point theorem for a pair of mappings F and
G which stisfying the contractiv e condition corresponding to (C:1), i.e., for all
x; y 2 X

(C:2) � (� (F x; Gy)) � a� (d(x; y)) + b[� (H (x; F x)) + � (H (y; Gy))]

+ c min f � (D (y; F x)) ; � (D (x; Gy))g;

2. 3 A Common Fixed Point Theorem.

Theorem 2.3. Let (X ; d) be a metric space. Let F and G be two mappingsof X
into B N (X ) and � : R+ � ! R+ is continuous and strictly increasing such
that � (0) = 0: Furthermore, let a, b, c be three nonnegative constants such that
a+ 2b < 1 and a+ c < 1. Supposethat F and G satisfy (C:2). Then F and G have
a unique common �xed point. This �xed point satis�es F x = Gx = f xg.

Pro of. Put p = maxf (a+ 2b)
1
2 ; c

1
2 g: we may assumethat is positive. We de�ne by

using the Axiom of choice the two single-valued functions f ; g : X ! X by letting
f (x) be a point w1 2 F x and g(x) be a point w2 2 Gx such that � (d(x; w1)) �
p� (H (x; F x)) and � (d(x; w2)) � p� (H (x; Gx)). Then for every x; y 2 X we have:

� (d(f (x); g(y))) � � (� (F x; Gy)) � a� (d(x; y)) + b[� (H (x; F x)) + � (H (y; Gy))]

+ c min f � (D (y; F x)) ; � (D (x; Gy))g

� a� (d(x; y)) + p� 1b[� (d(x; f x)) + � (d(y; gy))]

+ c min f � (d(y; f x)) ; � (d(x; gy))g:

Sincea+ 2p� 1b � p� 1(a+ 2b) � p < 1, from [7, Theorem2.1]weconcludethat f and
g hasa common�xed point. That is, there existsa point x such that 0 = d(x; f x) =
� (d(x; f x)) � p� (H (x; F x)) and 0 = d(x; gx) = � (d(x; gx)) � p� (H (x; Gx)) which
implies � (H (x; F x)) = 0 and � (H (x; Gx)) = 0, then H (x; F x) = � (x; F x) = 0 and
H (x; Gx) = � (x; Gx) = 0 i.e. F x = Gx = f xg. HenceF and G have a common
�xed point x 2 X . We claim that x is unique common �xed point of F and G. For
this, we supposethat y (x 6= y ) is another �xed point of F and G. Sincey 2 F y
and y 2 Gy, from (C:2) we have

maxf � (H (y; F y)) ; � (H (y; Gy))g � � (� (F y; Gy))

� b[� (H (y; F y)) + � (H (y; Gy))]

� 2bmaxf � (H (y; F y)) ; � (H (y; Gy))g
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which implies � (F y; Gy) = 0, that is F y = Gy = f yg. Then

� (d(y; x)) = � (� (F y; Gx))

� a� (d(x; y)) + b[� (H (x; Gx)) + � (H (y; F y))]

+ cminf � (D (x; F y)) ; � (D (y; Gx))g

� [a + c]� (d(x; y)) < � (d(x; y)) ;

a contradiction. This completesthe proof of the theorem.
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NON-A UTONOMOUS INHOMOGENEOUS BOUND AR Y

CA UCHY PR OBLEMS AND RET ARDED EQUA TIONS

M. Filali and M. Moussi

Abstra ct. In this paper we prove the existence and the uniqueness of classical
solution of non-autonomous inhomogeneous boundary Cauchy problems, this solution
is given by a variation of constants formula. Then, we apply this result to show the
existence of solution of a retarded equation.
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Key W ords and Phrases. Boundary Cauchy problem, Evolution families, Clas-
sical solution, Wellposedness,Variation of constants formula, Retarded equation

1 Intr oduction

Consider the following Cauchy problem with boundary conditions

(I B CP)

8
>><

>>:

d
dt

u(t) = A(t)u(t); 0 � s � t � T;

L (t)u(t) = � (t)u(t) + f (t); 0 � s � t � T;

u(s) = u0:

This type of problemspresents an abstract formulation of several natural equations
such as retarded di�eren tial equations, retarded (di�erence) equations, dynamical
population equations and neutral di�eren tial equations.

In the autonomous case(A(t) = A; L (t) = L; � (t) = � ) the Cauchy problem
(I B CP) was studied by Greiner [2,3]. He useda perturbation of domain of gener-
ator of semigroups,and showed the existenceof classicalsolutions of (I B CP) via
variation of constants formula. In the homogeneouscase(f = 0), Kellermann [6]
and Nguyen Lan [8] have showed the existenceof an evolution family (U(t; s)) t � s� 0

as the classicalsolution of the problem (I B CP).
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The aim of this paper is to show well-posednessin the generalcase(f 6= 0) and
apply this result to get a solution of a retarded equation. In Section2 we prove the
existenceand uniquenessof the classical solution of (I B CP). For that purpose,
we transform (I B CP) into an ordinary Cauchy problem and prove the equivalence
of the two problems. Moreover, the solution of (I B CP) is explicitly given by a
variation of constants formula similar to the one given in [3] in the autonomous
case.We note that the operator matrices method was also used in [4, 8, 9] for the
investigation of inhomogeneousCauchy problems without boundary conditions.

Section 3 is devoted to an application to the retarded equation

(RE)
�

v(t) = K (t)vt + f (t); t � s � 0;

vs = ':

We intro ducenow the following basicde�nitions which will be usedin the sequel.
A family of linear (unbounded)operators (A(t)) 0� t � T on a Banach spaceX is called
a stable family if there are constants M � 1; ! 2 R such that ]! ; 1 [� � (A(t)) for
all 0 � t � T and












kY

i =1

R(�; A(t i ))












� M (� � ! ) � k for � > !

for any �nite sequence0 � t1 � ::: � tk � T:
A family of boundedlinear operators (U(t; s)) 0� s� t on X is said an evolution family
if
(1) U(t; t) = I d and U(t; r )U(r; s) = U(t; s) for all 0 � s � r � t;
(2) the mapping

�
(t; s) 2 R2

+ : t � s
	

3 (t; s) 7�! U(t; s) is strongly continuous.
For evolution families and their applications to non-autonomousCauchy problems
we refer to [1,5,10].

2 Well-posedness of Cauchy pr oblem with bound ar y coditions

Let D ; X and Y be Banach spaces,D densely and continuously embedded in
X , consider families of operators A(t) 2 L (D ; X ), L (t) 2 L (D ; Y) and � (t) 2
L (X ; Y); 0 � t � T . In this section we will use the operator matrices method in
order to prove the existenceof classicalsolution for the non-autonomousCauchy
problem with inhomogeneousboundary conditions

(I B CP)

8
>><

>>:

d
dt

u(t) = A(t)u(t); 0 � s � t � T;

L (t)u(t) = � (t)u(t) + f (t); 0 � s � t � T;

u(s) = u0;

it meansthat we will transform this Cauchy problem into an ordinary homogeneous
one.

In all this section we consider the following hypotheses:
(H1) t 7�! A(t)x is continuously di�eren tiable for all x 2 D ;
(H2) the family (A0(t)) 0� t � T ; A0(t) := A(t)jker L ( t ) ; is stable, with (M 0; ! 0) con-
stants of stabilit y;
(H3) the operator L (t) is surjective for every t 2 [0; T ] and t 7�! L (t)x is continu-
ously di�eren tiable for all x 2 D ;
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(H4) t 7�! � (t)x is continuously di�eren tiable for all x 2 X ;
(H5) there exist constants 
 > 0 and ! 2 R such that

jjL (t)xjjY � 
 � 1(� � ! )jjxjj X for x 2 ker(� � A(t)) ; � > ! and t 2 [0; T ]:

De�nition 2.1. A function u : [s;T ] � ! X is called a classical solution of (I B CP)
if it is continuously di�er entiable, u(t) 2 D ; 8t 2 [s;T ] and u satis�es (I B CP). If
(I B CP) has a classical solution, we say that it is well-posed.

We recall the following results which will be usedin the sequel.

Lemma 2.1. [6,7] For t 2 [0; T ] and � 2 � (A0(t)) we havethe following properties
i ) D = D(A0(t)) � ker(� � A(t)) .
ii ) L (t)jker ( � � A ( t )) is an isomorphism from ker(� � A(t)) onto Y:

iii ) t 7�! L �;t := (L (t)jker ( � � A ( t )) )� 1 is strongly continuously di�er entiable.

As consequencesof this lemma we have L(t)L �;t = I dY ; L �;t L(t) and (I � L �;t L(t))
are the projections in D onto ker(� � A(t)) and D(A0(t)) respectively.
In order to get the homogenizationof (I B CP), we intro ducethe Banach spaceE :=
X � C1([0; T ]; Y ) � Y; whereC1([0; T ]; Y) is the spaceof continuously di�eren tiable
functions from [0; T ] into Y equipped with the norm kgk := kgk1 + kg0k1 ; for
g 2 C1([0; T ]; Y):
Let A � (t) be a matrix operator de�ned on E by

A � (t) :=

0

@
A(t) 0 0

0 0 0
L(t) � � (t) � � t 0

1

A ; D(A � (t)) := D � C1([0; T ]; Y ) � f 0g; t 2 [0; T ];

here � t : C([0; T ]; Y ) � ! Y is such that � t (g) = g(t):
To the family A � (�) we associate the homogeneousCauchy problem

(N CP)

8
><

>:

d
dt

U(t) = A � (t)U(t); 0 � s � t � T;

U(s) =
� u0

f
0

�
:

In the following proposition we give an equivalencebetween solutions of (I B CP)
and those of (N CP).

Prop osition 2.1. Let
�

u0

f

�
2 D � C1([0; T ]; Y).

(i) If the function t 7�! U(t) :=
�

u1 ( t )
u2 ( t )

0

�
is a classical solution of (N CP) with

initial value
�

u0

f
0

�
: Then t 7�! u1(t) is a classical solution of (I B CP) with initial

value u0.
(ii) Let u be a classical solution of (I B CP) with initial valueu0. Then, the function

t 7�! U(t) =
�

u( t )
f
0

�
is a classical solution of (N CP) with initial value

�
u0

f
0

�
:
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Pro of.. i ) SinceU is a classicalsolution, then, from De�nition 2.1, u1 is continu-
ously di�eren tiable and u1(t) 2 D , for t 2 [s;T ]. Moreover we have

U0(t) =
�

u0
1 ( t )

u0
2 ( t )
0

�

= A � (t)U(t)

=
�

A (t )u1 ( t )
0

L ( t )u1 ( t ) � � ( t )u1 ( t ) � � t u2 ( t )

�
: (2:1)

Therefore
u0

1(t) = A(t)u1(t) and u0
2(t) = 0:

This implies that u2(t) = u2(s) = f ; 8t 2 [s;T ], hencethe equation (2:1) yields to

L (t)u1(t) = � (t)u1(t) + f (t); 0 � s � t � T:

The initial value condition is obvious.
The assertion(ii ) is obvious. �

Now we return to the study of the Cauchy problem (N CP): For that aim, we recall
the following result.

Theorem 2.1. ( [11], Theorem 1.3) Let (A(t)) 0� t � T be a stable family of linear
operators on a Banach space X such that
i) the domain D := (D(A(t)) ; k � kD ) is a Banach space independent of t;
ii) the mapping t 7�! A(t)x is continuously di�er entiable in X for every x 2 D.
Then there is an evolution family (U(t; s)) 0� s� t � T on D. Moreover U(t; s) has the
following properties :
(1) U(t; s)D (s) � D (t) for all 0 � s � t � T , where D(r ) is de�ned by

D(r ) :=
�

x 2 D : A(r )x 2 D
	

;

(2) the mapping t 7�! U(t; s)x is continuously di�er entiable in X on [s;T ] and

d
dt

U(t; s)x = A(t)U(t; s)x for all x 2 D(s) and t 2 [s;T ]:

In order to apply Theorem 2.1, we needthe following lemma.

Lemma 2.2. The family of operators (A � (t)) 0� t � T is stable.

Pro of.. For t 2 [0; T ], we write A � (t) as

A � (t) = A(t) +

0

@
0 0 0
0 0 0

� � (t) � � t 0

1

A ;

where A(t) =

0

@
A(t) 0 0

0 0 0
L(t) 0 0

1

A ; with domain D(A(t)) = D(A � (t)) :
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SinceA � (t) is a perturbation of A(t) by a linear bounded operator on E, hence,in
view of a perturbation result ([10], Thm. 5.2.3) it is su�cien t to show the stabilit y
of (A (t)) 0� t � T .

Let � > ! 0 and
� x

f
y

�
, we have

(� �A (t))

0

@
R(�; A0(t)) 0 � L �;t

0 1
� 0

0 0 0

1

A
� x

f
y

�
=

0

@
(� � A(t))R(�; A0(t))x � (� � A(t))L �;t y

f
� L (t)R(�; A0(t))x + L (t)L �;t y

1

A

SinceR(�; A0(t))x 2 D(A0(t)) = ker(L (t)), L �;t y 2 ker(� � A(t)) and L(t)L �;t =
I dY ; we obtain

(� � A (t))

0

@
R(�; A0(t)) 0 � L �;t

0 1
� 0

0 0 0

1

A = I dE : (2:2)

On the other hand, for
�

x
f
0

�
2 D(A(t)) ; we have

0

@
R(�; A0(t)) 0 � L �;t

0 1
� 0

0 0 0

1

A (� �A (t))
�

x
f
0

�
=

0

@
R(�; A0(t))( � � A(t))x + L �;t L(t)x

f
0

1

A :

>From Lemma 2.1, let x1 2 D(A0(t)) and x2 2 ker(� � A(t)) such that x = x1 + x2.
Then

R(�; A0(t))( � � A(t))x + L �;t L(t)x = R(�; A0(t))( � � A(t))( x1 + x2)

+ L �;t L(t)(x1 + x2)

= R(�; A0(t))( � � A(t))x1 + L �;t L(t)x2

= x1 + x2

= x:

As a consequence,we get
0

@
R(�; A0(t)) 0 � L �;t

0 1
� 0

0 0 0

1

A (� � A (t)) = I D (A ( t )) :

>From (2:2) and (2:3) , we obtain that the resolvent of A(t) is given by

R(�; A (t)) =

0

@
R(�; A0(t)) 0 � L �;t

0 1
� 0

0 0 0

1

A :

Hence,by a direct computation one can obtain, for a �nite sequence0 � t1 � ::: �
tk � T;

kY

i =1

R(�; A (t i )) =

0

B
B
B
@

kY

i =1

R(�; A0(t i )) 0 �
kY

i =2

R(�; A0(t i ))L �;t 1

0 1
� k 0

0 0 0

1

C
C
C
A

:
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>From the hypothesis(H 5), we concludethat jjL �;t jj � 
 (� � ! ) � 1 for all t 2 [0; T ]
and � > ! : De�ne ! 1 = max(! 0; ! ). Therefore, by using (H 2), we obtain for� x

f
y

�
2 E












kY

i =1

R(�; A (t i ))
� x

f
y

� 










=












kY

i =1

R(�; A0(t i ))x �
kY

i =2

R(�; A0(t i ))L �;t 1 y +
1

� k f












� M (� � ! 1)� k jj xjj + M (� � ! 1)� (k � 1) 
 (� � ! 1) � 1jj yjj

+ (� � ! 1)� k jj f jj

� M
0
(� � ! 1) � k










� x
f
y

� 






 ;

where M
0

:= max(M ; M 
 ): Thus the lemma is proved. �

Now we are ready to state the main result.

Theorem 2.2. Let f be a continuously di�er entiable function on [0; T ] onto Y .
Then, for all initial value u0 2 D; such that L (s)u0 = � (s)u0 + f (s); the Cauchy
problem (I B CP) has a unique classical solution u. Moreover, u is given by the
variation of constants formula

u(t) = U(t; s)( I � L �;s L(s))u0 + L �;t f (t; u(t))

+
Z t

s
U(t; r )

h
�L �;r f (r; u(r )) � (L �;r f (r; u(r )))

0
i

dr; (2:4)

where (U(t; s)) t � s� 0 is the evolution family generated by A0(t) and f (t; u(t)) :=
� (t)u(t) + f (t):

Pro of. First, for the existenceof U(t; s) we refer to [7]. Since (A � (t)) 0� t � T is

stable and from assumptions(H 1); (H3) and (H4); (A � (t)) 0� t � T satis�es all con-
ditions of Theorem 2.1, then there exists an evolution family U� (t; s) such that,

for all initial value
�

u0

f
0

�
2 D(A � (s)), the function

�
u1 ( t )
u2 ( t )

0

�
:= U� (t; s)

�
u0

f
0

�
is

a classicalsolution of (N CP). Therefore, from (i ) of Proposition 2.1, u1 is a clas-
sical solution of (I B CP): The uniquenessof u1 comesfrom the uniquenessof the
solution of (NCP) and Proposition 2.1.
Let u be a classicalsolution of (I B CP), at �rst, we assumethat � (t) = 0, then

u2(t) := L �;t L(t)u(t)

= L �;t f (t);

and u1(t) := (I � L �;t L(t))u(t) are di�eren tiable on t and we have

u0
1(t) = u0(t) � u0

2(t)

= A(t)(u1(t) + u2(t)) � (L �;t f (t))
0

= A0(t)u1(t) + �L �;t f (t) � (L �;t f (t)) 0:
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If we de�ne ~f (t) := �L �;t f (t) � (L �;t f (t))
0

, we obtain

u1(t) = U(t; s)u1(s) +
Z t

s
U(t; r ) ~f (r ) dr:

Replacing u1(s) by (I � L �;s L(s))u0, we obtain

u1(t) = U(t; s)( I � L �;s L(s))u0 +
Z t

s
U(t; r ) ~f (r ) dr;

consequently ,

u(t) = U(t; s)( I � L �;s L(s))u0+ L �;t f (t)+
Z t

s
U(t; r )

h
�L �;r f (r ) � (L �;r f (r ))

0
i

dr: (2:5)

Now in the case �( t) 6= 0, since f (�; u(�)) is continuously di�eren tiable, similar
arguments are usedto obtain the formula (2:5) for f (�) := f (�; u(�)) which is exactly
(2:4): �

3 Ret arded equation

On the Banach spaceC1
E := C1([� r ; 0]; E ), where r > 0 and E is a Banach

space,we consider the retarded equation

(RE)

(
v(t) = K (t)vt + f (t); 0 � s � t � T;

vs = ' 2 C1
E :

Where vt (� ) := v(t + � ); for � 2 [� r; 0], and f : [0; T ] � ! E :

De�nition 3.1. A function v : [s � r; T ] � ! E is said a solution of (RE), if it is
continuously di�er entiable, K (t)vt is well de�ned, 8t 2 [0; T ] and v satis�es (RE):

In this sectionwe are interestedin the study of the retarded equation (RE), we will
apply the abstract result obtained in the previous section in order to get a solution
of (RE). As a �rst step, we show that this problem can be written as a boundary
Cauchy one. More precisely, we show in the following theorem that solutions of
(RE) are equivalent to those of the boundary Cauchy problem

(I B CP)0

8
>><

>>:

d
dt

u(t) = A(t)u(t); 0 � s � t � T; (3:1)

L (t)u(t) = � (t)u(t) + f (t); (3:2)

u(s) = ': (3:3)

Where A(t) is de�ned by
(

A(t)u := u0

D := D(A(t)) = C1([� r ; 0]; E );

L (t) : D � ! E : L (t)' = ' (0) and � (t) : C([� r; 0]; E ) � ! E : � (t)' = K (t)':
Note that the spacesD; X and Y in section2, are givenhereby D := C1([� r ; 0]; E );
X := C([� r; 0]; E ) and Y := E.
We have the following theorem
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Theorem. i ) If u is a classical solution of (I B CP)0, then the function v de�ned
by

v(t) :=

(
u(t)(0) ; s � t � T;

' (t � s); � r + s � t � s;

is a solution of (RE):
ii ) If v is a solution of (RE), then t 7�! u(t) := vt is a classical solution of
(I B CP)0.

Pro of. i ) Let u be a classical solution of (I B CP)0, then from De�nition 2.1, v
is continuously di�eren tiable. On the other hand, (3:1) and (3:3) implies that u
veri�es the translation property

u(t)( � ) =

(
u(t + � )(0) ; s � t + � � T

' (t + � � s); � r + s � t + � � s;

which implies that vt (�) = u(t)( �). Therefore, from (3:2); we obtain

v(t) = u(t)(0)

= L (t)u(t)( �) + f (t)

= K (t)u(t)( �) + f (t)

= K (t)vt (�) + f (t):

Hencev satis�es (RE):
ii ) Now, let v be a solution of (RE): From De�nition 3.1, u(t) 2 C1([� r ; 0]; E ) =
D(A(t)), for s � t � T . Moreover,

L (t)u(t) = u(t)(0)

= v(t)

= K (t)v(t) + f (t)

= � (t)u(t) + f (t):

The equation (3:1) is obvious. �

This theorem allows us to concentrate our self on the problem (I B CP)0. So, it
remains to show that the hypotheses(H 1) � (H5) are satis�ed.
The hypotheses(H1), (H3) are obvious and (H4) can be obtained from the assump-
tions on the operator K (t).
For (H2), let ' 2 D(A0(t)) =

�
' 2 C1([� r ; 0]; E ) ; ' (0) = 0

	
and f 2 C([� r; 0]; E )

such that (� � A0(t)) ' = f ; for � > 0: Then

' (� ) = e�� ' (0) +
Z 0

�
e� ( � � � ) f (� ) d� ; � 2 [� r; 0]:

Since ' (0) = 0, we get

(R(�; A0(t)) f )( � ) =
Z 0

�
e� ( � � � ) f (� ) d� :
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By induction , we can show that

 
kY

i =1

R(�; A0(t i )) f

!

(� ) =
1

(k � 1)!

Z 0

�
(� � � )k � 1e� ( � � � ) f (� ) d� ;

for a �nite sequence0 � t1 � ::: � tk � T: Hence












 
kY

i =1

R(�; A0(t i )) f

!

(� )












�
1

(k � 1)!

Z 0

�
(� � � )k � 1e� ( � � � ) d� kf k

= e��
1X

i = k

� i � k (� � ) i

i !
kf k

=
e��

� k

1X

i = k

(� �� ) i

i !
kf k

�
1
� k kf k; for � 2 [� r; 0]:

Therefore 










kY

i =1

R(�; A0(t i )) f












�
1

� k kf k; � > 0:

This provesthe stabilit y of A0(t)) t 2 [0;T ] :
Now, if ' 2 ker(� � A(t)) ; then ' (� ) = e�� ' (0); for � 2 [� r; 0]. Hence

kL(t)' k = k' (0)k

= ke� �� ' (� )k;

since lim
� ! + 1

e� � �

�
= + 1 , in CE ; we can take c > 0 such that e� � �

� � c; therefore

kL (t)' k � c� k' k; 8t 2 [0; T ]:

So (H5) holds. As a conclusion,we get the following corollary

Corollary 3.1. Let f be a continuously di�er entiable function from [0; T ] onto E,
then for all ' 2 C1

E such that, ' (0) = K (s)' + f (s), the retarded equation (RE)
has a solution v; moreover, v satis�es

vt = T(t � s)( ' � e� � ' (0)) + e� � f (t; vt ) +
Z t

s
T(t � r )e� � �

�f (r; vr ) � (f (r; vr )) 0� dr;

where (T(t)) t � 0 is the c0-semigroup generated by A0(t):
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SMOOTHERS AND THEIR APPLICA TIONS

IN A UTONOMOUS SYSTEM THEOR Y

J. E. Palomar Taranc �on

Abstra ct. In this paper the author intro duces the concept of smoother. Roughly
speaking, a smoother is a pair (s; K ) consisting of a contin uous map s sending each
point p of its domain into a closed neighborhood Vp of p, and an operator K that
transforms any function f into another K f being smoother than f . This prop erty
allows us to remove the e�ect of a perturbation P from the solutions of an autonomous
system the vector �eld of which is modi�ed by P .
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Key W ords and Phrases. Smoother, co-algebra, integral transform, perturba-
tion

0. Intr oduction

The main aim of this paper consists of intro ducing the concept of smoother
together with an application in di�eren tial equation theory. Roughly speaking a
smoother is an operator transforming an arbitrary function f 1 into a similar one
f 2 being smoother than f 1. In general, smoothers perform integral transforms in
function spaces.To get a �rst approximation to the smoother conceptconsiderthe
following facts. Let y = f (x) be any integrable function de�ned in R and � : R ! C
a map such that C stands for the collection of all closedsubsetsof R the interior
of each of which is non-void. For every x 2 R, let � x be any non-negative real
number, and let � (x) = [x � � x ; x + � x ]. With these assumptions, consider the
linear transform K de�ned as follows. If � x 6= 0 is a �nite number, then

(0:0:1) Kf (x) =
1

2� x

Z � x

� � x

f (x + � ) d�
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C2

C1

Figure 1.

Conversely, for � x in�nite

(0:0:2) Kf (x) = lim
k !1

1
2k

Z k

� k
f (x + � ) d�

Finally, if � x = 0, then

(0:0:3) Kf (x) = lim
k ! 0

1
2k

Z k

� k
f (x + � ) d� = f (x)

Of course,assumingthat such a limit exists. Thus, the integral transform K sends
the value of f (x) at x into the averageof all valuesof f (x) in a closedneighborhood
[x � � x ; x + � x ] of x. Obviously, in general, the transform Kf (x) is smoother than
f (x). To seethis fact consider the following cases.If for every x, � (x) = R, then
8x 2 R : � x = 1 and Kf (x) is a constant function, that is the smoothest one
that can be built. If for every x 2 R, � (x) = f xg, then 8x 2 : � x = 0, therefore
Kf (x) = f (x), and consequently both functions have the samesmoothnessdegree.
Thus, betweenboth extreme casesone can build several degreesof smoothness. In
the former example,what we term smoother is nothing but the pair (� ; K).
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Perhaps the most natural smoother application consists of removing, from a
given function, the noisearising from someperturbation. For instanceconsiderthe
curves C1 and C2 in Figure 1. Supposethat the di�erences between C1 and C2
are consequenceof someperturbation working over C2. If both curvesare the plots
of two functions f 1(x) and f 2(x) respectively, in general,one can build a smoother
(� ; K) such that Kf 1(x) = f 2(x). Now, consider a vector �eld X and the result
Y of a perturbation P working over X , and assume(� ; K) to satisfy the relation
KY = X . If x (t) and y(t) are the general solutions for the ordinary di�eren tial

equations
d
dt

x (t) = X
�
x (t)

�
and

d
dt

y (t) = Y
�
y (t)

�
respectively, then we shall

say the smoother (� ; K) to be compatible with the vector �eld Y , provided that
the following relation holds: Ky(t) = x (t). Thus, onecan obtain the corresponding

perturbation-free function from solutions of
d
dt

y (t) = Y
�
y (t)

�
using the smooth

vector �eld X = KY instead. The main aim of this paper consistsof investigating
a compatibilit y criterion.

1. Smoothers

Let T op stand for the categoryof all topological spaces,and let N : T op ! T op
be the endofunctor carrying each object (E ; T ) in T op into the topological space
N(E; T ) = (} (E ) n ff;gg ; T � ) the underlying set of which } (E) n ff;gg consistsof
all nonempty subsetsof E . Let T � be the topology a subbaseS of which is de�ned
as follows. Denote by C the collection of all T -closedsubsetsof E and for every
pair (A; B ) 2 C� T , let K A;B = f C 2 } (E)jA � C � B g. With theseassumptions,
de�ne the subbaseS as follows.

S = f K A;B j(A; B ) 2 C� T g

Obviously, if A � B , then K A;B = ; . Likewise, if A = ; and B = E, then
K A;B = } (E) n ff;gg .

Let the arrow-map of N be the law sendingeach continuous map

f : (E1; T1) ! (E2; T2)

into the map Nf carrying each subsetA � E1 into f [A] � E2. It is not di�cult to
seeNf to be a continuous map with respect to the associated topology T � .

De�nition 1.0.1. Let cAl g(N) denote the concrete category of N-co-algebras.
Thus, every object in cAl g(N) is a pair

�
(E ; T ); � (E ;T )

�
, consistingof a topological

space(E ; T ) together with a continuous map � (E ;T ) : (E ; T ) ! N(E ; T ).

Recall that a continuous mapping f : (E1; T1) ! (E2; T2) is a morphism in
cAl g(N) from

�
(E1; T1); � (E 1 ;T1 )

�
into

�
(E2; T1); � (E 2 ;T2 )

�
, provided that the follow-

ing diagram commutes.

(1:0:4) (E1; T1)

f

��

� ( E 1 ; T 1 ) //N(E1; T1)

N f

��
(E2; T2) � ( E 2 ; T 2 )

//N(E2; T2)
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Now, let T vec be the topological vector spacecategory, and let T opV ec denote
the categorythe objects of which areproducts of the form N(E; T )�

�
C0(E ; V ); T �

�
,

where (V; T) is a topological vector spaceand T � the pointwise topology for the
set C0(E ; V ) of all continuous maps from (E; T ) into j(V; T)j; where the functor
j j : T vec ! T op forgets the vector spacestructure and preservesthe topological
one. In addition, a T opV ec-morphism with domain N(E1; T1) �

�
C0(E1; V ); T �

1

�

and codomain N(E2; T2) �
�
C0(E2; V ); T �

2

�
is of the form Nf � g where f lies

in homT op (E1; E2) and g is a continuous mapping with domain C0(E1; V ) and
codomain C0(E2; V ).

Given any topological space(E ; T ), let

P (E ;T ) : T vec ! T opV ec

denote the functor carrying each T vec-object (V; T) into the product

N(E ; T ) �
�
C0(E ; V ); T � �

and sending every T vec-morphism f : (V1; T1) ! (V2; T2) into I d � f � ; where
f � = homT op ((E ; T ); jf j) stands for the morphism carrying each g 2 C0(E ; V1)
into f � g 2 C0(E ; V2), and as usual homT op ((E ; T ); j � j) denotes the covariant
hom-functor.

Finally, let Al g(P (E ;T ) )denote the category of P (E ;T ) -algebras, that is, each

object is a pair of the form
�

(V; T); K(V;T )

�
where

K(V;T ) : P (E ;T ) (V; T) = N(E ; T ) �
�
C0(E ; V ); T � �

! j(V; T)j

is a continuous map. In addition, a given continuous linear mapping

f : (V1; T1) ! (V2; T2)

is an Al g(P (E ;T ) )-morphism whenever the following quadranglecommutes.

(1:0:5) N(E ; T ) �
�
C0(E ; V1); T �

1

�

I d� hom T op (( E ;T ) ;j f j )

��

K ( V 1 ;T 1 ) //j(V1; T1)j

j f j

��
N(E ; T ) �

�
C0(E ; V2); T �

2

�
K ( V 2 ;T 2 )

//j(V2; T2)j

De�nition 1.0.2. A smoother will be any pair

��
(E ; T ); � (E ;T )

�
;
�
(V; T); K(V;T )

��

such that
�
(E ; T ); � (E ;T )

�
is a co-algebralying in cAl g(N) and

�
(V; T); K(V;T )

�
is

an algebra in Al g(P (E ;T ) ) satisfying the following conditions.
a) For every p 2 E: p 2 � (E ;T ) (p).
b) For every (p; f ) 2 E � C0(E ; V ):

K(V;T )
�
� (E ;T ) (p); f

�
2 C

�
Nf

�
� (E ;T ) (p)

��
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where, for any subsetA � E , C(A) denotesthe convex cover of A.
c) K(V;T ) is linear with respect to its secondargument, that is to say, for every

couple of scalars(�; � ) and each pair of maps (f ; g) the following holds.

(1:0:6)
K(V;T )

�
� (E ;T ) (p);�f + � g

�
=

� K(V;T )
�
� (E ;T ) (p); f

�
+ � K(V;T )

�
� (E ;T ) (p); g

�

1.0.1. Transformation associated to a smoother. Given a homeomorphism
' : (E ; T ) ! j(V; T)j, a smoother

S =
��

(E ; T ); � (E ;T )
�

;
�
(V; T); K(V;T )

��

inducesa transformation S ' carrying each point p 2 E into

' � 1 �
K(V;T )

�
� (E ;T ) (p); '

�

which will besaid to be inducedby S . Likewise,for every one-parametercontinuous
map family h : E � I � E � R ! E one can de�ne the induced transformation by

(1:0:7) S h(p;t ) (p) = ' � 1 �
K(V;T )

�
� (E ;T ) (h(p; t); '

��

1.0.2. Ordering. Smoothers form a category Smtr the morphism-classof
which consistsof every cAl g(N)-morphism f : (E1; T1) ! (E2; T2) such that the
following quadranglecommutes

(1:0:8)
�
N(E1; T1) � C0(E1; V )

�

N f � hom T op ( f ;j (V;T ) j )

��

K ( V ;T ) //j(V; T)j

j I d j

���
N(E2; T2) � C0(E2; V )

�
K ( V ;T )

//j(V; T)j

where homT op (� ; j(V; T)j) : T op ! T opop stands for the contravariant hom-
functor.

Regarding Smtr as a concrete category over Set via the forgetful functor
such that ��

(E ; T ); � (E ;T )
�

;
�
(V; T); K(V;T )

��
7! E

with the obvious arrow-map, in each �bre one can de�ne an ordering � as follows.
For any smoother

��
(E ; T ); � (E ;T )

�
;
�
(V; T); K(V;T )

��
, let



��

(E ; T ); � (E ;T )
�

;
�
(V; T); K(V;T )

��

denote the intersection of all topologiesfor E containing the set family

K =
�

� (E ;T ) (p) j p 2 E
	

then

(1:0:9)

� �
(E1; T1); � (E 1 ;T1 )

�
;
�
(V; T); K(V;T )

� �

�
� �

(E2; T2); � (E 2 ;T2 )
�
;
�
(V; T); K(V;T )

� �
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if and only if the topology
�



�
(E1; T1); � (E 1 ;T1 )

�
;
�
(V; T); K(V;T )

��
is �ner than

the topology 

��

(E2; T2); � (E 2 ;T2 )
�

;
�
(V; T); K(V;T )

��
. For a maximal element, the

topology 

��

(E ; T ); � (E ;T )
�

;
�
(V; T); K(V;T )

��
must be indiscrete. In this case,for

every p in E , � (E ;T ) (p) = E, and consequently , for every p;q 2 E,

KE ;T (� (E ;T ) (p); ' ) = K(E ;T ) (E ; ' ) = K(� (E ;T ) (q); ' )

therefore S ' h(p; t) = ' � 1
�
K(V;T )

�
� (E ;T ) (h(p; t); '

� �
transforms h(p; t) into a con-

stant map, which is the smoothest function one can build. Conversely, a minimal
element correspondsto the discrete topology. In this case,by virtue of both condi-
tions a) and b), the transformation (1.0.7) is the identit y, so then h(p; t) remains
unaltered. Betweenboth extremesone can build several degreesof smoothness.

1.1 Smo others in smo oth manifolds.. Let (M ; A n ) be a smooth manifold,
' : U � M ! Rn a chart and T the induced topology for U. Henceforth, the
pair (U;T ) will be assumedto be a Hausdor� space. In the most natural way,
one can build a smoother S =

��
(U;T ); � (U;T )

�
;
�
(Rn ; T ); K(Rn ;T )

��
over (U;T )

the associated set of continuous maps C0(U;Rn ) contains each smooth one like the
di�eomorphism associated to each chart.

For those smooth manifolds such that, for each p 2 M n , each tangent space
Tp is isomorphic to Rn , that is to say, there is an isomorphism � p : Tp ! Rn , one
can associate a map ! X : U ! Rn to every smooth vector �eld X letting

(1:1:1) 8p 2 U : ! X (p) = � p
�
X p)

�

Accordingly, the image of the vector �eld X under S is

(1:1:2) � p
�
Y

�
= K(Rn ;T )

�
� (U;T ) (p); ! X

�

therefore

(1:1:3) Y = � � 1
p

�
K(Rn ;T )

�
� (U;T ) (p); ! X

��

From the former equations it follows immediately that if ht : U ! U is the one-
parameter group associated to X , then

(1:1:4) ! X (p) = � p (X )
�
�
p = lim

t ! 0

' � ht (p) � ' (p)
t

2 Rn

accordingly

(1:1:5)
K(Rn ;T )

�
� (U;T ) (p); ! X

�
=

lim
t ! 0

K(Rn ;T )
�
� (U;T ) (p); ' � ht

�
� K(Rn ;T )

�
� (U;T ) (p); '

�

t
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De�nition 1.1.1. Let X be a smooth vector �eld the coordinates of which are
(X 1; : : : X n ), and consider the di�eren tial equation

(1:1:6)

8
>>>>>>>><

>>>>>>>>:

d
dt

x1(
 (p; t)) = X 1�
x1(
 (p; t); x2(
 (p; t) : : :

�

d
dt

x2(
 (p; t)) = X 2�
x1(
 (p; t); x2(
 (p; t) : : :

�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

d
dt

xn (
 (p; t)) = X n �
x1(
 (p; t); x2(
 (p; t) : : :

�

where the di�eren tiable curve 
 : I � R ! U is assumed to be solution of
the former equation for the initial value 
 (p; t0) = p. Say, a smoother S =��

(U;T ); � (U;T )
�

;
�
(Rn ; T ); K(Rn ;T )

��
to be compatible with X provided that the

curve y
�
� (p; t)

�
= K(Rn ;T )

�
� (U;T ) (
 (p; t)) ; '

�
is solution of the equation

(1:1:7)

8
>>>>>>>><

>>>>>>>>:

d
dt

y1(� (p; t)) = Y 1�
y1(� (p; t); y2(� (p; t) : : :

�

d
dt

y2(� (p; t)) = Y 2�
y1(� (p; t); y2(� (p; t) : : :

�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

d
dt

yn (� (p; t)) = Y n �
y1(� (p; t); y2(� (p; t) : : :

�

where q = S ' (y(p; t0)) = S ' (p), and

(1:1:8) (Y 1; Y 2; : : : Y n ) = K(Rn ;T )
�
� (U;T ) (p) ; ! X

�

Obviously, if p is a �xed point for S ' , then y(q; t) and x (p; t) are solutions
of (1.1.6) and (1.1.7), respectively, for the sameinitial value p = x(p; t0) = y(p; t0).

Remark. If p = q, that is to say, if p is a �xed-p oint for S ' , then from De�ni-
tion 1.0.2 the relations

(1:1:9) 8p 2 U : x (p) 2 C
�
N'

�
� (U;T ) (p)

� �

and

(1:1:10) 8p 2 U : y (p) 2 C
�
N'

�
� (U;T ) (p)

��

are true, therefore

(1:1:11) kx (p) � y (p)k � max
q1 ;q2 2 C(� ( U ; T ) (p))

k' (q1) � ' (q2)k

From the former relation one can build someproximit y criteria. If the maximum
distance among points in any set � (U;T ) (p) is bounded, that is to say, if there is
� > 0 such that

8p 2 U : max
q1 ;q2 2 C(� ( U ; T ) (p))

k' (q1) � ' (q2)k < �

then
8t > 0 : kx (p; t) � y (p; t)k < �
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Prop osition 1.1.3. Let
�
(U;T ); � (U;T )

�
be a co-algebra in cAl g(N) and for every

point p of U let � p : � (U;T ) ! [0; 1 ) be a measure for � (U;T ) (p) such that the set
� (U;T ) (p) is � p-measurable. If for every p 2 U the following condition hold,

a) p 2 � (U;T ) (p).
b) � (U;T ) (p) is a closed subsetof U.
c) � p

�
� (U;T ) (p)

�
= 1

then the pair
��

(U;T ); � (U;T )
�

;
�
(V; T); K(V;T )

��
is a smoother, where

(1:1:12) K(V;T )

�
� (U;T ) (p); f

�
=

Z
� � �

Z

� ( U ; T ) (p)

f d� p

Proof. Obviously, K(V;T ) is linear with respect to its secondcoordinate, and by
de�nition, it satis�es condition a) in De�nition 1.0.2, therefore it remains to be
proved K(V;T ) to satisfy condition b) too.

It is a well-known fact that each coordinate f j of any measurablefunction f
is the limit of a sequence

�
f j

n j n 2 N
	

of step-functions each of which of the form

(1:1:13) f j
n =

mX

i =1

cj
i;n � E i;n

such that each of the E i;n is � p-measurableand for every i 2 N, cj
i;n = f j (� i ) for

some� i 2 E i;n , besides,8n 2 N : E i;n \ E j;n = ; (i 6= j ) and [ m
i =1 E i;n = � (U;T ) (p).

In addition Z
� � �

Z

� ( U ; T ) (p)

f j d� p = lim
n !1

mX

i =1

cj
i;n � p(� E i;n

) (1:1:14)

Now, from statement c) it follows that

(1:1:15) 8n 2 N :
mX

i =1

� p(� E i;n
) = � p(� (U;T ) (p)) = 1

therefore

(1:1:16) 8n 2 N :
mX

i =1

ci;n � p(� E i;n
) 2 C

�
Nf (� (U;T ) (p))

�

where ci;n = (c1
i;n ; c2

i;n ; � � � ). Finally, since � (U;T ) (p) is assumedto be closed, the
proposition follows. �

2. A compatibility criterion

Although smoothers can be useful in several areas, the aim of this paper
is its application in di�eren tial equations in which only those smoothers being
compatible with the associated vectorsare useful. To build a compatibilit y criterion
the following result is a powerful tool.
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Theorem 2.0.4. Let (M n ; A n ) be a smooth manifold and (U; ' ) a chart. Let
ht : U ! U stand for the one-parameter group associated to a smooth vector �eld
X and

S =
��

(U;T ); � (U;T )
�

;
�
(Rn ; T ); K(Rn ;T )

��

a smoother. If the following relation holds

(2:0:17)
9� > 0; 8t < � : K(Rn ;T )

�
� (U;T )

�
ht (p)

�
; '

�
=

K(Rn ;T )
�
� (U;T ) (p); ' � ht

�

then S is compatible with X .

Proof. First, from
y(q; t) = K(Rn ;T )

�
� (U;T ) (ht (p)) ; '

�

we obtain that

' (q) = y (q; t0) = K(Rn ;T )
�
� (U;T ) (p) ; '

�
= ' (S ' (p))

Now, it is not di�cult to seethat

(2:0:18)

d
dt

y
�
�
�
q

=

lim
t ! 0

K(Rn ;T )
�
� (U;T ) (ht (p)) ; '

�
� K(Rn ;T )

�
� (U;T ) (h0(p)) ; '

�

t
and using (2.0.17) the former equation becomes

(2:0:19)

d
dt

y
�
�
�
q

=

lim
t ! 0

K(Rn ;T )
�
� (U;T ) (p) ; ' � ht )

�
� K(Rn ;T )

�
� (U;T ) (p) ; '

�

t
=

lim
t ! 0

K(Rn ;T )
�
� (U;T ) (p) ; ' � ht � '

�

t
=

lim
t ! 0

K(Rn ;T )

�
� (U;T ) (p) ;

' � ht � '
t

�

and by continuit y

(2:0:20)
lim
t ! 0

K(Rn ;T )

�
� (U;T ) (p) ;

' � ht � '
t

�
=

K(Rn ;T )

�
� (U;T ) (p) ; lim

t ! 0

' � ht � '
t

�

therefore, taking into account (1.1.1) and (1.1.4),

(2:0:21)
d
dt

y
�
�
�
q

= lim
t ! 0

K(Rn ;T )
�
� (U;T ) (p) ; ! X

�

accordingly, if '
�
ht (p)

�
= (x1(p; t); x2(p; t) : : : ) is solution of (1.1.6) for the initial

value p, then

(y1(q; t); y2(q; t) : : : ) = K(Rn ;T )
�
� (U;T ) (ht (p)) ; '

�

is solution of the equation (1.1.7) for the initial value q = S ' (p), being

(Y 1; Y 2 : : : ) = K(Rn ;T )
�
� (U;T ) (p) ; ! X

�

�



SMOOTHERS AND THEIR APPLICA TIONS IN AUTONOMOUS SYSTEM THEOR Y 45

Corollary 2.0.5. With the sameconditions as in the preceding theorem, if p is a
�xed point for S ' and x (p; t) =

�
x1(p; t); x2(p; t) : : :

�
is solution of the initial value

problem

(2:0:22)

8
<

:

d
dt

x (p; t) = X
�
x (p; t)

�

x (p; t0) = ' (p)

then y(p; t) =
�
y1(p; t); y2(p; t) : : :

�
= K(Rn ;T )

�
� (U;T ) (ht (p)) ; '

�
is solution for the

initial value problem

(2:0:23)

8
<

:

d
dt

y (p; t) = Y
�
y (p; t)

�
= K(Rn ;T )

�
� (U;T ) (p) ; ! X

�

y (p; t0) = ' (p)

Remark 2.0.6. The smoother de�ned in (2.0.39) satis�es the conditions of the
former corollary, becauseeach point (x; y) of R2 is a �xed-p oint. However, the
smoother

S =
��

(U;T ); � (U;T )
�

;
�
(Rn ; T ); K(Rn ;T )

��

such that the law � (U;T ) sendseach point (x0; y0) 2 R2 into the subset

A (x 0 ;y 0 ) =
�

(x; y) 2 R2 j x0 � x � x0 + 1 �
y
y0

; 0 � y � ex 0

�

the associated transform of which is

(2:0:24)

K(R2 ;T ) : f (x; y) 7!
2
3y

ZZ

� ( U ; T ) (x;y )
f (x + u; y + v) dudv =

2
3y

Z 0

� y

Z 1� v
y

0
f (x + u; y + v) dudv

is compatible with the vector
�

1
y

�
and sendsthe point (x; y) into (x + 7

9 ; 4
9 y),

this is to say, S ' (x; y) = (x+ 7
9 ; 4

9 y), Thus, there is no �xed point for S ' . Of course,
this smoother transforms the solution (t + x0; y0et ) of the equation

(2:0:25)

8
><

>:

d
dt

x(t) = 1

d
dt

y(t) = y(t)

for the initial value (x0; y0) at t = 0, into the solution (t + x0 + 7
9 ; 4

9 y0et ) of the
sameequation for the initial value (x0 + 7

9 ; 4
9 y0).

De�nition 2.0.7. Given a smoother

S =
��

(U;T ); � (U;T )
�

;
�
(Rn ; T ); K(Rn ;T )

��

de�ned over a chart (U; ' ) of a smooth manifold (M ; A n ), and a smooth vector �eld
X , de�ne the derivative r X S by the following expression.

(2:0:26)
r X S jp =

lim
t ! 0

K(Rn ;T )
�
� (U;T ) (ht (p)) ; '

�
� K(Rn ;T )

�
� (U;T ) (p) ; ' � ht

�

t
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Corollary 2.0.8. If r X S = 0, then S is compatible with X .

Proof. Obviously, taking into account De�nition 2.0.7, from r X S = 0, the state-
ment (2.0.17) follows. �

De�nition 2.0.9. Given a smooth vector �eld X , the associated one-parameter
group of which is ht : U ! U, say a measure-�eld f � p j p 2 Ug to be invariant
with respect to X , provided that for every p 2 U and each measurablesubsetE of
� (U;T ) (p) the following relation holds

(2:0:27) 8t 2 R : � h t (p) (Nht (E )) = � p(E )

accordingly the measure� p(E ) remains unaltered under the one-parametergroup
ht : U ! U associated to X .

Remark 2.0.10. In [4] it is shown that, for a wide class of vector �elds, each
di�eren tiable-map  : U ! C satisfying the equation

(2:0:28) X � (p) =

 
nX

i =1

X i @
@x i  (x1; x2 : : : )

!

� = 0

satis�es also the equation

(2:0:29)
d
dt

 (ht (p)) = 0

accordingly,  (ht (p)) doesnot depend upon the parameter t; where for every con-
tinuous function f , f � denotes the maximal extension by continuit y. Thus, an
invariance criterion can consist of proving the existence of a di�eren tiable map
 E : U ! R, for each measurablesubsetE � U, such that

(2:0:30)

(
 E (p) = � p(E )

X � E (p) = 0

Theorem 2.0.11. If a measure �eld f � p j p 2 Ug is invariant with respect to X
and, for each t 2 R, the member of corresponding one-parameter group ht : U ! U
is a cAl g(N)-morphism, then the smoother

S =
��

(U;T ); � (U;T )
�

;
�
(Rn ; T ); K(Rn ;T )

��

such that

(2:0:31) K(V;T )
�
� (U;T ) (p); '

�
=

Z
� � �

Z

� ( U ; T ) (p)

' d� p

is compatible with X .

Proof. First, because,for each t 2 R, the map ht : U ! U is assumedto be a
cAl g(N)-morphism, then by virtue of (1.0.4) we have that

(2:0:32)

K(V;T )
�
� (U;T ) (ht (p)) ; '

�
=

K(V;T )
�
Nht

�
� (U;T ) (p)

�
; '

�
=

Z
� � �

Z

N h t

�
� ( U ; T ) (p)

�
' d� p
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and because

(2:0:33) Nht
�
� (U;T ) (p)

�
=

�
ht (q) j q 2 � (U;T ) (p)

	

then

(2:0:34)
Z

� � �
Z

N h t

�
� ( U ; T ) (p)

�
' d� p =

Z
� � �

Z

� ( U ; T ) (p)

' � ht d� h t (p)

therefore, since the invariance of f � p j p 2 Ug with respect to X is assumed,then
for every subsetE � � (U;T ) (p) the following relation holds

� h t (p)
�
Nht (E )

�
= � p(E )

therefore from (2.0.34) it follows that

(2:0:35)
Z

� � �
Z

� ( U ; T ) (p)

' � ht d� h t (p) =
Z

� � �
Z

� ( U ; T ) (p)

' � ht d� p

consequently ,

(2:0:36)

K(V;T )
�
� (U;T ) (ht (p)) ; '

�
=

Z
� � �

Z

� ( U ; T ) (p)

' � ht d� p = K(V;T )
�
� (U;T ) (p); ' � ht

�

accordingly, the smoother S satis�es the conditions of the precedingtheorem. �

Example 2.0.12. Consider the initial value problem

(2:0:37)

8
>>>><

>>>>:

d
dt

x(t) = 1

d
dt

y(t) = 0:1cos
�
x(t)

�

�
x(0); y(0)

�
= (x0; y0)

the solution of which is

(2:0:38)

(
x(t) = x0 + t

y(t) = y0 + 0:1
�

sin(t + x0) � sin(x0)
�

whereweareassumingthe function 0:1cos
�
x(t)

�
, in the secondequation of (2.0.37),

to be the consequenceof a perturbation working over the vector �eld
� 1

0

�
. The map

� , sendingeach (x; y) 2 R2 into the closedset [x � � ; x + � ] � [y � 1; y + 1], together
with the operator K de�ned as follows
(2:0:39)

K :
�
f 1(x; y); f 2(x; y)

�
7!

� 1
4�

Z 1

� 1

Z �

� �
f 1(x + u; y + v)dudv;

1
4�

Z 1

� 1

Z �

� �
f 2(x + u; y + v)dudv

�
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form a smoother such that K transforms the vector
�

1
0:1 cos(x )

�
of the equation

(2.0.37) into the perturbation-free vector
� 1

0

�
, therefore it transforms also (2.0.37)

into the following initial value problem,

(2:0:40)

8
>>>><

>>>>:

d
dt

x(t) = 1

d
dt

y(t) = 0
�
x(0); y(0)

�
= (x0; y0)

Now, it is not di�cult to seeK to be compatible with the vector �eld of the equa-
tion (2.0.37), therefore K transforms also the solution (2.0.38) of (2.0.37) into the
solution of (2.0.40), as one can seein the following equality

(2:0:41)

8
>>>>>><

>>>>>>:

1
4�

Z 1

� 1

Z �

� �
(x0 + u + t) : dudv = x0 + t

1
4�

Z 1

� 1

Z �

� �

�
y0 + v + 0:1

�
sin(x0 + u + t)�

sin(x0 + u)
��

dudv = y0

and

(2:0:42)

(
x(t) = x0 + t

y(t) = y0

is nothing but the generalsolution of (2.0.40). Thus, K sends(2.0.37) into (2.0.40)
and also sendsthe general solution of (2.0.37) into the perturbation-free solution
(2.0.42) of (2.0.40).

References

1. Ad�amek, J., Herrlic h and H., Strecker, G. E., Abstract and concrete categories. The joy of
cats. Pure and Applie d Mathematics , A Wiley-In terscience Publication. John Wiley & Sons,
Inc., New York, xiv+482 pp., 1990.

2. Kobayashi, S., and Nomizu, K., Foundations of Di�er ential Geometry , Interscience Publish,
1963.

3. K•othe, G., Topological vector spaces, Springer-V erlag, New York, 1969.
4. Palomar Taranc�on, J. E., Vector spaces over function �elds. Vector spaces over analytic

function �elds being associated to ordinary di�er ential equations, Southwest J. Pure Appl.
Math., no. 2, pp. 60-87 (2000).



Electronic Journal: Southwest Journal of Pure and Applied Mathematics
Internet: http://rattler.cameron.edu/swjpam.h tml
ISSN 1083-0464
Issue2, December 2003,pp. 49{59.
Submitted: Octomber 29, 2003. Published: December 31 2003.

APPR OXIMA TION OF FIXED POINTS OF ASYMPTOTICALL Y

PSEUDOCONTRA CTIVE MAPPINGS IN BANA CH SPA CES

Yeol Je Cho, Daya Ram Sahu, Jong Soo Jung

Abstra ct. Let T be an asymptotically pseudocontractiv e self-mapping of a non-
empty closed convex subset D of a re
exiv e Banach space X with a Gâteaux di�er-
entiable norm. We deal with the problem of strong convergenceof almost �xed points
xn = � n T n xn + (1 � � n )u to �xed point of T . Next, this result is applied to deal
with the strong convergenceof explicit iteration processzn +1 = vn +1 (� n T n zn + (1 �
� n )zn ) + (1 � vn +1 )u to �xed point of T

A.M.S. (MOS) Sub ject Classi�cation Co des. 47H09,47H10.

Key W ords and Phrases. Almost �xed point, Asymptotically pseudocontractiv e
mapping, Banach limit, Strong convergence

1. In tro duction

Let D be a nonempty closedconvex subsetof a real Banach spaceX and let T :
D ! D be a mapping. Given an x0 2 D and a t 2 (0; 1); then, for a nonexpansive
mapping T, we can de�ne contraction Gt : D ! D by Gt x = tT x + (1� t)x0; x 2 D .
By Banach contraction principle, Gt has a unique �xed point x t in D , i.e., we have

x t = tT x t + (1 � t)x0:

The strong convergenceof path f x t g as t ! 1 for a nonexpansive mapping T on a
boundedD wasproved in Hilb ert spaceindependently by Browder [2] and Halpern
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[7] in 1967 and in a uniformly smooth Banach spaceby Reich [10]. Later, it has
beenstudied in various papers (see[12], [14], [15], [23], [28]).

The asymptotically nonexpansivemappingswereintro ducedby Goebel and Kirk
[4] and further studied by various authors (see[1], [6], [7], [12], [17], [19], [21], [22],
[24], [25], [27]).

Recently , Schu [20] has consideredthe strong convergenceof almost �xed points
xn = � n T n xn of an asymptotically nonexpansive mapping T in a smooth and
re
exiv e Banach spacehaving a weakly sequentially continuous dualit y mapping.
Unfortunately , Schu's results do not apply to L p spacesif p 6= 2; sincenoneof these
spacespossessweakly sequentially dualit y mapping.

The object of this paper is to deal with the problem of strong convergenceof the
sequenceof almost �xed points de�ned by the equation

(1) xn = � n T n xn + (1 � � n )u

for an asymptotically pseudocontractiv emapping T in a re
exiv eBanach spacewith
the Gâteaux di�eren tiable norm. In particular, Corollary 1 improvesand extends
the results of [12], [14], [16], [20] and [23] to the larger classof asymptotically pseu-
docontractiv e mappings. Further, we deal with the problem of strong convergence
of the explicit iteration process

zn +1 = vn +1 (� n T n xn + (1 � � n )xn ) + (1 � vn +1 )u

by applying Corollary 1.
It is well known that the Mann iteration process([13]) is not guaranteed to con-

verge to a �xed point of a Lipschitz pseudocontractiv e de�ned even on a compact
convex subset of a Hilb ert space(see [10]). In [11], Ishikawa intro duced a new
iteration process,which convergesto a �xed point of a Lipschitz pseudocontractiv e
mapping de�ned on a compact convex subset of a Hilb ert space. Schu [22] �rst
studied the convergenceof the modi�ed Ishikawa iterativ e sequencefor completely
continuous asymptotically pseudocontractiv e mappings in Hilb ert spaces. Schu's
result has been extended to asymptotically pseudocontractiv e type mappings de-
�ned on compact convex subsetsof a Hilb ert space(see [4], [15]). In application
point of view, compactnessis a very strong condition. One of important features
of our approach is that it allows relaxation of compactness.

2. Preliminaries

Let X be a real Banach spaceand D a subsetof X. An operator T : D ! D is
said to be asymptotically pseudocontractive ([24]) if and only if, for each n 2 N and
u; v 2 D, there exist j 2 J (u � v) and a constant kn � 1 with limn !1 kn = 1 such
that

hT n u � T n v; j i � kn ku � vk2;

where J : X ! 2X �
is the normalized duality mapping de�ned by

J (u) = f j 2 X � : hu; j i = kuk2; kj k = kukg:

The classof asymptotically pseudocontractiv e mappings is essentially wider than
the class of asymptotically nonexpansive mappings (T : D ! D for which there
exists a sequencef kn g � [1; 1 ) with limn !1 kn = 1 such that

kT n u � T n vk � kn ku � vk
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for all u; v 2 D and n 2 N ). In fact, if T is an asymptotically nonexpansive
mapping with a sequencef kn g, then for each u; v 2 D, j 2 J (u � v) and n 2 N ,
we have

hT n u � T n v; j i � kT n u � T n vkku � vk � kn ku � vk2:

The normal structure coe�cient N (X ) of X is de�ned ([2]) by

N (X ) =
�

diamD
rD D

: D is a nonempty bounded convex subsetof X

with diam D > 0
�

;

where rD (D ) = inf x 2 D f supy2 D kx � ykg is the Chebyshev radius of D relative to
itself and diamD = supx;y 2 D kx � yk is the diameter of D . The spaceX is said to
have the uniformly normal structure if N (X ) > 1.

Recall that a nonempty subset D of a Banach spaceX is said to satisfy the
property (P) ([12]) if the following holds:

(P) x 2 D ) ! ! (x) � D ;

where ! ! (x) is weak ! -limit set of T at x, i.e.,

f y 2 C : y = weak � lim
j

T n j x for somen j ! 1g :

The following result can be found in [12].

Lemma 1. Let D be a nonempty bounded subsetof a Banach space X with uni-
formly normal structure and T : D ! D be a uniformly L -Lipschitzian mapping
with L < N (X )1=2. Suppose that there exists a nonempty bounded closed convex
subsetC of D with property (P). Then T has a �xed point in C.

A Banach limit LI M is a bounded linear functional on `1 such that

lim inf
n !1

tn � LI M tn � lim sup
n !1

tn

and
LI M tn = LI M tn +1

for all bounded sequencef tn g in `1 . Let f xn g be a bounded sequenceof X .
Then we can de�ne the real-valued continuous convex function f on X by f (z) =
LI M kxn � zk2 for all z 2 X .

The following Lemma was give in [8].

Lemma 2 [8]. Let X be a Banach space with the uniformly Gâteaux di�er entiable
norm and u 2 X. Then

f (u) = inf
z2 X

f (z)

if and only if
LI M hz; J (xn � u)i = 0

for all z 2X, where J : X ! X � is the normalized duality mappingand h�; �i denotes
the generalized duality pairing.
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3. The Main Results

In this section, we establish strong convergenceof sequencef xn g de�ned by
the equation (1) in a re
exiv e Banach spacewith uniformly Gâteaux di�eren tiable
norm.

Supposenow that D is a nonempty closedand convex subsetof a Banach space
X and T : D ! D is an asymptotically pseudocontractiv emapping (we may always
assumekn � 1 for all n � 1). Supposealso that f � n g is a sequenceof real number
in (0,1) such that lim n !1 � n = 1.

Now, for u 2 D and a positive integer n 2 N , consider a mapping Tn on D
de�ned by

Tn x =
�

1 �
� n

kn

�
u +

� n

kn
T n x; x 2 D:

In the sequel,we usethe notations F (T) for the set of �xed points of T and � n

for � n
kn

.

Lemma 3. For each n � 1; Tn has exactly one �xed point xn in D such that

xn = � n T n xn + (1 � � n )u:

Proof. SinceTn is a strictly pseudocontractiv emapping on D, it follows from Corol-
lary 1 of [5] that Tn possessesexactly one �xed point xn in D .

Lemma 4. If the set

G(u; Tu) = f x 2 D : hT n u � u; j i > 0 for all j 2 j (x � u); n � 1g

is bounded, then the sequence f xn g is bounded.

Proof. SinceT is asymptotically pseudocontractiv e, for j 2 J (xn � u), we have

h� n (T n xn � u) + � n (u � T n u); j i � � n kxn � uk2;

which implies

hT n u � u; j i �
1 � � n

� n
kxn � uk2

since� n (T n xn � u) = xn � u. If x 6= 0, we have

hT n u � u; j i > 0

and it follows that xn 2 G(u; Tu) for all n � 1 and hencef xn g is bounded.

Before presenting our main result, we needthe following:

De�nition 1. Let D be a nonempty closedsubsetof a Banach spacesX , T : D !
D be a nonlinear mapping and M = f x 2 D : f (x) = minz2 D f (z)g: Then T is said
to satisfy the property (S) if the following holds:

(S)
For any bounded sequencef xn g in D ;

lim
n !1

kxn � Txn k = 0 implies M \ F (T) 6= ; :
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Theorem 1. Let D be a nonempty closed and convexsubsetof a re
exive Banach
space X with a uniformly Gâteaux di�er entiable norm, T : D ! D be a continuous
asymptotically pseudocontractive mapping with a sequence f kn g and f � n g be a se-
quence of real numbers in (0; 1) such that lim n !1 � n = 1 and limn !1

kn � 1
kn � � n

= 0.
Suppose that for u 2 D; the set G(u; Tu) is bounded and the mapping T satis�es
the property (S). Then we have the following:

(a) For each n � 1, there is exactly one xn 2 D such that

xn = � n T n xn + (1 � � n )u:

(b) If lim n !1 kxn � Txn k = 0, then it follows that there exists the sunny non-
expansive retraction P from D onto F(T) such that f xn g convergesstrongly
to Px.

Proof. The part (a) follows from Lemma 3. So, it remains to prove part (b). From
Lemma 4, f xn g is bounded and so we can de�ne a function f : D ! R+ by

f (z) = LI M kxn � zk2

for all z 2 D : Since f is continuous and convex, f (z) ! 1 as kzk ! 1 and X is
re
exiv e, f attains it in�m um over D . Let z0 2 D such that f (z0) = minz2 D f (z)
and let M = f x 2 D : f (x) = minz2 D f (z)g: Then M is nonempty becausez0 2 M :
Sincef xn g is boundedby Lemma 4 and T satis�ed the property (S), it follows that
M \ F (T) 6= ; : Supposethat v 2 M \ F (T). Then, by Lemma 2, we have

LI M hx � v; J (xn � v)i � 0

for all x 2 D : In particular, we have

(2) LI M hu � v; J (xn � v)i � 0:

On the other hand, from the equation (1), we have

(3) xn � T n xn = (1 � � n )(u � T n xn ) =
1 � � n

� n
(u � xn ):

Now, for any v 2 F (T), we have

hxn � T n xn ; J (xn � v)i = hxn � v + Tn v � T n xn ; J (xn � v)i

� � (kn � 1)kxn � vk2

� � (kn � 1)K 2

for someK > 0 and it follows from (3) that

hxn � u; J (xn � v)i �
� n (kn � 1)

kn � � n
K 2:

Hencewe have

(4) LI M hxn � u; J (xn � v)i � 0:
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Combining (2) and (4), then we have

LI M hxn � v; J (xn � v)i = LI M kxn � vk2 � 0:

Therefore, there is a subsequencef xn i g which convergesstrongly to v. To complete
the proof, suppose there is another subsequencef xn k g of f xn g which converges
strongly to y (say). Since lim n !1 kxn � Txn k = 0 and T is continuous, then y is
a �xed point of T . It then follows from (4) that

hv � u; J (v � y)i � 0

and
hy � u; J (y � v)i � 0:

Adding thesetwo inequalities yields

hv � y; J (v � y)i = kv � yk2 � 0

and thus v = y. This prove the strong convergenceof f xn g to v 2 F (T). Now we
can de�ne a mapping P from D onto F (T) by lim n !1 xn = Pu. From (4), we have

hu � Pu; J (v � Pu)i � 0

for all u 2 D and v 2 F (T). Therefore, P is the sunny nonexpansive retraction.
This completesthe proof.

Remark 1. The assumption of � n such that � n 2 ( 1
2 ; 1) with kn � 2� 2

n
2� n � 1 implies

limn !1
� n (kn � 1)
(kn � � n ) = 0 (seeLemma 1.4 of [16]).

Next, we substitute the property (S) mentioned in Theorem 1 by assumingthat
T is uniformly L -Lipschitzian in Banach spacewith the uniformly normal structure
and D doeshave the property (P) (see[12]).

Corollary 1. Let X be a Banach space with the uniformly Gâteaux di�er entiable
norm, N(X) be the normal structure coe�cient of X such that N (X ) > 1; D be
nonempty closed convex subsetof X . T : D ! D be a uniformly L-Lipschitzian
asymptotically pseudocontractive mapping with a sequence f kn g and L < N (X )1=2

and f � n g be a sequence of real numbers in (0; 1) such that lim n !1 � n = 1 and
limn !1

kn � 1
kn � � n

= 0. Supposethat every closed convexbounded subsetof D satis�es
the property (P). Then we have

(a) For each n � 1, there is exactly one xn 2 D such that

xn = � n T n xn + (1 � � n )u:

(b) If lim n !1 kxn � Txn k = 0, then it follows that there exists the sunny non-
expansive retraction P from D onto F(T) such that the sequence f xn g con-
vergesstrongly to Px.
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Remark 2. (1) Theorem 1 and Corollary 1 can be applied to all uniformly convex
and uniformly smooth Banach spacesand, in particular, all L P spaces,1 < p < 1 .

(2) As was mentioned in the intro duction, Theorem 1 extends and improves
the corresponding results of [12], [14], [16], [20] and [23] to much larger class of
asymptotically pseudocontractiv e mappings and to more generalBanach spacesX
consideredhere.

If we choose f � n g � (0; 1) such that limn !1 � n = 1 and limn !1
kn � 1

kn � � n
= 0

(such a sequencef � n g alwaysexists. For example,taking � n = minf 1�
p

kn � 1; 1�
1
n g); then the following result is a direct consequenceof Corollary 1:

Corollary 2. Let D be nonempty closed convexand bounded subsetof a uniformly
smooth Banach space X, T : D ! D be an asymptotically nonexpansive mapping
with Lipschitzian constant kn and f � n g be a sequence of real numbers in (0; 1) such
that limn !1 � n = 1 and lim n !1

kn � 1
kn � � n

= 0. Then we have the following:

(a) For u 2 D each n � 1, there is exactly one xn 2 D such that

xn = � n T n xn + (1 � � n )u:

(b) If limn !1 kxn � Txn k = 0, there exists the sunny nonexpansive retraction
P from D onto F(T) such that f xn g convergesstrongly to Px.

We immediately obtain from Corollary 2 the following result (Theorem 1 of Lim
and Xu [8]) with additional information that almost �xed points convergesto y,
where y is �xed point of T nearestpoint to u.

Corollary 3. Let D be a nonemptyclosed convexand bounded subsetof a uniformly
smooth Banach space and T : D ! D be an asymptotically nonexpansive mapping.
Let f � n g be a sequence in (0; 1) such that lim n !1 � n = 1 and limn !1

kn � 1
kn � � n

= 0.
Suppose that, for any x 2 D, f xn g is a sequence in the de�ned by (1). Suppose in
addition that the following condition:

lim
n !1

kxn � Txn k = 0

holds. Then there exists the sunny nonexpansive retraction P from D onto F(T)
such that f xn g convergesstrongly to Px.

4. Applications

Halpern [9] hasintro ducedthe explicit iteration processf zn +1 g de�ned by zn +1 =
� n +1 Tzn for approximation of a �xed point for a nonexpansive self-mappingT de-
�ned on the unit ball of a Hilb ert space. Later, this iteration processhas been
studied extensively by various authors and has been successfullyemployed to ap-
proximate �xed points of various classof nonlinear mappings (see[15], [20], [23]).

In this section, we establish somestrong convergencetheoremsfor the results of
the explicit iteration processf zn +1 g de�ned by

zn +1 = vn +1 (� n T n zn + (1 � � n )zn ) + (1 � � n +1 )u
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by applying the results concerningthe implicit iteration processf xn g de�ned by

xn = � n T n xn + (1 � � n )u

of the last section.

First, we shall intro duce a de�nition, which is partly due to Halpern [7].

Let f an g and f vn g be sequenceof real numbers in (0; 1 ) and (0,1), respectively.
Then (f an g; f vn g) is said to have property (A) ([17]):

(a) f an g is decreasing,
(b) f vn g is strictly increasing,
(c) there is a sequencef � n g of natural number such that

(c-1) f � n g is strictly increasing,

(c-2) limn !1 � n (1 � vn ) = 1 ,

(c-3) limn !1
1� vn + � n

1� vn
= 1,

(c-4) limn !1
an � an + � n

1� vn
= 0.

The following lemma was proved in [23]:

Lemma 5 [23]. Let D be a nonempty bounded and convex subset of a normed
space X , 0 2 D, f Sn g be a sequence self-mappingson D, f L n g be a sequence of
real numbers in [1; 1 ] such that kSn x � Sn yk � L n kx � yk for all x; y 2 D and
n � 1; f � n g � (0; 1), f an g � (0; 1 ) be such that (f an g; f vn g) has property (A)
and f 1� vn

1� � n
g is bounded, where vn = � n =Ln , and f xn g be a sequence in D such

that xn = vn Sn (xn ) for all n � 1 and lim n !1 xn = v. Suppose that there exists a
constant d > 0 such that

kSm (x) � Sn (x)k � djam � an j

for all m; n � 1 and x 2 D. Supposealso that, for an arbitrary points z0 2 D; f zn g
is a sequence in D suchthat zn +1 = vn +1 Sn (zn ) for all n � 1: Then lim n !1 zn = v.

Xu [26] has proved that, if X is q-uniformly smooth (q > 1), then there exists a
constant c > 0 such that

(5) kx + ykq � kxkq + qhy; Jq(x)i + ckykq

for all x; y 2 X , where the mapping Jq : X ! 2X �
is a generalizeddualit y mapping

de�ned by
Jq(x) = f j 2 X � : hx; j i = kxkq; kj k = kxkq� 1g:

Typical examples of such spaceare the LesbesgueL p, the sequence`p and the
Sobolev W m

p spacesfor 1 < p < 1 . In fact, thesespacesare p-uniformly smooth if
1 < p � 2 and 2-uniformly smooth for p � 2.

Before, presenting our results, we needthe following:

Lemma 6. Let q > 1 be a real number, D be a nonempty closed subsetof a q-
uniformly smooth Banach space X , T : D ! D be a uniformly L -Lipschitzian and
asymptotically pseudocontractive mappingwith a sequence f kn g and f � n g and f � n g
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be two sequences of real numbers in (0; 1). Supposethat f Gn g is a self-mappingon
D de�ned by Gn x = � n T n x + (1 � � n )x for all x 2 D . Then we havethe following:

(a) kGn x � Gn yk � L n kx � yk for all x; y 2 D and n � 1, where

L n = [1 + q� n (kn � 1) + c� q
n (1 + L)q]

1
q :

(b) For u 2 D and each n � 1, there is exactly one xn 2 D such that

xn = vn Gn (xn ) + (1 � vn )u;

where vn = � n =Ln .
(c) If u = 0, then it follows that xn = vn � n

1� vn (1 � � n ) T n xn for all n � 1.

Proof. To prove part (a), set Fn = I � T n , where I denotesthe identit y operator.
Then, for each n � 1; Gn = I � � n Fn and kFn x � Fn yk � (1 + L)kx � yk for all
x; y 2 D : Since

hFn x � Fn y; Jq(x � y)i � � (kn � 1)kx � yk2

for all x; y 2 D and n � 1, using (5), we obtain

kGn x � Gn ykq

= kx � y � � n (Fn x � Fn y)kq

� kx � ykq � q� n hFn x � Fn y; Jq(x � y)i + c� q
n (1 + L)qkx � ykq

� [1 + q� n (kn � 1) + c� q
n (1 + L)q]kx � ykq:

To prove part (b), for u 2 D and n � 1, de�ne a mapping Tn : D ! D by

Tn x = vn Gn x + (1 � vn )u; x 2 D :

Sincevn 2 (0; 1); Tn is a contraction mapping on D. Thus, by the Banach contrac-
tion principle, Tn hasexactly onexn 2 D such that xn = vn Gn xn + (1 � vn )u: This
completesthe proof.

The following lemma can be shown by simple calculation:

Lemma 7. Let D be a nonempty closed convex subsetof a Banach space X , T :
D ! D be an asymptotically nonexpansive mapping with a sequence f kn g and
f � n g and f � n g be two sequences of real numbers in (0; 1). Suppose that f Gn g is
a sequence of self-mappingson D de�ned by Gn x = � n T n x + (1 � � n )x for any
x 2 D. Then we have the following:

(a) kGn x � Gn yk � kn kx � yk for all x; y 2 D and n � 1.
(b) For u 2 D and each n � 1, there is exactly one xn 2 D such that

xn = � n Gn xn + (1 � � n )u;

where � n = � n =kn :

We now prove the main result of this section.
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Theorem 2. Let q > 1 be a real number, D be a nonempty closed convex and
bounded subsetof a q-uniformly smooth Banach space X , T : D ! D be a uniformly
L -Lipschitzian asymptotically pseudocontractive mapping with a sequence f kn g and
L < N (X )

1
2 and f � n g and f � n g be two sequences of real numbers in (0; 1) such

that limn !1 � n = 1, limn !1
L n � 1

L n � � n
= 0 and lim n !1

1� vn
� n

= 0, where L n =

[1 + q� n (kn � 1) + c� q
n (1 + L)q]

1
q and vn = � n =Ln . Suppose that (f � n g; f vn g)

has property (A), f 1� vn
1� � n

g is bounded and limn !1 kyn � Tyn k = 0 for any bounded
sequence f yn g in D with limn !1 kyn � T n yn k = 0. Suppose also that, for any
u; z0 2 D, f zn g is a sequence in D de�ned by

zn +1 = vn +1 (� n T n zn + (1 � � n )zn ) + (1 � vn +1 )u:

Then there exists the sunny nonexpansive retraction P from D onto F(T) such that
f zn g convergesstrongly to Pu.

Proof. Without loss of generality, we may assumethat u = 0. For n � 1, set
� n = vn � n

(1 � vn )+ vn � n
. Then f � n g � (0; 1) and � n = (1 + 1

vn
( 1� vn

� n
)) � 1 for all n � 1.

Since limn !1 vn = 1 and limn !1
1� vn

� n
= 0, it follows that lim n !1 � n = 1 and

hence,by Lemma 6 and Corollary 1, the sequencef xn g de�ned by xn = � n T n xn

convergesstrongly to Pu. Let f Gn g be a sequenceof self mappings on D de�ned
by

Gn (x) = � n T n x + (1 � � n )x; x 2 D :

By Lemma 6, for each n � 1, there is exactly onexn 2 D such that xn = vn Gn (xn )
and hencexn = � n T n xn . By Corollary 1, we have that f xn g convergesstrongly to
some�xed point of T. Sincezn = � n Gn (zn ) for all n � 1 and kGm (x) � Gn (x)k �
j� m � � n j diam D for all m; n � 1 and x 2 D. It follows from Lemma 5 that f zn g
convergesstrongly to Pu. This completesthe proof.

Remark 3. (1) Theorem 2 extendsTheorem 2.4 of Schu [23] to the wider classof
asymptotically pseudocontractiv e mappings and from a Hilb ert spacesto the more
generalBanach spaceX consideredhere.

(2) Another iteration procedure for uniformly L -Lipschitzian asymptotically
pseudocontractiv e mapping T in a Hilb ert space may be found in the work of
Schu [22] with the condition that the given mapping T is completely continuous.

Corollary 3. Let D be a nonemptyclosed convexand bounded subsetof a uniformly
smooth Banach space X , T : D ! D be a uniformly asymptotically regular and
asymptotically nonexpansive mapping with a sequence f kn g and f � n g be sequence
of real numbers in (0; 1) with lim n !1 � n = 1, limn !1 � n = 0, limn !1

(kn � 1)
(kn � � n ) = 0

and lim n !1
1� � n

an
= 0. Supposealso that, for any u; z0 2 D, f zn g is a sequence in

D de�ned by

zn +1 = � n +1 (� n T n zn + (1 � � n )zn ) + (1 � � n )u; n � 1:

Then f zn g convergesstrongly to some�xed point of T.

Remark 4. Schu [19], [21] and Tan and Xu [24] havestudied the weakconvergence
for the sequencef zn g de�ned by (the modi�ed Mann iteration process)zn +1 =
� n T n zn + (1 � � n )zn to �xed point of asymptotically nonexpansive mapping T in
a uniformly convex Banach spacewith the Fr�echet di�eren tiable norm or with a
weakly sequentially dualit y mapping.
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RADIAL MINIMIZER OF A P-GINZBUR G-LAND A U TYPE

FUNCTIONAL WITH NORMAL IMPURITY INCLUSION

Yutian Lei

Abstra ct. The author proves the W 1;p and C1;� convergence of the radial mini-
mizers u" of an Ginzburg-Landau type functional as " ! 0. The zeros of the radial
minimizer are located and the convergent rate of the module of the minimizer is
estimated.

A.M.S. (MOS) Sub ject Classi�cation Co des. 35B25, 35J70,49K20, 58G18

Key W ords and Phrases. Radial minimizer, Asymptotic behavior, p-Ginzburg-
Landau

x1. Intr oduction

Let n � 2; B r = f x 2 Rn ; jxj < rg; g(x) = x on @B1. Recall the Ginzburg-
Landau type functional

E" (u) =
1
2

Z

B 1

jr uj2 +
1

4"2

Z

B 1 nB �

(1 � juj2)2 +
1

4"2

Z

B �

juj2;

on the classfunctions H 1
g (B1; Rn ). The functional E" (u) is related to the Ginzburg-

Landau model of superconductivity with normal impurit y inclusion such as super-
conducting normal junctions (cf. [5]) if n = 2. B1 n B � and B � represent the
domains occupied by superconducting materials and normal conducting materials,
respectively. The minimizer u" is the order parameter. Zeros of u" are known as
Ginzburg-Landau vortices which are of signi�cance in the theory of superconduc-
tivit y(cf. [1]). The paper [7] studied the asymptotic behaviors of the minimizer of
E" (u; B1) on the function classH 1

g (B1; R2) and discussedthe vortex-pinning e�ect.
For the simpli�ed Ginzburg-Landau functional, many papersstated the asymptotic
behavior of the minimizer u" as " ! 0. When n = 2, the asymptotics of u" were
well-studied by [1]. In the caseof higher dimension, for the radial minimizer u" of
E" (u; B1), someresults on the convergencehad beenshown in [14] as" ! 0. There
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E-Mail Address: lythxl@163.com
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were many works for the radial minimizer in [12]. Other related works can be seen
in [2] [3] [8] and [17] etc.

Assume p > n. Consider the minimizers of the p-Ginzburg-Landau type func-
tional

E" (u; B1) =
1
p

Z

B 1

jr ujp +
1

4"p

Z

B 1 nB �

(1 � juj2)2 +
1

4"p

Z

B �

juj4;

on the classfunctions

W = f u(x) = f (r )
x

jxj
2 W 1;p (B1; Rn ); f (1) = 1; r = jxjg:

By the direct method in the calculus of variations we can seethat the minimizer
u" exists and it will be called radial minimizer . In this paper, we suppose that
� 2 (0; " ]. The conclusionof the caseof � = O(" ) as " ! 0 is still true by the same
argument. we will discusshe location of the zerosof the radial minimizer. Basedon
the result, weshall establishthe uniquenessof the radial minimizer. The asymptotic
behavior of the radial minimizer be concernedwith as " ! 0. The estimatesof the
rate of the convergencefor the module of minimizer will be presented.

We will prove the following theorems.

Theorem 1.1. Assumeu" is a radial minimizer of E " (u; B1). Then for any given
� 2 (0; 1=2) there exists a constant h = h(� ) > 0 such that

Z " = f x 2 B1; ju" (x)j < 1 � 2� g � B (0; h" ) [ B � :

Moreover, the zeros of the radial minimizer are contained in B h" as � 2 (0; h" ].
When � 2 (h"; " ], the zeros are contained in B � n B (0; h" ).

Theorem 1.2. For any given " 2 (0; 1), the radial minimizers of E " (u; B1) are
unique on W .

Theorem 1.3. Assumeu" is the radial minimizer of E " (u; B1). Then as " ! 0,

(1.1) u" !
x
jxj

; in W 1;p
loc (B1 n f 0g; Rn );

(1.2) u" !
x

jxj
; in C1;�

loc (B1 n f 0g; Rn );

for some� 2 (0; 1).

Theorem 1.4. Let u" (x) = f " (r ) x
jx j be the radial minimizer of E " (u; B1). Then

for any T > 0, there exist C; " 0 > 0 such that as " 2 (0; " 0),
Z 1

T
r n � 1[(f 0

" )p +
1
"p (1 � f 2

" )2]dr � C" p:

sup
r 2 [T ;1]

(1 � f " (r )) � C" p� n
2 :

Somebasic properties of minimizers are given in x2. The main purposeof x3 is
to prove Theorem 1.1. In x4 and x5 we present the proof of (1.1). The proof of
Theorem 1.2 is given in x6. x7 gives the proof of (1.2). Theorem 1.4 is derived in
x8.
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x2. Preliminaries

In polar coordinates, for u(x) = f (r ) x
jx j we have

jr uj = (f 2
r + (n � 1)r � 2f 2)1=2;

Z

B 1

jujp = jSn � 1j
Z 1

0
r n � 1 jf jp dr;

Z

B 1

jr ujp = jSn � 1j
Z 1

0
r n � 1(f 2

r + (n � 1)r � 2f 2)p=2 dr:

It is easily seenthat f (r ) x
jx j 2 W 1;p (B1; Rn ) implies f (r )r

n � 1
p � 1; f r (r )r

n � 1
p 2

L p(0; 1). Conversely, if f (r ) 2 W 1;p
loc (0; 1]; f (r )r

n � 1
p � 1; f r (r )r

n � 1
p 2 L p(0; 1), then

f (r ) x
jx j 2 W 1;p (B1; Rn ). Thus if we denote

V = f f 2 W 1;p
loc (0; 1]; r

n � 1
p f r ; r (n � 1� p)=p f 2 L p(0; 1); f (r ) � 0; f (1) = 1g;

then V = f f (r ); u(x) = f (r ) x
jx j 2 W g.

Substituting u(x) = f (r ) x
jx j 2 W into E" (u; B1), we obtain

E" (u; B1) = jSn � 1jE" (f )

where

E" (f ) =
1
p

Z 1

0
(f 2

r + (n � 1)r � 2f 2)p=2r n � 1dr

+
1

4"p

Z 1

�
(1 � f 2)2]r n � 1 dr +

1
4"p

Z �

0
f 4r n � 1 dr:

This implies that u = f (r ) x
jx j 2 W is the minimizer of E" (u; B1) if and only if

f (r ) 2 V is the minimizer of E " (f ).

Prop osition 2.1. The set V de�ned above is a subsetof f f 2 C[0; 1]; f (0) = 0g.

Proof. Let f 2 V and h(r ) = f (r
p � 1
p � n ).Then

Z 1

0
jh0(r )jp dr = (

p � 1
p � n

)p
Z 1

0
jf 0(r

p � 1
p � n )jpr

p ( n � 1)
p � n dr

= (
p � 1
p � n

)p� 1
Z 1

0
sn � 1jf 0(s)jp ds < 1

by noting f s(s)s(n � 1)=p 2 L p(0; 1). Using interpolation inequality and Young in-
equality, we have that for somey > 1,

khkW 1;y ((0 ;1) ;R ) < 1 ;

which implies that h(r ) 2 C[0; 1] and hencef (r ) 2 C[0; 1].
Supposef (0) > 0, then f (r ) � s > 0 for r 2 [0; t) with t > 0 small enoughsince

f 2 C[0; 1]. We have
Z 1

0
r n � 1� pf p dr � sp

Z t

0
r n � 1� p dr = 1 ;

which contradicts r (n � 1)=p� 1f 2 L p(0; 1). Therefore f (0) = 0 and the proof is
complete.

It is not di�cult to prove the following
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Prop osition 2.2. The functional E " (u; B1) achievesits minimum on W by a func-
tion u" (x) = f " (r ) x

jx j .

Prop osition 2.3. The minimizer u" satis�es the equality

(2.1)
Z

B 1

jr ujp� 2r ur �dx �
1
"p

Z

B 1 nB �

u� (1 � juj2)dx +
1
"p

Z

B �

u� juj2dx = 0;

(2.2) 8� = f (r )
x

jxj
2 C1

0 (B1; Rn ): uj@B 1 = x:

Proof. Denote u" by u. For any t 2 [0; 1)and � = f (r ) x
jx j 2 C1

0 (B1; Rn ), we have
u + t� 2 W as long as t is small su�cien tly . Sinceu is a minimizer we obtain

dE" (u + t�; B1)
dt

jt =0 = 0;

namely,

0 =
d
dt

jt =0

Z

B 1

1
p

jr (u + t� )jp +
1

4"p

Z

B 1 nB �

(1 � ju + t� j2)2dx

+
1

4"p

Z

B �

ju + t� j4dx

=
Z

B 1

jr ujp� 2r ur �dx �
1
"p

Z

B 1 nB �

u� (1 � juj2)dx +
1
"p

Z

B �

u� juj2dx:

By a limit processwe seethat the test function � can be any member of f � =
f (r ) x

jx j 2 W 1;p (B1; Rn ); � j@B 1 = 0g.
Similarly, we also derive
The minimizer f " (r ) of the functional E " (f ) satis�es

Z 1

0
r n � 1(f 2

r + (n � 1)r � 2f 2)(p� 2)=2(f r � r + (n � 1)r � 2f � ) dr

(2.3)

=
1
"p

Z 1

�
r n � 1(1 � f 2)f � dr �

1
"p

Z �

0
r n � 1f 3� dr; 8� 2 C1

0 (0; 1):

By a limit processwe seethat the test function � in (2.3) can be any member of

X = f � (r ) 2 W 1;p
loc (0; 1]; � (0) = � (1) = 0; � (r ) � 0; r

n � 1
p � 0; r

n � p � 1
p � 2 L p(0; 1)g

Prop osition 2.4. Let f " satis�es (2.3) and f (1) = 1. Then f " � 1 on [0,1].

Proof. Denote f = f " in (2.3) and set � = f (f 2 � 1)+ . Then
Z 1

0
r n � 1(f 2

r + (n � 1)r � 2f 2)(p� 2)=2[f 2
r (f 2 � 1)+ + f f r [(f 2 � 1)+ ]r

+ (n � 1)r n � 3f 2(f 2 � 1)+ ] dr +
1
"p

Z 1

�
r n � 1f 2(f 2 � 1)2

+ dr

+
1
"p

Z �

0
r n � 1f 4(f 2 � 1)+ dr = 0

from which it follows that
1
"p

Z 1

�
r n � 1f 2(f 2 � 1)2

+ dr +
1
"p

Z �

0
r n � 1f 4(f 2 � 1)+ dr = 0

Thus f = 0 or (f 2 � 1)+ = 0 on [0; 1] and hencef = f " � 1 on [0,1].
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Prop osition 2.5. Assume u" is a weak radial solution of (2.1)(2.2). Then there
exist positive constants C1; � which are both independent of " such that

(2.4) kr u" (x)kL 1 (B (x;�"= 8)) � C1" � 1; if x 2 B (0; 1 � �" );

(2.5) ju" (x)j �
10
11

; if x 2 B1 n B (0; 1 � 2�" ):

Proof. Let y = x" � 1 in (2.1) and denote v(y) = u(x), B " = B (0; " � 1). Then

(2.6)
Z

B "

jr vjp� 2r vr �dy =
Z

B " nB (0 ;� " � 1 )
v(1 � jvj2)�dy �

Z

B (0 ;� " � 1 )
v� jvj2dy

8� 2 W 1;p
0 (B " ; Rn ). This implies that v(y) is a weak solution of (2.6). By using the

standard discussof the Holder continuit y of weak solution of (2.6) on the boundary
(for example seeTheorem 1.1 and Line 19-21 of Page 104 in [4]) we can seethat
for any y0 2 @B " and y 2 B (y0; � 0) (where � 0 > 0 is a constant independent of " ),
there exist positive constants C = C(� 0) and � 2 (0; 1) which are both independent
of " such that

jv(y) � v(y0)j � C(� 0)jy � y0j � :

Choose� > 0 su�cien tly small such that

(2.7) y 2 B (y0; 2� ) � B (y0; � 0); and C(� 0)jy � y0j � �
1
11

;

then
jv(y)j � jv(y0)j � C(� 0)jy � y0j � = 1 � C(� 0)jy � y0j � �

10
11

:

Let x = y" . Thus

ju" (x)j �
10
11

; if x 2 B (x0; 2�" )

where x0 2 @B1. This implies (2.5).
Taking � = v� p; � 2 C1

0 (B " ; R) in (2.6), we obtain
Z

B "

jr vjp � pdy � p
Z

B "

jr vjp� 1� p� 1 jr � jj vjdy +
Z

B " nB (0 ;� " � 1 )
jvj2(1 � jvj2)� pdy

+
Z

B (0 ;� " � 1 )
jv4j� pdy:

For the � in (2.7), setting y 2 B (0; " � 1 � � ); B (y; �= 2) � B " , and

� = 1 in B (y; �= 4); � = 0 in B " n B (y; �= 2); jr � j � C(� );

we have Z

B (y ;�= 2)
jr vjp � p � C(� )

Z

B (y ;�= 2)
jr vjp� 1� p� 1 + C(� ):

Using Holder inequality we can derive
R

B (y ;�= 4) jr vjp � C(� ). Combining this with
the Tolksdro� ' theorem in [19] (Page244 Line 19-23) yields

kr vkp
L 1 (B (y ;�= 8)) � C(� )

Z

B (y ;�= 4)
(1 + jr vj)p � C(� )

which implies
kr ukL 1 (B (x;"�= 8)) � C(� )" � 1:
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Prop osition 2.6. Let u" be a radial minimizer of E " (u; B1). Then

(2.8) E" (u" ; B1) � C" n � p + C;

with a constant C independent of " 2 (0; 1).

Proof. Denote

I ("; R) = M in f
Z

B (0 ;R )
[
1
p

jr ujp +
1
"p (1 � juj2)2]; u 2 WR g;

where WR = f u(x) = f (r ) x
jx j 2 W 1;p (B (0; R); Rn ); r = jxj; f (R) = 1g: Then

I ("; 1) = E" (u" ; B1)
(2.9)

=
1
p

Z

B 1

jr u" jpdx +
1

4"p

Z

B 1 nB �

(1 � ju" j2)2dx +
1

4"p

Z

B �

ju" j4dx

= "n � p[
1
p

Z

B (0 ;" � 1 )
jr u" jpdy +

1
4

Z

B (0 ;" � 1 )nB (0 ;� " � 1 )
(1 � ju" j2)2dy

+
1
4

Z

B (0 ;� " � 1 )
ju" j4dy] = " n � pI (1; " � 1):

Let u1 be a solution of I (1; 1) and de�ne

u2 = u1; if 0 < jxj < 1; u2 =
x
jxj

; if 1 � jxj � " � 1:

Thus u2 2 W" � 1 and,

I (1; " � 1)

�
1
p

Z

B (0 ;" � 1 )
jr u2jp +

1
4

Z

B (0 ;" � 1 )nB (0 ;� " � 1 )
(1 � ju2j2)2 +

1
4

Z

B (0 ;� " � 1 )
ju" j4

=
1
p

Z

B 1

jr u1jp +
1
4

Z

B 1

(1 � ju1j2)2 +
1
4

Z

B 1

ju1j4dx +
1
p

Z

B (0 ;" � 1 )nB 1

jr
x
jxj

jp

= I (1; 1) +
(n � 1)p=2jSn � 1j

p

Z " � 1

1
r n � p� 1dr

= I (1; 1) +
(n � 1)p=2jSn � 1j

p(p � n)
(1 � " p� n ) � C:

Substituting this into (2.9) yields (2.8).

x3. Pr oof of Theorem 1.1

Prop osition 3.1. Let u" be a radial minimizer of E " (u; B1). Then for somecon-
stant C independent of " 2 (0; 1]

(3.1)
1
"n

Z

B 1 nB �

(1 � ju" j2)2 +
1
"n

Z

B �

ju" j4 � C:

Proof. (3.1) can be derived by multiplying (2.8) by " p� n .
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Prop osition 3.2. Let u" be a radial minimizer of E " (u; B1). Then for any � 2
(0; 1=2), there exist positive constants �; � independent of " 2 (0; 1) such that if

(3.2)
1
"n

Z

A � ; 1 � �" \ B 2 l"
(1 � ju" j2)2 � �;

where A � ;1� �" = B (0; 1 � �" ) n B � , B 2l" is someball of radius 2l" with l � � , then

(3.3) ju" (x)j � 1 � � ; 8x 2 A � ;1� �" \ B l" :

Proof. First weobservethat there existsa constant C2 > 0 which is independent of "
such that for any x 2 B1 and 0 < � � 1, jB1 \ B (x; r )j � jA � ;1� �" \ B (x; r )j � C2r n :
To prove the proposition, we choose

(3.4) � =
�

2C1
; � =

C2

Cn
1

(
�
2

)n +2 ;

where C1 is the constant in (2.4). Supposethat there is a point x0 2 A � ;1� �" \ B l"

such that ju" (x0)j < 1 � � : Then applying (2.4) we have

ju" (x) � u" (x0)j � C1" � 1jx � x0 j � C1" � 1(�" )

= C1� =
�
2

; 8x 2 B (x0; �" );

hence(1 � ju" (x)j2)2 > � 2

4 ; 8x 2 B (x0; �" ). Thus

Z

B (x 0 ;�" ) \ A � ; 1 � �"

(1 � ju" j2)2 >
� 2

4
jA � ;1� �" \ B (x0; �" )j

(3.5)

� C2
� 2

4
(�" )n = C2

� 2

4
(

�
2C1

)n "n = �" n :

Sincex0 2 B l" \ B1, and (B (x0; �" ) \ A � ;1� �" ) � (B 2l" \ A � ;1� �" ), (3.5) implies
Z

B 2 l" \ A � ; 1 � �"

(1 � ju" j2)2 > �" n ;

which contradicts (3.2) and thus (3.3) is proved.

Let u" be a radial minimizer of E " (u; B1). Given � 2 (0; 1=2). Let �; � be
constants in Proposition 3.2 corresponding to � . If

(3.6)
1
"n

Z

B (x " ;2�" ) \ A � ; 1 � �"

(1 � ju" j2)2 � �;

then B (x" ; �" ) is called � � good ball, or simply good ball. Otherwise it is called
� � bad ball or simply bad ball.

Now supposethat f B (x "
i ; �" ); i 2 I g is a family of balls satisfying

(i ) : x"
i 2 A � ;1� �" ; i 2 I ; (ii ) : A � ;1� �" � [ i 2 I B (x"

i ; �" );

(3.7) (iii ) : B (x"
i ; �"= 4) \ B (x"

j ; �"= 4) = ; ; i 6= j:

Denote J" = f i 2 I ; B (x"
i ; �" ) is a badballg.
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Prop osition 3.3. There exists a positive integer N such that the number of bad
balls

Card J" � N :

Proof. Since (3.7) implies that every point in B1 can be covered by �nite, say m
(independent of " ) balls, from (3.1)(3.6) and the de�nition of bad balls,we have

�" n CardJ" �
X

i 2 J "

Z

B (x "
i ;2�" ) \ A � ; 1 � �"

(1 � ju" j2)2

� m
Z

[ i 2 J " B (x "
i ;2�" ) \ A � ; 1 � �"

(1 � ju" j2)2

� m
Z

B 1 nB �

(1 � ju" j2)2 � mC"n

and henceCard J" � mC
� � N .

Proposition 3.3 is an important result since the number of bad balls CardJ" is
always �nite as " turns su�cien tly small.

Similar to the argument of Theorem IV.1 in [1], we have

Prop osition 3.4. There exist a subsetJ � J" and a constant h � � such that
[ i 2 J " B (x"

i ; �" ) � [ i 2 J B (x"
j ; h" ) and

(3.8) jx"
i � x"

j j > 8h"; i; j 2 J; i 6= j:

Proof. If there are two points x1; x2 such that (3.8) is not true with h = � , we take
h1 = 9� and J1 = J" n f 1g. In this case, if (3.8) holds we are done. Otherwise
we continue to choosea pair points x3; x4 which does not satisfy (3.8) and take
h2 = 9h1 and J2 = J" n f 1; 3g. After at most N stepswe may choose� � h � � 9N

and concludethis proposition.

Applying Proposition 3.4, we may modify the family of bad balls such that the
new one, denoted by f B (x "

i ; h" ); i 2 J g, satis�es

[ i 2 J " B (x"
i ; �" ) � [ i 2 J B (x"

i ; h" ); Card J � Card J" ;

jx"
i � x"

j j > 8h"; i; j 2 J; i 6= j:

The last condition implies that every two balls in the new family are not intersected.
Now we prove our main result of this section.

Theorem 3.5. Let u" be a radial minimizer of E " (u; B1). Then for any � 2
(0; 1=2), there exists a constant h = h(� ) independent of " 2 (0; 1) such that Z " =
f x 2 B1; ju" (x)j < 1� � g � B (0; h" )[ B � . In particular the zerosof u" are contained
in B (0; h" ) [ B � .

Proof. Supposethere existsa point x0 2 Z " such that x02B (0; h" ). Then all points
on the circle S0 = f x 2 B1; jxj = jx0jg satisfy ju" (x)j < 1 � � and henceby virtue
of Proposition 3.2 and (2.5), all points on S0 are contained in bad balls. However,
since jx0 j � h"; S0 can not be covered by a single bad ball. S0 can be covered by
at least two bad balls. However this is impossible. Theorem is proved.
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Complete the pro of of Theorem 1.1.. Using Theorem 3.5 and (2.5), we can
seethat ju" (x)j � min ( 10

11 ; 1 � 2� ); x2B (0; h(� )" ) [ B � : When � 2 (0; h" ], this
means

(3.9) ju" (x)j � min (
10
11

; 1 � 2� ); x2B (0; h(� )" ):

When � 2 (h"; " ], from Theorem 3.5 we know that ju" j � 1 � � on B1 n B � .
Moreover, similar to the proof of Proposition 3.2, we may still obtain: for any given
� 2 (0; 1=2), there are � = �

2C1
; � 2 = C2� n ( �

2 )n +2 ; such that if for l > � ,

(3.10)
1
"n

Z

B � \ B 2 l"

ju" j4 � � 2

holds, then ju" (x)j � � ; 8x 2 B � \ B l" : We will take (3.10) as the ruler which
distinguishesthe good and the bad balls. The ball B (x " ; �" ) satisfying

1
"2

Z

B � \ B (x " ;2�" )
ju" j4 � � 2

is named the bad ball in B � . Otherwise, the ball B (x" ; �" ) is named the good ball
in B � . Similar to the proof of Proposition 3.3, from proposition 3.1 we may also
concludethat the number of the good balls is �nite. Moreover, by the sameway to
the proof of Theorem 3.5, we obtain that

(3.11) f x 2 B � ; ju" (x)j > � g � Bh" and ju" (x)j � � as x 2 B � n Bh" :

x4. Unif orm estima te

Let u" (x) = f " (r ) x
jx j bea radial minimizer of E " (u; B1), namely f " bea minimizer

of E" (f ) in V . From Proposition 2.6, we have

(4.1) E" (f " ) � C" n � p:

for someconstant C independent of " 2 (0; 1).
In this section we further prove that for any given R 2 (0; 1), there exists a

constant C(R) such that

(4.2) E" (f " ; R) � C(R)

for " 2 (0; " 0) with "0 > 0 su�cien tly small, where

E" (f ; R) =
1
p

Z 1

R
(f 2

r + (n � 1)r � 2f 2)p=2r n � 1 dr +
1

4"p

Z 1

R
(1 � f 2)2r n � 1 dr:

Prop osition 4.1. Given T 2 (0; 1). There exist constants Tj 2 [ ( j � 1)T
N +1 ; j T

N +1 ],
(N = [p]) and Cj , such that

(4.3) E" (f " ; Tj ) � Cj " j � p

for j = n; n + 1; :::; N , where " 2 (0; " 0) with " 0 su�ciently small.
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Proof. For j = n, the inequality (4.3) can be obtained by (4.1) easily. Supposethat
(4.3) holds for all j � m. Then we have, in particular,

(4.4) E" (f " ; Tm ) � Cm "m � p:

If m = N then we havedone. Supposem < N , we want to prove(4.3) for j = m+ 1.
From (4.4) and integral meanvalue theorem, we can seethat there existsTm +1 2

[ mT
N +1 ; (m +1) T

N +1 ] such that

(4.5)
1
"p (1 � f 2

" )2 jr = Tm +1 � CE" (u" ; @B (0; Tm +1 )) � Cm "m � p:

Consider the minimizer � 1 of the functional

E(�; Tm +1 ) =
1
p

Z 1

Tm +1

(� 2
r + 1)p=2dr +

1
2"p

Z 1

Tm +1

(1 � � )2dr

It is easy to prove that the minimizer � " of E(�; Tm +1 ) on W 1;p
f "

((Tm +1 ; 1); R+ )
exists and satis�es

(4.6) � " p(v(p� 2)=2� r )r = 1 � �; in (Tm +1 ; 1);

(4.7) � jr = Tm +1 = f " ; � jr =1 = f " (1) = 1

where v = � 2
r + 1. Sincef " � 1, it follows from the maximum principle

(4.8) � " � 1:

Applying (4.1) we seeeasily that

(4.9) E(� " ; Tm +1 ) � E (f " ; Tm +1 ) � CE" (f " ; Tm +1 ) � C"m � p:

Now choosing a smooth function 0 � � (r ) � 1 in (0,1] such that � = 1 on
(0; Tm +1 ); � = 0 near r = 1 and j� r j � C(Tm +1 ), multiplying (4.6) by � � r (� = � " )
and integrating over (Tm +1 ; 1) we obtain
(4.10)

v(p� 2)=2� 2
r jr = Tm +1 +

Z 1

Tm +1

v(p� 2)=2� r (� r � r + � � r r ) dr =
1
"p

Z 1

Tm +1

(1 � � )� � r dr:

Using (4.9) we have

j
Z 1

Tm +1

v(p� 2)=2� r (� r � r + � � r r ) dr j

(4.11)

�
Z 1

Tm +1

v(p� 2)=2j� r j� 2
r dr +

1
p

j
Z 1

Tm +1

(vp=2� )r dr �
Z 1

Tm +1

vp=2� r drj

� C
Z 1

Tm +1

vp=2 +
1
p

vp=2 jr = Tm +1 +
C
p

Z 1

Tm +1

vp=2dr

� C"m � p +
1
p

vp=2 jr = Tm +1
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and using (4.5)(4.7)(4.9) we have

j
1
"p

Z 1

Tm +1

(1 � � )� � r drj =
1

2"p j
Z 1

Tm +1

((1 � � )2� )r dr �
Z 1

Tm +1

(1 � � )2� r drj

(4.12)

�
1

2"p (1 � � )2 jr = Tm +1 +
C

2"p

Z 1

Tm +1

(1 � � )2 drj � C"m � p:

Combining (4.10) with (4.11)(4.12) yields

v(p� 2)=2� 2
r jr = Tm +1 � C"m � p +

1
p

vp=2 jr = Tm +1 :

Hencefor any � 2 (0; 1),

vp=2 jr = Tm +1 = v(p� 2)=2(� 2
r + 1)jr = Tm +1 = v(p� 2)=2� 2

r jr = Tm +1 + v(p� 2)=2 jr = Tm +1

� C"m � p +
1
p

vp=2 jr = Tm +1 + v(p� 2)=2 jr = Tm +1

= C"m � p + (
1
p

+ � )vp=2 jr = Tm +1 + C(� )

from which it follows by choosing � > 0 small enoughthat

(4.13) vp=2jr = Tm +1 � C"m � p:

Now we multiply both sidesof (4.6) by � � 1 and integrate. Then

� "p
Z 1

Tm +1

[v(p� 2)=2� r (� � 1)]r dr + " p
Z 1

Tm +1

v(p� 2)=2� 2
r dr +

Z 1

Tm +1

(� � 1)2 dr = 0:

From this, using(4.5)(4.7)(4.13), we obtain

E(� " ; Tm +1 ) � Cj
Z 1

Tm +1

[v(p� 2)=2� r (� � 1)]r drj(4.14)

= Cv(p� 2)=2j� r jj � � 1jr = Tm +1 � Cv(p� 1)=2 j� � 1jr = Tm +1

� (C"m � p)(p� 1)=p(C"m )1=2 � C"m � p+1 :

De�ne w" = f " ; f or r 2 (0; Tm +1 ); w" = � " ; f or r 2 [Tm +1 ; 1]: Since that f "

is a minimizer of E" (f ), we have E" (f " ) � E" (w" ). Thus, it follows that

E" (f " ; Tm +1 ) �
1
n

Z 1

Tm +1

(� 2
r + (n � 1)r � 2� 2)p=2r n � 1 dr +

1
4"p

Z 1

Tm +1

(1 � � 2)2r n � 1 dr

by virtue of � � " < Tm +1 since" is su�cien tly small. Noticing that
Z 1

Tm +1

(� 2
r + (n � 1)r � 2� 2)p=2r n � 1dr �

Z 1

Tm +1

((n � 1)r 2� 2)p=2r n � 1dr

=
p
2

Z 1

Tm +1

Z 1

0
[� 2

r + (n � 1)r � 2� 2)s + (n � 1)r � 2� 2(1 � s)](p� 2)=2ds� 2
r r n � 1dr

� C
Z 1

Tm +1

(� 2
r + (n � 1)r � 2� 2)(p� 2)=2� 2

r r n � 1dr

+ C
Z 1

Tm +1

((n � 1)r � 2� 2)(p� 2)=2� 2
r r n � 1dr

� C
Z 1

Tm +1

(� p
r + � 2

r )dr
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and using (4.8) we obtain

E" (f " ; Tm +1 )

�
1
p

Z 1

Tm +1

((n � 1)r � 2� 2)p=2r n � 1 dr + C
Z 1

Tm +1

(� p
r + � 2

r )dr

+
C

4"p

Z 1

Tm +1

(1 � � 2)2dr

�
1
p

Z 1

Tm +1

((n � 1)r � 2)p=2r n � 1 dr + CE(� " ; Tm +1 ):

Combining this with (4.14) yields (4.3) for j = m + 1. It is just (4.3) for j = m + 1.

Prop osition 4.2. Given T 2 (0; 1). There exist constants TN +1 2 [ N T
N +1 ; T ] and

CN +1 such that

E" (u" ; TN +1 ) � (n � 1)p=2 jSn � 1j
p

Z 1

TN +1

r n � p� 1dr

+ CN +1 "N +1 � p; N = [p]:

Proof. From (4.3) we can seeE " (u" ; TN ) � C"N � p. Henceby using integral mean
value theorem we know that there exists TN +1 2 [ N T

N +1 ; T ] such that

(4.15)
1
p

Z

@B (0;T N +1 )
jr u" jpdx +

1
4"p

Z

@B (0;T N +1 )
(1 � ju" j2)2dx � C"N � p:

Denote � 2 is a minimizer of the functional

E(�; TN +1 ) =
1
p

Z 1

TN +1

(� 2
r + 1)p=2dr +

1
2"p

Z 1

TN +1

(1 � � )2dr

on W 1;p
f "

((TN +1 ; 1); R+ [ f 0g). It is not di�cult to prove by maximum principle
that

(4.16) � 2 � 1:

By the sameway of the derivation of (4.14), from (4.3) and (4.15) it can be con-
cluded that

(4.17) E(� 2; TN +1 ) � C(TN +1 )"N +1 � p:

Noticing that u" is a minimizer and � 2
x

jx j 2 W2, we also have

E" (f " ; TN +1 ) � E" (� 2; TN +1 )
(4.18)

�
1
p

Z 1

TN +1

[� 2
2r + � 2

2(n � 1)r � 2]p=2r n � 1dr +
1

2"p

Z 1

TN +1

(1 � � 2)2dr:
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On the other hand,

Z 1

TN +1

[� 2
r + (n � 1)r � 2� 2]p=2r n � 1dr �

Z 1

TN +1

[(n � 1)r � 2� 2]p=2r n � 1dr

=
p
2

Z 1

TN +1

Z 1

0
[� 2

r + (n � 1)r � 2� 2](p� 2)=2s + (n � 1)r � 2� 2(1 � s)ds� 2
r r n � 1dr

� C
Z 1

TN +1

[� 2
r + (n � 1)r � 2� 2](p� 2)=2� 2

r r n � 1dr

+ C
Z 1

TN +1

[(n � 1)r � 2� 2](p� 2)=2� 2
r r n � 1dr � C

Z 1

TN +1

[� p
r + � 2

r ]dr:

Substituting this into (4.18), we have

E" (f " ; TN +1 )

�
1
p

Z 1

TN +1

(n � 1)p=2� p
2r n � p� 1dr + C

Z

TN +1

(� p
2r + � 2

2r )dr

+
1

2"p

Z 1

TN +1

(1 � � 2)2dr

�
1
p

Z 1

TN +1

(n � 1)p=2� p
2r n � p� 1dr + C"N +1 � p

�
1
p

(n � 1)p=2
Z 1

TN +1

r n � p� 1dr + C"N +1 � p;

by using (4.16) and (4.17). This is the conclusionof Proposition.

x5. W 1;p conver gence

Basedon the Proposition 4.2, we may obtain better convergencefor radial min-
imizers.

Theorem 5.1. Let u" = f " (r ) x
jx j be a radial minimizer of E " (u; B1). Then

(5.1) lim
" ! 0

u" =
x
jxj

; in W 1;p (K ; Rn )

for any compact subsetK � B1 n f 0g.

Proof. Without loss of generality, we may assumeK = B1 n B (0; TN +1 ). From
Proposition 4.2, we have

(5.2) E" (u" ; K ) = jSn � 1jE" (f " ; TN +1 ) � C

whereC is independent of " . This and ju" j � 1 imply the existenceof a subsequence
u" k of u" and a function u� 2 W 1;p (K ; Rn ), such that

(5.3) lim
" k ! 0

u" k = u� ; weakly in W 1;p (K ; Rn );
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(5.4) lim
" k ! 0

ju" k j = 1; in C � (K ; R); � 2 (0; 1 � n=p):

(5.4) implies u� = x
jx j . Noticing that any subsequenceof u" has a convergence

subsequenceand the limit is always x
jx j , we can assert

(5.5) lim
" ! 0

u" =
x
jxj

; weakly in W 1;p (K ; Rn ):

From this and the weakly lower semicontinuit y of
R

K jr ujp, using Proposition 4.2,
we know that

Z

K
jr

x
jxj

jp � lim " k ! 0

Z

K
jr u" jp � lim " k ! 0

Z

K
jr u" jp

� C" [p]+1 � p + jSn � 1j
Z 1

TN +1

((n � 1)r � 2)p=2r n � 1 dr

and hence

lim
" ! 0

Z

K
jr u" jp =

Z

K
jr

x
jxj

jp

since
Z

K
jr

x
jxj

jp = jSn � 1j
Z 1

TN +1

((n � 1)r � 2)p=2r n � 1 dr:

Combining this with (5.4)(5.5) completesthe proof of (5.1).

From (3.5) we also seethat the zeroesof the radial minimizer u" (x) = f " (r ) x
jx j

are in BR for given R > 0 if " is small enough.

x6 Uniqueness and regularized pr oper ty

Theorem 6.1. For any given " 2 (0; 1), the radial minimizers of E " (u; B1) are
unique on W .

Proof. Fix " 2 (0; 1). Suppose u1(x) = f 1(r ) x
jx j and u2(x) = f 2(r ) x

jx j are both
radial minimizers of E" (u; B1) on W , then they are both weak radial solutions of
(2.1) (2.2). Thus

Z

B 1

(jr u1jp� 2r u1 � jr u2jp� 2r u2)r �dx

=
1
"p

Z

B 1 nB �

[(u1 � u2) � (u1ju1j2 � u2ju2j2)]�dx

�
1
"p

Z

B �

(u1ju1j2 � u2ju2j2)�dx:

Set � = u1 � u2 = (f 1 � f 2) x
jx j . Take � su�cien tly small such that h < 1.
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Case 1. When � � h" , we have

Z

B 1

(jr u1jp� 2r u1 � jr u2jp� 2r u2)r (u1 � u2)dx

(6.1)

=
1
"p

Z

B 1

(f 1 � f 2)2dx �
1
"p

Z

B 1

(f 1 � f 2)2(f 2
1 + f 2

2 + f 1f 2)dx

=
1
"p

Z

B 1 nB (0 ;h" )
(f 1 � f 2)2[1 � (f 2

1 + f 2
2 + f 1f 2)]dx

+
1
"p

Z

B (0 ;h" )
(f 1 � f 2)2dx �

1
"p

Z

B (0 ;h" )
(f 1 � f 2)2(f 2

1 + f 2
2 + f 1f 2)dx:

Letting � < 1
2 � 1

2
p

2
in (3.9), we have f 1; f 2 � 1=

p
2 on B1 n B (0; h" ) for any

given " 2 (0; 1). Hence
Z

B 1

(jr u1 jp� 2r u1 � jr u2jp� 2r u2)r (u1 � u2)dx �
1
"p

Z

B (0 ;h" )
(f 1 � f 2)2dx:

Applying (2.11) of [19], we can seethat there exists a positive constant 
 inde-
pendent of " and h such that

(6.2) 

Z

B 1

jr (u1 � u2)j2dx �
1
"p

Z

B (0 ;h" )
(f 1 � f 2)2dx;

which implies

(6.3)
Z

B 1

jr (f 1 � f 2)j2dx �
1


 "p

Z

B (0 ;h" )
(f 1 � f 2)2dx:

Denote G = B (0; h" ). Applying Theorem 2.1 in Ch I I of [16], we have kf k 2n
n � 2

�

� kr f k2 as n > 2, where � = 2(n � 1)
n � 2 . Taking f = f 1 � f 2 and applying (6.3), we

obtain f (jxj) = 0 as x 2 @B1 and

[
Z

B 1

jf j
2n

n � 2 dx]
n � 2

n � � 2
Z

B 1

jr f j2dx � � 2
 � 1
Z

G
jf j2dx" � p:

Using Holder inequality, we derive

Z

G
jf j2dx � jGj1� n � 2

n [
Z

G
jf j

2n
n � 2 dx]

n � 2
n � jB1 j1� n � 2

n h2"2� p � 2




Z

G
jf j2dx:

Hencefor any given " 2 (0; 1),

(6.4)
Z

G
jf j2dx � C(� ; jB1 j; 
 ; " )h2

Z

G
jf j2dx:

Denote F (� ) =
R

B (0 ;h ( � ) " ) jf j2dx, then F (� ) � 0 and (6.4) implies that

(6.5) F (� )(1 � C(� ; jB1 j; 
 ; " )h2) � 0:
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On the other hand, sinceC(� ; jB1 j; 
 ; " ) is independent of � , we may take 0 < � <
1
2 � 1

2
p

2
sosmall that h = h(� ) � � 9N = 9N �

2C1
(which is implied by (3.4)) satis�es

1 < C(� ; jB1 j; 
 ; " )h2 for the �xed " 2 (0; 1), which and (6.5) imply that F (� ) = 0.
Namely f = 0 a.e. on G, or f 1 = f 2, a.e. on B (0; h" ): Substituting this into (6.2),
we know that u1 � u2 = C a.e. on B1. Noticing the continuit y of u1; u2 which is
implied by Proposition 2.1, and u1 = u2 = x on @B1, we can seeat last that

u1 = u2; on B1:

When n = 2, using

(6.6) kf k6 � � kr f k3=2

which implied by Theorem 2.1 in Ch I I of [16], and by the sameargument above
we can also derive u1 = u2 on B1.

Case 2. When h" < � � " . Similar to (6.1), by taking � < 1
2 � 1p

2
and using

(3.11) we get

Z

B 1

jr (f 1 � f 2)jpdx �
Z

B 1

(jr u1jp� 2r u1 � jr u2jp� 2r u2)r (u1 � u2)dx

(6.7)

�
1
"p

Z

B 1 nB �

(f 1 � f 2)2[1 � (f 2
1 + f 2

2 + f 1f 2)]dx

+ C(" )� 2
Z

B � nB h"

(f 1 � f 2)2dx + C(" )
Z

B (0 ;h" )
(f 1 � f 2)2dx

� C(" )� 2
Z

B � nB h"

(f 1 � f 2)2dx + C(" )
Z

B (0 ;h" )
(f 1 � f 2)2dx:

Substituting

� 2C(")
Z

B � nB h"

(f 1 � f 2)2dx � C� 2
Z

B 1

(f 1 � f 2)2dx

� C� 2(
Z

B 1

(f 1 � f 2)6dx)1=3 � C� 2
Z

B 1

jr (f 1 � f 2)j2dx

(which implied by (6.6)) into (6.7) and choosing � su�cien tly small, we have
Z

B 1

jr (f 1 � f 2)j2dx � C
Z

B h"

(f 1 � f 2)2dx;

this is (6.3). The other part of the proof is as sameas the Case1. The theorem is
proved.

In the following, wewill provethat the radial minimizer u" canbe obtained asthe
limit of a subsequenceu� k

" of the radial minimizer u�
" of the regularized functionals

E �
" (u; B1) =

1
p

Z

B 1

(jr uj2 + � )p=2 +
1

4"p

Z

B 1 n�
(1 � juj2)2 +

1
4"p

Z

�
juj4; (� > 0)

on W as � k ! 0, namely
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Theorem 6.2. Assumethat u�
" be the radial minimizer of E �

" (u; B1) in W . Then
there exist a subsequence u� k

" of u�
" and ~u" 2 W such that

(6.8) lim
� k ! 0

u� k
" = ~u" ; in W 1;p (B1; Rn ):

Here ~u" is just the radial minimizer of E " (u; B1) in W .

It is not di�cult to proof that the minimizer u�
" is a classical solution of the

equation

(6.9) � div(v(p� 2)=2r u) =
1
"p u(1 � juj2); on B1 n B � ;

� div(v(p� 2)=2r u) =
1
"p ujuj2; on B �

and also satis�es the maximum principle: ju�
" j � 1 on B1, where v = jr uj2 + � . By

virtue of the uniquenessof the radial minimizer, we know ~u" = u" . Thus the radial
minimizer u" can be regularized by the radial minimizer u�

" of E �
" (u; B1).

Pro of of Theorem 6.2.. First, from (2.8) we have

(6.10) E �
" (u�

" ; B1) � E �
" (u" ; B1) � CE" (u" ; B1) � C" 2� p

as � 2 (0; 1), where C doesnot depend on " and � . This and ju�
" j � 1 imply that

ku�
" kW 1;p (B 1 ) � C(" ). Applying the embedding theorem we seethat there exist a

subsequenceu� k
" of u�

" and ~u" 2 W 1;p (B1; Rn ) such that

(6.11) u� k
" ! ~u" ; weakly in W 1;p (B1; Rn );

(6.12) u� k
" � ! ~u" ; in C(B1; Rn ); ;

as � k ! 0. Since (6.11) and the weakly low semicontinuit y of the functionalR
B 1

jr ujp, we obtain

(6.13)
Z

B 1

jr ~u" jp � lim � k ! 0

Z

B 1

jr u� k
" jp:

From (6.12) it follows ~u" 2 W . This meansE � k
" (u� k

" ; B1) � E � k
" (~u" ; B1), i.e.,

(6.14) lim � k ! 0E � k
" (u� k

" ; B1) � lim
� k ! 0

E � k
" (~u" ; B1):

We can also deduceZ

B 1 n�
(1 � ju� k

" j2)2 +
Z

�
ju� k

" j4 !
Z

B 1 n�
(1 � j~u" j2)2 +

Z

�
j~u" j4

from (6.12) as � k ! 0. This and (6.14) show

lim � k ! 0

Z

B 1

(jr u� k
" j2 + � k )p=2 � lim

� k ! 0

Z

B 1

(jr ~u" j2 + � k )p=2 =
Z

B 1

jr ~u" jp:

Combining this with (6.13) we obtain
R

B 1
jr u� k

" jp !
R

B 1
jr ~u" jp as � k ! 0, which

together with (6.11) implies r u� k
" ! r ~u" ; in L p(B1; Rn ). Noticing (6.12) we have

the conclusionu� k
" ! ~u" ; in W 1;p (B1; Rn ) as � k ! 0. This is (6.8).

On the other hand, we know

(6.15) E � k
" (u� k

" ; B1) � E � k
" (u; B1)

for all u 2 W . Noticing the conclusion lim � k ! 0 E � k
" (u� k

" ; B1) = E" (~u" ; B1) which
had been proved just now we can say E " (~u" ; B1) � E" (u; B1) when � k ! 0 in
(6.15), which implies ~u" be a minimizer of E" (u; B1).
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x7. Pr oofs of (1.2)

Prop osition 7.1. Assume u�
" = u = f (r ) x

jx j . Then there exists C > 0 which is
independent of "; � such that

kf kC 1;� (K;R ) � C; 8� � 1=2;

where K � (0; 1) is an arbitrary closed interval.

Proof. From (6.9) it follows that f solves

� (A (p� 2)=2f r )r � (n � 1)r � 1A (p� 2)=2f r + r � 2A (p� 2)=2f(7.1)

=
1
"p f (1 � f 2); on (� ; 1)

where A = f 2
r + (n � 1)r � 2f 2 + � . Take R > 0 su�cien tly small such that K ��

(2R; 1 � 2R). Let � 2 C1
0 ([0; 1]; [0; 1]) be a function satisfying � = 0 on [0; R] [

[1 � R; 1], � = 1 on [2R; 1 � 2R] and jr � j � C(R) on (0; 1). Di�eren tiating (7.1),
multiplying with f r � 2 and integrating, we have

�
Z 1

0
(A (p� 2)=2f r )r r (f r � 2)dr � (n � 1)

Z 1

0
(r � 1A (p� 2)=2f r )r (f r � 2)dr

+
Z 1

0
(r � 2A (p� 2)=2f )r (f r � 2)dr =

1
"p

Z 1

0
[f (1 � f 2)]r (f r � 2)dr:

Integrating by parts yields

Z 1

0
(A (p� 2)=2f r )r (f r � 2)r dr +

Z 1

0
A (p� 2)=2(f r � 2)r [(n � 1)r � 1f r

� r � 2f ]dr �
1
"p

Z 1

0
(1 � f 2)f 2

r � 2dr:

Denote I =
R1� R

R � 2(A (p� 2)=2f 2
r r + (p � 2)A (p� 4)=2f 2

r f 2
r r )dr, then for any � 2 (0; 1),

there holds

(7.2) I � � I + C(� )
Z 1� R

R
Ap=2� 2

r dr +
1
"p

Z 1� R

R
f 2

r (1 � f 2)� 2dr

by using Young inequality. From (7.1) we can seethat

1
"p (1 � f 2) = f � 1[� (A (p� 2)=2f r )r � (n � 1)r � 1A (p� 2)=2f r + r � 2A (p� 2)=2f ]:

Applying Young inequality again we obtain that for any � 2 (0; 1),

1
"p

Z 1

0
(1 � f 2)f 2

r � 2dr � � I + C(� )
Z 1� R

R
A (p+2) =2� 2dr:

Substituting this into (7.2) and choosing � su�cien tly small, we have

(7.3) I � C
Z 1� R

R
Ap=2� 2

r dr + C
Z 1� R

R
A (p+2) =2� 2dr:
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To estimate the secondterm of the right hand sideof (7.3), we take � = � 2=qf (p+2) =q
r

in the interpolation inequality (Ch I I, Theorem 2.1 in [16])

k� kL q � Ck� r k1� 1=q
L 1 k� k1=q

L 1 ; q 2 (1 +
2
p

; 2):

We derive by applying Young inequality that for any � 2 (0; 1),

Z 1� R

R
f p+2

r � 2dr � C(
Z 1� R

R
� 2=qjf r j(p+2) =qdr)(7.4)

� (
Z 1� R

R
� 2=q� 1 j� r jj f r j(p+2) =q + � 2=qjf r j(p+2) =q� 1 jf r r jdr)q� 1

� C(
Z 1� R

R
� 2=qjf r j(p+2) =qdr)(

Z 1� R

R
� 2=q� 1 j� r jj f r j(p+2) =q

+ � I + C(� )
Z 1� R

R
A

p +2
q � p

2 � 4=q� 2dr)q� 1:

We may claim

(7.5)
Z 1� R

R
Ap=2dr � C;

by the sameargument of the proof of Proposition 4.2, where C is independent of
" and � . In fact, from (6.10) we may also derive (4.17). Noting u�

" is a radial
minimizer of E �

" (u; B1), replacing (4.18) we obtain

E �
" (f "

x
jxj

; B1 n B (0; TN +1 )) � CE(� 2; TN +1 )

�
C
p

(n � 1)p=2
Z 1

TN +1

r n � p� 1dr + C"N +1 � p:

This meansthat (7.5) holds.
Noting q 2 (1 + 2

p ; 2), we may using Holder inequality to the right hand side of
(7.4). Thus, by virtue of (7.5),

Z 1� R

R
f p+2

r � 2dr � � I + C(� ):

Substituting this into (7.3) we obtain

Z 1� R

R
A (p� 2)=2f 2

r r � 2dr � C;

which, together with (7.5), implies that kAp=4� kH 1 (R; 1� R ) � C. Noticing � = 1 on
K , we have kAp=4kH 1 (K ) � C. Using embedding theorem we can seethat for any
� � 1=2, there holds kAp=4kC � (K ) � C. It is not di�cult to prove our proposition.
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Theorem 7.2. Let u" = f " (r ) x
jx j be a radial minimizer of E " (u; B1). Then for any

compact subsetK � B1 n f 0g, we have

lim
" ! 0

u" =
x
jxj

; in C1;� (K ; Rn ); � 2 (0; 1)

Proof. For every compact subset K � B1 n f 0g, applying Proposition 7.1 yields
that for some� 2 (0; 1=2] one has

(7.6) ku�
" kC 1;� (K ) � C = C(K );

where the constant doesnot depend on "; � .
Applying (7.6) and the embedding theorem we know that for any " and some

� 1 < � , there exist w" 2 C1;� 1 (K ; Rn ) and a subsequenceof � k of � such that as
k ! 1 ,

(7.7) u� k
" ! w" ; in C1;� 1 (K ; Rn ):

Combining this with (6.8) we know that w" = u" .
Applying (7.6) and the embedding theorem again we can see that for some

� 2 < � , there exist w 2 C1;� 2 (K ; Rn ) and a subsequenceof � k which can be
denoted by � m such that as m ! 1 ,

(7.8) u� m
" m

! w; in C1;� 2 (K ; Rn ):

Denote 
 = min (� 1; � 2). Then as m ! 1 , we have

ku" m � wkC 1;� (K;R n ) � ku" m � u� m
" m

kC 1;� (K;R n )(7.9)

+ ku� m
" m

� wkC 1;� (K;R n ) � o(1)

by applying (7.7) and (7.8). Noting (1.1) we know that w = x
jx j .

Noting the limit x
jx j is unique, we can seethat the convergence(7.9) holds not

only for somesubsquencebut for all u" . Applying the uniquenesstheorem(Theorem
6.1) of the radial minimizers, we know that the regularizable radial minimizer just
is the radial minimizer. Theorem is proved.

x8. Pr oof of Theorem 1.4

First (3.1) shows one rate that the minimizer f " convergeto 1 as " ! 0. More-
over, proposition 4.2 implies that for any T > 0,

(8.1)
1

4"p

Z 1

T
(1 � f 2

" )2r n � 1dr � C:

In the following weshall giveother better estimatesof the rate of the convergence
for the radial minimizer f " than (8.1).
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Theorem 8.1. Let u" (x) = f " (r ) x
jx j be the radial minimizer of E " (u; B1). For

any T > 0, there exists a constant C > 0 which is independent of " such that as "
su�ciently small,

(8.2)
Z 1

T
jf 0

" jpr n � 1dr +
1
"p

Z 1

T
(1 � f 2

" )2r n � 1dr � C" [p]+1 � p:

Here [p] is the integer number part of p. Moreover, as " ! 0,

(8.3)
1
p

Z

B 1 nB T

jr u" jp +
1

4"p

Z

B 1 nB T

(1 � ju" j2)2 !
1
p

Z

B 1 nB T (0)
jr

x
jxj

jp:

Proof. By proposition 4.2 we have

(8.4) E" (f " ; BT ) �
1
p

Z 1

T
(n � 1)p=2r n � p� 1dr + C" 2([ p]+1 � p)=p;

thus,

(8.5)
Z 1

T
(1 � f " )2dr � C(T)" p;

for any T > 0. On the other hand, Jensen'sinequality implies

E" (f " ; BT ) �
1
p

Z 1

T
jf 0

" jpr n � 1dr

+
1
p

Z 1

T
((n � 1)

f 2
"

r 2 )p=2r n � 1dr +
1

4"p

Z 1

T
(1 � f 2

" )2r n � 1dr:

Combining this with (8.4) we have

1
p

Z 1

T
((n � 1)

f 2
"

r 2 )p=2r n � 1dr � E" (f " ; BT )(8.6)

� C"2([ p]+1 � p)=p +
1
p

Z 1

T
(n � 1)p=2r n � p� 1dr:

Applying (8.5) and H•older's inequality we obtain
Z 1

T
((n � 1)r � 2)p=2r n � 1dr �

Z 1

T
((n � 1)r � 2f 2

" )p=2r n � 1dr

=
Z 1

T
(n � 1)p=2r n � p� 1(1 � f p

" )dr � C(T)
Z 1

T
(1 � f " )dr

� C(
Z 1

T
(1 � f " )2dr)1=2 � C"p=2:

Substituting this into (8.6) we obtain

� C"p=2 � E" (f " ; BT )(8.7)

�
1
p

Z 1

T
((n � 1)r � 2)p=2r n � 1dr � C" [p]+1 � p :

Noticing
1
p

Z

B 1 nB T (0)
jr

x
jxj

jp =
jSn � 1j

p

Z 1

T
((n � 1)r � 2)p=2r n � 1dr;

from (8.7) we can seethat both (8.2) and (8.3) hold.
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Theorem 8.2. Let u" (x) = f " (r ) x
jx j be the radial minimizer of E " (u; B1) on W .

Then there exist C; " 0 > 0 such that as " 2 (0; " 0),

(8.8)
Z 1

T
r n � 1[(f 0

" )p +
1
"p (1 � f 2

" )2]dr � C" p:

(8.9) sup
r 2 [T ;1]

(1 � f " (r )) � C" p� n
2 :

(8.8) gives the estimate of the rate of f " 's convergenceto 1 in W 1;p [T; 1] sense,
and that in C0[T; 1] senseis showed by (8.9).

Proof. It follows from Jensen'sinequality that

E" (f " ; T ) =
1
p

Z 1

T
[(f 0

" )2 +
(n � 1)

r 2 f 2
" ]p=2r n � 1dr

+
1

4"p

Z 1

T
(1 � f 2

" )2r n � 1dr

�
1
p

Z 1

T
(f 0

" )pr n � 1dr +
1

4"p

Z 1

T
(1 � f 2

" )2r n � 1dr

+
1
p

Z 1

T

[n � 1]p=2

r p f p
" r n � 1dr:

Combining this with Proposition 4.2 yields

1
p

Z 1

T
(f 0

" )pr n � 1dr +
1

4"p

Z 1

T
(1 � f 2

" )2r n � 1dr

�
1
p

Z 1

T

[n � 1]p=2

r p (1 � f p
" )r n � 1dr + C" [p]+1 � p:

Noticing (8.1), we obtain

1
p

Z 1

T
(f 0

" )pr n � 1dr +
1

4"p

Z 1

T
(1 � f 2

" )2r n � 1dr(8.10)

� C
Z 1

T

[n � 1]p=2

r p (1 � f " )r n � 1dr + C" [p]+1 � p

� C"p=2 + C" [p]+1 � p � C" [p]+1 � p:

Using Proposition 4.2 and (8.10), as well as the integral mean value theorem we
can seethat there exists

T1 2 [T; T(1 + 1=2)] � [R=2; R]

such that

(8.11) [(f " )2
r + (n � 1)r � 2f 2

" ]r = T1 � C1;
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(8.12) [
1
"p (1 � f 2

" )2]r = T1 � C1" [p]+1 � p:

Consider the functional

E(�; T1) =
1
p

Z 1

T1

(� 2
r + 1)p=2dr +

1
2"p

Z 1

T1

(1 � � )2dr:

It is easy to prove that the minimizer � 3 of E(�; T1) in W 1;p
f "

((T1; 1); R+ [ f 0g)
exists.

By the sameway to proof of (4.14), using (8.11) and (8.12) we have

E(� 3; T1) � v
p � 2

2 � 3r (1 � � 3)jr = T1 � C1(1 � � 3(T1)) � C"F [1] ;

where F [j ] = [p]+1 � p
2j + (2 j � 1)p

2j ; j = 1; 2; � � � . Hence,similar to the proof of Propo-
sition 4.2, we obtain

E" (f " ; T1) � C"F [1] +
1
p

Z 1

T1

[n � 1]p=2

r p� 1 dr:

Furthermore, similar to the derivation of (8.10), using (8.1) we may get

Z 1

T1

(f 0
" )pr n � 1dr +

1
"p

Z 1

T1

(1 � f 2
" )2r n � 1dr � C"F [1] + C"p=2 � C2"F [1] :

Set Tm = R(1 � 1
2m ). Proceedingin the way above (whoseidea is improving the

exponents of " from F [k] to F [k + 1] step by step), we can seethat there exists
somem 2 N satisfying F [m � 1] � p

2 � F [m] such that

Z 1

Tm

(f 0
" )pr dr +

1
"p

Z 1

Tm

(1 � f 2
" )2r n � 1dr(8.13)

� C"
[ p ]+1 � p

2m + (2 m � 1) p
2m + C"p=2 � C"p=2:

Similar to the derivation of (8.11) and (8.12), it is known that there exists Tm +1 2
[Tm ; 3Tm =2] such that

(8.14) [(f " )2
r + (n � 1)r � 2f 2

" ]r = Tm +1 � C;

(8.15) [
1
"p (1 � f 2

" )2]r = Tm +1 � C"p=2:

The minimizer � 4 of the functional

E(�; Tm +1 ) =
1
p

Z 1

Tm +1

(� 2
r + 1)p=2dr +

1
2"p

Z 1

Tm +1

(1 � � )2dr

in W 1;p
f "

((T1; 1); R+ ) exists. By the sameway to proof of (4.14), using (8.15) and
(8.14) we have

E(� 4; Tm +1 ) � v
p � 2

2 � 4r (1 � � 3)jr = Tm +1 � C(1 � � 4(Tm +1 )) � C"G[1] ;
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where G[j ] = p=2
2j + (2 j � 1)p

2j ; j = m + 1; m + 2; � � � . By the argument of proof of
Proposition 4.2, we obtain

E" (f " ; Tm +1 ) � C"G[1] +
1
p

Z 1

Tm +1

[n � 1]p=2

r p� 1 dr:

Furthermore, similar to the derivation of (8.10), using (8.13) we may get

Z 1

Tm +1

(f 0
" )pr n � 1dr +

1
"p

Z 1

Tm +1

(1 � f 2
" )2r n � 1dr � C"G[1] :

Proceedingin the way above (whose idea is improving the exponents of " from
G[k] to G[k + 1] step by step), we can seethat for any k 2 N ,

Z 1

Tm + k

(f 0
" )pr n � 1dr +

1
"p

Z 1

Tm + k

(1 � f 2
" )2r n � 1dr � C"

p= 2

2k + (2 k � 1) p

2k :

Letting k ! 1 , we derive

Z 1

R
(f 0

" )pr n � 1dr +
1
"p

Z 1

R
(1 � f 2

" )2r n � 1dr � C" p:

This is (8.8).
From (8.8) we can seethat

(8.16)
Z 1

T
(1 � f 2

" )2r n � 1dr � C" 2p:

On the other hand, from (5.2) and ju" j � 1 it follows that kf " kW 1;p (( T ;1) ;R ) � C.
Applying the embedding theorem we know that for any r 0 2 [T; 1],

jf " (r ) � f " (r0)j � Cjr � r0 j1� 1=p; 8r 2 (r0 � "; r0 + "):

Thus

(1 � f " (r ))2 � (1 � f " (r0))2 � "1� 1=p �
1
2

(1 � f " (r0))2:

Substituting this into (8.16) we obtain

C"2p �
Z 1

T
(1 � f 2

" )2r n � 1dr �
Z r 0 + "

r 0 � "
(1 � f 2

" )2r n � 1dr �
1
2

(1 � f " (r0))2"n

which implies 1� f " (r0) � C" p� n
2 : Noting r0 is an arbitrary point in [T; 1], we have

sup
r 2 [T ;1]

(1 � f " (r )) � C" p� n
2 :

Thus (8.9) is derived and the proof of Theorem is complete.
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ON THE LAR GE PR OPER

SUBLA TTICES OF FINITE LA TTICES

Zhang Kunlun, Song Lixia and Sun Yikang

Abstra ct. In this present note, We study and prove some prop erties of the large
prop er sublattices of �nite lattices. It is shown that every �nite lattice L with jL j > 4
contains a prop er sublattice S with jSj � [2(jL j � 2)]1=3 + 2 > (2jL j)1=3 .

A.M.S. (MOS) Sub ject Classi�cation Co des. 06B05

Key W ords and Phrases. Finite lattice, Irreducible , Convex poset, Sublattice

1 Intr oduction

In [2], Tom Whaley proved the following classicresult about sublattices of lat-
tices.

Theorem 1.1. If L is a lattice with k = jL j in�nite and regular, then either
(1) there is a proper principal ideal of L of size k,or
(2) there is a proper principal �lter of L of size k, or
(3) M k , the modular lattice of height 2 and size k, is a 0, 1-sublattice of L .

Corollary 1.2. If L is in�nite and regular, then L has a proper sublattice of car-
dinality jL j.

In [4], Ralph Freese,Jennifer Hyndman, and J. B. Nation proved the following
classicresult about sublattices of �nite ordered set and �nite lattices.

Theorem 1.3. Let P be a �nite ordered set with jP j = n. Let 
 = dn1=3e. Then
either

(1) there is a principal ideal I of P with jI j � 
 , or
(2) there is a principal �lter F of P with jF j � 
 , or
(3) P contains a super-antichain A with jAj � 
 .
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Theorem 1.4. Let L be a �nite lattice with jL j = n + 2. Then one of the following
must hold.

(1) There exists x < 1 with j(x]j � n1=3;
(2) There exists y > 0 with j[y)j � n1=3 ;
(3) M � is a 0, 1-sublattice of L , where � = dn1=3e.

The above result givessomelower bound of the large proper sublattices of �nite
ordered set and �nite lattices, but they are not so good. In this present note, We
give a new lower bound of the large proper sublattices of �nite lattices. Our �rst
main result is that:

Theorem 1.5. Let L be a �nite lattice with jL j = n > 4. Then there exists proper
sublattice S � L with jSj � [2(n � 2)]1=3 + 2 > (2jL j)1=3.

2 Definitions and Lemmas

Let (P; � ) be a poset and H � P, a 2 P. The a is an upper bound of H if and
only if h � a for all h 2 H . An upper bound a of H is the least upper boundof H if
and only if , for any upper bound b of H , we have a � b. We shall write a = supH .
The conceptsof lower bound and greatest lower bound are similarly de�ned; the
latter is denoted by inf H . Set

M (P) = f (a; b) 2 P � P j supf a; bgandinff a; bgexist in Pg

(x] = f a 2 Pja � xg; [x) = f a 2 Pjx � ag; [x]P = (x] [ [x):

Nx =
[

a� x

(a] [
[

b� x

[b):

where x 2 P.

De�nition 2.1. A poset (L; � ) is a lattice if supf a; bg and inf f a; bg exist for all
a; b 2 L .

Theorem 2.2. . A poset (P; � ) is a lattice if and only if M (P) = P

De�nition 2.3. If (A; � ) is a poset, a; b 2 A, then a and b are comparable if
a � b or a � b. Otherwise, a and b are incomparable, in notation akb. A chain is,
therefore, a poset in which there are no incomparableelements. An unorderedposet
is one in which akb for all a 6= b. (A; � ) is a convex poset if C(P) = f a 2 Pja 6=
inf P; a 6= supP and a 6k x for all x 2 Pg = ? .

De�nition 2.4. Let (A; � ) be a poset and let B be a non-void subsetof A. Then
there is a natural partial order � B on B induced by � : for a, b 2 B :a � B b if and
only if a � b, we call (B ; � B ); (or simply, (B ; � )) a subposetof (A; � )

De�nition 2.5. Let (A; � ) be a poset and let B be a subposet of A. If M (B ) =
M (A) \ (B � B ) and supB f a; bg = supA f a; bg, inf B f a; bg = inf A f a; bg for all (a; b) 2
M (B ), then we call (B ; � ) a semi � sublattice of (A; � )

De�nition 2.6. A chain C in a poset P is a nonvoid subsetwhich, as a subposet,
is a chain. An antichain C in a poset P is a nonvoid subsetwhich, as a subposet,
is unordered.
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De�nition 2.7. The length, l (C) of a �nite chain is jCj � 1. A poset P is said
to be of length n (in formula l (P) = n) where n is a natural number, if and only if
there is a chain in P of length n and all chain in P are of length � n. The width
of poset P is m, where m is a natural number, if and only if there is an antichain
in P of m elementsand all antichain in P have � m elements.

We say that A � P is a super-antichain if no pair of distinct elements of A has
a common upper bound or a common lower bound. Let S � P

Lemma 2.8. . If P is a convexposet , let x 2 P , then (x], [x) and [x]P = (x][ [x)
are proper semi-sublattices of P.

Lemma 2.9. If P is a convex poset with jP j > 1, let � = maxx 2 P j[x]P j, then
jNa j � 1 � 1

2 (� � 1)2 for all a 2 P.

Proof. Since � be the largest size of a proper semi-sublattice [x]P of P, so that
j[x]P j � � for all x 2 P. For a 2 P , if s = jf y 2 (a]jx � y ) x = y for all x 2 Pgj
and t = jf y 2 [a)jy � x ) y = x for all x 2 Pgj, then

jNa j � t(� � s � 1) + s(� � t � 1) + 1 = (� � 1)(s + t) � 2ts + 1

where0 � s+ t � � � 1. A little calculus shows that this is at most 1
2 (� � 1)(� �

1) + 1. Then jNa j � 1 � 1
2 (� � 1)2 �

Lemma 2.10. If P is a �nite convexposet with k = (2jP j)1=3 , then either
(1) there is a proper semi-sublattice [a]P of P of size j[a]P j � k, or
(2) P contains a super-antichain of size k.

Proof. . Supposethat (1) fail. We will construct a super-antichain by trans�nite
induction. Let jP j = n. For every a 2 P set

Na =
[

x � a

(x] [
[

y � a

[y):

We form a super-antichain A as follows. Choose a1 2 P arbitrarily . Given
a1; � � � ; am , chooseam +1 2 P �

S
1� i � m Na i as long as this last set is nonempty.

Thus we obtain a sequencea1; � � � ; ar where r � dn=( 1
2 (� � 1)2 + 1)e � n=( 1

2 � 2)
such that f a1; � � � ; ar g is a super-antichain. Since r ( 1

2 � 2) � n, either � � (2n)1=3

or r � (2n)1=3, that is. either � � (2jP j)1=3 or r � (2jP j)1=3. �

De�nition 2.11. Let (L; _; ^ ) is a �nite lattice, a 2 L , it is join-irr educible if
a = b _ c implies that a = b or a = c; it is meet-irr educible if a = b ^ c implies
that a = b or a = c. An element which is both join- and meet- irr educible is called
doubly irr educible, let I r r (L ) denote the set of all doubly irr educible elementsof L .

3 Main Theorems

Theorem 3.1. Let L be a �nite lattice with jL j = n > 4 and P = L n f 0; 1g,
C(P) = ? . Then one of the following must hold.

(1) There exists proper sublattice S = [a]P [ f 0g (or S = [a]P [ f 1g) � L with
jSj � (2(n � 2))1=3 + 1;

(2) M k is a 0, 1-sublattice of L , where k = d(2(n � 2))1=3 + 2e.
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Proof. Let P = L nf 0; 1g. Note that this makesjL j = n and let � = maxx 2 P j[x]P j.
Then by lemma 2.10 we have :

either there is a semi-sublattice [a]P of P of size j[a]P j � (2(n � 2))1=3,
or P contains a super-antichain of size(2(n � 2))1=3.
Observethat [a][ f 0gand [a][ f 1g areproper sublattice of lattice L (for all a 2 P).

Thus either there is a proper sublattice S = [a]P [ f 0g(or S = [a]P [ f 1g) of L of
size jSj �

p
[3]2(n � 2) + 1, or L contains a M k of size (2(n � 2))1=3 + 2. �

Corollary 3.2. Let L be a �nite lattice with jL j = n > 4 and C(L n f 0; 1g) = ? .
Then there exists proper sublattice S � L with jSj � (2(n � 2))1=3 + 2;

Theorem 3.3. Let L be a �nite lattice with jL j = n > 4 and C(L n f 0; 1g) 6= ? .
Then there exists proper sublattice S � L with jSj � 1

2 (n + 3).

Proof. Let a 2 C(L n f 0; 1g) 6= ? . Then either a � x or a � x for all x 2 L . Thus
we have

L = [a]L = (a] [ [a):

Therefore
(1) If minfj (a]j; j[a)jg = 2, then we have: maxfj (a]j; j[a)jg = n � 1 � 1

2 (n + 3) ;
(2) If minfj (a]j; j[a)jg > 2, then we have: maxfj (a]j; j[a)jg � 1

2 (n � 3) + 3 =
1
2 (n + 3):

The proof is complete. �

Proof. [Proof of Theorem 1.5] This proof is obvious from Lemma 2.10and Theorem
3.3. �

4 the lar ge pr oper subla ttices of finite modular la ttices

In the construction of the super-antichain in Lemma 2.10 we started with an
arbitrary element a1. We record this stronger fact in the next theorem.

Theorem 4.1. Let L be a �nite lattice with jL j = n > 4 and C(L n f 0; 1g) = ? ,
let P = L n f 0; 1g and � = maxx 2 P j[x]P [ f 0; 1gj. Then every element of L is
contained in a 0, 1-sublattice M k of L with k( 1

2 (� � 2)2) � n � 2. In particular, if
n � 2 > 1

2 (� � 2)2, then L is complemented.

Proof. This proof is obvious from Lemma 2.8 and Theorem 3.3. �

A simple application is:

Theorem 4.2. Let L be a �nite modular lattice with jL j = n > 4. Then L has a
proper sublattice S with jSj �

p
2n.

Proof. Let P = L n f 0; 1g.
Case 1. When C(P) = C(L n f 0; 1g) 6= ? . the proof is trivial( by Theorem 3.3

).
Case 2. When C(P) = C(L n f 0; 1g) = ? . If n � 2 � 1

2 (� � 2)2, then L has a
sublattice S = [a]P [ f 0; 1g with jSj = � �

p
2(jL j � 2) + 2 �

p
2n (by Theorem

4.1). So we may assumethat n � 2 > 1
2 (� � 2)2, whence by Theorem 4.1, L is

complemented. The result is true for L �= M k , sowe may assumethat L hasheight
greater than 2. There is a element b 2 L n f 0; 1g with j[b]L j = � > 3 (L has height
greater than 2), then there existsa element b0 2 [b]L nf 0; b;1g. And we haveNb 6= P
by n � 2 > 1

2 (� � 2)2. Hence there exists a element c 2 P n Na . Since c 62Na ,
sublattice f 0; b;b0; c01g of L is a pentagon, contrary to our assumption. �
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De�nition 4.3. For a �nite lattice L , let

� (L ) = max
S2 Sub(L ) ;S 6= L

jSj

Theorem 4.4. Let L be a �nite lattice with jL j = n. Then � (L ) = n � 1 if and
only if I r r (L ) n f 0; 1g 6= ? .

Proof. . The proof is trivial. �
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A CLASS OF RUSCHEWEYH - TYPE HARMONIC

UNIV ALENT FUNCTIONS WITH VAR YING AR GUMENTS

G.Mur ugusund aramoor thy

Abstra ct. A comprehensive class of complex-valued harmonic univalent functions
with varying arguments de�ned by Ruscheweyh derivativ es is intro duced. Necessary
and su�cien t coe�cien t bounds are given for functions in this class to be starlik e.
Distortion bounds and extreme points are also obtained.

A.M.S. (MOS) Sub ject Classi�cation Co des. 30C45,30C50

Key W ords and Phrases. Harmonic, Univalent, Starlike

1. Intr oduction

A continuous function f = u + iv is a complex- valued harmonic function in
a complex domain G if both u and v are real and harmonic in G: In any simply
connecteddomain D � G we can write f = h + g where h and g are analytic in
D : We call h the analytic part and g the co-analytic part of f : A necessaryand
su�cien t condition for f to be locally univalent and orientation preserving in D is
that jh0(z)j > jg0(z)j in D (see[2]).

Denote by H the family of functions f = h + g that are harmonic univalent
and orientation preserving in the open unit disc U = f z : jzj < 1g for which
f (0) = h(0) = 0 = f z (0) � 1: Thus for f = h + g in H we may expressthe analytic
functions for h and g as

h(z) = z +
1X

m =2

am zm ; g(z) = b1z +
1X

m =2

bm zm (0 � b1 < 1): (1)

Note that the family H of orientation preserving,normalizedharmonic univalent
functions reducesto S the classof normalized analytic univalent functions if the
co-analytic part of f = h + g is identically zero that is g � 0:
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For f = h + g given by (1) and n > � 1; we de�ne the Ruscheweyh derivative of
the harmonic function f = h + g in H by

D n f (z) = D n h(z) + D n g(z) (2)

whereD the Ruscheweyh derivative (see[5])of a power series� (z) = z +
1P

m =2
� m zm

is given by

D n � (z) =
z

(1 � z)n +1 � � (z) = z +
1X

m =2

C(n; m)� m zm

where

C(n; m) =
(n + 1)m � 1

(m � 1)!
=

(n + 1)(n + 2) : : : (n + m � 1)
(m � 1)!

:

The operator � stands for the hadamard product or convolution product of two
power series

� (z) =
1X

m =1

� m zm and  (z) =
1X

m =1

 m zm

de�ned by

(� �  )(z) = � (z) �  (z) =
1X

m =1

� m  m zm :

For �xed values of n(n > � 1); let RH (n; � ) denote the family of harmonic
functions f = h + g of the form (1) such that

@
@�

(arg D n f (z)) � �; 0 � � < 1; jzj = r < 1: (3)

We alsolet VH (n; � ) = RH (n; � ) \ VH ; whereVH [3], the classof harmonic functions
f = h+ g for which h and g are of the form (1) and their exists � sothat , mod 2� ;

� m + (m � 1)� � � ; � m + (m � 1)� � 0; m � 2; (4)

where � m = arg(am ) and � m = arg(bm ):
Note that RH (0; � ) = SH (� ) [4]; is the classof orientation preservingharmonic

univalent functions f which are starlike of order � in U; that is @
@� (argf (r ei� )) > �

where z = rei� in U: In [1] , it is proved that the coe�cien t condition

1X

m =2

m (jam j + jbm j) � 1 � b1

is su�cien t for functions f = h + g and of the form (1) to be in SH (0): Recently
Jahangiri and Silverman [3] gave the su�cien t and necessaryconditions for func-
tions f = h + g of the form (1) to be in VH (� ) where 0 � � < 1: Further note
that if n = 0 and the co-analytic part of f = h + g is zero, then the classVH (n; � )
reducesto the classstudied in [6].
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In this paper, we will give the su�cien t condition for f = h + g given by (1)
to be in the classRH (n; � ); and it is shown that thesecoe�cien t condition is also
necessaryfor functions in the classVH (n; � ): Finally we obtain distortion theorems
and characterize the extreme points for functions in VH (n; � ):

2.Co e�cien t Bounds

In our �rst theorem we obtain a su�cien t coe�cien t bound for harmonic func-
tions in RH (n; � )

Theorem 1. Let f = h + g given by (1). If

1X

m =2

�
m � �
1 � �

jam j +
m + �
1 � �

jbm j
�

C(n; m) � 1 �
1 + �
1 � �

b1 (5)

where a1 = 1 and 0 � � � 1; then f 2 RH (n; � ):

Pro of. To prove f 2 RH (n; � ); by de�nition of RH (n; � ) we only needto show
that if (5) holds then the required condition (3 ) satis�ed. For (3) we can write

@
@�

(arg D n f (z)) = Re

(
z(D n h(z))0 � z(D n g(z))0

D n h(z) � D n g(z)

)

= Re
A(z)
B (z)

:

Using the fact that Re w � � if and only if j1 � � + wj � j1 + � � wj; it su�ces to
show that

jA(z) + (1 � � )B (z)j � jA(z) � (1 + � )B (z)j � 0: (6)

Substituting for A(z) and B (z) in (6), which yields

jA(z) + (1 � � )B (z)j � jA(z) � (1 + � )B (z)j

� (2 � � )jzj �
1P

m =2
[mC(n; m) + (1 � � )C(n; m)]jam jj zjm

�
1P

m =1
[mC(n; m) � (1 � � )C(n; m)]jbm j jzjm � � jzj

�
1P

m =2
[mC(n; m) � (1 + � )C(n; m)]jam jj zjm

�
1P

m =1
[mC(n; m) + (1 + � )C(n; m)]jbm j jzjm

� 2(1 � � )jzj
�

1 �
1P

m =2

m � �
1� � jam jj zjm � 1C(n; m) �

1P

m =1

m + �
1� � jbm jj zjm � 1C(n; m)

�

� 2(1� � )jzj

(

1 �
1 + �
1 � �

b1 �

 
1X

m =2

m � �
1 � �

C(n; m)jam j +
1X

m =2

m + �
1 � �

C(n; m)jbm j

!)

:

(7)
The last expressionis non negative by (5), and so f 2 RH (n; � ):

Now we obtain the necessaryand su�cien t conditions for function f = h + g be
given with (4).
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Theorem 2. Let f = h + g be given by (1). Then f 2 VH (n; � ) if and only if

1X

m =2

�
m � �
1 � �

jam j +
m + �
1 � �

jbm j
�

C(n; m) � 1 �
1 + �
1 � �

b1 (8)

where a1 = 1 and 0 � � < 1:

Pro of. SinceVH (n; � ) � RH (n; � ); we only needto prove the "only if" part of
the theorem. To this end, for functions f 2 VH (n; � ); we notice that the condition
@

@� (arg D n f (z)) � � is equivalent to

@
@�

(arg D n f (z)) � � = Re

(
z(D n h(z))0 � z(D n g(z))0

D n h(z) � D n g(z)
� �

)

� 0:

That is

Re

2

6
6
4

(1 � � )z +
�

1P

m =2
(m � � )C(n; m)jam jzm �

1P

m =1
(m + � )C(n; m)jbm jzm

�

z +
1P

m =2
C(n; m)jam jzm +

1P

m =1
C(n; m)jbm jzm

3

7
7
5 � 0:

(9)
The above condition must hold for all valuesof z in U: Upon choosing � according
to (4) we must have

(1 � � ) � (1 + � )b1 �
�

1P

m =2
(m � � )C(n; m)jam jr m � 1 +

1P

m =2
(m + � )C(n; m)jbm jr m � 1

�

1 + jb1j +
�

1P

m =2
C(n; m)jam j +

1P

m =2
C(n; m)jbm j

�
r m � 1

� 0:

(10)
If the condition (8) does not hold then the numerator in (10) is negative for r
su�cien tly close to 1. Hence there exist a z0 = r0 in (0,1) for which quotient of
(10) is negative. This contradicts the fact f 2 VH (n; � ) and so proof is complete.

Corollary 1. A necessaryand su�cien t condition for f = h + g satisfying (8) to
bestarlike is that arg(am ) = � � 2(m� 1)� =k; and arg(bm ) = 2� � 2(m� 1)� =k ; (k =
1; 2; 3; : : : ):

Our next theorem on distortion bounds for functions in VH (n; � ) which yields a
covering result for the family VH (n; � ):

Theorem 3. If f 2 VH (n; � ) then

jf (z)j � (1 + jb1j)r +
1

C(n; 2)

�
1 � �
2 � �

�
1 + �
2 � �

jb1j
�

r 2; jzj = r < 1

and

jf (z)j � (1 + jb1j)r �
1

C(n; 2)

�
1 � �
2 � �

�
1 + �
2 + �

jb1j
�

r 2; jzj = r < 1: (11)
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Pro of. We will only prove the right hand inequality in (11). The argument for
the left hand inequality is similar. Let f 2 VH (n; � ) taking the absolutevalue of f ;
we obtain

jf (z)j � ((1 + jb1j)jr j +
1X

m =2

(jam j + jbm j)jr jm

� (1 + b1)r + r 2
1X

m =2

(jam j + jbm j

That is

jf (z)j � (1 + jb1j)r +
1 � �

C(n; 2)(2 � � )

 
1X

m =2

(2 � � )C(n; 2)
1 � �

jam j +
(2 � � )C(n; 2)

1 � �
jbm j

!

r 2

� (1 + jb1j)r +
1 � �

C(n; 2)(2 � � )

�
1 �

1 + �
1 � �

jb1j
�

r 2

� (1 + jb1j)r +
1

C(n; 2)

�
1 � �
2 � �

�
1 + �
2 � �

jb1j
�

r 2:

Corollary 2. Let f of the form (1) be so that f 2 VH (n; � ): Then

�
w : jwj <

2C(n; 2) � 1 � [C(n; 2) � 1]�
(2 � � )C(n; 2)

�
2C(n; 2) � 1 � [C(n; 2) � 1]�

(2 + � )C(n; 2)
b1

�
� f (U):

(12)
We use the coe�cien t bounds to examine the extreme points for VH (n; � ) and

determine extreme points of VH (n; � ):

Theorem 4. Set � m = (1 � � )
(m � � )C (n;m ) and � m = 1+ �

(m + � )C (n;m ) : For b1 �xed, the
extreme points for VH (n; � ) are

f z + � m xzm + b1zg [ f z + b1z + � m xzm g (13)

where m � 2 and jxj = 1 � jb1j:

Pro of. Any function f in VH (n; � ) may expressedas

f (z) = z +
1X

m =2

jam jei� m zm + b1z +
1X

m =2

jbm jei� m zm ;

where the coe�cien ts satisfy the inequality (5). Set

h1(z) = z; g1(z) = b1z; hm (z) = z+ � m ei� m zm ; gm (z) = b1z+ � m ei� m zm f or m = 2; 3; : : : :

Writing X m = j am j
� m

; Ym = j bm j
� m

; m = 2; 3; : : : and X 1 = 1�
1P

m =2
X m ; Y1 = 1�

1P

m =2
Ym

we have,

f (z) =
1X

m =1

(X m hm (z) + Ym gm (z)) :
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In particular, setting

f 1(z) = z+ b1z and f m (z) = z+ � m xzm + b1z+ � m yzm ; (m � 2; jxj + jyj = 1� jb1j)

we seethat extreme points of VH (n; � ) are contained in f f m (z)g:

To seethat f 1(z) is not an extreme point, note that f 1(z) may be written as

f 1(z) =
1
2

f f 1(z) + � 2(1 � jb1j)z2g +
1
2

f f 1(z) � � 2(1 � jb1j)z2g;

a convex linear combination of functions in VH (n; � ):
To seethat is not an extreme point if both jxj 6= 0 and jyj 6= 0; we will show

that it can then also be expressedas a convex linear combinations of functions in
VH (n; � ): Without loss of generality, assumejxj � jyj: Choose� > 0 small enough
so that � < j x j

j y j : Set A = 1 + � and B = 1 � j �x
y j. We then seethat both

t1(z) = z + � m Axz m + b1z + � m yB zm

and
t2(z) = z + � m (2 � A)xzm + b1z + � m y(2 � B )zm ;

are in VH (n; � ) and note that

f n (z) =
1
2

f t1(z) + t2(z)g:

The extremal coe�cien t bounds shows that functions of the form (13) are the
extreme points for VH (n; � ); and so the proof is complete.
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SOLUTIONS FOR NONLINEAR BOUND AR Y

VALUE PR OBLEMS OF p-LAPLA CIAN
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Abstra ct. We discuss the existence of multiple radial symmetric solutions for non-
linear boundary value problems of p-Laplacian, based on Leggett-Williams's �xed
point theorem.
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1. Intr oduction.

In this paper, we consider the existenceof multiple radial symmetric solutions
of the p-Laplacian equation

(1.1) � div( jr ujp� 2r u) = g(x)f (x; u); x 2 
 ;

subject to the nonlinear boundary value condition

(1.2) B
�

@u
@�

�
+ u = 0; x 2 @


where 
 � Rn is the unit ball centered at the origin, � denotesthe unit outward
normal to the boundary @
, g(x), f (x; s) and B (s) are all the given functions. In
order to discussthe radially symmetric solutions, we assumethat g(x) and f (x; s)
are radially symmetric, namely, g(x) = g(jxj), f (x; s) = f (jxj; s). Let w(t) � u(jxj)
with t = jxj be a radially symmetric solution. Then a direct calculation shows that

(1.3) (tn � 1 ' (w0(t))) 0 + tn � 1g(t)f (t; w(t)) = 0; 0 < t < 1;
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where ' (s) = jsjp� 2s and p > 1, with the boundary value condition

(1.4) w0(0) = 0;

(1.5) w(1) + B (w0(1)) = 0:

Such a problem arisesin many di�eren t areasof applied mathematics and the �elds
of mechanics, physics and has been studied extensively, see[1]{[6]. In particular,
the Leggett-Williams �xed point theorem has beenusedto discussthe multiplicit y
of solutions. For example, He, Ge and Peng [1] consideredthe following ordinary
di�eren tial equation

(' (y0))0 + g(t)f (t; y) = 0; 0 < t < 1;

which correspondsto the special casen = 1 of the equation (1.3), with the boundary
value conditions

y(0) � B0(y0(0)) = 0;

y(1) � B1(y0(1)) = 0:

They used the Leggett-Williams �xed point theorem and proved the existenceof
multi-nonnegative solutions.

In this paper, we extent the results in [1] with n � 1. We want to useLeggett-
Williams's �xed-p oint theorem to search for solutions of the problem (1.3){(1.5)
too.

This paper is organized as follows. Section 2 collects the preliminaries and
statements of results. The proofs of theoremswill be given subsequently in Section
3.

2. Preliminaries and Main Results
As a preliminary, we �rst assumethat the given functions satisfy the following

conditions Preliminaries and Main Results
(A1) f : [0; 1] � [0; + 1 ) ! [0; + 1 ) is a continuous function.
(A2) g : (0; 1) ! [0; + 1 ) is continuousand is allowed to be singular at the end

points of (0; 1), g(t) 6� 0 on any subinterval of (0; 1). In addition,

0 <
Z 1

0
g(r )dr < + 1 :

(A3) B (s) is a continuous,nondecreasing,odd function, de�ned on (�1 ; + 1 ).
And there exists a constant m > 0, such that

0 � B (s) � ms; s � 0:

In order to prove the existenceof the multi-radially symmetric solutions of the
problem (1.3){(1.5), we needsomelemmas.

First, we intro duce some denotations. Let E = (E ; k � k) be a Banach space,
P � E is a cone. By a nonnegative continuousconcave functional � on P, we mean
a mapping � : P ! [0; + 1 ) that is � is continuous and

� (tw1 + (1 � t)w2) � t� (w1) + (1 � t)� (w2);
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for all w1; w2 2 P, and all t 2 [0; 1]. Let 0 < a < b, r > 0 be constants. Denote

Pr = f w 2 Pjkwk < rg;

and
P(�; a; b) = f w 2 Pja � � (w); kwk � bg:

We needthe following two useful lemmas.
Lemma 2.1 (Leggett-Williams's �xed point theorem)Let T : P c ! P c be com-

pletely continuous and � be a nonnegative continuous concavefunctional on P such
that � (w) � kwk, for all w 2 P c. Supposethere exist 0 < a < b < d � c such that

(B1) f w 2 P(�; b;d)j� (w) > bg 6= ; and � (Tw) > b, for w 2 P(�; b;d),
(B2) kTwk < a, for kwk � a, and
(B3) � (Tw) > b, for w 2 P(�; b;c) with kTwk > d.

Then, T has at least three �xed points w1, w2 and w3 satisfying

kw1k < a; b < � (w2); and kw3k > a; � (w3) < b:

Lemma 2.2 Let w 2 P and � 2 (0; 1=2). Then
(C1) If 0 < � < 1,

w(t) �

8
>><

>>:

kwkt
�

; 0 � t � � ;

kwk(1 � t)
(1 � � )

; � � t � 1:

(C2) w(t) � � kwk, for all t 2 [� ; 1 � � ].
(C3) w(t) � kwkt, 0 � t � 1, if � = 1.
(C4) w(t) � kwk(1 � t), 0 � t � 1, if � = 0.

Here � 2 [0; 1], such that

w(� ) = kwk � sup
t 2 [0;1]

jw(t)j:

We want to usethe �xed-p oint theorem in Lemma 2.1 to search for solutions of
the problem (1.3){(1.5). By (A2), there exists a constant � 2 (0; 1=2), so that

L (x) �  
� Z x

�
g(t)dt

�
+  

� Z 1� �

x
g(t)dt

�
; � � x � 1 � � ;

is a positive and continuous function in [� ; 1 � � ], where  (s) � jsj
1

( p � 1) sgn s is the
inversefunction of ' (s) = jsjp� 2s. For convenience,we set

L � min
� � x � 1� �

L(x);

and

� = (m + 1) 
� Z 1

0
g(r )dr

�
:

And in this paper, we set the Banach spaceE = C[0; 1] with the norm de�ned by

kwk = sup
t 2 [0;1]

jw(t)j; w 2 E:
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The coneP � E is speci�ed as,

P = f w 2 E jw is a nonnegative concave function in [0; 1]g:

Furthermore, we de�ne the nonnegative and continuous concave function � satis-
fying

� (w) =
w(� ) + w(1 � � )

2
; w 2 P:

Obviously,
� (w) � kwk; for all w 2 P:

Under all the assumptions(A1){(A3), we can get the main result as follows
Theorem 2.1 Let a, b, d, � be given constants with 0 < a < � b < b < b=� � d,

and let the following conditions on f and ' are ful�l led:

(D1) For all (t; w) 2 [0; 1] � [0; a], f (t; w) < '
� a

�

�
;

(D2) Either
i) lim sup

w! + 1

f ( t;w )
w p � 1 < '

�
1
�

�
, uniformly all t 2 [0; 1], or

ii) f (t; w) � '
� �

�

�
, for all (t; w) 2 [0; 1] � [0; � ] with some� � d, � > 0;

(D3) f (t; w) > '
�

2b
� L

�
, for (t; w) 2 [� ; 1 � � ] � [� b;d] with someL > 0.

Then, the problem (1.3){(1.5) have at least three radially symmetric solutions w1,
w2 and w3, such that

kw1k < a; � (w2) > b; and kw3k > a; � (w3) < b:

3. Pro ofs of the Main Results
We are now in a position to prove our main results.
Pro of of Theorem 2.1. De�ne T : P ! E , w 7! W , where W is determined

by

W (t) =( Tw)( t)

, B �  
� Z 1

0
r n � 1g(r )f (r; w(r ))dr

�

+
Z 1

t
 

�
s� (n � 1)

Z s

0
r n � 1g(r )f (r; w(r ))dr

�
ds; t 2 [0; 1];

for each w 2 P.
First we prove each �xed point of W in P is a solution of (1.3){ (1.5). By the

de�nition of W , we have

W 0(t) = (Tw)0(t) = �  
�

t � (n � 1)
Z t

0
r n � 1g(r )f (r; w(r ))dr

�
:

Noticing that
�
�
� �  

�
t � (n � 1)

Z t

0
r n � 1g(r )f (r; w(r ))dr

� �
�
�

=
�
�
� �  

� Z t

0

� r
t

� n � 1
g(r )f (r; w(r ))dr

� �
�
�

�
�
�
� �  

� Z t

0
g(r )f (r; w(r ))dr

� �
�
�;
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and by the integrabilit y of g and f , we have

(3.1) lim
t ! 0+

W 0(t) = lim
t ! 0+

 
� Z t

0
g(r )f (r; w(r ))dr

�
= 0:

Considering

W 0(0) = lim
t ! 0

W (t) � W (0)
t

;

and
W (t) � W (0)

=
Z 1

t
 

�
s� (n � 1)

Z s

0
r n � 1g(r )f (r; w(r ))dr

�
ds

�
Z 1

0
 

�
s� (n � 1)

Z s

0
r n � 1g(r )f (r; w(r ))dr

�
ds

= �
Z t

0
 

�
s� (n � 1)

Z s

0
r n � 1g(r )f (r; w(r ))dr

�
ds;

and by using L0Hospital's rule, we get

W 0(0) = lim
t ! 0

W (t) � W (0)
t

= lim
t ! 0

�
W (t) � W (0)

� 0

= � lim
t ! 0

 
�

t � (n � 1)
Z t

0
r n � 1g(r )f (r; w(r ))dr

�
ds

=0 :

Recalling (3.1), we know that W 0(t) is right-continuous at the point t = 0, and
W 0(0) = 0, namely, the �xed point of W satis�es (1.4). By the assumption (A1)
and (A2), we also have

W 0(t) = (Tw)0(t) � 0:

Then kTwk = (Tw)(0). On the other hand, since

W (1) = B  
� Z 1

0
r n � 1g(r )f (r; w(r ))dr

�
;

and

B (W 0(1)) = � B  
� Z 1

0
r n � 1g(r )f (r; w(r ))dr

�
;

we seethat
W (1) + B (w0(1)) = 0;

namely, the �xed point of W also satis�es (1.5).
Next we show that the conditions in Lemma 2.1 are satis�ed. We �rst prove

that condition (D2) implies the existenceof a number c where c > d such that

W : P c ! P c:
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If ii) of (D2) holds, by the condition (A3), we seethat

kTwk =( Tw)(0)

= B �  
� Z 1

0
r n � 1g(r )f (r; w(r ))dr

�

+
Z 1

0
 

�
s� (n � 1)

Z s

0
r n � 1g(r )f (r; w(r ))dr

�
ds

� m 
� Z 1

0
r n � 1g(r )f (r; w(r ))dr

�

+
Z 1

0
 

� Z s

0

� r
s

� n � 1
g(r )f (r; w(r ))dr

�
ds

� (m + 1) 
� Z 1

0
g(r )f (r; w(r ))dr

�

� (m + 1) 
� Z 1

0
g(r )'

� �
�

�
dr

�

=( m + 1) 
� Z 1

0
g(r )dr

�
 

�
'

� �
�

� �

=
�
�

(m + 1) 
� Z 1

0
g(r )dr

�

= � ; for w 2 P � :

Then, if we selectc = � , there must be W : P c ! P c.

If i) of (D2) is satis�ed, then there must exist D > 0 and � < ' (1=� ), so that

(3.2)
f (t; w)
wp� 1 < �; for (t; w) 2 [0; 1] � [D ; + 1 ):

Let M = maxf f (t; w)j 0 � t � 1; 0 � w � Dg. By (3.2), we obtain

(3.3) f (t; w) � M + �w p� 1; for (t; w) 2 [0; 1] � [0; + 1 ):

Selectinga proper real number c, so that

(3.4) ' (c) > max
n

' (d); M
�

'
�

1
�

�
� �

� � 1o
:
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Utilizing (3.2), (3.3) and (3.4), we have

kTwk = (Tw)(0)

= B �  
� Z 1

0
r n � 1g(r )f (r; w(r ))dr

�

+
Z 1

0
 

�
s� (n � 1)

Z s

0
r n � 1g(r )f (r; w(r ))dr

�
ds

� m 
� Z 1

0
r n � 1g(r )f (r; w(r ))dr

�

+
Z 1

0
 

� Z s

0

� r
s

� n � 1
g(r )f (r; w(r ))dr

�
ds

� (m + 1) 
� Z 1

0
g(r )f (r; w(r ))dr

�

� (m + 1) 
� Z 1

0
g(r )(M + �w p� 1)dr

�

= (m + 1) 

 Z 1

0
g(r )

 

M
�

'
�

1
�

�
� �

� � 1 �
'

�
1
�

�
� �

�
+ �w p� 1

!

dr

!

� (m + 1) 
� Z 1

0
g(r )

�
' (c)

�
'

�
1
�

�
� �

�
+ �cp� 1

�
dr

�

= (m + 1) 
� Z 1

0
g(r )dr

� c
�

= c; for w 2 P c:

So we obtain kW k � c, that is W : P c ! P c.
Then we want to verify that W satis�es the condition (B2) in Lemma 2.1. If

kwk � a, then by the condition (D1), we know

f (t; w) < '
� a

�

�
; for 0 � t � 1; 0 � w � a:

We usethe methods similarly to the above, and can get kW k = kTwk < a, that is,
W satis�es (B2).

To ful�ll condition (B1) of Lemma 2.1, we note that w(t) � (b + d)=2 > b,
0 � t � 1, is the member of P(�; b;d) and � (w) = � ((b + d)=2) > b, hence
f w 2 P(�; b;d)j � (w) > bg 6= ; . Now assumew 2 P(�; b;d). Then

� (w) =
w(� ) + w(1 � � )

2
� b; and b � kwk � d:

Utilizing the condition (C2) in Lemma 2.2, we know that for all s, which satisfying
� � s � 1 � � , there has

� b � � kwk � w(s) � d:

And meanwhile, we can selecta proper " , so that

� "
s

� n � 1
>

�
"

1 � �

� n � 1

>
1
2

:
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Combining the condition (D3), we can see

� (Tw) =
(Tw)( � ) + (Tw)(1 � � )

2
� (Tw)(1 � � )

�
Z 1

1� �
 

� Z s

0

� r
s

� n � 1
g(r )f (r; w(r ))dr

�
ds

�
Z 1

1� �
 

� Z s

"

� r
s

� n � 1
g(r )f (r; w(r ))dr

�
ds

�
Z 1

1� �
 

� Z s

"

� "
s

� n � 1
g(r )f (r; w(r ))dr

�
ds

�
Z 1

1� �
 

 
� "

s

� n � 1
Z 1� �

�
g(r )f (r; w(r ))dr

!

ds

>
Z 1

1� �
 

 
1
2

Z 1� �

�
g(r )'

�
2b
� L

�
dr

!

ds

=
1
2

�  

 Z 1� �

�
g(r )dr

!
2b
� L

� b:

That is (B1) is well veri�ed.
Finally, we prove (B3) of Lemma 2.1 is alsosatis�ed. For w 2 P(�; b;c), we have

kTwk > d. By using the condition (C2) in Lemma 2.2, we get

� (Tw) =
(Tw)( � ) + (Tw)(1 � � )

2
� � kTwk > � d > b:

Then, the condition (B3) in Leggett-Williams's �xed point theorem is well veri�ed.
Using the above results and applying Leggett-Williams's �xed point theorem,

we can seethat the operator W has at least three �xed points, that is the problem
(1.3){(1.5) have at least three radially symmetric solutions w1; w2 and w3, which
satisfying

kw1k < a; � (w2) > b; and kw3k > a; � (w3) < b:

The proof is complete.
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CLASSES OF RUSCHEWEYH-TYPE

ANAL YTIC UNIV ALENT FUNCTIONS

Saeid Shams, S. R. Kulkarni and Jay M. Jahangiri

Abstra ct. A classof univalent functions is de�ned by making useof the Ruscheweyh
derivativ es. This class provides an interesting transition from starlik e functions to
convex functions. In special casesit has close inter-relations with uniformly starlik e
and uniformly convex functions. We study the e�ects of certain integral transforms
and convolutions on the functions in this class.

A.M.S. (MOS) Sub ject Classi�cation Co des. 30C45,30C50

Key W ords and Phrases. Univalent, Starlike, Convex, Ruscheweyh Derivative

1. Intr oduction

Let A denote the family of functions f that are analytic in the open unit disk
U = f z : jzj < 1g and normalized by f (0) = f 0(0) � 1 = 0: Consider the subclass
T consisting of functions f in A, which are univalent in U and are of the form
f (z) = z�

P 1
n =2 an zn , wherean � 0. Such functions were�rst studied by Silverman

[6]. For � � 0; 0 � <
�
1 and �xed � > � 1, we let D (�; � ; � ) denote the set of all

functions in T for which

Re
�

z(D � f (z))0

D � f (z)

�
> �

�
�
�
�
z(D � f (z))0

D � f (z)
� 1

�
�
�
� + � :

Here, the operator D � f (z) is the Ruscheweyh derivative of f , (see[4]), given by

D � f (z) =
z

(1 � z)1+ � � f (z) = z �
1X

n =2

an Bn (� )zn ;

where � stands for the convolution or Hadamard product of two power seriesand

Bn (� ) =
(� + 1)(� + 2) � (� + n � 1)

(n � 1)!
:

Saeid Shams and S. R. Kulk arni, Departmen t of Mathematics, Ferusson College, Pune, India
E-mail Address: kulk arni ferg@yahoo.com
Jay M. Jahangiri, Mathematical Sciences,Kent State Univ ersity, Ohio
E-mail Address: jay@geauga.kent.edu

Typeset by AM S-TEX

105



106 SOUTHWEST JOURNAL OF PURE AND APPLIED MA THEMA TICS

The family D(�; � ; � ), which has been studied in [5], is of special interest for it
contains many well-known aswell asnew classesof analytic univalent functions. In
particular, for � = 0 and 0 � � � 1 it provides a transition from starlike functions
to convex functions. More speci�cally , D (0; � ; 0) is the family of functions starlikeof
order � and D(0; � ; 1) is the family of functions convex of order � . For D(�; 0; 0),
we obtain the class of uniformly � -starlike functions intro duced by Kanas and
Wisniowski [2], which can be generalizedto D(�; � ; 0), the class of uniformly � -
starlike functions of order � . Generally speaking, D(�; � ; � ) consistsof functions
F (z) = D � f (z) which are uniformly � -starlike functions of order � inU. In Section
2 we study the e�ects of certain integral operators on the classD(�; � ; � ): Section
3 deals with the convolution properties of the classD(�; � ; � ) in connection with
Gaussianhypergeometric functions.

2. In tegral transform of the class D(�; � ; � ).
For f 2 A we de�ne the integral transform

V� (f )(z) =
Z 1

0
� (t)

f (tz)
t

dt;

where� is a real-valued,non-negativeweight function normalizedsothat
R1

0 � (t)dt =
1. Somespecial casesof � (t) are particularly interesting such as� (t) = (1+ c)t c; c >
� 1, for which V� is known as the Bernardi operator, and

� (t) =
(c + 1)�

� (� )
tc

�
log

1
t

� � � 1

; c > � 1; � � 0

which givesthe Komatu operator. For more details see[3].
First we show that the classD(�; � ; � ) is closedunder V� (f ):
Theorem 1. Let f 2 D(�; � ; � ): Then V� (f ) 2 D(�; � ; � ).
Pro of. By de�nition, we have

V� (f )(z) =
(c + 1)�

� (� )

Z 1

0
(� 1)� � 1tc(log t) � � 1

 

z �
1X

n =2

an zn tn � 1

!

dt

=
(� 1)� � 1(c + 1)�

� (� )
lim


 ! 0+

" Z 1



tc(log t) � � 1

 

z �
1X

n =2

an zn tn � 1

!

dt

#

:

A simple calculation gives

V� (f )(z) = z �
1X

n =2

�
c + 1
c + n

� �

an zn :

We needto prove that

1X

n =2

n(1 + � ) � (� + � )
1 � �

�
c + 1
c + n

� �

an Bn (� ) < 1: (2:1)

On the other hand (see[5], Theorem 1), f 2 D(�; � ; � ) if and only if

1X

n =2

n(1 + � ) � (� + � )
1 � �

an Bn (� ) < 1:
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Hence c+1
c+ n < 1: Therefore (2.1) holds and the proof is complete.

The above theorem yields the following two special cases.
Corollary 1. If f is starlike of order � then V� (f ) is also starlike of order � .
Corollary 2. If f is convex of order � then V� (f ) is also convex of order � .
Next we provide a starlikenesscondition for functions in D(�; � ; � ) under V� (f ):
Theorem 2. Let f 2 D(�; � ; � ): Then V� (f ) is starlike of order 0 � 
 < 1 in

jzj < R1 where

R1 = inf
n

" �
c + n
c + 1

� � (1 � 
 )[n(1 + � ) � (� + � )]
(n � 
 )(1 � � )

Bn (� )

# 1
n � 1

:

Pro of. It is su�cien t to prove
�
�
�
�
z(V� (f )(z))0

V� (f )(z)
� 1

�
�
�
� < 1 � 
 : (2:2)

For the left hand side of (2.2) we have

�
�
�
�
z(V� (f )(z))0

V� (f )(z)
� 1

�
�
�
� =

�
�
�
�
�
�
�

P 1
n =2 (1 � n)

�
c+1
c+ n

� �
an zn � 1

1 �
P 1

n =2

�
c+1
c+ n

� �
an zn � 1

�
�
�
�
�
�
�

�

P 1
n =2 (n � 1)

�
c+1
c+ n

� �
an jzjn � 1

1 �
P 1

n =2

�
c+1
c+ n

� �
an jzjn � 1

:

This last expressionis lessthan 1 � 
 since.

jzjn � 1 <
�

c + n
c + 1

�
(1 � 
 )[n(1 + � ) � (� + � )]

(n � 
 )(1 � � )
Bn (� ):

Therefore, the proof is complete.
Using the fact that f is convex if and only if zf 0 is starlike, we obtain the

following
Theorem 3. Let f 2 D(�; � ; � ): Then V� (f ) is convex of order 0 � 
 < 1 in

jzj < R2 where

R2 = inf
n

" �
c + n
c + 1

� � (1 � 
 )[n(1 + � ) � (� + � )]
n(n � 
 )(1 � � )

Bn (� )

# 1
n � 1

:

3. A Con volution Op erator on D(�; � ; � ):
Denote by F1(a; b;c; z) the usual Gaussianhypergeometric functions de�ned by

F1(a; b;c; z) =
1X

n =0

(a)n (b)n

(c)n n!
zn ; jzj < 1; (3:1)

where

(a)n =
�( a + n)

�( a)
; c > b > 0 and c > a + b:
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It is well known (see[1]) that under the condition c > b > 0 and c > a + b we have

1X

n =0

(a)n (b)n

(c)n n!
=

�( c)�( c � a � b)
�( c � a)�( c � b)

:

For every f 2 T we de�ne the convolution operator H a;b;c (f )(z) as

Ha;b;c (f )(z) = 2 F1(a; b;c; z) � f (z);

where 2F1(a; b;c; z) is the Gaussianhypergeometric function de�ned in (3.1). For
determining the resultant of H a;b;c (f )(z) if we set

k =
�( c)

�( a)�( b)�( c � a � b+ 1)

then we have
Ha;b;c (f )(z) =

�
z +

P 1
n =1

(a)n (b)n

(c)n n ! zn +1
�

�
�
z �

P 1
n =1 an +1 zn +1

�

z �
P 1

n =1
(a)n (b)n

(c)n n ! an +1 zn +1 = z � �( c)
�( a)�( b)

P 1
n =1

�( a+ n )�( b+ n )
�( c+ n )�( n +1) an +1 zn +1

= z � k
P 1

n =1

h
an +1 zn +1 P 1

n =0

h
(c� a)m (1 � a)m

(c� a� b+1) m m !

R1
0 tb+ n � 1(1 � t)c� a� b+ m dt

i i

= z+ k
R1

0
t b� 1

t (1� t)c� a� b
2F1(c� a; 1� a; c� a� b+1; 1� t)

�
�

P 1
n =1 an +1 tn +1 zn +1

�
dt

= z + k
R1

0 tb� 1(1 � t)c� a� b
2F1(c � a; 1 � a; c � a � b+ 1;1 � t) f ( tz ) � tz

t dt

= z + k
R1

0 tb� 1(1 � t)c� a� b
2F1(c � a; 1 � a; c � a � b+ 1;1 � t) f ( tz )

t dt

� zk
R1

0 tb� 1(1 � t)c� a� b
2F1(c � a; 1 � a; c � a � b+ 1;1 � t)dt:

If we set

� (t) = ktb� 1(1 � t)c� a� b
2F1(c � a; 1 � a; c � a � b+ 1;1 � t) (3:2)

then it is easyto seethat
R1

0 � (t)dt = 1. Consequently

Ha;b;c (f )(z) =
Z 1

0
� (t)

f (tz)
t

dt;

where � (t) is as in (3.2).
This pavesthe way to state and prove our next theorem.
Theorem 4. Let f 2 D(�; � ; � ): Then H a;b;c (f ) 2 D(�; � ; � 1) where

� 1 � inf
n

�
(c)n � 1(n � 1)!
(a)n � 1(b)n � 1

Bn (� ) � 1
�

:

Pro of. Since

Ha;b;c (f )(z) = z �
1X

n =2

(a)n � 1(b)n � 1

(c)n � 1(n � 1)!
an zn

we needto show that

1X

n =2

[n(1 + � ) � (� + � )](a)n � 1(b)n � 1

(1 � � )(c)n � 1(n � 1)!
an Bn (� 1) < 1: (3:3)
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The inequality (3.3) holds if

(a)n � 1(b)n � 1

(c)n � 1(n � 1)!
Bn (� 1) < Bn (� ):

Therefore

� 1 <
(c)n � 1(n � 1)!
(a)n � 1(b)n � 1

Bn (� ) � 1

which completesthe proof.
The starlikenessof the functions in D(�; � ; � ) under H a;b;c is investigated in the

following theorem.
Theorem 5. Let f 2 D(�; � ; � ): Then H a;b;c (f ) 2 S� (
 ) for jzj < R and

R = inf
n

�
[n(1 + � ) � (� + � )](1 � 
 )(c)n � 1(n � 1)!

(n � 
 )(1 � � )(a)n � 1(b)n � 1
Bn (� )

� 1
n � 1

:

Pro of. We needto show that
�
�
�
�
zH 0

a;b;c (f )(z)

Ha;b;c (f )(z)
� 1

�
�
�
� < 1 � 
 : (3:4)

For the left hand side of (3.4) we have

�
�
�
�
zH 0

a;b;c (f )(z)

Ha;b;c (f )(z)
� 1

�
�
�
� �

P 1
n =2

(n � 1)( a)n � 1 (b)n � 1

(c)n � 1 (n � 1)! an jzjn � 1

1 �
P 1

n =2
(a)n � 1 (b)n � 1

(c)n � 1 (n � 1)! an jzjn � 1
:

This last expressionis lessthan 1 � 
 if
1X

n =2

(n � 
 )(a)n � 1(b)n � 1

(1 � 
 )(c)n � 1(n � 1)!
an jzjn � 1 < 1: (3:5)

Using the fact, see[1], that f 2 D(�; � ; � ) if and only if

1X

n =2

n(1 + � ) � (� + � )
1 � �

an Bn (� ) < 1;

we can say (3.5) is true if

(n � 
 )(a)n � 1(b)n � 1

(1 � 
 )(c)n � 1(n � 1)!
jzjn � 1 <

n(1 + � ) � (� + � )
1 � �

Bn (� ):

Or equivalently

jzjn � 1 <
[n(1 + � ) � (� + � )](1 � 
 )(c)n � 1(n � 1)!

(n � 
 )(1 � � )(a)n � 1(b)n � 1
Bn (� )

which yields the starlikenessof the family H a;b;c (f ):
For � = � = 0 and 
 = � we obtain the following
Corollary 3. Let f 2 S� (� ): Then Ha;b;c (f ) 2 S� (� ) in jzj < R1 for

R1 = inf
n

�
(c)n � 1(n � 1)!
(a)n � 1(b)n � 1

� 1
n � 1

:
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