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-DIST ANCE IN A GENERAL TOPOLOGICAL SPACE
(X; ) WITH APPLICA TION TO FIXED POINT THEOR Y

M. AAMRI and D. EL MOUT AWAKIL

Abstra ct. The main purp ose of this paper is to de ne the notion of a -distance
function in a general top ological space(X; ). As application, we get a generalization
of the well known Banach's xed point theorem.

A.M.S. (MOS) Subject Classication Codes. 54A05,47H10,54H25,54E70

Key Words and Phrases. Hausdor topological spaces,Topological spacesof
type F, symmetrizable topological spaces,Fixed points of contractive maps

1. Intr oduction

It is well known that the Banach cortraction principle is a fundamental result
in xed point theory, which has beenusedand extended In many dierent direc-
tions ([2],[3],[4],[6],[9]). On the other hand, it has beenobsened ([3],[5]) that the
distance function usedin metric theorems proofs need not satisfy the triangular
inequality nor d(x; x) = O for all x. Motivated by this fact, we de ne the concept
of a -distance function in a general topological space(X; ) and we prove that
symmetrizable topological spaces([5]) and F-type topological spacesintroducedin
1996by Fang [4] (recall that metric spacesHausdor topological vector spacesand
Menger probabilistic metric spaceare all a special caseof F-typetopological spaces)
possessud functions. nally , we give a xed point theorem for contractive maps
in a generaltopological space(X; ) with a -distance which givesthe Banac's
xed point theorem in a new setting and also givesa generalization of jachymski's
xed point result [3] establishedin a semi-metric case.
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2. -dist ance

Let (X; ) beatopologicalspaceandp: X X ! |IR" beafunction. For any
>0andany x 2 X, let Bp(x; )=fy2 X :p(x;y) < 0.

De nition  2.1. The function p is said to be a -distanceif for each x 2 X and
any neighborhood V of x, there exists > O with By(x; ) V.

Example 2.1. Let X = f0;1;3gand = f; ;X;f0;1gg Considerthe function
p:X X ! IR*" dened by
8
< YV, x61
px;y)=. 1
. Ey, x =1

We have, p(1; 3) = % 6 p(3;1) = 1. Thus, p us not symmetric. Moreover, we have
5
p(0;3)= 3> p(0;1) + p(L;3) = 3

which implies that p fails the triangular inequality. However, the function p is a
-distance.

Example 2.2. Let X = IR* and = fX;;g. It is well known that the space
(X; ) is not metrizable. Considerthe function pdened on X X by p(x;y) = x
for all x;y 2 X. It is easyto seethat the function pis a -distance.

Example 2.3. In [5], Hicks established seweral important common xed point
theorems for general contractiv e selfmappings of a symmetrizable (resp. semi-
metrizable) topological spaces.Recall that a symmetric on a set X is a nonnegative
real valued function d de ned on X X by

(1) d(x;y) =0 if andonly if x =y,

(2) d(x;y) = d(y;x)
A symmetric function d on a set X is a semi-metric if for each x 2 X and eadh

> 0,Bg(x; )= fy 2 X 1 d(x;y) g is a neighborhood of x in the topology ¢

de ned asfollows

g=fU X=8x2U; Bg(x; ) U;forsome > Og

A topological spaceX is said to be symmetrizable (semi-metrizable) if its topology
is induced by a symmetric (semi-metric) on X . Moreover, Hicks [5] proved that
very generalprobabilistic structures admit a compatible symmetric or semi-metric.
For further details on semi-metric spaces(resp. probabilistic metric spaces),see,
for example, [8] (resp. [7]). Each symmetric function d on a nonempty set X is a
¢-distance on X where the topology 4 is de ned asfollows: U 2 4 if 8x 2 U,
Ba(x; ) U; for some > 0.

Example 2.4. Let X = [0;+1 [ and d(x;y) = jx yj the usual metric. Consider
the function p: X X ! IR" dened by
pOGy) = € Y, 8xy 2 X

It is easyto seethat the function pis a -distance on X where s the usual
topology since 8x 2 X; Bp(x; )  Ba(x; ), > 0. Moreover, (X;p) is not a
symmetric spacesincefor all x 2 X, p(x; x) = 1.
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Example 2.5 - Topological spaces of type (EL).

Denition 2.2, A topological space(X; ) is said to be of type (EL) if for eath
x 2 X, there exists a neighborhood baseFy, = fUx(; t)= 2 D;t > 0g, where
D = (D; ) denotesa directed set, such that X = [ = oUx(; t), 8 2D, 8x 2 X.

remark 2.1. In [4], Fang introduced the concept of F-type topological spaceand
gave a characterization of the kind of spaces. The usual metric spaces,Hausdor

topological vector spaces,and Menger probabilistic metric spacesare all the special
casesof F-type topological Spaces. Furtheremore, Fang establisheda xed point
theoremin F-type topological spaceswhich extendsCaristi's theorem [2]. We recall
the conceptof this spaceas givenin [4]

De nition  [4]. A topological space(X; ) is said to be F-type topological space
if it is Hausdor and for eah x 2 X, there exists a neighborhood base Fy; =
fUg(; t)= 2 D;t> 0g, whereD = (D; ) denotesa directed set, such that

(1) Ify 2 U(; t), then x 2 Uy(; t),

(2) Ug(; t)  U(; s) for toos

(3 8 2D,9 2 D sudc that and Uy (; t1)\ Uy(; t2) 6 ;, implies

y2 Ux(; ty + tz),

4 X =[e0Ux(;1),8 2D,8x2X.

It is clear that a topological spaceof type F is a Hausdor topological spaceof
type (EL). Therefore The usual metric spacesHausdor topological vector spaces,
and Menger probabilistic metric spacesare special casesof a Hausdor topological
Spaceof type (EL).

prop osition 2.1. Let (X; ) be a topological space of type (EL). Then, for each
2 D, there existsa -distance function p .

Proof. Let x 2 X and 2 D. Considerthe setE, = fUx(; t)] 2 D;t > Og of
neighborhoods of x sudh that X = [ ~ gUx(; t). Then for eadh y 2 X, there exists
t > Osudthat y2 Us(; t ). Therefore,for eath 2 D, we cande ne a function
p:X X I IR* asfollows

p (xy) =inf ft> 0y 2 Uc(; t)g:

setB (x;t) = fy2 Xjp (X;y) < tg. let x 2 X and Vi a neighborhood of x. Then
the exists (; t) 2 D IR*, such that Us(; t) Vx. We show that B (x;t)
Ux(; t). Indeed,considery 2 B (x;t) and supposethat y 2 U, (; t). It followsthat
p (X;y) t,whichimpliesthat y 2B (x;t). A corntradiction. ThusB (x;t) V.
Thereforep is a -distance function.

remark 2.2. As a consequenceof proposition 3:1, we claim that ead topological
spaceof type (EL) hasa familly of -distancesM = fp j 2 Dg.

3. Some proper ties of -dist ances

lemma 3.1. Let (X; ) be a topological space with a -distance p.

(1) Let (xn) be arbitrary sequen® in X and ( ,) be a segquene@ in I R* con-
verging to 0 suchthat p(x; Xn) n for all n 2 IN. Then (x,) convemges
to x with respect to the topology
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(2) If (X; ) is a Hausdor topological space, then (2:1) p(x;y) = 0 implies
X =Y. (2:2) Given (x,) in X,

lim p(x;xp) = 0and lim p(y;x,) =0
n!l n!l

imply x = y.
Proof.

(1) Let V be a neighborhood of x. Sincelim p(x; x,) = 0, there existsN 2 I N
such that 8n N, X, 2 V. Therefore lim x, = x with respect to

(2) (2:1) Sincep(x;y) = 0,then p(x;y) < forall > 0. Let V be a neighbor-
hood of x. Then there exists > 0 sudh that B,(x; ) V, which implies
that y 2 V. SinceV is arbitrary, we concludey = x. (2:2) From (2.1),
lim p(x; Xn) = 0 and lim p(y; X,) = 0 imply lim x, = x and lim x,, = y with
respect to the topology which is Hausdor. Thusx =vy.

Let (X; ) be a topological spacewith a -distance p. A sequencein X is p-
Caudhy if it satis es the usual metric condition with respectto p. There are seweral
conceptsof completenessn this setting.

Denition 3.1. Let (X; ) be atopological spacewith a -distance p.
(1) X is S-completeif for every p-Cauchy sequence(xy,), there exists x in X
with lim p(x; x,) = 0.
(2) X is p-Cauchy completeif for every p-Cauchy sequencdgx,), there exists x
in X with lim x, = x with respect to
(3) X is said to be p-boundedif supfp(x;y)=x;y2 Xg< 1.

remark 3.1. Let (X; ) be a topological spacewith a -distance p and let (x,) be
a p-Cauchy sequence.Supposethat X is S-complete,then there existsx 2 X such
that lim p(xn;x) = 0. Lemma 4:1(b) then giveslim x,, = X with respect to the
topology . Therefore S-completenessmplies p-Cauchy completeness.

4. Fixed point theorem
In what follows, we involve a function : IR* ! IR* which satis es the
following conditions
(1) is nondecreasingon | R*
(2) lim "(t)=0; 8t 2]0;+1 [.
It is easyto seethat under the above properties, satis es also the following

condition
(t) < t; foreacht 2]0;+1 [

Theorem 4.1. Let (X; ) be a Hausdor topological space with a -distance p.
Supmsethat X is p-bounded and S-complete. Let f be a selfmappingof X such
that

pfxfy)  (pOGy); 8xy2 X
Then f hasa unique xed point.
Proof. Let xo 2 X. Considerthe sequencgx,) de ned by
Xo 2X;
Xn+1 =F Xp
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We have

P(Xn; Xn+m) =P(fF Xn 1;f Xn+m 1)
(P(Xn 1;Xn+m 1)) = (P(FXn 2T Xnsm 2))
Z(D(Xn 2;Xn+m 2))

"(p(xo;Xm))  "(M)

where M = supfp(x;y)=x;y 2 Xg. Sincelim "(M) = 0, we deducethat the
sequence(x,) is a p-caudy sequence.X is S-complete,then lim p(u; x,) = 0, for
someu 2 X, and therefore lim p(u; Xp+1 ) = 0 and lim p(f u;f x,) = 0. Now, we
have lim p(f u; xn+1) = 0 and lim p(u; Xp+1) = 0. Therefore, lemma 3:1(2:2) then
givesf u = u. Supposethat there existsu;v 2 X suchthat fu=uandfv=v. If
p(u;v) 6 0, then

p(u;v) = p(f u;fv) (p(u; V) < p(u;v)

a contradiction. Thereforethe xed point is unique. Hencewe have the theorem.

When (t) = kt; k 2 [0; 1[, we get the following result, which givesa generaliza-
tion of Banadh's xed point theoremin this new setting

Corollary 4.1. Let (X; ) be a Hausdor topological space with a -distance p.
Supmsethat X is p-bounded and S-complete. Let f be a selfmappingof X such
that

p(fx;fy)  kp(x;y); k2 [0;1]; 8x;y 2 X

Then f hasa unique xed point.

Since a symmetric space(X;d) admits a q-distance where ¢ is the topology
de ned earlier in example 2:3, corollary 4:1 givesa genaralization of the following
known result (Theorem 1[5]for f = 1 dx which generalizeProposition 1[3]). Recall
that (W:3) denotesthe following axiom given by Wilson [8] in a symmetric space
(X;d): (W:3) Givenfxpg;x andy in X, lim d(xn;x) = 0and lim d(xn;y) = 0imply
x = y. It is clearthat (W:3) guaranteesthe uniquenessof limits of sequences.

corollary 4.2. Let (X;d) be a d-bounded and S-complete symmetric space satisfy-
ing (W:3) and f be a selfmappingof X such that

dif x;fy) kd(x;y); k2[0;1[ 8x;y 2 X
Then f hasa xed point.
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A SOLUTION TO AN "UNSOL VED
PROBLEM IN NUMBER THEOR Y"

Allan J. MaclLeod

Abstra ct. We discuss the problem of nding integer-sided triangles with the ratio
base/altitude or altitude/base an integer. This problem is mentioned in Richard
Guy's book "Unsolv ed Problems in Number Theory". The problem is shown to be
equivalent to nding rational points on a family of elliptic curves. Various computa-
tional resourcesare usedto nd those integers in [1;99] which do appear, and also
nd the sides of example triangles.

A.M.S. (MOS) Subject Classication Codes. 11D25, 11Y50

Key Words and Phrases. Triangle, Elliptic curve, Rank, Descen
1. Intro duction

Richard Guy's book Unsolved Problems in Number Theory [5] is a rich source of
fascinating problems. The nal 3 paragraphsin section D19 of this book discuss
the following problem:

Problem Which integersN occur asthe ratios base/heigh in integer-sidedtrian-
gles?

Also mertioned is the dual problem where height/base is integer. Somenumerical
examples are given together with some more analytical results, but no detailed
analysisis preseried.

Let BCD be a triangle with sidesb,c,d using the standard naming corvertion. Let
a be the height of B above the side CD. If one of the anglesat C or D is obtuse
then the height lies outside the triangle, otherwiseit lies inside.

Assume, rst, that we have the latter. Let E be the intersection of the height and
CD, with DE = zandEC =b z. Then
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a?+ 2% = ¢
a?+ (b z2)?=d

(1)

Now, if base/height = N, the secondequation is

a?+ (z Na?=d?

For altitudes outside the triangle the equations are the same, exceptfor z Na
replaced by z + Na. We thus consider the general system, with N positive or
negative.

a?+ 2% = ¢
a’+ (z Na)?=d?

(@)

Clearly, we canassumethat a and z have no commonfactors, sothere existsintegers
p and g (of opposite parities) such that (1) a= 2pgz=p?> ¢?, or (2) a= p> o7,
z= 2pq

As a rst stage, we can set up an easyseard procedure. For a given pair (p;q),
compute a and x using both the above possibilities. For N in a speci ed range test
whether the resulting d value is an integer square.

This can be very simply done using the software padage UBASIC, leading to
the results in Table 1, which come from searding with 3 p+ g 999 and
99 N 99

This table includesresults for the formulae quotedin Guy, namely N = 2m(2m?+ 1)
and N = 8t 4t + 2, and the individual valuesquoted exceptfor N = 19. It also
includes solutions from other values.

It is possibleto extend the seard but this will take considerably more time and
there is no guarantee that we will nd all possiblevaluesof N. We needalternativ e
meansof answering the following questions:

(1) can we say for a speci ed value of N whether a solution exists?
(2) if one exists, canwe nd it?

2. Elliptic Curv e Form ulation

In this section, we show that the problem can be consideredin terms of elliptic
curves.

Assuminga = 2pgand z = p> ¢, then the equation for d is

®3) d? = p* 4ANpiq+ (4NZ+ 2)p*f + ANpG + ¢

De ne j = d=¢f and h = p=q sothat
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Table 1. Solutions for 2 N 99

N b c d N b c d
5 600 241 409 6 120 29 101
8 120 17 113 9 9360 1769 10841

13 291720 31849 315121 14 2184 685 1525
15 10920 2753 8297 18 6254640 439289 6532649
20 46800 8269 54781 26 15600 5641 10009
29 3480 169 3601 29 737760 31681 719329
29 706440 336841 371281 34 118320 4441 121129
36 4896 305 4625 40 24480 1237 23413
40 24360 3809 20609 40 741000 274853 1015397
42 24360 3389 21029 42 68880 26921 42041
42 2270520 262909 2528389 48 118320 4033 121537
61 133224 2305 132505 62 226920 93061 133981
68 4226880 90721 4293409 86 614040 260149 354061
94 3513720 42709 3493261 99 704880 198089 506969

(4) j2=h* 4Nh®+ (4N2+ 2)h?+ 4Nh+ 1

This has an obvious rational point h = 0;j = 1, and sois birationally equivalent
to an elliptic curve, seeMordell [7]. Using standard algebra, we can can link this
equation to the curve

(5) En :y2= x3+ (N2+ 2)x2+ x

with the transformations h = p=q= (Nx + y)=(x + 1).

If, however,a = p?> ¢ andz = 2pg, we have a di erent quartic for d?, but leading
to the sameelliptic curve, with the relevant transformation p=q= (Nx+ x+ y +
1)=(Nx x+vy 1)

Thus the existenceof solutions to the original problem is related to the rational
points lying on the curve. There is the obvious point (x;y) = (0;0), which gives
p=g= 0 or p=g= 1, neither of which give non-trivial solutions. A little thought
shows the points ( 1; N), giving p=g= 1 , p=g= 0=0, or p=g= 1, again failing
to give non-trivial solutions.

We can, in fact, invert this argument and show the following

Lemma: If (x;y) is a rational point on the elliptic curve Ey with x 6 0 or
x 6 1, then we get a non-trivial solution to the problem.

The proof of this is a straightforward consideration of the situations leading to
p> o® = 0or pg= 0, and shawing that the only rational points which can cause
thesearex = Oor x = 1. It is alsoclear that if a or z becomenegative we can
essetially ignore the negative sign.
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3. Torsion Points

It iswell known that the rational points on an elliptic curveform a nitely-generated
group, which is isomorphic to the group T  Z', wherer 0 is the rank of the
elliptic curve,and T is the torsion subgroup of points of nite order.

We rst considerthe torsion points. The point at in nit y is consideredthe identit y
of the group. Points of order 2 have y = 0, so (0;0) is one. The other roots of
y = O areirrational for N integral, sothere is only one point of order 2. Thus, by
Mazur's theorem, the torsion subgroup is isomorphic to Z=nz, with the symmetry
of the curve about y = 0 ensuring N one of 2; 4; 6; 8; 10; 12

For elliptic curvesof the form y? = x(x? + ax + b), a point P = (x;y) leadsto 2P
having x-coordinate (x2 b)?=4y2. Thus, if P has order 4, then 2P has order 2, so
2P=(0,0) for the curvesEy. Thusx? 1= 0,sothat x = 1. The valuex = 1
givesy = N2+ 4, which is irrational. x = 1givesy= N, sothat ( 1; N)
are the only order 4 points. This reducesthe possibilities for the torsion subgroup
to Z=47, Z=8Z, or Z=127.

For Z=8Z, we would have 4 points of order 8. SupposeQ is of order 8, giving 2Q of
order 4. Thus the x-coordinate of 2Q must be -1, but aswe stated previously, the
x-coordinate of 2Q is a square. Thus there cannot be any points of order 8.

For =127, we would have 2 points of order 3, which correspond to any rational
points of in ection of the elliptic curve. Theseare solutions to

(6) x*+ 4N2+ 2)x3+6x2 1=0

If x = r=sis a rational solution to this, then sj3 and rj1, so the only possible
rational rootsare l1land 1=3. Testing eat showsthat they are not roots for any
value of N.

Thus, the torsion subgroup consistsof the point at in nit y, (0,0), ( 1; N). Aswe
saw, in the previous section, thesepoints all lead to trivial solutions. We thus have
proven the following

Theorem: A non-trivial solution existsi the rank of Ey is at least 1. If the
rank is zerothen no solution exists.

4. Parametric Solutions

As merntioned in the introduction, Guy quotes the fact that solutions exist for
N = 2m(2m? + 1) and N = 8t> 4t + 2, though without any indication of how
theseforms were discovered. We shaw, in this section, how to usethe elliptic curves
En to determine new parametric solutions.

The simple approad usedis basedon the fact that rational points on elliptic curves
of the form

y? = x3+ ax? + bx
have x = du?=v? with djb. Thus, for Ey, we canonly haved= 1.

We look for integer points sov = 1, and searhiedoverl N 999and 1 u
99999t0 nd points on the curve. The data output is then analysedto seard for
patterns leading to parametric solutions.
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For example, the above sequencesave points P given by

1. N = 2m(2m? + 1), P = (4m?;2m(8m* + 4m? + 1)),

2.N =8t2+ 4t+ 2,P = ( (8t2+ 4t+ 1)%;2(4t + 1)(4t2 + 2t + 1)(8t? + 4t + 1)),
3.N=8t2 4t+2,P=( (82 4t+ 1)%;2(4t 1)(4t2 2t+ 1)(8t% 4t+ 1)).
These parametric solutions are reasonablyeasyto seein the output data. Slightly

moredicult to nd isthe solution with N = 4(s?+ 2s+ 2), x = (2s3+ 682+ 7s+ 3)?
andy = (s+ 1)(s? + 2s+ 2)(2s? + 4s+ 3)(4s* + 16s° + 325? + 325+ 13).

Using p=g= (Nx + y)=(x + 1) with a = 2pgz = p>° ¢, we nd the following
formulae for the sidesof the triangles:

b= 8(s+ 1)(s? + 25+ 2)(2s® + 25+ 1)(2s® + 4s+ 3)(2s® + 65+ 5)

c=16s' + 192° + 1056:% + 3504 + 776&° + 12024°
+ 1316&* + 10076° + 515%° + 15945 + 226

d=16s + 1285° + 480s% + 1104" + 1720s°
+ 1896s° + 1504” + 868s° + 381s? + 138 + 34

Other parametric solutions can be found by adding the points on the curve to the
torsion points.

5. Rank Calculations

We now describe a computational approach to the determination of the rank. This
follows the approadc of Zagier & Kramarcz [10]or Bremner & Jones[2] for example.
The computations are basedon the Birch and Swinnerton-Dyer (BSD) conjecture,
which states (roughly) - if an elliptic curve hasrank r, then the L-seriesof the curve
hasa zeroof order r at the point 1. Smart [9] calls this the "conditional algorithm"
for the rank.

The L-seriesof an elliptic curve can be de ned formally as

where a¢ are integerswhich depend on the algebraic properties of the curve. This
form is uselesdor e ectiv e computation at s = 1, sowe usethe following form from
Proposition 7.5.8. of Cohen|[3]

R _ —
L) = a—kk exp( 2 kA= N )+ exp( 2 k=(A" N )
k=1
with = 1 - the sign of the functional equation, N - the conductor of the

equation, and A ANY number.

N can be computed by Tate's algorithm - seeAlgorithm 7.5.3 of Cohen, while
can be computed by computing the right-hand sum at two closevaluesof A - say
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1 and 1.1 - and seeingwhich choice of leadsto agreemen (within rounding and

truncation error). If = 1then the curve hasevenrank, whilst if = 1 the curve
has odd rank.
We thus determine the value of . If = 1, we compute

% .
L@ =2 %exp( 2 k=" N

k=1
and, if this is non-zero,then we assumer = 0, whilst, if zero,r 2. For = 1,
we compute
X p__
LY1) = 2 %El(z k= N )
k=1

with E; the standard exponertial integral special function. If this is non-zero,then
we assumer = 1, whilst if zero,r 3.

The most time-consuming aspect of thesecomputations is the determination of the
ax values. Cohen givesa very simple algorithm which is easyto code, but takesa
long tirBei)r k large. To achieve convergencein the above sumswe clearly need
k= 0O( N ). Evenin the simple range we consider,N can be seweral million, so
we might have to compute many thousandsof ay values.

6. Numerical Results

Using all the ideasof the previous section, we wrote a UBASIC program to estimate
the rank of Ey for 1 N 99. The results are given in the following table. We
have no proof that these values are correct, but for every value of N with rank
greater than 0 we have found a non-trivial solution to the original triangle problem.

TABLE 2. Rankof Ey forl1 N 99

o
N
(N)
w
IS
ol
(o]
~
(o]
©

00+
10+
20+
30+
40+
50+
60+
70+
80+
90+

OO OO ONORFrOoO

OOFRPNOOFRLREF OO
POFRPNFEFNRPFPEFLOO
PRPFRPFPNFPORFRL,PFPO
PRPRPOORLRPFPOFRO
PNOOORPFPORPEk
ONPFPOOORrR,PEF O
PRPRPOOORFRORFRO
POONORPFPOPRPEF
NORFRPRPFPOOONEPRFRLPEF

To nd an actual solution, we can assumethat x = du?=v? and y = duw=v3, with
(u;v) = 1 and d squarefree,and hencethat
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w? = dut+ (N2 + 2)u?v? + vi=d

implying that d= 1.
For curveswith rank 2, we found that a simple seard quickly nds a solution. This

also holds for a few rank 1 curves,but most curvesdid not produce an answer in a
reasonabletime.

A by-product of the L-seriescalculation is an estimate H of the height of a rational
point on the curve. The height gives a rough idea of how many decimal digits
will be involved in a point, and thus how dicult it will be to computeit. The
following formula givesthe height, seeSilverman [8] for a more precisede nition of
the quartities involved.

_ LT
T 2jXj ¢

where T is the order of the torsion subgroup, X is the Tate-Safarevicgroup, is
the real period of the curve, and c is the Tamagava number of the curve.

There is no known algorithm to determine jX j and so we usually usethe value 1
in the formula. Note that for this problem T = 4, and that this formula givesa
value half that of an alternativ e height normalisation usedin Cremona [4].

Unfortunately, this value is not always the height of the generator of the in nite
subgroup, but sometimesof a multiple. An example comesfrom N = 94, where
the height calculation gave a value H = 551, suggestinga point with tens of digits
in the numerator and denominator. We actually found a point with x = 4=441.

To determine the values of (d;u;v;w), we used a standard descen procedure as
described by Cremonaor Bremner et al [1]. We considerequation (11) rstly as

w? = dz?+ (N? + 2)zt + t=d

Sincethis is a quadratic, if we nd a simple numerical solution, we can parameterise
z = fi(r;s) and t = f,(r;s), with f; and f, homogeneousjuadratics in r and s.
We then look for solutions to z = ku?, t = kv?, with k squarefree.
Considering g = kv?, if we nd a simple numerical solution we can parameterise
againfor r and s asquadratics, which are substituted into p = ku?, giving a quartic
which needsto be square. We seard this quartic to nd a solution.

We wrote a UBASIC code which performs the entire processvery e cien tly. This
enabled most solutions with heights up to about 16 to be found.

For larger heights we can sometimesusethe fact that the curve Ey is 2-isogenous
to the curve

f2=g° 2(N%2+ 2)g>+ N2(N?+ 4)g

with x = f?2=4g? andy = f (g> N?(N?2+ 4))=8g?. This curve hasthe samerank as
En and sometimesa point with estimated height half that of the equivalent point
onEy.
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For points with height greater than about 20, howewer, we used a new descenm
method which involvestrying to factorise the quartic which arisesin the descen
method discussedabove. This method is described in the report [6]. This has
enabledus to complete a table of solutions for all valuesin the rangel< N 99.

The largest height solved is for N = 79 with E79 having equation y? = x3 +
62432 + x. The estimated height is roughly 40, but the 2-isogenouscurve f 2 =
g® 1248ay° + 3897504% was indicated to have a point with height about 20.

We found a point with

_ 283684993467631951390020
"~ 46898490944992340041

leading to a point on the original curve with

_ 265479261289194419968505186711433025
~ 170541875947725676769862564358062336

For interested readers, this point leadsto the triangle with sides

b=146586997184782318353219719440069878
865747485658610826213286741631164960

€ =89276765348878588760336294270957750
73782773081186659999410862553894 71249

d =57359536918236619553786626779319292
615973876797129754707312477117108209

7. Altitude/Base

If wewish altitude/base=M, then we canusethe theory of section2, with N = 1=M .
If wedene s= M?3y, t= M ?x, we get the system of elliptic curvesFy , given by

=3+ (2M2%2+ 1)+ M*t

These curves have clearly the same torsion structure as Ey, with the point at
innit y, (0;0), and ( M?2; M?2) being the torsion points. We can also searc for
parametric solutions, and we found that M = s(s+ 2) hasthe following points:

1. (s3(s+ 2); s3(s+ 2)(2s? + 4s+ 1)),
2. (s(s+ 2)%; s(s+ 2)%(2s + 4s+ 1)),
3.( s(s+ 2)(s+ 1) s(s+ 1)(s+ 2))

If we call the rst point Q, then the secondpoint comesfrom Q + (0;0) and the
third from Q+ ( M?2;M?).

Considering Q, we nd
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TABLE 3. Rankof Fy forl M 99

012 3 456712829
00+ 001010110O0
10+ 1001010010
20+ 0100100100
30+ 1 000010101
40+ 1222100111
50+ 0110020110
60+ 1112100110
70+ 1111101100
80+ 2100001020
90+ 01 01010001

b= 2(s+ 1);c= s(2s®+ 6s+ 5); d= (s+ 2)(2s® + 25+ 1)

which always givesan obtuse angle.
The BSD conjecture givesrank calculations listed in Table 3.

As before, we useda variety of techniquesto nd non-torsion points on Fy . We
must say that these curves proved much more testing than Ey. Sewral hours
computation on a 200MHz PC were neededfor M = 47, while we have not been
ableto nd apoint for M = 67, which hasan estimated height of 45:7, though this
is the only value in [1;99] for which we do not have a rational point.

References

A. Bremner, R.K. Guy and R. Nowakowski, Which integers are representable as the product of
the sum of three integers with the sum of their reciprocals, Math. Comp. 61 (1993), 117-130.

. A. Bremner and J.W. Jones, On the equation x* + mx2y2 + y4 = z2 J. Number Theory 50

(1995), 286-298.

. H. Cohen, A Course in Computational Algebraic Number Theory, Graduate Texts in Mathe-

matics 138, Springer-V erlag, New York, 1993.

. J. Cremona, Algorithms for Modular Elliptic Curves, 2nd. ed., Cambridge Univ ersity Press,

Cambridge, 1997.

5. R.K. Guy, Unsolved Problems in Number Theory, 2nd ed., Springer-V erlag, New York,, 1994.

. AJ. MacLeod, A simple practical higher desent for large height rational points on certain

elliptic curves, XXX Preprint Archive, NT9904172, 1999.

. LJ. Mordell, Diophantine Equations, Academic Press, London, 1969.

8. J.H. Silverman, Computing rational points on rank 1 elliptic curves via L-series and canonical

10.

heights, Math. Comp. 68 (1999), 835-858.

. N.P. Smart, The Algorithmic Resolution of Diophantine Equations, London Mathematical

Society Student Texts 41, Cambridge Univ ersity Press, Cambridge, 1998.

D. Zagier and G. Kramarz, Numeric al investigations related to the L-series of certain elliptic
curves, J. Indian Math. Soc. 52 (1987), 51-69.



Electronic Journal: Southwest Journal of Pure and Applied Mathematics
Internet: http://rattler.cameron.edu/swjpam.h tml

ISSN 1083-0464

Issue 2, Decenber 2003, pp. 18{25.

Submitted: February 17, 2003. Published: Decenber 31 2003.

FIXED POINTS FOR NEAR-CONTRA CTIVE
TYPE MUL TIV ALUED MAPPINGS

Abderrahim  Mbarki
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1 Basic Preliminaries
Let (X, d) be a metric spacewe put:
CB = fA: A is anonempty closedand bounded subsetof X g
BN = fA: A isanonempty bounded subsetof X g
If A; B are any nhonempty subsetsof X we put:
D(A;B) = inffd(a;b):a2 A;b2 Bg;
(A;B) = supfd(a;b):a2 A;b2 Bg;
H(A; B) = maxf fsupfD(a;B) : a2 Ag;supfD(b;A) :b2 Bgg:
If follows immediately from the de nitoin that
(A;B)=0i A=B = fag;
H(a;B) = (aB);
(A; A) = diamA;
(A;B)  (AC)+ (AC);
D(a;A)=0ifa2 A;
forall A;B;C in BN(X) andain X:

In generalboth H and may be in nite. But on BN (X)) they are nite. More-
over,on CB(X) H is actually a metric ( the Hansdor metric).
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Denition 1.1. [2] A squene f A, g of subsetsof X is said to be convergent to a
subsetA of X if

(i) givena?2 A, thereis a sqquene fa,g in X suchthat a, 2 A, for n = 1,;2;::;
and fapg convergesto a

(i) given" > 0 there exists a positive integer N suchthat A, A~ forn> N
where A- is the union of all open spheeswith centersin A and radius "

Lemma 1.1. [2,3]If fAgandfB,g are sggenesin BN (X ) convemging to A and
B in BN (X) respctively, then the sequen@ f (A,;Bnr)g convergesto (A; B).

Lemma 1.2. [3] Let fA,g be a seguene@ in BN (X) and x be a point of X such
that (An;x)! 0. Then the sequene f A, g convergesto the setfxgin BN (X).

De nition  1.2. [3] A set-valual mappingF of X into BN (X)) is said to be contin-
uousat x 2 X if the sqgquen@ f Fx,gin BN (X) convergesto F x wheneverf x, g is
a sguen@in X convergingto x in X . F is said continuous on X if it is continuous
at every point of X .

The following Lemma was proved in [3]

Lemma 1.3. LetfA,gbeaseguenein BN (X) and x be a point of X suchthat
M 2 =X
x being independent of the particular choice of a, 2 A,. If a selfmapl of X is

continuous, then | x is the limit of the sequene fl A, g:

Denition  1.3. [4]. The mappings! : X ! X and F : X I BN(X) are -
compatible if limp (FIxn;1Fxn) = 0 wheneverfx,g is a sequene in X such
that | Fx, 2 BN (X),

Fxp! t and Ix,! t

for somet in X.

2. Our Results

We establish the following:

2. 1. A Coincidence Point Theorem

Theorem 2.1. Letl : X! X andT :X ! BN(X) be two mappingssuch that
FX IX and

(C1) ((TxTy) a (d(Ixly)+0o (HUx;Tx))+ (H(y;Ty))]l
+ cminf (D(ly;Tx)); (D(Ix;Ty))g;

where x;y 2 X, :R* I R* s continuous and strictly increasing such that

(0) = 0: a;b;c are nonnegative, a+ 2b< 1 and a+ c< 1. Supmsein addition
that fF;1 g are -compatible and F or | is continuous. Then | and T havea unique
common xed point z in X and further Tz = fzg.
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Pro of. Let xo 2 X bean arbitrary point in X. SinceTX | X we choosea point
X1 in X sudh that 1x3 2 Txg = Yp and for this point x; there exists a point X, in
X such that I X, 2 Tx; = Yz, and soon. Continuing in this manner we can de ne
a sequenced x, g as follows:

IXn+1 2 TXn = Yy

For sinplicity, we can put V,, = (Y, Yn+1); for n = 0;1;2;:::: By (C; 1) we have
M) = ( (YniYn+1)) = ( (TXn; TXp+1))

a (d(Ixn;1xn+1)) + B (H(IXn;Txn)) + (H (I Xns1 5 TXn+1))]
+ cminf (D(IXn+1;TXn)); (D(IXn; TXn+1))d

A+ A+ As
Where
Ar=a ((Yn 1;Yn))
Ax=b0 ( (Yn 1;Yn)) + ( (Yn;Ynsr));
As=c (D(Ixn+1;Yn)):
So

M) a(Vh 1)+ (Vo 1)+ (Vn)]
Hencewe have
a+b

(Vn) ﬁ) (Vn l)< (Vn l) (1)

Since isincreasing,fV, g is a decreasingsequence.Let Ilim,V, = V, assumethat
V > 0. By letting n! 1 in (1), Since is continuous, we have:

b
V) L v Wy

which is cortradiction , henceV = 0.
Let y, be an arbitrary point in Y, for n = 0;1;2;:::: Then

nI!llm d(Yn;VYn+1) nI!llm (Yn;Yn+1) =0
Now, we wish to show that fy,gis a Cauchy sequencewe proceedby contradiction.
Then there exist " > 0 and two sequencesof natural numbers fm(i)g; fn(i)g,
m(i) > n(i), n(i)! 1 asi! 1 suc taht
(Mn(iys Ym@y) > " while  (Yaeiy; Ymay 1) "
Then we have

"< Yy Ym@) My Ymay 1)+ (Ymay 13 Yma))
"+ Vi) 1

sincef Vg corvergesto 0, (Yn(i); Ym¢y) ! . Futhermore, by triangular inequality,
it follows that

i Mgy s Ymayar ) (Ynay Ym@) § Vagy + Vimdiys



FIXED POINTS FOR NEAR-CONTRA CTIVE TYPE MULTIVALUED MAPPINGS 21

and therefore the sequence (Y (iy+1 ; Ym(i)+1 )9 corvergesto "
>Fom (C. 2), we alsodeduce:

( (Yngiyer i Ym@iper D) = (TXngiyer 5 TXm(iyen )
Ci+Co+ C3
Cs+ Cs+ Cs (4)
Where
Ci= an(d(l Xn(iy1 3 Xm(iye1 ))s o
Co=b ( (IXngyrz s TXngiy2 )+ C (W Xmgiye s TXmgiyer ) s
Cz = cminf (D(IXn(iy+1 5 Ym(iyea )i (DI Xngiyer 5 Ym(iy+ )9
Ca=a ( (Yngi); Ym@i)));
Cs=[ Maiy)+ (Vmiyls
Co = ¢ ( (Ynci): Yme)) + Viniy):
Letting i ! 1 in (4), we have

") (@+o9 ("< ()

This is a contradiction. Hencefy,g is a Cauchy sequencein X and it has a limit
y in X. So the sequencef| x,g convergeto y and further, the sequencef Tx,g

cornvergeto setfyg. Now suposethat | is continuous. Then
12, ! 1y and ITx, ! flyg

by Lemma 1.3. Sincel and T are -compatible. Therefore TIx, ! flyg. Using
inequality (C:1) , we have

( (TIxn;Txn)) a (d(l an;|xn)) + b (H(IXn; TXp)) + (H(szn;-nxn))]
+cminf (D(I%n; TIxn)); (D(1%%n; Txn))g;

forn 0.Asn! 1 weobtain by Lemmal.l
(d(ly:y)) a (d(ly;y)) + c (d(y;1y));

That is (d(ly;y)) = 0 which implies that |y = y. Further

( (Ty;Txn)) @ (d(ly;I1xqa)) + B (H(ly;Ty)) +  (H(IXn; TXn))]

+cminf (D(Ixa;Ty)); (D(1y;Txn))g;

forn 0.Asn! 1 weobtain by Lemma 1.1

((Ty;y)) b ((Ty:y)):

which impliesthat Ty = y. Thusy is a coincidencepoint for T and | . Now suppose
that T and | have a secondcommon xed point z such that Tz = fzg = flzg.
Then, using inequality (C:1), we obtain

(dly;2)) = ((Ty;Tz)) (a+c) (dz;y) < (d(z;y)

which is a contradiction. This completesthe proof of the Theorem.
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Corollary 2.1 ([6:Theorem2:1]). Let (X;d) be a complete metric space, T :

X I CB(X) a multi-valued map satisfying the following condition :
h [
((Mx;Ty)) a(dxy)+b (Tx)+ ((y:Ty)) +
n o
+cmin - (d(x; Ty)); (d(y; Tx)) 8x;y 2 X;
where :R* I R* s continuous and strictly increasing suchthat (0) = 0

and a;b;c are three positive constants suchthat a+ 2b< 1 anda+ c< 1, then T
has a unique xed point.

Note that the proof of Theorem 2.1 is another proof of Corollary 2.1 which is of
interest in part becauseit avoids the use of Axiom of choice.

2. 2. A Fixed Point Theorem

Theorem 2.2. Let (X;d) be a complete metric space. If F : X I CB(X) is a
multi-valued mapping and :R* I R" s continuous and strictly increasing
suchthat (0) = O: Furthermore, let a; b;c be three functions from (0; 1 ) into [0;1)
such that

at+2b: (0;1)! [0;1)anda+ c: (0;1)! [O;1) are decreasing functions.
Supmsethat F satis es the following condition:

(C3) ((FxFy)) a(d(x;y)) (d(x;y)) + b(dOx; y)[ (H(x;Fx)) + (H(y;Fy))]
+ c(d(x;y)) minf (D(y;Fx)); (D(x;Fy))g;

then F hasa unique xed point z in X suchthat Fz = fzg.

Pro of.. First we will establishthe existenceof a xed point. Put p= maxf(a+
2b)%;(a+ c)%g, takeany x, in X . Sincewe may assumethat D (Xo; F Xg) is positive,
we canchoosex; 2 Fxg which satises (d(Xo;x1))  p(D (Xo; FXo0)) (H (Xo; FXo)),
we may assumethat p(d(xo;X1)) is positive. Assuming now that D (xy; FX1) is pos-
itiv e, we choosex, 2 Fx; such that (d(x1;x2))  p(d(Xe;x1)) (H(x1;Fx1)) and

(d(x1;%2))  p(D(x1;Fx1)) (d(x1;FX1)), sinced(xo;x1)  D(Xo;FXo) and p is
deceasingthen we have also

(d(x0;x1))  P(d(X0;X1)) (H (xo0; FXo)): Now

(d(x1;%2)) ( (Fxo;Fx1))
a(d(xo;x1)) (d(xo0;x1)) + b(d(xo;x1))[ (H(Xo;FXo)) + (H(X1;Fx1))]
+ ¢(d(Xo;x1)) minf (D(Fxo;X1)); (D(Xo;Fx1))g

ap ' (d(xo;x1)) + bp [ (d(Xo;x1)) + (d(X1;X2))];

which implies
(d(x1;X2))  g(d(xo;X1)) (d(xo;x1))
where
q:(0;1)! [01)

is de ned by
a+b

p b

q:
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Note that r t implies g(r) p(t) < 1. By induction, assurnunig that D (X;; FX;)
and p(d(x; 1;X;)) are positive, we obtain a sequencefx;g which satises x; 2
Fxi 1, (dxi 1:%))  pld(xi ;%)) (H(Xi 1,Fxi 1));
(d(xi;xi1))  p(d(Xi 1:xi)) (H(xi;Fxp));
(d(xi;xi+1))  ad(xi 15%i)) (d(Xi 15 %))
p(d(xi 1;%i)) (d(Xi 1;%i))
< (d(xi 13%i)):
It is not dicult to verify that lim; d(x;;xij+1) = 0: If fxjg is not Cauchy, there
exists" > 0 and two sequence®f natural numbersfm(i)g;fn(i)g,
m(i) > n(i) > i such that d(Xm(iy; Xn(i)) > " while d(Xmei) 1;Xn@y) - It is
not di cult to verify that
dXm@y;Xny) ! " as it 1 and d(Xm(iy i Xngy2 ) ! " as it 1
For i sucien tly large d(Xmi); Xmiyr1 ) < " and d(Xn(iy; Xn(ye1 ) < . For thesei
we have
(d(Xm (iy+1 s Xn(iy+1 )) ( (FXm(iy: FXngiy))
a(d(Xm iys Xn(iy)) (A(Xm(iys Xn(iy))
+ B(d(Xm (iys Xn@NL (HXmiys FXmi))) + (HXngiys FXngiy))]

+ ¢(d(Xmiys Xniy)) minf (D (Xmiy; FXnciy))s (D (Xngiys FXm(i))9

a(d(Xmiy: Xn(iy)) (d(Xmgi); Xn(i)))
+ B(Ad(Xm iy Xn(i)))P H(AdXniyi Xngiyer ) (AXngiys Xngiye )
+ B(Ad(Xm iy Xn(@i)))P H(AXm iy Xmiyer ) (AXm (1) Xmiye1 )
+ c(d(Xn(iys Xmeiy) (AXmiys Xn(iye1 )
a(d(Xm(iy: Xn(iy))  (AdXmiys Xngiyra ) + d(Xniyer 3 Xn(iy)
+ B(d(Xm iy Xn(i)))P H(AdXniyi Xngiyer ) (AXngiys Xngiye )
+ B(Ad(Xm iy Xn(i)))P 1 AXm iy Xm(iyrr ) (AXmiyi Xmiye )
+ c(d(Xn(iys Xmeiy) (A(Xmiys Xngiyer + d(Xniye1 s Xngi)))
[a(") + (™)1 (d(XmiysXnei)) + d(Xn(iys Xnciy+1 )
+ (d(Xm iy Xm(iy+1 )+ (d(Xniyi Xn(ipr ) ()
Letting i ! 1 in (), wehave: (") [a(")+ c(™)] (") < ("). This is corntra-
diction. Hencefx;g is cauchy sequencen a complete metric spaceX, then there

existe a point x 2 X sudc that x, ! x asi! 1. This x isa xed point of F
because

(H(Xi+1:Fx)) = ( (XisnsFX))  ( (FXisFXx))
a(d(xi;x)) (d(xi;x))
+ b(d(xi;x))[ (H(x Fx)) +  (H(xi; Fxi))]
+ c(d(xi;x)) minf (D(xi;Fx)); (D(x;Fxi))g
a(d(xi;x)) (d(xi;x))
+ b(d(Xi;X))p H(d(Xi;Xi+1) (A(Xi;Xi41))
+ b(d(xi;x)) (H(x; Fx)) + c(d(xi;x)) (d(x;Xi+1) ()
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Usingb< %; p (d(xi;xi+1)) < p 1(d(Xo;x1)) andletting i ! 1 in( );wehave:
1
(Fx) 5 (HOGFX):

That is (H (x; Fx)) = 0 and therefore H (x; Fx) = Oi.e, Fx = x: Fx = fxg. We
claim that x is unique xed point of F. For this, we supposethat y (x 6 y) is
another xed point of F suc that Fy = fyg. Then

(diy;x))  ((Fy;Fx))
a (dix;y)) + b (H(xFx))+ (H(y;Fy))l
+cminf (D(x;Fy)); (D(y;iFx))g

[a+c] (d(xy)) < (d(xy));

a cortradiction. This completesthe proof of the theorem.
We may establisha common xed point theorem for a pair of mappings F and
G which stisfying the contractiv e condition corresponding to (C:1), i.e., for all
X;y2 X
(C2) ((FxGy)) a (dxy))+ b (HxFx)+ (H(y;Gy))]
+cminf (D(y;Fx)); (D(x;Gy))g;
2. 3 A Common Fixed Point Theorem.

Theorem 2.3. Let (X;d) be a metric space. Let F and G be two mappings of X
into BN (X) and :R* I R* is continuous and strictly increasing such
that (0) = O: Furthermore, let a, b, c be three nonnegative constants such that

a+ 2b< 1landa+ c< 1. Supmsethat F and G satisfy (C:2). Then F and G have
a unigue common xed point. This xed point satis es Fx = Gx = fxg.

Pro of. Put p= maxf(a+ 2b)%; c%g: we may assumethat is positive. We de ne by
using the Axiom of choice the two single-wvalued functions f;g: X ! X by letting
f (x) be a point w; 2 Fx and g(x) be a point wy, 2 Gx sudc that (d(x; wy))
p (H(x;Fx)) and (d(x;w2)) p (H(x; Gx)). Then for every x;y 2 X we have:
df (x);a9(y))  ((FxGy)) a (dix;y)) + bl (H(xFx)+ (H(y;Gy)l
+cminf (D(y;Fx)); (D(x;Gy))g
a (doGy) + p o (dx; X))+ (d(y;gy))]
+cminf (d(y;fx)); (d(x; gy)g:
Sincea+2p b p (a+2b) p< 1,from[7, Theorem?2.1]weconcludethat f and
g hasa common xed point. That is, there existsa point x suc that 0= d(x; f x) =
(dix;fx)) p (H(x;Fx)) and 0= d(x;gx) = (d(x;gx)) p (H(x; Gx)) which
implies (H(x;Fx)) = 0and (H(x; Gx)) = 0,then H(x; Fx) = (x;Fx) = 0and
H(x;Gx) = (x;Gx) = Oi.e. Fx = Gx = fxg. HenceF and G have a common
xed point x 2 X . We claim that x is unique common xed point of F and G. For
this, we supposethat y (x 6 y ) is another xed point of F and G. Sincey 2 Fy
andy 2 Gy, from (C:2) we have
maxt (H(y;Fy)); (H(y;Gy)g ( (Fy;Gy)
bl (H(y;Fy) + (H(y:Gy))]
2bmaxt (H(y;Fy)); (H(y;Gy))g
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which implies (Fy;Gy) = 0, that is Fy = Gy = fyg. Then

(d(y;x)) = ( (Fy;Gx))
a (dix;y)) + b (H(x;Gx)) + (H(y;Fy)l
+ cminf (D(x;Fy)); (D(y;Gx))g
[a+ c (d(xy) < (d(x;y));

a contradiction. This completesthe proof of the theorem.
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1 Intr oduction
Consider the following Cauchy problem with boundary conditions
8

E%u(t)=A(t)u(t); 0 s t T;
(IBCP)y Luw = uw+f@:; 0 s t T
" u(s) = ug:

This type of problems preserts an abstract formulation of sewveral natural equations
such asretarded di erential equations, retarded (di erence) equations, dynamical
population equationsand neutral di erential equations.

In the autonomous case(A(t) = A;L(t) = L; (t) = ) the Cauchy problem
(1 BCP) was studied by Greiner [2,3]. He useda perturbation of domain of gener-
ator of semigroups,and showved the existenceof classicalsolutions of (I BCP) via
variation of constarts formula. In the homogeneouscase(f = 0), Kellermann [6]
and Nguyen Lan [8] have shoved the existenceof an evolution family (U(t;s))t s o
asthe classicalsolution of the problem (I BCP).
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The aim of this paper is to shov well-posednessn the generalcase(f 6 0) and
apply this result to get a solution of a retarded equation. In Section2 we prove the
existenceand uniquenessof the classical solution of (IBCP). For that purpose,
we transform (I BCP) into an ordinary Cauchy problem and prove the equivalence
of the two problems. Moreover, the solution of (IBCP) is explicitly given by a
variation of constarts formula similar to the one given in [3] in the autonomous
case.We note that the operator matrices method was also usedin [4, 8, 9] for the
investigation of inhomogeneousCauchy problems without boundary conditions.

Section 3 is dewvoted to an application to the retarded equation

(RE) v(t) :“K(t)vt+f(t); t s O

s — .

We intro duce now the following basicde nitions which will be usedin the sequel.
A family of linear (unbounded) operators (A(t))o ¢ t onaBanach spaceX is called
a stable family if there are constants M 1;! 2 Rsuchthat ]! ;1 [  (A(t)) for
alo t Tand

R(; At)  M( 1) Xfor >
i=1

for any nite sequenced t; ity T

A family of boundedlinear operators (U(t; s)), ¢  on X is saidan evolution family
if

Q) U(t;t) = Igand U(t; r)U(r;s) = U(t;s) forall0 s r

(2) the mapping (t;s)2 R? :t s 3 (t;s) 7! U(t; s) is strongly cortinuous.
For ewolution families and their applications to non-autonomousCauchy problems
we refer to [1,5,10].

2 Well-posedness of Cauchy problem with bound ary coditions

Let D; X and Y be Banach spaces,D denselyand continuously embedded in
X, consider families of operators A(t) 2 L(D;X), L(t) 2 L(D;Y) and (t) 2
L(X;Y);0 t T. In this section we will usethe operator matrices method in
order to prove the existenceof classical solution for the non-autonomous Cauchy
problem with inhomogeneoushoundary conditions

8 4

Eau(t):A(t)u(t); 0 s t T;
(IBCP)s Lum = Mum+f@; 0 s t T

©u(s) = Uo;

it meansthat we will transform this Cauchy problem into an ordinary homogeneous
one.

In all this sectionwe considerthe following hypotheses:
(H1)t 71 A(t)x is corntinuously di erentiable for all x 2 D;
(Hz) the family (A°(t))y  1: A%t) = A(t)jkert (r); is Stable, with (Mg;! ) con-
stants of stability;
(H3) the operator L(t) is surjective for everyt 2 [0; T]and t 7! L(t)x is continu-
ously di erentiable for all x 2 D;
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(Hg) t 7! (t)x is continuously di eren tiable for all x 2 X;
(Hs) there exist constarts > O0and! 2 R sud that

JL(xjiy Y DiiXjix forx 2 ker( A(t)); >! andt2 [0;T]

Denition 2.1. Afunctionu:[s;T] ! X is called aclassi@l solution of (I BCP)
if it is continuously di er entiable, u(t) 2 D; 8t 2 [s;T] and u satis es (IBCP). If
(IBCP) hasa classial solution, we say that it is well-pose.

We recall the following results which will be usedin the sequel.

Lemma 2.1. [6,7]Fort2[0;T]and 2 (A°(t)) we havethe following properties
i) D=D(A°(t)) ker( A(t).

i) L(Djker¢ Ay is anisomorphism from ker( A(t)) onto Y:

i ) t7! Ly = (L(t)iker( aqy) © is strongly continuously di er entiable.

As consequencesf this lemmawe haveL(t)L 1 = lg, ;L L(t)and (I L L(t))
are the projectionsin D onto ker(  A(t)) and D (A°(t)) respectively.

In order to getthe homogenizationof (I BCP), weintro ducethe Banach spaceE :=
X CY0;T];Y) Y;whereC([0;T];Y) is the spaceof cortinuously di eren tiable
functions from [0; T] into Y equipped with the norm kgk := kgk; + kg%, ; for
g2 CH[0; TL;Y):

Let A (t) be a matrix operator de ned on E by

A(t) 0 o1
A (t)=@ 0 0 OA:D(A (t)):=D C}0;T];Y) fOg;t2][0;T];
L) (1) t O

here { : C([0;TL;Y) ! Y issudhthat ((g) = o(t):
To the family A () we assciate the homogeneousCaudhy problem

8
EEU('{):A(t)U(t); 0 s t T
(NcP) v

S U= f

In the following proposition we give an equivalencebetween solutions of (1 BCP)
and those of (N CP).

Prop osition 2.1. Let ; 2D CX([0;T]Y).

uq(t)
(i) If the function t 7! U(t) = u;(t) is a classi@l solution of (NCP) with
0
u

0
initial value f :Thent7! wu4(t) is a classial solution of (I BCP) with initial
0
value ug.
(i) Letu beaclassial solution of (I BCP) with initial valueug. Then, the function
U(t) Uo
t7! U() = f is a classi@l solution of (N CP) with initial value f
0 0
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Pro of.. i) SinceU is a classicalsolution, then, from De nition 2.1, u; is continu-
ously di erentiable and u,(t) 2 D, for t 2 [s;T]. Moreover we have

ud (1)

UO(t) ugét)

A (DU
AL
L(hua(®)  (Dus(®)  rua(t)

(2:1)

Therefore
ud(t) = A(t)uy(t) and ud(t) = O:

This implies that u,(t) = ux(s) = f;8t 2 [s; T], hencethe equation (2:1) yields to
L(t)ur(t) = (Dua(t)+f(); 0 s t T:
The initial value condition is obvious.

The assertion (ii ) is obvious.

Now we return to the study of the Cauchy problem (N CP): For that aim, we recall
the following result.

Theorem 2.1. ([11], Theorem 1.3) Let (A(t)), ; t be a stablefamily of linear
operators on a Banach space X suchthat

i) the domain D := (D(A(t));k kp) is a Banach space independent of t;

ii) the mappingt 7! A(t)x is continuously di er entiable in X for everyx 2 D.
Then there is an evolution family (U(t; s)), s ; t on D. Moreover U(t; s) hasthe
following properties :

(1) U(t;s)D(s) D(t)forall0 s t T, wher D(r) is de ned by

D(r):= x2D:A(r)x2D ;

(2) the mappingt 7! U(t; s)x is continuously di er entiablein X on [s;T] and

%U(t; s)x = A(t)U(t; s)x for all x 2 D(s) andt 2 [s;T]:

In order to apply Theorem 2.1, we needthe following lemma.

Lemma 2.2. The family of operators (A (t)), , 1 is stable.
Pro of.. Fort2 [0;T], wewrite A (t) as

0 1
0 0 0

A=A+ @ 0 0 O0A;
(t) t O

OA(t) 0 o1
whereA(t)= @ 0 0 O0A ; with domain D(A(t)) = D(A (t)):
L(t) 0 O
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SinceA (t) is a perturbation of A(t) by a linear bounded operator on E, hence,in
view of a perturbation result ([10], Thm. 5.2.3)it is su cien t to show the stability
of (A(t)y ¢ -

X
Let >!gand f ,wehave

0 ’ 1 0 1
R(; A°(t) O Ly X ( ARG A%(t)x ( A@)Lyy
( A ()@ 0 1 0o A =@ f A
0 0 0 y LIOR(; A°(t)x+ L(DL vy

SinceR(; A°(t))x 2 D(A%(t)) = ker(L(t)), L+y2 ker(  A(t)) andL(t)L =
l4, ; We obtain

0 1
R(; A%(t) 0 Ly
( A@)@ 0 L0 A=lg: (2:2)
0 0 0
On the other hand, for f 2 D(A(t)); we have
0
0 1 0 1
R(; A°(t) O Ly X R(; A()( A()x+ L L(t)x
0 1L 0 ACA@) f =@ f A
0 (O 0 0

>Fom Lemma 2.1, let x; 2 D(A°(t)) and x, 2 ker(  A(t)) suc that x = X1+ X».
Then

R(; AW AM®)x+ Ly L()x=R(; A AD)(X1+ x2)
+ L 1 L(t)(Xl + Xz)
= R(; AN A)xa+ Ly L(D)xe
= X1+ Xo
= X
As a consequencewe get
"RG A 0 Ly
1

0 0 A( A®M) =lpnaw:
0 0 0

1

>Hom (2:2) and (2:3) , we obtain that the resolvert of A(t) is given by

0 1

R(; A%(t) O Ly

R(; A(t) = @ 0 1 0 A:
0 0 0

Hence,by a direct computation one can obtain, for a nite sequenced t;
te T,
0 * * 1
Y % R(; A%(ti)) O R(; A%(t))L §
R(; A(ti)) = B i=1 i=2 :
i=1 0 L 0
0 0 0
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>Fom the hypothesis(Hs), we concludethat jjL : jj ( ) Lorallt 2 [0;T]

and > !:Dene !; = max(!o;!). Therefore, by using (H,), we obtain for
X

f 2E

y

YK X YK YK 1
R(; Alt) = R(; A°(ti))x R(; A°(t))L ;¢ ,y+ —f

i=1 Y i=1 i=2

M(C 1) Sixii+M(C ) ©Y ) Y
+ () Nt
MO 1) R

y

whereM ° := max(M ;M ): Thus the lemma is proved.
Now we are ready to state the main result.

Theorem 2.2. Letf be a continuously di er entiable function on [0; T] onto Y.
Then, for all initial value ug 2 D; suchthat L(S)ug = (S)up + f (s); the Cauchy
problem (I BCP) has a unique classi@l solution u. Moreover, u is given by the
variation of constants formula

u(t) = U(Zt; S)(I  L.sL(s)ug+ L. f(t;u(t)
h i
+ tU(t; ry L f(r;u(r)) (L f(r;u(r)))0 dr; (2:4)

S

where (U(t;S)); s o is the evolution family geneated by A°(t) and f (t; u(t)) :=
(Hu(t) + f (1):
Pro of. First, for the existenceof U(t; s) we refer to [7]. Since (A (1)), , 1 IS

stable and from assumptions(H1); (Hs) and (Ha4); (A (1)), ; 7 satises all con-

ditions of Theorem 2.1, then there exists an ewolution family U (t;s) such that,
Uo uq(t) Uo

for all initial value f 2 D(A (s)), the function ui(t) =U(;s) f s

0 0

a classicalsolution of (N CP). Therefore, from (i) of Pro?oosition 2.1,u; is aclas-
sical solution of (I BCP): The uniquenessof u; comesfrom the uniquenessof the
solution of (NCP) and Proposition 2.1.

Let u be a classicalsolution of (IBCP), at rst, we assumethat (t) = 0, then

uz(t) == L L(t)u(t)
=L f(b);

and uy(t) := (I L. L(t))u(t) are dierentiable ont and we have

udt)  ud(t)

A1) + ua(t) (L (1)
ACDur() + Lo F(1) (L f (1)

ug(t)
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If wedene f(t):= L 4 f(t) (L f(t) weobtain
uy(t) = U(t s)ua(s) + Zst u(t r)ft(r)dr:
Replacing uy(s) by (I L . L(s))uo, we obtain
ui(t) = Ut )l Lis L(s)uo+ Zst U(t; r)ftr)dr;

consequetly,

Z h i
u(t) = U(t; s)(I L.s L(S)up+L  f(t)+ ur) L f(r) (L f(r))0 dr: (2:5)
S
Now in the case ( t) 6 O, sincef (;u()) is continuously di erentiable, similar
argumerts are usedto obtain the formula (2:5) for f () := f (;u()) which is exactly
(2:4):

3 Ret arded equation

On the Banach spaceCl := C([ r;0E), wherer > 0 and E is a Banach
space,we considerthe retarded equation

(RE)( vit) = K{twy+f(t); 0 s t T,;

vs ="' 2 Ci:

Wherevi( ):=v(t+ );for 2] r;0],andf :[0;T] ! E:

Denition 3.1. A functionv:[s r;T] ! E is saida solution of (RE), if it is
continuously di er entiable, K (t)v; is wel de ned, 8t 2 [0; T] and v satis es (RE):

In this sectionwe are interestedin the study of the retarded equation (RE), we will
apply the abstract result obtained in the previous sectionin order to get a solution
of (RE). As a rst step, we show that this problem can be written as a boundary
Cauchy one. More precisely we show in the following theorem that solutions of
(RE) are equivalent to those of the boundary Cauchy problem

g%u(t)= AMu(t); 0 s t T; (3:1)
(IBCPY'S Lium = (u(w) + (v (32)
Cus) =" (3:3)
Where A(t) is de ned by
( A(t)u := u®

D := D(A(t)) = CY( r;0],E);

Lt):D ! E:L({) ="(@©)and (t):C( r;0LE) ! E: (1) =K(1)"
Note that the spacesD; X and Y in section2, are givenhereby D := CY([ r;0],E);
X :=C( r;0E)andY = E.

We have the following theorem
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Theorem. i) If uis a classi@al solution of (I BCP)O, then the function v de ned
by (
ut(©; s t T;
v(t) ==,
(t s); r+s t s;
is a solution of (RE):

i) If vis a solution of (RE), thent 7! u(t) := v; is a classi@al solution of
(1BCP)®

Pro of. i) Let u be a classical solution of (IBCP)° then from De nition 2.1, v
is continuously di erentiable. On the other hand, (3:1) and (3:3) implies that u
veri es the translation property

( .
ut)( ) = u(t+ )(0); s t+ T

"(t+ S); r+s t+ S;

which implies that v;() = u(t)( ). Therefore, from (3:2); we obtain

v(t) = u(t)(0)
L(©u()() + (1)
K(©u®)() + (1)
K(®ve() + f(1):

Hencev satis es (RE):
i) Now, let v be a solution of (RE): From De nition 3.1, u(t) 2 C*( r;0],E) =
D(A(t)), fors t T. Moreover,

L(t)u(t) = u(t)(0)

v(t)

K (t)v(t) + (1)
(Hu(t) + f (b):

The equation (3:1) is obvious.

This theorem allows us to concerrate our self on the problem (I BCP)O. So, it
remainsto show that the hypotheses(H1) (Hs) are satis ed.

The hypotheses(H1), (H3) are obvious and (H4) canbe obtained from the assump-
tions on the operator K (t).

For (Hy), let' 2 D(A%(t))= ' 2 CY([ r;0LE);' (0)=0 andf 2 C( r;0]E)
suchthat ( A°(t))' =f;for > 0: Then
Zy

"()=e '+ el Jf()d; 2 r;0p

Since' (0) = 0, we get
Zy
(R(; A%Df)( )= el Df()d:
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By induction , we can show that
!

Y( 0 1 ZO K 1 )
ile(aA(ti))f ()—W ( ) e f()d;
for a nite sequenced t; i tx T:Hence
! L Z,
NS ko1, ( )
B R(; A°(ti)Nf () & D ( )" e d kfk
his ik i
= e .(| )kfk
i=k I
» i
_© C )
= — o kf k
i=k
1

—kfk; for 2[ r;0f

Therefore
R(; A%(t)f ikkf ki >0
i=1
This provesthe stability of Ao(t))tz[O;T]:
Now, if * 2 ker(  A(t));then’ ( )=e ' (0);for 2 [ r;0]. Hence
kL(t)' k= k' (O)k
=ke "()k

. . e .
since II|ml —— =+1,in Cg; wecantake c> 0 suc that & c; therefore
I+

kL(t)' k c k' k; 8t2[0;T]:

So(Hs) holds. As a conclusion, we get the following corollary

Corollary 3.1. Letf bea continuously di er entiable function from [0; T] onto E,
then for all * 2 C} suchthat, ' (0) = K(s)' + f(s), the retarded equation (RE)
has a solution v; moreover, v satis es
z t
vi=T(t s)(* e '"(O)+e f(tw)+ Tt rne f (rv) (f (r;vr))0 dr;
S

wheee (T (1)), , is the co-semigoup generted by A°(t):
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Abstra ct. In this paper the author intro duces the concept of smoother. Roughly
speaking, a smoother is a pair (s;K) consisting of a contin uous map s sending each
point p of its domain into a closed neighborhood Vp of p, and an operator K that
transforms any function f into another K f being smoother than f. This property
allows us to remove the e ect of a perturbation P from the solutions of an autonomous
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0. Intr oduction

The main aim of this paper consists of introducing the concept of smoother
together with an application in dierential equation theory. Roughly speaking a
smoother is an operator transforming an arbitrary function f; into a similar one
f, being smoother than f;. In general, smoothers perform integral transforms in
function spaces.To geta rst approximation to the smoother conceptconsiderthe
following facts. Let y = f (x) be any integrable function dened in Rand :R! C
a map such that C stands for the collection of all closedsubsetsof R the interior
of eac of which is non-void. For every x 2 R, let 4 be any non-negative real
number, and let (x) = [x ;X + x]. With these assumptions, consider the
linear transform K de ned asfollows. If , 6 Ois a nite number, then

Z X
f(x+ )d

X

1

(0:0:1) Kf (x) = 5
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Cc2

C1

Figure 1.
Conversely for  in nite
R
(0:0:2) Kf (x) = kI!|1m x f(x+ )d
Finally, if x = 0, then
12k
(0:0:3) Kf (x) = I!|!m0 K ) f(x+ )d =1f()

Of course,assumingthat sud a limit exists. Thus, the integral transform K sends
the value of f (x) at x into the averageof all valuesof f (x) in a closedneighborhood
[x x; X+ ] of x. Obviously, in general,the transform Kf (x) is smoother than
f (x). To seethis fact considerthe following cases.If for every x, (x) = R, then
8 2 R: s =1 andKf(x) is a constart function, that is the smoothest one
that can be built. If for every x 2 R, (x) = fxg, then 8x 2 : x = 0, therefore
Kf (x) = f (x), and consequetly both functions have the samesmoothnessdegree.
Thus, betweenboth extreme casesone can build seweral degreesof smoothness. In
the former example, what we term smoother is nothing but the pair ( ;K).
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Perhaps the most natural smoother application consists of removing, from a
given function, the noisearising from someperturbation. For instance considerthe
curvesC1 and C2 in Figure 1. Supposethat the di erences betweenC1 and C2
are consequencef someperturbation working over C2. If both curvesare the plots
of two functions f 1(x) and f,(x) respectively, in general,one can build a smoother
( ;K) such that Kf;(x) = fa(x). Now, considera vector eld X and the result
Y of a perturbation P working over X , and assume( ;K) to satisfy the relation
KY = X . If x(t) and y(t) are the general solutions for the ordinary di erential

equations% x(t) = X x(t) and % y(t) = Y y(t) respectively, then we shall
sa&y the smoother ( ;K) to be compatible with the vector eld Y, provided that
the following relation holds: Ky(t) = x(t). Thus, onecan obtain the corresponding
perturbation-free function from solutions of o y(t) = Y y(t) usingthe smooth

vector eld X = KY instead. The main aim of this paper consistsof investigating
a compatibilit y criterion.

1. Smoothers

Let T op stand for the category of all topological spacesandlet N : Top! Top
be the endofunctor carrying eat object (E;T) in T op into the topological space
N(E;T) = (} (E) nff;,gg ;T ) the underlying set of which } (E) nff,gg consistsof
all nonempty subsetsof E. Let T be the topology a subbaseS of which is de ned
as follows. Denote by C the collection of all T-closedsubsetsof E and for every
pair (A;B)2C T,letKag =fC2}(E)JA C Bg. With theseassumptions,
de ne the subbaseS as follows.

S=fKasi(A;B)2C Tg

Obviously, if A B, then Kag = ;. Likewise,if A = ; and B = E, then
Kag = }(E)nff,gg .
Let the arrow-map of N be the law sendingead contin uous map

fi(ExsT)! (E2iTo)
into the map Nf carrying eac subsetA E; into f[A] E,. It isnot dicult to

seeNf to be a continuous map with respect to the assaiated topology T .

Denition  1.0.1. Let cAl g(N) denote the concrete category of N-co-algebras.
Thus, every object in cAl g(N) isapair (E;T); (e.1) , consistingof a topological
space(E; T) together with a continuousmap .1y :(E;T)! N(E;T).

Recall that a continuous mapping f : (E1;T1) !  (E2;T2) is a morphism in
cAl g(N) from (E1;T1); (e,.:1y) into (E2;T1); (e,:7,) » Provided that the follow-
ing diagram commutes.

(1:0:4) (E1;T1) — = IN(E1; Ta)

f Nf

(E2; T2) —————IN(E3; To)

(E2:T2)
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Now, let T vec bethe topological vector spacecategory, and let T opV ec denote
the categorythe objects of which are products of the form N(E; T) C°(E;V);T
where (V; T) is a topological vector spaceand T the pointwise topology for the
set C°(E; V) of all continuous maps from (E;T) into j(V;T)j; where the functor
jj:Tvec! Top forgetsthe vector spacestructure and presenesthe topological
one. In addition, a T opV ec-morphism with domain N(Eq; T;) C°(E1;V); Ty
and codomain N(Egz; T;) C(E2;V); T, is of the form Nf g where f lies
in homrop (E1;E2) and g is a continuous mapping with domain C°(E4;V) and
codomain C°(E; V).

Given any topological space(E;T), let

PE.ty:Tvec! TopV ec
denote the functor carrying eat T vec-object (V;T) into the product

N(E;T) CE;V);T
and sending every Tvec-morphism f : (V1;T1) ! (V2;Tz) into Id f ; where
f = homrop ((E;T);jfj) stands for the morphism carrying eah g 2 C°(E; V1)
into f g2 C(E;Vz), and as usual homr o, ((E;T);j j) denotesthe covariant

hom-functor.
Finally, let Al g(P g.r))denote the category of P g.r)-algebras, that is, eah

object is a pair of the form (V;T); K.ty where

Kvr) :PEem(ViT) = N(E;T)  C(E;V)T 1 (V)]
is a continuous map. In addition, a given continuous linear mapping
fo(VeT) b (Vi T)

is an Al g(P (e.1))-morphism whene\er the following quadrangle commutes.

Koy, -
(1:0:5) N(E;T) CEW)T, — 2 j(vy; Ty)j
1d hom oy (E T )it ) i

NEST)  CEN)T, ———i(V; o))

De nition  1.0.2. A smoother will be any pair
(E;T) &1y » (T K

such that (E;T); (e.1) is aco-algebralying in cAl g(N) and (V;T);Ky.ty is
an algebrain Al g(P (e.71)) satisfying the following conditions.

a) Foreveryp2 E: p2 (e.1)(p)-

b) Forewery (p;f)2 E CY(E;V):

Kvry &mn);f 2CNf &.1)(p)



40 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMA TICS

where, for any subsetA E, C(A) denotesthe convex cover of A.
c) K. islinear with respect to its secondargumert, that is to say, for every
couple of scalars(; ) and ead pair of maps (f; g) the following holds.

Kvmy e&n:f + g =

(2:0:6)
Kviry em:f + Kyry &m)(p):g

1.0.1. Transformation asseiated to a smather. Given a homeomorphism
"(E;T)!Dj(V; T)j a smoother

S= (E;T) @m) + (ViT)iKwir

inducesa transformation S. carrying ead point p 2 E into

Y Kvry @m(;

which will besaidto beinducedby S. Likewise,for every one-parametercontin uous
map family h:E | E R! E onecande ne the induced transformation by

(1:0:7) Shpn® =" ' Kyry @&m(hp:t);’

1.0.2. Ordering. Smoothers form a category Smtr the morphism-classof
which consistsof every cAl g(N)-morphism f : (E1;T1) ! (E2; T2) such that the
following quadrangle commutes

Kevir . .
(1:0:8) N(Ey;T) CEsV) — (v, T)j
Nf homrtop (f3i(ViT)i) jrdj
N(Ez;T2) C(Ez;V) T/j(V;T)j
where homrop (;j(V;T)j) : Top ! Top® stands for the cortravariant hom-
functor.
Regarding Smtr as a concrete category over Set via the forgetful functor

such that
(E;T) @&my » MT)yKwry 7E

with the obvious arrow-map, in each bre onecande ne an ordering asfollows.
For any smoother (E;T); &.1) ; (V;T);Kwry o let

(E;T) &1y » (T K
denote the intersection of all topologiesfor E corntaining the set family
K= @En@Pip2E
then
(Ex;T1)s (grma) » (ST) K

(E2;T2); (E.imo) + (ViT) Kvim)

(1:0:9)
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if and only if the topology (E1;T1); (gvimy) + (M5T);Keyery  is ner than
the topology (E2:T2); (510 o+ (VsT);Keyry . For a maximal elemen, the
topology (E;T); &1y » (VsT);Kwry must beindiscrete. In this case,for
every pin E, (.1)(p) = E, and consequetly, for every p;q2 E,

Ke:r (&m0 ) = Kemy(E:" ) = K( e;7)(0):")

thereforeS: h(p;t) ="' 1 Kty  (e;my(h(p;t);"  transforms h(p;t) into a con-
stant map, which is the smoothest function one can build. Conversely a minimal
elemen correspondsto the discrete topology. In this case,by virtue of both condi-
tions a) and b), the transformation (1.0.7) is the identity, sothen h(p;t) remains
unaltered. Betweenboth extremesone can build seeral degreesof smoothness.

1.1 Smoothers in smooth manifolds.. Let (M;A,) be a smooth manifold,
":U M ! R"achart and T the induced topology for U. Henceforth, the
pair (U;T) will be assumedto be a Hausdor space. In the most natural way,
one can build a smoother S = (U;T); (u.r) 5 (R";T);Kwn.ry over (U;T)
the assaiated set of contin uous maps C°(U; R") contains ead smooth one like the
di eomorphism assaiated to ead chart.

For those smooth manifolds suc that, for each p2 M, eac tangent space
Ty is isomorphic to R", that is to say, there is an isomorphism ,:T,! R", one
canassa@iateamap!x :U! R" to every smooth vector eld X letting

(1:1:2) 8p2U: Ix(p)= p Xp)

Accordingly, the image of the vector eld X under S is

(1:1:2) p Y =Krory wry(P):!x
therefore
(1:1:3) Y= ot Keemy im0 x

From the former equationsit follows immediately that if hy : U ! U is the one-
parameter group assa@iated to X , then

(1:1:4) x ()= p(X) = !imoMZ -

accordingly

Kroty uT)(P):!'x =
(1:1:5)

im Krooty )" he  Kerery )P
tl 0 t
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De nition 1.1.1. Let X be a smooth vector eld the coordinates of which are
(X%:::X™M), and considerthe di erential equation
8

% %xl( (pit)) = XE X (pst); x3( (pit) i

%xz( (piD) = X2 X (st x2( (pit) -

y

g X" C D) = X" A ()X (pit) -

where the dierentiable curve : | R ! U is assumedto be solution of
the former equation for the initial value (p;tg) = p. Sa, a smoother S =

(U;T); iy » (R, T); KTy to be compatible with X provided that the
curvey (p;t) = Kgreory oy ( (pst)) ;" is solution of the equation

(1:1:6)

(1:1:7) GV CE0) = Y2y Pty (pit) i

8
% SYCE) = Yy A ()
d
YO = YT Yy ()
whereq= S (y(p;to)) = S (p), and
(1:1:8) (YHYZ::Y") = Koy uim) ()3

Obviously, if pisa xed point for S- , then y(q;t) and x(p;t) are solutions
of (1.1.6) and (1.1.7), respectively, for the sameinitial value p= x(p;to) = y(p;to).

Remark. If p = q, that is to say, if pis a xed-point for S, then from De ni-
tion 1.0.2the relations

(1:1:9) 8p2U: x(p)2C N (1P
and
(1:1:10) 8p2U: y(M2C N ()P

are true, therefore

(1:1:11) kx(p) y(p)k max K () (kK
41;922C( (uit)(P)

From the former relation one can build someproximity criteria. If the maximum
distance among points in any set (y.1)(p) is bounded, that is to say, if there is
> 0 sud that

8p2U: max K (1) '(p)k<
61:922C( (u:T)(p))

then
8t>0: kx(p;t) y(p;t)k<
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Prop osition 1.1.3. Let (U;T); (u.t) beaco-algebain cAl g(N) and for every
point pof U let ,: (y7y! [0;1) be a measure for (y.7)(p) suchthat the set
w:Ty(p) is p-measurable. If for everyp 2 U the following condition hold,
a) p2 ()P
b) (uT)(p is a closal subsetof U.
) p wn =1
then the pair  (U;T); .ty 5 (V;T) K1) is asmaother, where

Z Z
(1:1:12) Kvry  wmsif = fdy
w;T)(P)

Proof. Obviously, K.ty is linear with respect to its secondcoordinate, and by
de nition, it satis es condition a) in De nition 1.0.2, therefore it remains to be
proved K1) to satisfy condition b) too.

It is a well-known fact that ead coordinate f! of any measurablefunction f
is the limit of a sequence ) jn 2 N of step-functions eac of which of the form

(1:1:13) fl =

such that ead of the E;, is ,-measurableand for every i 2 N, c!m = fi( ;) for
some ; 2 Ej, , besides,8n 2 N:Ejn \ Ejn = (i6j)and[ {2 Ein = (uT)(P)-
In addition Z Z

fldp= nI!|lm C:;n o( Een ) (1:1:14)
w:t)(P) =
Now, from statemert c) it follows that
X
(1:1:15) 8n2 N: ¢ Ein )= p( wmy(P) =1
i=1
therefore
X
(1:1:16) 8n2 N: Cin pl( Ein )2 C Nf( (u.1)(p)

i=1

where Cin = (cil;n ;(:,%n ;). Finally, since (y.1)(p) is assumedto be closed, the
proposition follows.

2. A compatibility  criterion

Although smoothers can be useful in seweral areas, the aim of this paper
is its application in dierential equations in which only those smoothers being
compatible with the assaiated vectorsare useful. To build a compatibilit y criterion
the following result is a powerful tool.
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Theorem 2.0.4. Let (Mpy;An) be a smaoth manifold and (U;' ) a chart. Let
h; : U! U stand for the one-parameter group assaiated to a smwth vector eld
X and
S= (UT); wt) ; R"T):KeeT)

a smaother. If the following relation holds
(2:0:17) 9 >08t< : Kry (wr) hi(p) ;" =

Kremy  uimy (P he
then S is compatible with X .

Proof. First, from
y(@t) = Kreory  (uir) (he(p) 3!
we obtain that

(@ =y(@to) = Krory umy (P5" =" (S (p)
Now, it is not di cult to seethat
dy _
2018 9 , |
im Kremy i) (he(p)) ; Koty (uim) (ho(P)) ;
tl 0 t
and using (2.0.17) the former equation becomes
d -
at? ¢
im Krery @wmy@:" h)  Kgery wry (@' _
tr 0 t
(2:0:19) fim Krni1) (U;T)t(p);' he © _
lim K(Rn T) (U;T) (p) ; | ht '
th o ’ ' t

and by cortin uity
hy

im Keiry  uir) (P)5 — =

(2:0:20) Ch
Kre:T) (U;T)(p);HmO .

therefore, taking into accourt (1.1.1) and (1.1.4),

d .
(2:0:21) atY q = tllmO Kroty i)y (P! x
accordingly, if ' h¢(p) = (x(p;t);x3(p;t):::) is solution of (1.1.6) for the initial
value p, then

YAy (@) 1) = Ky iy (he(p) 3
is solution of the equation (1.1.7) for the initial valueq= S (p), being

(YLYZi) = Krer)y i) (05! x
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Corollary 2.0.5. With the same conditions as in the preceding theorem, if p is a

xed point for S- and x(p;t) = x(p;t);x?(p;t)::: is solution of the initial value
problem
8 d
< Y — .
(2:0:22) g e =X x(ein)
x(p;to) = ' (p)
theny(p;t) = y(p;t);y2(pit):ir = Kweory  (uiTy (he(p)) ;" is solution for the

initial value problem

d
S V@D =Y YD = Kem o wm) (P)ix
" y(psto) = ' (p)

(2:0:23)

Remark 2.0.6. The smoother de ned in (2.0.39) satis es the conditions of the
former corollary, becauseead point (x;y) of R? is a xed-p oint. Howewer, the
smoother

S= (UT) w5 (R T)Kee )

sud that the law (y.7) sendsead point (Xo;Yo) 2 R? into the subset
Aoy = (GY)2R%*[xo X Xo+1 y—>;; 0 y e
the assaiated transform of which is 77

Kiremy i T(Xy) 7! 2 f(x+ u;y+ v)dudv =
3 wu;T)y(%y)
s 2021y
3y y O

(2:0:24)
f(x+ u;y+ v)dudv

1 7.4

is compatible with the vector and sendsthe point (x;y) into (X+ g, 5Y),
7.

thisisto say, S' (x;y) = (X+ g; gy), Thus, thereisno xed point for S: . Of course,
this smoother transforms the solution (t + Xg;Yoe€') of the equation

2 dgx(t) =1
(2:0:25) t
Ly =y
at y y

for the initial value (Xg;Yo) at t = 0, into the solution (t + xg + %; gyoet) of the
sameequation for the initial value (xo + &; gYo).
De nition  2.0.7. Given a smoother

S= (UT) wr) » RYLT) K
de ned overachart (U;' ) of asmooth manifold (M;A,), and a smooth vector eld
X, de ne the derivativer x S by the following expression.
rxSjp=

(2:0:26) im Keem (@) Keery  wm) (037 e
tho t
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Corollary 2.0.8. If r x S = 0, then S is compatible with X .

Proof. Obviously, taking into accourt De nition 2.0.7,from r x S = 0, the state-
ment (2.0.17) follows.

Denition  2.0.9. Given a smooth vector eld X , the assaiated one-parameter

group of which is hy : U ! U, say a measure-eld f ,jp2 Ug to be invariant

with respectto X , provided that for every p 2 U and each measurablesubsetE of
u:T)(p) the following relation holds

(2:0:27) 8t2 R: hep) (NDL(E)) = H(E)
accordingly the measure ,(E) remains unaltered under the one-parametergroup
hi{ :U! U assaiatedto X .

Remark 2.0.10. In [4] it is shown that, for a wide class of vector elds, ead
dierentiable-map :U! C satisfying the equation
!

X @
(2:0:28) X (p)= X'— (xhx*::1) =0
i @&
satis es alsothe equation
d
(2:0:29) — ((p)) =0

dt

accordingly, (h¢(p)) doesnot depend upon the parameter t; where for every con-

tinuous function f, f denotesthe maximal extension by cortinuity. Thus, an

invariance criterion can consist of proving the existence of a di erentiable map
g :U! R, for eah measurablesubsetE U, sud that

e(P) = p(E)
X eg(P=0
Theorem 2.0.11. If a measure eld f ,jp2 Ugis invariant with respect to X

and, for eacht 2 R, the memter of correspnding one-parameter grouph; : U ! U
is a cAl g(N)-morphism, then the smaother

(2:0:30)

S= (UT) wr ; (R,T)Krem)

such that
Z Z

(2:0:31) Kvry my@);' = "d oy
;T (p)
is compatible with X .

Proof. First, because,for eatht 2 R, the map h; : U ! U is assumedto be a
cAl g(N)-morphism, then by virtue of (1.0.4) we have that

Kvry  um(he(p);® =
(2032) K(V;T) Nht (U;T)(p) ;' = "d p

Nhe  (u;Ty(p)
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and because

(2:0:33) Nhy  wr)y(P) = h(@Dja2 w.r)P)
then
Z Z Z Z
(2034) 'd p= ' ht d ht (p)
Nhe  (u;t)(P) w:T)(P)

therefore, sincethe invarianceof f ,j p2 Ug with respectto X is assumed,then
for every subsetE u:T)(p) the following relation holds

hp) NNe(E) = p(E)

therefore from (2.0.34) it follows that

Z Z Z Z
(2:0:35) " hed pp = "o hdp
(;Ty(p) w;T)(P)
consequetly,
Kvit) (YT) (hi(p)) Vo=
(2:0:36) "ohed p= Ky wm(@it he

w;T) (P

accordingly, the smoother S satis es the conditions of the precedingtheorem.

Example 2.0.12. Considerthe initial value problem

S 4

ot x(t)=1

(2:0:37) E %y(t) = 0:1cos x(t)

x(0);¥(0) = (Xo:Yo)
the solution of which is

X(t) = xpo+ t

(2:0:38) . .
y(t) = yo + 0:1 sin(t + Xg) sin(Xg)

wherewe are assumingthe function 0:1cos x(t) , in the secondequation of (2.0.37),
to be the consequencef a perturbation working over the vector eld %) . The map

, sendingead (x;y) 2 R? into the closedset[x  ;x+ ] [y 1;y+ 1], together
with the operator K de ned as follows

(2:0:39) . 7,7
K: fi(xy);fa(x;y) 7! T f1(x + u;y + v)dudy;
! z,2

— fo(x + u;y + v)dudv
4
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form a smoother such that K transforms the vector

%) , therefore it transforms also (2.0.37)

1 .
011 c0s(x) of the equation

(2.0.37) into the perturbation-free vector
into the following initial value problem,

8

%%x(t):l

3 GY0=0
x(0);¥(0) = (Xo;Yo)

(2:0:40)

Now, it is not di cult to seeK to be compatible with the vector eld of the equa-
tion (2.0.37), therefore K transforms also the solution (2.0.38) of (2.0.37) into the
solution of (2.0.40) as one can seein the following equality

%% (Xo+ u+t):dudv= xg+t
2:0:41
(2:0:41) g% Yo+ v+ 0:1 sin(Xp+ u+t)
sin(xp + u) dudv = yq
and
(2:0:42) X0 =Xt

y(t) = Yo

is nothing but the generalsolution of (2.0.40). Thus, K sends(2.0.37) into (2.0.40)
and also sendsthe general solution of (2.0.37) into the perturbation-free solution
(2.0.42) of (2.0.40).
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1. Intro duction

Let D be a nonempty closedconvex subsetof a real Banach spaceX andlet T :
D! D beamapping. Givenanxo 2 D andat 2 (0; 1); then, for a nonexpansiwe
mapping T, we cande ne contraction G; : D! D by Gix = tTx+ (1 t)Xxo;x 2 D.
By Banach contraction principle, G; hasa unique xed point x; in D, i.e., we have

Xt = tTxg+ (L t)Xg:

The strong cornvergenceof path fx;gast! 1 for a nonexpansive mapping T on a
bounded D wasprovedin Hilb ert spaceindependertly by Browder [2] and Halpern
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[7] in 1967 and in a uniformly smooth Banach spaceby Reich [10]. Later, it has
beenstudied in various papers (see[12], [14], [15], [23], [28]).

The asymptotically nonexpansive mappingswereintro ducedby Goebel and Kirk
[4] and further studied by various authors (see[1], [6], [7], [12], [17], [19], [21], [22],
[24], [25], [27]).

Recerly, Schu [20] has consideredthe strong corvergenceof almost xed points
Xn = nT"X, of an asymptotically nonexpansive mapping T in a smooth and
re exiv e Banach spacehaving a weakly sequettially continuous duality mapping.
Unfortunately, Schu's results do not apply to LP spacesf p 6 2; sincenone of these
spacespossesaveakly sequettially duality mapping.

The object of this paper is to deal with the problem of strong cornvergenceof the
sequenceof almost xed points de ned by the equation

1) Xn = aT"Xp+ (1 n)u

for an asymptotically pseudaontractivemapping T in are exiv e Banach spacewith
the Gateaux di erentiable norm. In particular, Corollary 1 improvesand extends
the results of [12], [14], [16], [20] and [23] to the larger classof asymptotically pseu-
docontractiv e mappings. Further, we deal with the problem of strong corvergence
of the explicit iteration process

Zn+1 = Vi ( nT"Xn + (1 n)Xn)+ (1 Vps1)u

by applying Corollary 1.

It is well known that the Mann iteration process([13]) is not guaranteed to con-
vergeto a xed point of a Lipschitz pseudaontractiv e de ned even on a compact
convex subset of a Hilbert space(see[10]). In [11], Ishikawa introduced a new
iteration process,which convergesto a xed point of a Lipschitz pseudaortractiv e
mapping de ned on a compact corvex subset of a Hilbert space. Schu [22] rst
studied the convergenceof the modi ed Ishikawa iterativ e sequenceor completely
cortinuous asymptotically pseudccontractive mappings in Hilb ert spaces. Schu's
result has been extended to asymptotically pseudaontractiv e type mappings de-
ned on compact convex subsetsof a Hilbert space(see[4], [15]). In application
point of view, compactnessis a very strong condition. One of important features
of our approac is that it allows relaxation of compactness.

2. Preliminaries

Let X be areal Banach spaceand D a subsetof X. An operator T:D! D is
said to be asymptotically pseud@ontractive ([24]) if and only if, for each n 2 N and
u;v2 D, thereexistj 2 J(u v) andaconstart k, 1with lim,; k, = 1suc
that

HT"u  T"v:ji  knku VkZ
whereJ : X | 2% s the normalized duality mapping de ned by
J(u)=fj 2 X :huji = kuk?;kjk = kukg:

The classof asymptotically pseudaortractive mappings is essetially wider than
the classof asymptotically nonexpansive mappings (T : D ! D for which there
exists a sequence kng [1;1 ) with limp; K = 1 sud that

kT"u T"wk kyku vk
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for all u;v 2 D and n 2 N). In fact, if T is an asymptotically nonexpansiwe
mapping with a sequencef k,g, then for eadyu;v2 D,j 2 J(u v)andn 2 N,
we have
HT"u  T"v:;ji kT"u T"vkku vk kpku vk?:
The normal structure coe cient N (X) of X is de ned ([2]) by
diamD

b

N(X) = : D is a nonempty bounded convex subsetof X

with diam D > 0 ;

whererp (D) = infxopfsup,p kx  ykg is the Chebyshev radius of D relative to
itself and diamD = sup,., ,p kx yk is the diameter of D. The spaceX is said to
have the uniformly normal structure if N (X) > 1.

Recall that a nonempty subset D of a Banach spaceX is said to satisfy the
property (P) ([12]) if the following holds:

(P) x2D) !/ (x) D;
where!, (x) isweak! -limit setof T at x, i.e.,

fy2 C:y=weak limT" x for somen; ! 1g:
i

The following result can be found in [12].

Lemma 1. Let D be a nonempty bounded subsetof a Banach space X with uni-
formly normal structureand T : D | D be a uniformly L-Lipschitzian mapping
with L < N (X)'¥™2. Suppmse that there exists a nonempty bounded closel convex
subsetC of D with property (P). Then T hasa xed point in C.

A Banach limit LI M is a bounded linear functional on "1 such that
liminft, LIMt, limsupt,
n'1 ni1
and
LI Mt, = LI Mty

for all bounded sequenceft,g in *! . Let fx,g be a bounded sequenceof X .
Then we can de ne the real-valued cortin uous convex function f on X by f (z) =
LI Mkx, zk?forallz2 X.

The following Lemma was give in [8].

Lemma 2 [8]. Let X be a Banach space with the uniformly Gateaux di er entiable
norm and u 2 X. Then

f(u) = ZIQI( f(2)
if and only if
LIMh;J(x, uw)i=0

forall z2X, wheeJ : X ! X isthenormalized duality mappingand h; i denotes
the genealized duality pairing.
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3. The Main Results

In this section, we establish strong corvergenceof sequencef x,g de ned by
the equation (1) in a re exiv e Banadch spacewith uniformly Géateaux di eren tiable
norm.

Supposenow that D is a nonempty closedand convex subsetof a Banach space
X andT :D ! D isanasymptotically pseudaortractive mapping (we may always
assumek, 1foralln 1). Supposealsothat f g is a sequenceof real number
in (0,1) such that lim n =1

Now, for u 2 D and a positive integer n 2 N, consider a mapping T, on D
de ned by

Tox= 1 ﬁu+ﬁT“x; x2D:

In the sequel,we usethe notations F(T) for the set of xed points of T and |
for =

Lemma 3. For eachn 1; T, hasexactlyone xed point x, in D suchthat
Xn= nT"Xp+ (1 n)U:

Proof. SinceT, isastrictly pseudaontractivemappingon D, it followsfrom Corol-
lary 1 of [5] that T, possesseexactly one xed point x, in D.

Lemma 4. If the set
G(u;Tu)=fx2D :hr"u wu;ji>0forallj2j(x u);n 1g
is bounded, then the sequene f x,,g is bounded.
Proof. SinceT is asymptotically pseudaortractive,forj 2 J(x, u), we have
ho(T"%, W+ o(u T u)iji nkxn  uk?;

which implies
1
n

since n(T"X, U)= X, u. If x6 0,wehave

kx, uk?®

HT"u uji>o0
and it followsthat x, 2 G(u; Tu) for all n 1 and hencef x,, g is bounded.

Before preserting our main result, we needthe following:

Denition 1. Let D be anonempty closedsubsetof a Banach spacesX, T : D !
D be a nonlinear mappingandM = fx 2 D : f (xX) = min,,2p f (2)g: Then T is said
to satisfy the property (S) if the following holds:

For any bounded sequencef x,g in D;
(S) lim kxn  Txok = Oimplies M \ F(T)6 ::
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Theorem 1. Let D be a nonempty closal and convexsubsetof a re exive Banach
space X with a uniformly Géteaux di er entiablenorm, T : D! D be a continuous
asymptotically pseudaontractive mapping with a sequene fk,g andf ,g be a se-
guene of real numbers in (0; 1) suchthat lim; n=1andlimp k';" 1n = 0.

Supmsethat for u 2 D; the set G(u; Tu) is bounded and the mapping T satis es
the property (S). Then we havethe following:

(@) For eachn 1, thereis exactly one x, 2 D suchthat

Xn= oT"%xp+ (1 n)u:

(b) If limpn  kxn Txpk= 0, thenit follows that there exists the sunny non-
exmnsive retraction P from D onto F(T) suchthat f x, g convergesstrongly
to Px.

Proof. The part (a) follows from Lemma 3. So, it remainsto prove part (b). From
Lemma 4, fx,g is bounded and sowe cande ne a function f : D! R* by

f(z)= LI Mkx, zk?
for all z 2 D: Sincef is continuousand corvex,f (z)! 1 askzk! 1 andX is
re exive, f attains it inm um over D. Let zg 2 D sudh that f (zp) = min,p f (2)
andletM = fx 2 D :f(x) = minp f (2)g: Then M is nonempty becausezy 2 M :
Sincef x,gis boundedby Lemma4 and T satis ed the property (S), it follows that
M\ F(T) 6 ;: Supposethat v2 M \ F(T). Then, by Lemma 2, we have
LIMhk v;J(xn, V)i O
for all x 2 D: In particular, we have

(2) LIMh v;J(xn V)i O

On the other hand, from the equation (1), we have

(3) Xn T"%, =@ )(u T“xn)z1 “u xp):

Now, for any v 2 F(T), we have

Ky T"%0;d(Xn V)i=Mx, v+ Tov T'%.;J(Xn V)i
(kn  1)kx, vk
(kn 1)K?2

for someK > 0 and it follows from (3) that

nkn D)o

hxn  u;J(Xn V)i
kn n

Hencewe have

(4) LM, u;d(x, w)i O
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Combining (2) and (4), then we have

LIMh, v;J(xn V)i=L Mkx, vk® O:
Therefore, there is a subsequencé x,,, g which convergesstrongly to v. To complete
the proof, suppose there is another subsequence x,,, g of fx,g which converges

strongly to y (say). Sincelimp;  kx, Txnak= 0andT is continuous,theny is
a xed point of T. It then follows from (4) that

v udv y)i O

and
by uJd(ly v)i O
Adding thesetwo inequalities yields

v y;J(v y)i=kv yk? 0

and thusv = y. This prove the strong corvergenceof fx,gto v 2 F(T). Now we
cande ne a mapping P from D onto F(T) by limn; X, = Pu. From (4), we have

lu Pu;J(v Pu)i O

forallu2 D and v 2 F(T). Therefore, P is the sunny nonexpansiwe retraction.
This completesthe proof.

2
Sl

Remark 1. The assumptionof , sud that , 2 (%;1) with kp 22
limnig M = 0 (seeLemma 1.4 of [16]).

implies

Next, we substitute the property (S) mertioned in Theorem 1 by assumingthat
T is uniformly L-Lipschitzian in Banach spacewith the uniformly normal structure
and D doeshave the property (P) (see[12]).

Corollary 1. Let X be a Banach space with the uniformly Gateaux di er entiable
norm, N(X) be the normal structure coe cient of X suchthat N(X) > 1; D be
nonempty closel convex subsetof X. T : D ! D be a uniformly L-Lipschitzian
asymptotically pseudeontractive mapping with a sequen@ fk,g and L < N (X )
and f ,g be a sgguene of real numkers in (0;1) suchthat lim,; , = 1 and
limnin k';" 1n = 0. Supmsethat every closel convexboundel subsetof D satis es

the property (P). Then we have

(8) For eachn 1, there is exactly one x, 2 D suchthat
Xn= oT"%p+ (1 pu
(b) If limpn  kxn Txpk= 0, thenit follows that there exists the sunny non-

exmnsive retraction P from D onto F(T) suchthat the sequene f x,g con-
vergesstrongly to Px.
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Remark 2. (1) Theorem 1 and Corollary 1 canbe applied to all uniformly corvex
and uniformly smooth Banach spacesand, in particular, all L? spacesl< p< 1.

(2) As was merntioned in the introduction, Theorem 1 extends and improves
the corresponding results of [12], [14], [16], [20] and [23] to much larger class of
asymptotically pseudcortractive mappings and to more generalBanach spacesX
consideredhere.

If we choosef ,g (0;1) suc that limp;y n = 1and limpny k'i” =0

(such asequencd galwaysexists. For example,taking , = minfl "k, 1;1
%g); then the following result is a direct consequencef Corollary 1:

Corollary 2. Let D be nonempty closel convexand bounded subsetof a uniformly
smath Banach space X, T : D | D be an asymptotically nonexmnsive mapping
with Lipschitzian constantk, and f g be a sequene of real numbersin (0; 1) such

that limpiy n=1andlimp kkn" 1n = 0. Then we havethe following:

(&) For u2 D eachn 1, thereis exactly one x, 2 D suchthat

Xn= oT"%p+ (1 n)u:

(b) If limyn  kx, Txpk = 0, there existsthe sunny nonexmnsive retraction
P from D onto F(T) suchthat f x,g convergesstrongly to Px.

We immediately obtain from Corollary 2 the following result (Theorem 1 of Lim
and Xu [8]) with additional information that almost xed points corvergesto vy,
wherey is xed point of T nearestpoint to u.

Corollary 3. Let D beanonemptyclosal convexand bounded subsetof a uniformly
smath Banachsppee and T : D! D be an asymptotically nonexmnsive mapping.
Letf ,gbeaseauenein (0;1) suchthat lim; n=1andlimp k'i” L =

Supmsethat, for any x 2 D, fx,g is a sgquene in the de ned by (1). Supp)seln

addition that the following condition:

lim kx, Tx,k=0
n'l

holds. Then there exists the sunny nonexmnsive retraction P from D onto F(T)
suchthat f x,g convergesstrongly to Px.

4. Applications

Halpern [9] hasintro ducedthe explicit iteration process z,.; gde ned by 2,1 =
n+1 T2y for approximation of a xed point for a nonexpansiwe self-mapping T de-
ned on the unit ball of a Hilbert space. Later, this iteration processhas been

studied extensively by various authors and has been successfullyemployed to ap-
proximate xed points of various classof nonlinear mappings (see[15], [20], [23]).

In this section, we establish somestrong corvergencetheoremsfor the results of

the explicit iteration processfz,.+1 g de ned by

Zos1 = Vo (0 T"z0 + (1 n)zn) + (1 n+1)U
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by applying the results concerningthe implicit iteration processfx,g de ned by
Xn= nT"Xp+ (1 )u

of the last section.
First, we shall introduce a de nition, which is partly dueto Halpern [7].

Let fa,g and f v, g be sequenceof real numbersin (0;1 ) and (0,1), respectively.
Then (fang; fvnQ) is said to have property (A) ([17]):

(a) fang is decreasing,

(b) fvngis strictly increasing,

(c) there is a sequenced g of natural number such that

(c-1) f ngis strictly increasing,

(C'2) ||mnll n(l Vn) = 1 y

(c-3) limpy  Fpmo = 1,

(c-4) limpy g =

The following lemma was proved in [23]:

Lemma 5 [23] Let D be a nonempty bounded and convex subsetof a normed
space X, 02 D, fS,g be a sgguene self-mappingson D, fL,g be a squene of
real numbersin [1;1 ] suchthat kS,x Spyk Lykx yk for all x;y 2 D and
n L1f ,g (0;1), fang (0;1) be suchthat (fa,g;fvng) has property (A)
and f%—":g is bounded, where v, = ,=L,, and fx,g be a sqquen@ in D such
that X, = v, Sy(Xp) for alln landlimy,i x, = v. Supmsethat there exists a
constant d > 0 such that

kSm(X) Sn(x)k diam anj

forall m;n 1landx 2 D. Supmsealsothat, for an arbitrary points zo 2 D;fz,g
is aseguene@in D suchthat z,+1 = Vp+1 Sp(zy) foralln  1: Thenlimpy  z, = v.

Xu [26] has proved that, if X is g-uniformly smooth (g > 1), then there exists a
constart ¢ > 0 sud that

(5) kx + yk9  kxk9 + ghy; Jq(x)i + ckykd

for all x;y 2 X, wherethe mapping Jq : X ! 2% is a generalizedduality mapping
de ned by
Jg(x) = fj 2 X ji = kxk%kjk = kxk? 1g:

Typical examplesof sudh spaceare the Lesbesguel , the sequence’, and the
Soholev W spacesfor 1< p< 1. In fact, thesespacesare p-uniformly smooth if
1< p 2and2-uniformly smooth for p 2.

Before, preserting our results, we needthe following:

Lemma 6. Let g > 1 be a real number, D be a nonempty closal subsetof a g-
uniformly smaoth Banach sppoe X, T : D! D be a uniformly L-Lipschitzian and
asymptotically pseudaontractive mappingwith a sqquenefk,gandf ,gandf ,g
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be two sequenes of real numbersin (0;1). Supmsethat f G, g is a self-mappingon
DdenedbyGpx= ,T"x+ (1 ,)x for all x 2 D. Then we havethe following:

(@) kGhnx Gpyk Lpkx vykforall x;y2D andn 1, wher
Ln=[1+q n(ke 1)+c d(1+ L)%
(b) Foru2 D andeachn 1, thereis exactly one x,, 2 D suchthat
Xn = VnGn(Xn) + (1 va)u;

where v, = ,=L,.
(c) If u= 0, thenit follows that x, = %T”xn foralln 1.

Proof. To prove part (a), setF, = | T", wherel denotesthe identity operator.
Then, foreahn 1; G, = | nFn and kFyx  Fpyk (1 + L)kx  yk for all
X;y 2 D: Since

hFnx Fny;Jq(X y)i (kn  1)kx yk2
forall x;y2 D andn 1, using (5), we obtain

kGhx Gpyk?

=kx y n(Fax Fay)k
kx  yk? g nhFax  Fpy;dg(x y)i+c 3(1+L)%x ykd
[1+q n(ky 1)+ c 3@+ L)%kx yk":

To prove part (b), foru2 D andn 1,dene amappingT,:D! D by
TaX = VpGpx+ (1 vp)u; x2D:

Sincev, 2 (0; 1); T, is a contraction mapping on D. Thus, by the Banach cortrac-
tion principle, T, hasexactly onex,, 2 D sud that x, = v,Gpx, + (1 v,)u: This
completesthe proof.

The following lemma can be shown by simple calculation:

Lemma 7. Let D be a nonempty closal convex subsetof a Banach space X, T :
D | D be an asymptotially nonexmnsive mapping with a sejuene fk,g and
f ngandf ,g betwo squenes of real numbers in (0;1). Supmsethat fG,g is
a sguene of self-mappingson D de ned by G,x = ,T"x + (1 n)Xx for any
x 2 D. Then we have the following:

(@) kGnx Gpyk kpkx ykforall x;y2D andn 1
(b) Foru2 D andeachn 1, thereis exactly one x,, 2 D suchthat

Xn = nGan+(1 n)u;
where , = ,=k,:

We now prove the main result of this section.
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Theorem 2. Letq > 1 be a real number, D be a nonempty closal convex and

boundel subsetof a g-uniformly smaoth Banachsppce X, T : D ! D be a uniformly

L-Lipschitzian asymptotically pseud@ontractive mapping with a seguene f k, g and

L < N(X)Z andf ,gandf ,g be two seuen@s of real numbers in (0;1) such
Ln 1 _

that limny o = 1, limpn 2 = 0 and limyy 1 Yo = 0, wher L, =

[1+qn(ke 1) +cd@+L)7 andv, = ,=L,. Supmsethat (f ,g;fv,g)
has property (A), fi—":g is bounded and lim,;  ky, Tyn,k = 0 for any bounded
squene fyng in D with limp;  ky, T"y,k = 0. Supmse also that, for any
u;zo 2 D, fz,gis a sqguene in D de ned by

Zn+s1 = Vpao( nT"zn + (1 n)Zn) + (1 Ve )U:

Then there exists the sunny nonexmansive retraction P from D onto F(T) suchthat
f z,g convergesstrongly to P u.

Proof. Without loss of generality, we may assumethat u = 0. For n 1, set
n = aSe— Thenf ng  (0;1)and o= (1+ () *foralln 1.
Sincelimy; vy = 1and lim,y; 1 ;’” = 0, it follows that lim,y , = 1and
hence,by Lemma 6 and Corollary 1, the sequencef x,g de ned by x, = ,T"X,
convergesstrongly to Pu. Let f G,g be a sequenceof self mappingson D de ned
by

Gh(x)= ,T"x+ (1 n)X; x2D:

By Lemmasé, for eadhn 1, there is exactly onex,, 2 D such that x, = v, G, (X))
and hencex, = ,T"x,. By Corollary 1, we have that fx,g corvergesstrongly to
some xed point of T. Sincez, = ,Gn(z,) foralln 1 and kG, (x) Gn(X)k

j m njdiam D forall m;n  landx 2 D. It follows from Lemma5 that fz,g
convergesstrongly to Pu. This completesthe proof.

Remark 3. (1) Theorem 2 extends Theorem 2.4 of Schu [23] to the wider classof
asymptotically pseudaontractiv e mappings and from a Hilb ert spacesto the more
generalBanach spaceX consideredhere.

(2) Another iteration procedure for uniformly L-Lipschitzian asymptotically
pseudaortractive mapping T in a Hilbert spacemay be found in the work of
Sd [22] with the condition that the given mapping T is completely continuous.

Corollary 3. Let D be anonempty closal convexand bounded subsetof a uniformly
smath Banach space X, T : D ! D be a uniformly asymptotically regular and
asymptotically nonexmnsive mapping with a sequene fk,g and f g be sequene
of real numbersin (0; 1) with lim; n=1limmn n =0, limyn (';” Y -

and limpip 1an” = 0. Suppsealsothat, for any u;zo 2 D, fz,g is a sequen@ in
D de ned by

Zoi1 = an( nT"z0+ (1 n)zn) + (1 nu; no L

Then f z,g convergesstrongly to some xed point of T.

Remark 4. Scu [19],[21]and Tan and Xu [24] have studied the weak corvergence
for the sequencef z,g de ned by (the modi ed Mann iteration process)z,.; =

nT"zp + (1 n)Zn to xed point of asymptotically nonexpansive mapping T in
a uniformly corvex Banach spacewith the Frechet di erentiable norm or with a
weakly sequettially duality mapping.
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Abstra ct. The author provesthe W1P and C1' convergence of the radial mini-

mizers u- of an Ginzburg-Landau type functional as" ! 0. The zeros of the radial
minimizer are located and the convergent rate of the module of the minimizer is
estimated.
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x1. Intr oduction

Letn 2;B; = fx 2 R";jxj < rg;g(x) = x on @:. Recall the Ginzburg-
Landau type functional

z z z

1 S 1 oo 1 _—

" = — + — +

E-(u) > BIJr Uit + 4 - 1 juj) 77 jujs;
on the classfunctions Hé(Bl; R™). The functional E- (u) is related to the Ginzburg-
Landau model of superconductivity with normal impurit y inclusion sud as super-
conducting normal junctions (cf. [5]) if n = 2. By nB and B represen the
domains occupied by superconducting materials and normal conducting materials,
respectively. The minimizer u- is the order parameter. Zeros of u- are known as
Ginzburg-Landau vortices which are of signi cance in the theory of superconduc-
tivit y(cf. [1]). The paper [7] studied the asymptotic behaviors of the minimizer of
E-(u; B1) on the function cIassHé(Bl; R?) and discussedhe vortex-pinning e ect.
For the simpli ed Ginzburg-Landau functional, many papers stated the asymptotic
behavior of the minimizer u- as" ! 0. When n = 2, the asymptotics of u- were
well-studied by [1]. In the caseof higher dimension, for the radial minimizer u- of
E-(u; B1), someresults on the corvergencehad beenshown in [14]as" ! 0. There
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were many works for the radial minimizer in [12]. Other related works can be seen
in [2] [3] [8] and [17] etc.
Assumep > n. Consider the minimizers of the p-Ginzburg-Landau type func-
tional
z z 1 z
jrouf + @ ju?+ o juit
B B

E-(u;B1) = 5 .
Bl 4 P Bln 4 P

Tl

on the classfunctions

W = fu(x) = f(r)j%j 2 WYP(B;R™):f (1) = 1;r = jxjg:

By the direct method in the calculus of variations we can seethat the minimizer
u- exists and it will be called radial minimizer. In this paper, we suppose that

2 (0;"]. The conclusionof the caseof = O(") as"! O0is still true by the same
argumert. we will discusshe location of the zerosof the radial minimizer. Basedon
the result, we shall establishthe uniquenesof the radial minimizer. The asymptotic
behavior of the radial minimizer be concernedwith as" ! 0. The estimatesof the
rate of the corvergencefor the module of minimizer will be preserted.

We will prove the following theorems.

Theorem 1.1. Assumeu-is a radial minimizer of E-(u; B;). Then for any given
2 (0;1=2) there exists a constant h = h( ) > 0 suchthat

Z-=fx2Bgju-(x)j<1 2g B@O;h")[ B :

Moreover, the zeros of the radial minimizer are contained in By» as 2 (0;h"].
When 2 (h"; "], the zers are contained in B nB(0; h").

Theorem 1.2. For any given" 2 (0;1), the radial minimizers of E-(u;B;) are
unique on W.

Theorem 1.3. Assumeu- is the radial minimizer of E-(u;B;). Thenas"! 0,

(1.1) u ! in  WZ2P(BynfOg;R");

J-?J-y

(1.2) u- ! in Cl (B1nfOg;R");

j?j,
for some 2 (0;1).

Theorem 1.4. Letu-(x) = f--(r)j"Tj be the radial minimizer of E-(u;B1). Then
for any T > 0, there exist C; "o > 0 suchthat as" 2 (0;"o),

Z, 1
rn FOP + @ f2)2]dr C"P:
T

sup (1 f-(r)) C"P Z:
r2[T;1]

Somebasic properties of minimizers are givenin x2. The main purposeof x3 is
to prove Theorem 1.1. In x4 and x5 we presen the proof of (1.1). The proof of
Theorem 1.2 is given in x6. X7 givesthe proof of (1.2). Theorem 1.4 is derived in
x8.
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x2. Preliminaries

In polar coordinates, for u(x) = f (r),—XT,- we have

z Z,
U= (24 (0 Dr Y2 uP=ist ot Yt
Bl 0
z Z,
jruP=js" Y " Y2+ (n r 2f2)P2dr:
B1 0
It is easily seenthat f(r)% 2 WEP(Bq;R") impliesf(r)r% 1;fr(r)r% 2

n 1

LP(0;1). Conversely if f(r) 2 W,igp(o; 1];f(r)r% Lf.(r)r 7 2 LP(0;1), then
f(r)55 2 WHP(B1;R"). Thusif we denote
Vo= ff 2WEPO; 1]:r s foor(™ 1 PF 2 LPO;1):f (r) O:f (1) = 1g;

loc

then V = ff (r); u(x) = f(r)% 2 Wg.
Substituting u(x) = f(r)% 2 W into E-(u;B1), we obtain
E-(u;By) = jS" HE-(f)

where

141

E-(f)= 5 (f2+ (n  r 2f2)p=2(n gy
+1 11 f22nld+1zf4nld.

YT ( )Ir r VT , r r:
This implies that u = f(r)% 2 W is the minimizer of E-(u; B1) if and only if
f(r) 2 V is the minimizer of E-(f).

Prop osition 2.1. The setV de ned aloveis a subsetof ff 2 C[0; 1];f (0) = Og.
Proof. Let f 2 V and h(r) = f (r» »).Then

Z 1 Z 1
. . p 1 . p 1. ., b 1
ihnjPdr = (—=)»  jf%rem)iPre n dr
0 p n OZ
1
=P Lyt o sqgpds< 1
p n 0

by noting fs(s)s(™ V=P 2 LP(0;1). Using interpolation inequality and Young in-
equality, we have that for somey > 1,

khkw 1y (0;1)Rr) < 1

which implies that h(r) 2 C[0; 1] and hencef (r) 2 C[0; 1].
Supposef (0) > 0,then f(r) s> 0forr 2 [0;t) with t > 0 small enoughsince
f 2 C[0; 1]. We have
z 1 Z t
rm L PfPdr P " 1 Par=1;
0 0
which cortradicts r(® D= 1f 2 |P(0;1). Therefore f (0) = 0 and the proof is
complete.

It is not dicult to prove the following
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Prop osition 2.2. The functional E-(u; B1) achievesits minimum on W by a func-

tion u-(x) = f-(r) ;-

Prop O%tion 2.3. The minimizerzuu satis es the equality

Z
(2.1) jr uj® 2r ur dx i u (1 juj®)dx+ i u jujldx = 0;
B1 P B1inB P B
2.2) 8 = f(r)j%. 2 Ct (B1;R"): Ui, = X

Proof. Denote u- by u. Forany t 2 [0;1)and = f(r)% 2 C} (B1;R"), we have

i
u+t 2 W aslongast is small su cien tly. Sinceu is a minimizer we obtain
dE"(U +t,; B]_)J
= PU

dt =0
namely, | 7 . . 7
0= ajt=0 —jr (u+t)jP + Y (1 ju+t j?)%dx
B p B1nB
+ i i i4
— ju+t j*dx
z 0 e z z
1 1
= jr ui® ?r ur dx w o u (I jup?)dx+ o u juj?dx:
1 1n

By a limit processwe seethat the test function can be any member of f =
F(N5G 2 WH(BLR"): jes, = 00.

Similarly, we also derive

The minimizer f-(r) of the functional E-(f) satis es

(2.3)
Zl
r" Y2+ (n Dr 2P A2+ (n Dr 2 )dr
01 Z1 12
=4 " a £2f dr o 3 dr; 8 2C}(0;1):

0
By alimit processwe seethat the test function in (2.3) can be any member of

X=f (N2WE©O1; 0= =0 () or7 Cor 2 LP(0;1)g

loc

Prop osition 2.4. Letf. satises (2.3) andf (1) = 1. Thenf- 1 on[0,1].
Proof. Deznotef =f.in(23)andset =f(f2 1).. Then

n p 1
p

1
X r" YE2+(n Dr AP DI[E2(52 1), + 1 [(F2 1)),
z 1
+(n Dr" f2F2 1), ]dr+ ip rm M 2(F2 0 1)2 dr
Z
+% ) rm 42 1),dr=0
from which |; fflllows that . 7
o 1§ 2(f2 1)Edr+G . r" 42 1),dr=0

Thusf = 0or (f2 1), = 0on|[0;1] and hencef = f- 1on[0,1].
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Prop osition 2.5. Assumeu- is a weak radial solution of (2.1)(2.2). Then there
exist positive constants C1; which are both independent of " such that

(2.4) kr us(X)ks =gy Ci" % if x2B(@O;1 ");

(2.5) jus (x)] 1—2; if x2B;nB(;1 2"):

Proof. %et y=x" 1in (2.1) ar%d denotev(y) = u(x), B» = Béo;" 1. Then

(2.6) jr viP 2rvr dy = v(l jvj?) dy v jvj’dy

B- B-nB(0; " 1) B(O; " 1)
8 2 W;P(B-;R"). This implies that v(y) is a weak solution of (2.6). By using the
standard discussof the Holder cortin uity of weak solution of (2.6) on the boundary
(for example seeTheorem 1.1 and Line 19-21 of Page 104 in [4]) we can seethat
for any yo 2 @~ andy 2 B(yo; o) (Where o> 0is a constart independen of "),
there exist positive constarts C = C( o) and 2 (0; 1) which are both independert
of " such that

jv(y) v(yo)i C(oly VYo :
Choose > 0 su cien tly small such that
. : 1

(2.7) y2B(¥;2) B(yo; 0); and C(o)iy Yo 7
then

o _ _ . _ _ 10
v(y)j  jv(yo)j C(o)iy Yo =1 C(o)jy VYoi 11

Let x = y". Thus
. .10 . i
jus=(x)j 1T if x2B(X0;2")
where xp 2 @ 1. This implies (2.5).
Taking =v P; 2 C} (B+;R) in (2.6), we obtain
z z z
jrviP Pdy pojrvi® TP N jjvidy + V2@ jvi?) Pdy
B : B-nB(0; " 1)
+ jv4j Pdy:
BO: " 1)

For the in (2.7), settingy2 B(0;" * );B(y; =2) B-, and
=1in B(y; =4); =0in B-nB(y; =2);jr j C();

we have 4 y4
jrviP P C() jrviP TP lec():
B(y;=2) RB(y;=2)
Using Holder inequality we can derive B(y:=4) jr vi’  C( ). Combining this with
the Tolksdro ' theoremin [19] (Page24£f Line 19-23)yields

kr vkP

L1 (B(y;ZS)) C( ) (1+ JI’ Vj)p C( )

B(y:=4)
which implies
kr ukis gx= gy C()" M
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Prop osition 2.6. Let u- be a radial minimizer of E-(u; B1). Then
(2.8) E-(u;B;) C"" P+C;

with a constant C independentof " 2 (0;1).
Proof. Denote
z 1 1
I(";R) = Minf [Sir uiP+ =@ juj®>)?];u2 Wgag;
BOR) P P

where Wg = fu(x) = f(r)% 2 WYP(B(0;R);R"); r = jxj;f (R) = 1g: Then

ixj

(2.9)
(" 1) = E«(u-;B
iz) ( 1)1 L Z
== wjPdx+ - (1 ju?)’dx+ = juejidx
Bi 7 " Bune z “ e
1 1
= upaye @ jui’dy
AP oeor 4 B ymBE; " Y
+ 1 jujidy] =" PI(L" Y):
4 BO; " 1)

Let u; be a solution of I (1;1) and de ne

Up=up i 0<jxj< L Up= o if 1 jxj "L
JX]
Thusuz 2 W- 1 and,
[ 1!
(Z ) . Z
L i P + oo, L . .
A jrugjP+ = @1 juj9)c+ = jurj
pZB(O;" ") Z 4 B (0;" 1)nB(0; "Zl) Z4 B(O; " 1)
1 1 4 1 X b
= — ir wiP+ = 1 .u-22+_ uriddx + = ir X
BlJ 1) yl Bl( jugj4) yl BlJ 1) P o 1)nslj ]XJJ
Z.1
p=2;iqn 1;
=|(1;1)+w (noPolgy
p 1
GRSl P
=1+ —2 = ‘1 p n C:
D p(p n) ( )

Substituting this into (2.9) yields (2.8).

x3. Pr oof of Theorem 1.1

Prop osition 3.1. Letu- be a radial minimizer of E-(u; B1). Then for some con-
stant C independentof " 2 (0;1]
z z
1 - 1 o
(3.1) - @ jui)+ = jujt C
B1nB B

Proof. (3.1) can be derived by multiplying (2.8) by "P ",
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Prop osition 3.2. Let u- be a radial minimizer of E-(u;B;1). Then for any 2
(0; 1=2), there exist positive constants ;  independentof " 2 (0; 1) suchthat if

VA
1 -
(3.2) = @ juid®
Ay -\B2
whee A .; » =B(0;1 ")nB , B?" is somehall of radius 21" with | , then
(3.3) ju(x)j 1 ; 82A 4 -\B":

Proof. First weobsenethat there existsa constart C, > 0which isindependert of "
such that forany x 2 B; and 0 < LB\ B(;r)j JA 1 «\B(Xr) Cor™:
To prove the proposition, we choose

C>
4 - _ - = 4 (_ n+2 .
(34) 2C,’ Cf(Z) '

where C; is the constart in (2.4). Supposethat there is a point xo 2 A .1 « \ B"
such that ju-(xg)j < 1 : Then applying (2.4) we have

ju(x) u(xo)j Ci" 'ix xoj Ci" ")
=C, = 5; 8x 2 B(Xo; " );

hence(l ju-(x)j%)? > TZ; 8x 2 B(xo; " ). Thus

@5 2
@ juj??> ZjA 1\ B(Xo; ")
B(xo;" VA ;1 -
2 2
_un: __nun:un.
C 4( )'=0C 4(2C1) :
Sincexg 2 B" \ By, and (B(xo; ")V A .1 =) (B \ A .1 ), (3.5) implies
Z
@ juip?> "
B2'\A .4 -

which cortradicts (3.2) and thus (3.3) is proved.

Let u- be a radial minimizer of E«(u;B4). Given 2 (0;1=2). Let ; be
constarts in Proposition 3.2 corresponding to . If
Z
(3.6) = @ jupy

B(x";2" )\A .1

then B(x"; ") is called good ball, or simply good ball. Otherwise it is called
bad ball or simply bad ball.
Now supposethat fB(x;; " );i 2 1gis a family of balls satisfying

(Y:xi 2A .0 «5i21; (i):A .1 « [i2iBX:;");
(3.7) (i ) : B(x;; "= 4)\ B(xj; "=4)=;;i 6]
Denote J- = fi 2 1;B(x;; ") is a badballg.
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Prop osition 3.3. There exists a positive integer N such that the number of bad
balls
Card J- N:

Proof. Since (3.7) implies that every point in B; can be covered by nite, say m
(independert of ") balls, from (3.1)(3.6) and the de nition of bad balls,we have

x Z
" "CardJ- 1 jujd)?
iZJz B(X[ ;2" )\A ;1 -
m (1 ju"jz)z
Z[in-‘B(x;‘;Z" WA 1 -
m (1 juj?? mcnn
BlnB

and henceCard J- ™ N.

Proposition 3.3 is an important result sincethe number of bad balls CardJ- is
always nite as" turns su cien tly small.
Similar to the argument of Theorem IV.1 in [1], we have

Prop osition 3.4. There exist a subsetJ  J- and a constant h such that
[i20.B(X;; ") [i20B(x;;h") and

(3.8) ixi xjj>8n ij2J; i8]

Proof. If there are two points x1; X, such that (3.8) is not true with h = |, we take
hy = 9 andJ; = J-nflg. In this case,if (3.8) holds we are done. Otherwise
we cortinue to choosea pair points x3; X4 which does not satisfy (3.8) and take
h, = 9h; and J, = J- nf1;3g. After at most N stepswe may choose h oN
and concludethis proposition.

Applying Proposition 3.4, we may modify the family of bad balls suc that the
new one, denoted by fB(x; ;h");i 2 Jg, satis es

[i23.B(X;; ") [i20B(x;;h"); CardJ CardJ-;
jxi x(j>8nh"ij2Ji6j

The last condition implies that every two balls in the new family are not intersected.
Now we prove our main result of this section.

Theorem 3.5. Let u- be a radial minimizer of E~(u;B;). Then for any 2
(0; 1=2), there exists a constant h = h( ) independentof " 2 (0;1) suchthat Z- =
fx2Bj;ju(x)j<1 g B(0;h")[ B . In particular the zems of u- are contained
in B(O;h")[ B .

Proof. Supposethere existsa point xo 2 Z- such that xo2B (0; h"). Then all points
on the circle Sp = fx 2 By; jXj = jXojg satisfy ju-(x)j < 1 and henceby virtue
of Proposition 3.2 and (2.5), all points on Sy are contained in bad balls. However,
sincejxpj h"; Sp can not be covered by a single bad ball. Sy can be covered by
at least two bad balls. Howewer this is impossible. Theorem is proved.
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Complete the proof of Theorem 1.1.. Using Theorem 3.5 and (2.5), we can
seethat ju-(x)j min(%;l 2); x2BO;h( )")[ B : When 2 (0;h"], this
means

(3:9) jur (¥)j min(i—g;l 2); xZB(0;h( )"):

When 2 (h"; "], from Theorem 3.5 we know that ju-j 1 onBinB .
Moreover, similar to the proof of Proposition 3.2, we may still obtain: for any given

2 (0;1=2), thereare = 7—; 2=0C "(3)"*?; such that if for | >
Z
1 oA
(3.10) o ju-j 2
B \B2"
holds, then ju-(x)j ; 8x 2B \ B": We will take (3.10) as the ruler which
distinguishesthe good and the bad balls. The ball B(x"; " ) satisfying
Z
1 oA
" Ju-j 2
B \B(x";2")

is namedthe bad ball in B . Otherwise, the ball B(x"; " ) is named the good ball
in B . Similar to the proof of Proposition 3.3, from proposition 3.1 we may also
concludethat the number of the good balls is nite. Moreover, by the sameway to
the proof of Theorem 3.5, we obtain that

(3.11) fx2B ;ju(xX)j> g By and ju-(x)j as x2B nBp:

x4. Unif orm estimate

Let u-(x) = f-(r)% bearadial minimizer of E-(u; B1), namelyf- beaminimizer
ixj

of E-(f) in V. From Proposition 2.6, we have
4.1) E-(f-) C"'" P:

for someconstart C independent of " 2 (0; 1).
In this section we further prove that for any given R 2 (0; 1), there exists a
constart C(R) sudh that

(4.2) E-(f:R) C(R)

for " 2 (0;"p) with "o > 0 su cien tly small, where
141 p 41
E-(f;R)= = (f2+(n Dr 22)P=2" Idr+ — (1 )" Ldr:
P r 4P g
Prop ositon 4.1. Given T 2 (0;1). There exist constants T; 2 [ DT iT ]
(N = [p]) and C;, suchthat

(4.3) E-(f;T;) ¢" P

forj =n;n+ 1,::;N, where " 2 (0;"o) with "¢ su ciently small.
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Proof. Forj = n, the inequality (4.3) can be obtained by (4.1) easily Supposethat
(4.3) holdsfor all j  m. Then we have, in particular,

(4.4) E-(f;Tm) Cp"™ P:

If m = N then we have done. Supposem < N, wewant to prove (4.3) forj = m+ 1.
From (4.4) and integral meanvalue theorem, we can seethat there exists T+1 2

[T (M T such that

1

(4.5) o

1 f"z)zjf:Tmu CE-(u;@(0;Tm+1)) Cm "mop;

Considerthe minimizer 1 of the functional
z 1 z 1

1 - 1
EC Tma) = ( 7+ 1)P2dr+ o (1 )dr
Tm+ 2 P Tm+1

It is easyto prove that the minimizer - of E(; Ty+1) ON Wfljp((Tmﬂ;l);R*)
exists and satis es

(4.6) "PyP D72y =1 in (Tmer 1)

(4.7) Jr=Tnw =f0 Jra =f(1)=1
wherev = 2+ 1. Sincef- 1, it follows from the maximum principle
(4.8) - L

Applying (4.1) we seeeasily that

(4.9) E(»;Tm+1) E@+;Tm+1) CE-(f+;Tm+«) C"'™ P:

Now choosing a smooth function 0 (r 1in (0,1] such that = 1 on
(0;Tm+1); =O0Onearr =1andjj C(Tm+1), multiplying (4.6) by ( = )
and integrating over (Tm+1 ;1) we obtain
(4.10) z, . z,

VP 2)=2 I'er:Tm+1 + (P 2=2 r(r v+ pp)dr= wp @ ) cdr

Tm+1 Tm +1

Using (4.9) we have

411
R
j v(p 2)=2 r(r et pr)drj
Tha
an 1 z 1 z 1
Vo D2 2dre 1w ) ar V2 i
Toe T+ T
? ]i 1 1 Z L 1
C e R vP=2dr
Tm+1 p Tm+1

1 .
c'm P4 va‘zjr:Tm+1



70 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMA TICS

and using (4.5)(4.7)(4.9) we have

(4.12)
1 Z, 1 Z, Z,
Iy @ ) rdi= 5] (@ )2 )edr 1 )2 drj
Tm +1 Z Tm +1 Tm +1
1 _ c ~! . .
ﬁ(l Vjr=t, ., * > o (1 )%drj c"m P
Combining (4.10) with (4.11)(4.12) yields
V(p 2)=2 I?jr:Tm +1 C"m P+ }szzjr:Tm +1 :

Hencefor any 2 (0;1),
Vp:zjr=Tm+1 - V(p 2):2( r2+ 1)jf=Tm+1 = V(p 2= r2jr=Tm+1 + V(p 2):2jr=Tm+1

Jr=Tm+1

c'™ P4 }Vp:er:T L+ V(p 2)=2
p m +.

=Cc"m P4+ (%-'- )szzjr=Tm+1 +C()

from which it follows by choosing > 0 small enoughthat
(4.13) Vet CMOP
Now we multiply both sidesof (4.6) by 1 and integrate. Then
Z, Z; Z,
"P VP 22 (1) dr+"P v(P 272 24r + ( 12%dr=o0:
Tm+ Tm+ Tm+

From this, using(4.5)(4.7)(4.13),zwe obtain
1

(4.14) E(;Tma) Cj VP 272 (1) drj
Tm+1

= cvlP A7) jj Gr=tna CVP PP djor,
(C"m p)(p l):p(Cum)1=2 c'm p+1:

Dene w- = fu; forr2 (0;Tm+1); W = «; forr 2 [Tn+1; 1] Sincethat f«
is a minimizer of E- (f ), we have E-(f+) E-(w-). Thus, it follows that
171 _ 1 1t
Er(fr;Tme) = (Z+( Dr 2 2P tdr+ 1 %" tdr
n Tm +1 4 P Tm +1
by vintue of "< Tm+1 Since" is su ciezn tly small. Noticing that
1 1
(2+(n Dr 2 2P=2y" 1gr (n 2)r2 2p=2en 1gr
Tm+ Tm+1
2 1 Z 1
=2 [2+(n r 22s+(n D 221 9)® I2ds 2" ldr
Tm + 0
z7"
C ) 24 (n r 22 272 2pn 14y
+1
2
+C ((n r 2 2P 22 2 Agr
T+
z,""
C (P+ Har

Tm+1
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and using (4.8) we obtain

E"(f";Tm+l)
121 Zl
b (nor At Tdre o (P P
,-2+1 m+1
C ! 2\2
+ Y o a )edr
1Zl

= ((n Dr P2 1dr+ CE( »;Tm+1):

Combining this with (4.14) yields (4.3) for j = m+ 1. It isjust (4.3) forj = m+ 1.

Prop osition 4.2. Given T 2 (0;1). There exist constants Ty+1 2 [%;T] and
Cn+1 suchthat

. . Z
. p:ZJSn lJ ! npl
E«(u;Tn+1) (n 1) T r dr
TN+1

* "N PN = [l

Proof. From (4.3) we canseeE-(u-;Ty) C"N P. Henceby using integral mean
value theorem we know that there exists Ty +1 2 [p55; T] such that

+1
Z z

(4.15) 1 jir ujPdx + —

- @ juj®)idx c"N P
P @©Tha) 4P @OTva)

Denote 5 is a minimizer of the functional
z 1 z 1

E(; Tne) = 1 2+ 1)P=2dr + 2—1p (1 )%dr

TN +1 TN +1

on Wfl,fp((TN +1;1);R* [ f0Og). It is not dicult to prove by maximum principle
that

(4.16) » 1

By the sameway of the derivation of (4.14), from (4.3) and (4.15) it can be con-
cluded that

(4.17) E( 2;Tn+1) C(Tnasr)"'N*E P

Noticing that u- is a minimizer and 2% 2 W5, we also have

(4.18)
E-(fr;Tn+1) E-( 2;Tn+1)
121 1 41
= 5+ 5(n Dr 2P tdr+ (1 )4
p TN +1 2'p TN +1
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On the other hand,

z 1 z 1
[2+(n D)r 222" 1gr [(n r 2 2P=2e" Igr
T%ﬂl 7 ) TN +1
=1 [2+(n Dr 2 2P 2254 (n 1r 221 s)ds 2" ldr
ZT’;_H 0
@ [Z+(n 1 2 2P 272 2" Igr
Tﬁ+:1L 7 .
+C [(n r 22 232 2 140 C [P+ 2]dr:
TN +1 TN +1

Substituting this into (4.18), we have

E-(f;Tnsa)
121 Z
= (n 1P 5" P ldr+ C (5 + 3)dr
p TN +2 TN +1

1 1t )

> (1 p)dr

2 P TN +1

z 1
1— (n 1)p:2 grn p ldl’+ C--N+1 p
p TN +1

z 1

}n 1)p:2 np ldl’+ C--N+l p;
p TN +1

by using (4.16) and (4.17). This is the conclusion of Proposition.

x5. WP conver gence

Basedon the Proposition 4.2, we may obtain better convergencefor radial min-
imizers.

Theorem 5.1. Letu- = f-(r)2 be a radial minimizer of E-(u; B1). Then

X

ix]

(5.1) limu = —; in WEP(K;R")
fimu = :

for any compact subsetK  Bj nfO0g.

Proof. Without loss of generality, we may assumeK = B; nB(0; Ty+1). From
Proposition 4.2, we have

(5.2) E-(u;K) = jS" HE«(f;Tnw) C

whereC isindependert of ". This andju-j 1imply the existenceof a subsequence
u-, of u» and a function u 2 WXP(K;R"), sud that

(5.3) Jim u-, = U weakly in WP (K;RM);
k!
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(5.4) "Iimoju--kj =1 inC (K;R); 2(0;1 n=p):
'S

(5.4) implies u = % Noticing that any subsequenceof u- has a corvergence

subsequenceand the limit is always % we can assert

. . X . Lp( - pNY-
(5.5) ull!mou X weakly in W-P(K;R"):

R
From this and the weakly lower semicortinuity of  jr uj®, using Proposition 4.2,
we know that

Z « Z Z
jrPodime, o growP o Dm0 jrowe?
K X K K K
Z,
Cu[p]+l p+jsn 1j ((n 1)r 2)p:2rn 1dr
TN +1
and hence 7 7 )
lim ir u-jP = jr —j°
Ay KJ J KJ JXJJ
since 7 ) z,
jr —=jP=js" I (n  Dr 2HpP=2e" Lgr:
K X TN a1

Combining this with (5.4)(5.5) completesthe proof of (5.1).

From (3.5) we also seethat the zercesof the radial minimizer u-(x) = f-(r) s
arein Br for givenR > 0 if " is small enough.

x6 Uniqueness and regularized property

Theorem 6.1. For any given" 2 (0;1), the radial minimizers of E-(u;B;) are
unique on W.

Proof. Fix " 2 (0;1). Supposeui(x) = fl(r)% and uz(x) = fz(r)% are both
radial minimizers of E-(u; B;) on W, then they are both weak radial solutions of
(2.1) (2.2). Thus

Z
(r ugj® 2r ur jr ugjP 2r uy)r dx
%
=9 [(ur ) (Uljulj2 Uzjuzjz)] dx
B

"o (Uljulj2 Uzjuzjz) dx:
B

Set =u; ux=(fy fz)%. Take suciently small suc that h < 1.
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Case 1. When h", we have
6.1
(r ugj® 2r ug  jr ug® r ux)r (uz  un)dx
"1 2 17
= W . (f]_ fz)ZdX T . (fl fg)z(ff + f22 + flfg)dX
Z 1 1
—_ 1 2 2 2
= (fr f2)7[1  (f+f5+ faf2)]dx
P $anB ") 2
1 2 2(¢ 2 2 .
+ 5 (f1 f2)dx (f1 f2)°(f{ + f5 + faf)dx:
* BOM) TG
Leting < 3 85 in (3.9), we have fy;f; 123 on BjnB(0;h") for any
given" 2 (0;1). Hence
Z 1 Z
(r uf’ ?rugjrouzl® Zrug)r (U uz)dx " (f1  f2)%dx:
B, B(0:h")

Applying (2.11) of [19], we can seethat there exists a positive constart  inde-
pendert of " and h such that

Z 1 Z
(6.2) it (U1 up)jdx o (f1  f2)2%dx;
B. B(O:h")
which implies
Z 1 Z
(6.3) ir (f1 fo)jfdx  —= (f1 f2)%dx:
B, P BOh)

Denote G = B(0;h"). Applying Theorem 2.1in Ch |l of [16], we have kf knz_n2
kr fko asn > 2, where = % Taking f = f1 f, and applying (6.3), we
obtain f (jxj) = Oasx 2 @ and
z z z
[ jfjrzdx]™ 2 jrfjfdx 2 1 jfjdx" P
B B1 G

Using Holder inequality, we derive
z z z

2 n n 2 n 2 2
ifi2dx  jGjt W[ jfjrzdx]"T jByjt mh2"2 P— jf j2dx:
G G G

Hencefor any given" 2 (0; 1),
z z
(6.4) ifi?fdx  C(;jBaj; ;")h? jfjdx:
G G
R
Denote F( ) = B(Oh( )" jf j?dx, then F( ) 0 and (6.4) implies that

(6.5) F()Q C(;iBaj; ;P O
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On the other hand, sinceC( ;jBij; ;") isindependert of , we may take0O< <
3 S5 sosmallithat h=h() 9V = 9N - (which isimplied by (3.4)) satis es
1< C( ;jBij; ;")h? for the xed " 2 (0;1), which and (6.5) imply that F( ) = 0.
Namely f = Oa.e.on G, or f1 = f,, a.e. on B(0; h"): Substituting this into (6.2),
we know that u; u, = C a.e. on B;. Noticing the cortinuity of uy;u, which is
implied by Proposition 2.1, and u; = u; = X on @1, we can seeat last that

up = uz; on Bj:
When n = 2, using
(6.6) kf kg kr f ka=

which implied by Theorem 2.1 in Ch Il of [16], and by the sameargumen above
we can also derive u; = u, on Bj.
Case 2. When h" < ". Similar to (6.1), by taking <

(3.11) we get

©7 5 7
jir (f1 f2)jPdx (r ugj® 2rur  jr ug® %r ux)r (uy  un)dx
BlZ Bl
= (f1 f2)%[1 (F7+ 2+ fif3)ldx
Bing z
+C(") ? (f1  f2)%dx+ C(") (f1  f5)2%dx
2B nBy ZBOh")

c(") ? (f1  fp)2dx+ C(") (f1 f2)2%dx:
B nBp B (0;h")

N[

s and using

z z

2c() (f1 f2)2dx C 2 (f; f,)%dx
Bi
z
C2( (f1 %)™ C 2 jr(fy fo)j%dx
Bl Bl
(which implied by (6.6)) into (6.7) and choosing su cien tly small, we have
z z

jr (f1 fa)j%dx C (f1  f2)2%dx;

B By

this is (6.3). The other part of the proof is as sameasthe Casel. The theoremis
proved.

In the following, we will provethat the radial minimizer u- canbe obtained asthe
limit of a subsequenceu.«of the radial minimizer u. of the regularized functionals
Z Z z

E(WBY= = (ru?+ PP = (1 U
n

i
D s, I zp Juh (>0

B

onW as ¢! 0, namely
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Theorem 6.2. Assumethat u. be the radial minimizer of E. (u; B1) in W. Then
there exist a subsguene u.x of u. and &+ 2 W suchthat
(6.8) lim u. = ;i WLP(B{;R"):

k*

Here & is just the radial minimizer of E-(u; B1) in W.
It is not dicult to proof that the minimizer u. is a classical solution of the
equation

(6.9) div(v(P 2=2r y) = %u(l juj?); on BinB ;

. _ 1 .
div(v(PP 22r y) = EUJUJZ; on B
and also satis es the maximum principle: ju.j 1onBg, wherev = jr uj?+ . By
virtue of the uniquenessof the radial minimizer, we know & = u-. Thusthe radial
minimizer u- can be regularized by the radial minimizer u. of E. (u; B1).

Pro of of Theorem 6.2.. First, from (2.8) we have
(6.10) E.(u.;B;) E.(u;B;) CE-(u-;By) C"2°P

as 2 (0;1), where C doesnot dependon " and . This and ju.j 1 imply that
ku- kw1 g,y  C("). Applying the embedding theorem we seethat there exist a
subsequencal.* of u. and & 2 WP(B;;R") such that

(6.11) uk ! e weakly in WEP(By;RM);
(6.12) uk ! w; in C(B;R");;
gs k ! 0. Since (6.11) and the weakly low semicortinuity of the functional
g, Jr UjP, we obtain
z z
(6.13) jree? im0 jroukP
Bl Bl
From (6.12) it follows t~ 2 W. This meansE.x(u.x;B;) E.x(&;B1), i.e.,
(6.14) lim . oE.*(u.x;By) lim E.*(er;Ba):
K
We can alsg deduce 7 7 7
1 jukp)i+ jusjtt 1 jwj?)2+  jwjt
Bin Bin
from (6.12) as ¢ ! 0. This and (6.14) show
z z z
im0 (rutf+ P2 dlime (et = e
Bl k- Bl Bl

R
Combining this with (6.13) we obtain 5 jr u.jP! 4 jr &jPas ! 0, which
together with (6.11) impliesr u.x ! r &; in LP(B1;R"). Noticing (6.12) we have
the conclusionu.k ! & ; in W1P(B1;R") as ! 0. This is (6.8).
On the other hand, we know
(6.15) E.*(u.*;B1) E.*(u;B1)

for all u 2 W. Noticing the conclusionlim ,, ¢ E.*(u.x;B1) = E-(t+;B1) which
had been proved just now we can say E-(u;B1) E-(u;B1) when ! 0in
(6.15), which implies & be a minimizer of E-(u; B1).
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x7. Proofs of (1.2)

Prop osition 7.1. Assumeu. = u = f(r)%. Then there exists C > 0 which is
independentof ;  suchthat

kf ke 1; (KR ) C, 8 1=2;

where K (0;1) is an arbitrary closal interval.

Proof. From (6.9) it followsthat f solves
(7.1) (AP 272ty (n Dr AP 272f 4 2A(P 272

= %f(l f2); on ( ;1)
whereA = f2+ (n 1)r 22+ . TakeR > Osucien tly small suc that K
(2R;1 2R). Let 2 C} ([0;1];[0;1]) be a function satisfying = 0 on [0;R] [
[l R;1], =10on[2R;1 2R]andjr j C(R) on (0;1). Dierentiating (7.1),
multiplying with f, 2 and integrating, we have
z 1 z 1
(A(p 2)zzfr)rr(fr Adr (n 1) (r Al 2):Zfr)r(fr Z)dr
0 0
+(r PAP PR (F Adr= 5 Q@ fA(f Pdn
0 0
Integrating by parts yields
z 1 Z 1
(A(p 2)zzfr)r(fr 2),dr + AP 2):z(fr el(n - Dr M,
0 0
141
r2fldr = (1 f2)f2 2dr:
P o
R
Denote | = é Ro2AlP 222§2 1 (p 2)A(P 9=2f 22 )dr, then for any 2 (0; 1),
there holds
Z 1 R 1 Z 1 R
(7.2) | | + C() AP=2 2dr + o f2(1 f2) 2dr
R R

by using Young inequality. From (7.1) we can seethat

%(1 f2 =1 1 (AP 2325 ),  (n 1r AP D2 4 2Al D24
Applying Young inequality again we obtain that for any 2 (0;1),
Z, Z; g

@ f5f22dr 1+C() AP*2) =2 24
R

1
T3

Substituting this into (7.2) and choosing su cien tly small, we have

ZlR ZlR

(7.3) | C AP=2 2dr + C AP =2 24y
R R
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To estimate the secondterm of the right hand sideof (7.3), wetake = 2=9f (P*2) =
in the interpolation inequality (Ch Il, Theorem 2.1in [16])

k kia  Ck ki, "% ki3 g2 (1+ %;2):

We derive by applying Young inequality that for any 2 (0;1),

z 1 R z 1 R
(7.4) fP*2 2dr  C( 2=ajf j(P*2) =aqr)
R R
(5 PO (i T 25 )T
z
1 R 1 R
C( 2:qurj(p+2) :qdr)( 2=q 1j rjjfrj(p+2) =q
R b L R R
p+2

+ 1+ C() A
R

5 4=q Zdr)q 1.

We may claim

z 1 R
(7.5) APZ2dr C;
R

by the sameargument of the proof of Proposition 4.2, where C is independert of
"and . In fact, from (6.10) we may also derive (4.17). Noting u. is a radial
minimizer of E. (u; B;), replacing (4.18) we obtain

X
E. (f"ij;BlnB(o;TN+1)) CE( 2;Tn+1)
z 1
_(n 1)p:2 [nop 1dr+ C..N+l p.

TN+

This meansthat (7.5) holds.
Noting g2 (1 + %; 2), we may using Holder inequality to the right hand side of
(7.4). Thus, by virtue of (7.5),

Zl R
fP2 2dr 1+ C():
R

Substituting this into (7.3) we obtain

ZlR

AP 2=2¢2 24r  C:
R

which, together with (7.5), implies that KAP* ky1(r.1 ry C. Noticing = 1on
K, we have kAP**ky1(«) C. Using embedding theorem we can seethat for any
1=2, there holds kAP**kc () C. It is not dicult to prove our proposition.
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Theorem 7.2. Letu- = f--(r)% be a radial minimizer of E-(u;B3). Then for any
compact subsetK  B; nf0g, we have

i W = L i 1 RNy .
.!l!mou X in C* (K;R"); 2 (0;1)

Proof. For every compact subset K B, nf0g, applying Proposition 7.1 yields
that for some 2 (0;1=2] one has

(76) Ku. kcl; (K) C= C(K),
where the constart doesnot depend on ";
Applying (7.6) and the embedding theorem we know that for any " and some
1 < ,there exist w. 2 C¥ 1(K;R") and a subsequenceof  of such that as
k! 1,
(7.7) us! we; in CY 1(K;R"):
Combining this with (6.8) we know that w- = u-.
Applying (7.6) and the embedding theorem again we can seethat for some

> < , there exist w 2 C% 2(K;R") and a subsequenceof  which can be
denotedby , such that asm! 1,

(7.8) u" ! ow; in CH2(K;R"):
Denote = min( 1; 2). Thenasm! 1 , wehave

m m

+ kuz chl; (KR M) 0(1)

(79) kU" chl; (K;R n) kU" unz kcl; (K;R n)

by applying (7.7) and (7.8). Noting (1.1) we know that w = %

Noting the limit % is unique, we can seethat the corvergence(7.9) holds not
only for somesubsquenceéut for all u-. Applying the uniqguenessheorem (Theorem
6.1) of the radial minimizers, we know that the regularizable radial minimizer just

is the radial minimizer. Theorem is proved.

x8. Pr oof of Theorem 1.4

First (3.1) shows onerate that the minimizer f- corvergeto 1 as" ! 0. More-
over, proposition 4.2 implies that for any T > 0,
p 41
2\2,.n 1 .
(8.1) I @ f5" Hdr C

In the following we shall give other better estimatesof the rate of the convergence
for the radial minimizer f- than (8.1).
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Theorem 8.1. Let u-(x) = f--(r)j%. be the radial minimizer of E-(u;B;). For
any T > 0, there exists a constant C > 0 which is independent of " suchthat as"
su ciently small,

(8.2) iF9Pe dr+ = @ £2)%" dr crPHoP:
T

Here [p] is thg integer number partzof p. Moreover, as" ! ZO,

1 1 X
(8.3) - it u P+ — @ juj’)?r = jir —j":
BinBt 4" g ong, P BinBro X
Proof. By proposition 4.2 we have
Z 1
(84) E. (f..;BT) % (n 1)p:2rn p ldr + C"z([p]+l p):p'
T
thus,
z 1
(8.5) (@ f)2dr  C(T)"P;
T
for any T > 0. On the other hand, Jensen'sinequality implies
Z 1
E-(f-;Bt) % ifgPr™ dr
T
Zl f"Zp—2nl 1Zl 2\2,n 1
+B T((n 1)r_2) r dr+ﬂ T(1 fo)er tdr:
Combining this with (8.4) we have
141 f2
(8.6) = ((n 1—)P*r" Ydr E-(f+;Br)
P r r 2
1
crate P L T gz b1y
P T
Applying (8.5) and Helder's inequality we obtain
Z
1 1
(n Dr 2)P=2en Igr (n  L)r 2£2)P=2r" 1gr
Z, T Z,
= (n P P L1 fP)dr C(T) (1 fu)dr
TZ T
1

C( @ f»)2dr)t=2 c"r=2:
T

Substituting this into (8.6) we obtain

(8.7) C"P=2  E.(f+;Br7)
121
p (b 2)p=2rn idr  cripkt P
.
Noticing
17 X jsn 1121 _
5 B1nBr (0) r JTJ'jpz p T((n Dr £Pen A,
1NBT

from (8.7) we can seethat both (8.2) and (8.3) hold.
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Theorem 8.2. Let u-(x) = f--(r)j%. be the radial minimizer of E-(u;B;) on W.
Then there exist C;"¢ > 0 suchthat as" 2 (0;"o),
z 1

®.8) TP (@ FH)dr CP:
)

(8.9) sup (1 f-(r)) C"P =:
r2[T;1]

(8.8) givesthe estimate of the rate of f+'s corvergenceto 1 in WP[T; 1] sense,
and that in C°[T; 1] senseis showved by (8.9).

Proof. It follows from Jensen'sinequality that

z 1
E-(f-;T) = é [(F)? + erl)f-?]p:zr” tdr
T
Z 1
+$ @ 22" dr
4'r
141 1 %1
5 (f9Prn ldr+H (1 £22r" ldr
T. T
1Zl[n 1p=2
+ B Tf..prn ldr:
.

Combining this with Proposition 4.2 yields
Z, z

1 1~
S (9P dr+ — @ A" ldr
p 7 4'P
1 p:2
% [n rs-] ¢l .I:"p)rn 1gr + c 1 p.
T

Noticing (8.1), we obtain
z 1 z 1

(8.10) Lo g gre L T 122 g
p 7 4'0
1 p:2
C [n 1] (1 f--)r” 1dr+ Cu[p]+l p
T re

Cup:2 + C||[p]+l p Cnl[p]+1 p.

Using Proposition 4.2 and (8.10), as well as the integral mean value theorem we
can seethat there exists

T2 [T;T(1+ 1=2)] [R=2;R]
such that

(8.11) [(f-)2+(n Dr -y, Ci;
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1
(8.12) [G(l £2)2=1, CypPFL P
Consider the functional
1Z 1 1 Z,
E(; Ty) = = 24 1)P2gr+ — (1 )2dr:
P T, ' AL

It is easyto prove that the minimizer 3 of E(; Ty1) in Wflj”((Tl;l);R+ [ fOg)
exists.
By the sameway to proof of (4.14), using (8.11) and (8.12) we have

E( 3Ta) vz a1 3)jr=1, Ci(1 3(T1) C"FI:

where F[j]= L P, (Zizj UP-j = 1:2: . Hence,similar to the proof of Propo-
sition 4.2, we obtain

Z 1 —
p=2
E-(f+;T1) crFI 4+ :_L &

dr:
pr Pt

Furthermore, similar to the derivation of (8.10), using (8.1) we may get
Z, 1 Z,
(FAPr™ fdr+ o (@ A" tdr CFH 4+ CrP2 Pl
T1 T1

SetTy = R(1 2%). Proceedingin the way above (whoseidea is improving the
exponerts of " from F[k] to F[k + 1] step by step), we can seethat there exists
somem 2 N satisfying F[m 1] 5§ F[m] sud that

Z, 1 Z 4
(8.13) (f9Prdr + T £2)2r" ldr

Tm Tm

[pl+1 ™ 1 - _
C"p_zm_p+ Eomt + Cup-Z Cup-Z:

Similar to the derivation of (8.11) and (8.12), it is known that there exists Tm+1 2
[Tm; 3Tm=2] such that

(8.14) [(f)e+( Dr *$%=1,., G
1 2\2 np=2.
(8.15) [W(l f)Y=7,., C :
The minimizer 4 of the functional
121 !
E(; Tme1) = = 2+ 1)P=2dr + >p (1 )%dr
Tm +1 Tm +1

in WP((T1;1); R*) exists. By the sameway to proof of (4.14), using (8.15) and
(8.14) we have

E( 4;Tm+1) v w(@ 3jr=1,. C@A  4(Tms1)) CCH:
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where G[j] = p;—JZ + (ij—jl)p;j =m+ 1m+ 2, . By the argumen of proof of

Proposition 4.2, we obtain

141

E"(f";Tm+l) C"G[l] + -
p Tm +1

[h 1P
rpil dr.

Furthermore, similar to the derivation of (8.10), using (8.13) we may get

z 1 1 z 1
(FAHPr™ Hdr+ = (1 22" dr  c ol
Tm +1 P Tm +1
Proceedingin the way above (whoseidea is improving the exponerts of " from
G[k] to G[k + 1] step by step), we can seethat for any k 2 N,

Z1 1Zl p=2, 2% 1p
(P ldr+ = @ £2%r" dr CcrFE T o

Tm+k P Tm+k

Letting k! 1 , we derive

FIPr™ dr+ =~ (@ fHHE" dr CP:
R P R
This is (8.8).
From (8.8) we can seethat
V4 1
(8.16) 1 22" dr c 2P
T

On the other hand, from (5.2) and ju-j 1 it followsthat kf-kyi» (T1:1)8) C.
Applying the embedding theorem we know that for any ro 2 [T;1],

jfe(r) fe(ro)j Cjr rojt ¥P;8r2(rg "ro+"):
Thus
@ )7 @ B’ T A (o)

Substituting this into (8.16) we obtain

zZ, Z e L
cnep @ 22" ldr @ 22" dr 5(1 fu(ro))? "
. .

fo

which implies1 f-(rg) C"P Zz: Noting r is an arbitrary point in [T; 1], we have

sup (1 f-(r)) C"P =:
r2[T;1]

Thus (8.9) is derived and the proof of Theorem is complete.
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ON THE LAR GE PROPER
SUBLA TTICES OF FINITE LATTICES

Zhang Kunlun, Song Lixia and Sun Yikang

Abstra ct. In this present note, We study and prove some properties of the large
proper sublattices of nite lattices. It is shown that every nite lattice L with jLj > 4
contains a proper sublattice S with jSj [2(jLj 2)]¥%+ 2> (2jLj)1=3.

A.M.S. (MOS) Subject Classication Codes. 06B05

Key Words and Phrases. Finite lattice, Irreducible , Convex poset, Sublattice

1 Intr oduction

In [2], Tom Whaley proved the following classicresult about sublattices of lat-
tices.

Theorem 1.1. If L is a lattice with k = jLj in nite and regular, then either
(1) there is a proper principal ideal of L of sizek,or
(2) there is a proper principal Iter of L of sizek, or
(3) My, the modular lattice of height 2 and sizek, is a 0, 1-sublattice of L.

Corollary 1.2. If L is innite and regular, then L has a proper sublattice of car-
dinality jLj.

In [4], Ralph Freese,Jennifer Hyndman, and J. B. Nation proved the following
classicresult about sublattices of nite ordered setand nite lattices.

Theorem 1.3. Let P be a nite ordered setwith jPj = n. Let = dn'™e. Then
either

(1) there is a principal ideal | of P with jl ] , or

(2) there is a principal Iter F of P with jF]j , or

(3) P contains a super-antichain A with jAj
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Theorem 1.4. LetL bea nite lattice with jLj = n+ 2. Then one of the following
must hold.

(1) There existsx < 1 with j(x]j n'3;

(2) There existsy > 0 with jly)j] n'=3;

(3) M is a0, 1-sublattice of L, where = dn'3e.

The above result givessomelower bound of the large proper sublattices of nite
ordered set and nite lattices, but they are not so good. In this presern note, We
give a new lower bound of the large proper sublattices of nite lattices. Our rst
main result is that:

Theorem 1.5. LetL bea nite lattice with jLj = n > 4. Then there exists proper
sublattice S L with jSj [2(n  2)]*3+ 2> (2jLj) ™.

2 Definitions and Lemmas

Let (P; ) beaposetandH P, a2 P. The ais an upper boundof H if and
onlyif h aforallh2 H. An upper bound a of H is the least upper boundof H if
and only if , for any upper bound bof H, we havea b. We shall write a = supH.
The conceptsof lower bound and greatest lower bound are similarly de ned; the
latter is denoted by inf H. Set

M (P) = f(a;b) 2 P Pj supfa; bgandinff a; bgexist in Pg

(x]=fa2 Pja xg, [x)=fa2Pjx ag [xlp = (X][ [X):

[ [
Ne= (@[ [b:

a x b x
wherex 2 P.

Denition 2.1. A poset(L; ) is a lattice if supfa;bg and inffa;bg exist for all
a;b2 L.

Theorem 2.2. . A poset(P; ) is a lattice if and only if M (P) = P

Denition 2.3. If (A; ) is a poset, a;b 2 A, then a and b are comparable if
a bora b Otherwise,a and b are incomparable, in notation akb. A chain is,
therefore, a posetin which there are no incomparable elements. An unorderedposet
is one in which akb for all a6 b. (A; ) is a convexposetif C(P) = fa2 Pjaé
inf P;a6 supP anda& x for all x 2 Pg= 7.

Denition 2.4. Let (A; ) be a posetand let B be a non-void subsetof A. Then
there is a natural partial order g on B induced by : for a, b2 B:a g bif and
onlyif a b, wecall (B; g); (or simply, (B; )) asubposetof (A; )

Denition 2.5. Let (A; ) be a posetand let B be a submsetof A. If M(B) =
M (A)\ (B B) andsupsfa;bg=supafa;bg, infgfa;bg= infsfa;bgforall (a;b) 2
M (B), thenwecall (B; ) asemi sublattice of (A; )

Denition 2.6. A chain C in a posetP is a nonvoid subsetwhich, as a submset,
is a chain. An antichain C in a posetP is a nonvoid subsetwhich, as a subpset,
is unordered.
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Denition  2.7. The length, I(C) of a nite chainis jCj 1. A posetP is said
to be of length n (in formula I(P) = n) where n is a natural numkber, if and only if
there is a chain in P of length n and all chain in P are of length n. The width
of poset P is m, where m is a natural numker, if and only if there is an antichain
in P of m elementsand all antichain in P have m elements.

We say that A P is a super-antichain if no pair of distinct elemers of A has
a common upper bound or a common lower bound. Let S P

Lemma 2.8. . If P is a convexposet, letx 2 P, then (x], [x) and [x]p = (X][ [X)
are proper semi-sublattiees of P.

Lemma 2.9. If P is a convex poset with jPj > 1, let = maxxz2p j[X]p], then
jiNaj 1 %( 1)foralla2P.

Proof. Since be the largest size of a proper semi-sublattice [x]p of P, so that
ixlei forall x2 P. Fora2 P ,ifs=jfy2 (aljx y) x=yforall x2 Pgj
andt = jfy 2 [a)jy x) y= xforall x2 Pgj, then

jNaj t( s D+s( t 1+1=( D(s+t) 2ts+ 1
where0Q s+t 1. A little calculusshowsthat this is at most %( 1)(
1)+ 1. ThenjNaj 1 3( 1)

Lemma 2.10. If P is a nite convexposetwith k = (2jPj)**3 , then either
(1) there is a proper semi-sublattie [a]p of P of sizej[alpj k, or
(2) P contains a super-antichain of size k.

Proof. . Supposethat (1) fail. We will construct a super-antichain by trans nite
induction. Let jPj= n. For every a2 P set

[ [
Na=  (XI[ [y

X y a

We form a super-antichain A as follows. Choosea; 2 P arbitrarily . Given

a;  ;am, chooseam+1 2 P 1 i m Na aslong as this last set is nonempty.
Thus we obtain a sequencea;; ;a; wherer dn:(%( 1)2 + 1)e n:(% 2)
such that fa;;  ;a g is a super-antichain. Sincer(3 2) n, either (2n)=s

orr (2n)'73, that is. either  (2jP))*2 orr (2jPj)*S.

Denition  2.11. Let (L; _;”) is a nite lattice, a 2 L, it is join-irr educible if
a= b_cimplies that a= bor a= c it is meet-irreducible if a = b” c implies
that a= bor a= c. An elementwhich is both join- and meet- irr educible is called
doublyirr educible, let I rr (L) denotethe set of all doubly irr educible elementsof L.

3 Main Theorems

Theorem 3.1. Let L be a nite lattice with jLj = n > 4and P = L nf0;1g,
C(P) = ?. Then one of the following must hold.

(1) There exists proper sublattice S= [a]p [ fOg (or S=[alp [ f1g) L with
isi (2n 2T+ 1

(2) My is a 0, 1-sublattice of L, where k = d(2(n  2))**2 + 2e.
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Proof. Let P = L nf0;1g. Note that this makesjLj= n andlet = maxxzp j[X]p].
Then by lemma 2.10 we have :

either there is a semi-sublattice [a]p of P of sizej[alpj] (2(n 2))'73,

or P cortains a super-antichain of size(2(n  2))=3.

Obsenethat [a][ fOgand [a][ f 1g are proper sublattice of lattice L (for all a 2 P).
Thus either there is a proper sublattice S = [a]p [ fOg(or S = [a]p [ f1g) of L of
sizejSj [3812(h 2)+ 1, or L contains a M of size(2(n  2))3 + 2.
Corollary 3.2, LetL bea nite lattice with jLj=n> 4and C(L nf0;1g) = ?.
Then there exists proper sublattice S L with jSj (2(n  2)7 + 2;

Theorem 3.3. LetL bea nite lattice with jLj=n> 4and C(L nf0;1g) 6 ?.
Then there exists proper sublattice S L with |Sj %(n + 3).

Proof. Let a2 C(L nf0;1g) 6 ?. Then eithera xora xforallx2L. Thus
we have
L =T[al. = (a][ [a):

Therefore

(1) If minfj (a]j;j[a)jg = 2, then we have: maxfj (aJj;j[a)jg=n 1 i(n+ 3);

(2) If minfj (a]j;j[a)jg > 2, then we have: maxfj (alj;j[a)jg s5(n 3+ 3=
Z(n+ 3):

The proof is complete.

=

Proof. [Proof of Theorem 1.5] This proof is obvious from Lemma2.10and Theorem
3.3.

4 the lar ge proper sublattices of finite modular la ttices

In the construction of the super-arntichain in Lemma 2.10 we started with an
arbitrary elemen a;. We record this stronger fact in the next theorem.

Theorem 4.1. LetL be a nite lattice with jLj=n> 4and C(L nf0;1g) = ?,
let P = Lnf0;1g and = maxk2p j[x]p [ f0;1gj. Then every elementof L is
contained in a 0, 1-sublattice M of L with k(%( 2)2) n 2. In particular, if
n 2>1( 202 thenL is complementel.

Proof. This proof is obvious from Lemma 2.8 and Theorem 3.3.
A simple application is:

Theorem 4.2. LetL bea nBe modular lattice with jLj = n > 4. Then L hasa
proper sublattice S with jSj 2n.

Proof. Let P = L nf0;1g.

Case 1. When C(P) = C(L nf0;1g) 6 ?. the proof is trivial( by Theorem 3.3
).

Case 2. When C(P) = C(L nf0;1g) = 2. If n 2 %( 2)?, then L hasa
sublattice S = [a]p [ f0;1g with jSj = 2(L] 2)+ 2 2n (by Theorem
4.1). Sowe may assumethat n 2 > %( 2)?, whenceby Theorem 4.1, L is
complemenied. The result is true for L = My, sowe may assumethat L hasheight
greater than 2. Thereis a elemert b2 L nf0;1g with jlb].j = > 3 (L has height
greaterthan 2), then there existsa elemert b°2 [, nf 0;b;1g. And wehaveN, 6 P
byn 2> %( 2)?. Hencethere exists a element ¢ 2 P nN,. Sincec 62N,
sublattice f0; b;b% c®1g of L is a pentagon, cortrary to our assumption.
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De nition 4.3. For a nite lattice L , let

L) = max iSj
L) SZSub(L);SSLJ )

Theorem 4.4. LetL be a nite lattice with jLj = n. Then (L)=n 1if and
only if Irr(L)nf0;1g6 ?.

Proof. . The proof is trivial.
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A CLASS OF RUSCHEWEYH - TYPE HARMONIC
UNIV ALENT FUNCTIONS WITH VARYING AR GUMENTS

G.Mur ugusund aramoor thy

Abstra ct. A comprehensive class of complex-valued harmonic univalent functions
with varying arguments de ned by Ruscheweyh derivativ esis intro duced. Necessary
and su cien t coe cien t bounds are given for functions in this classto be starlik e.
Distortion bounds and extreme points are also obtained.
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Key Words and Phrases. Harmonic, Univalert, Starlike

1. Intr oduction

A cortinuous function f = u + iv is a complex- valued harmonic function in
a complex domain G if both u and v are real and harmonic in G: In any simply
connecteddomain D G we can write f = h+ g where h and g are analytic in
D: We call h the analytic part and g the co-analytic part of f: A necessaryand
su cien t condition for f to be locally univalent and orientation preservingin D is
that jh%z)j > jg%z)j in D (see[2]).

Denote by H the family of functions f = h + g that are harmonic univalent
and orientation preserving in the open unit disc U = fz : jzj < 1g for which
f(0)=h(0)=0=1f,0) 1 Thusforf = h+ gin H we may expressthe analytic
functions for h and g as

3 *
h(z)=z+ amz™; 9(z) = bz + bnz™ (0 by < 1): (1)

m=2 m=2

Note that the family H of orientation preserving,normalized harmonic univalent
functions reducesto S the classof normalized analytic univalent functions if the
co-analytic part of f = h+ gisidentically zerothat isg O:
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Forf = h+ ggivenby (1) andn> 1; we de ne the Rusdheweyh derivativ e of
the harmonic function f = h+ gin H by

D"f(z) = D"h(z) + D"g(z2) @)

P
where D the Ruscheweyh derivativ e (see[5])of a power series (z) = z+ mz™

m=2
is given by
n — z _ X . m
D" (2) = m (z)=z+ . C(n;m) mz
where
C(n:m) = M+ Dm 2 _ (n+D(n+2):::(n+ m 1):

(m 1) (m 1)

The operator stands for the hadamard product or corvolution product of two
power series

(2) = mz™ and (z) = mZ

m=1 m=1
de ned by “
( 2= @& @= m mz":
m=1

For xed values of n(n > 1); let Ry(n; ) denote the family of harmonic
functions f = h + g of the form (1) suc that

@@(argD”f(z)) ;0 <1 jzi=r< L (3)

Wealsolet Vi-(n; ) = Ry (n; )\ Vy ; whereVy [3], the classof harmonic functions
f = h+ gfor which h and g are of the form (1) and their exists sothat, mod 2 ;

m+(m 1) S m+(m 1) Oom 2 (4)

where , = arg(am) and ,, = arg(bn):

Note that Ry (0; ) = SH( ) [4]; is the classof orientation preservingharmonic
univalent functions f which are starlike of order in U; that is @@(argf (ré ) >
wherez = ré in U:In [1], it is provedthat the coe cien t condition

m(jamj + jbmj) 1 by

m=2

is su cien t for functions f = h + g and of the form (1) to be in SH (0): Recenly
Jahangiri and Silverman [3] gave the su cien t and necessaryconditions for func-
tions f = h+ g of the form (1) to be in Vy( ) whereO < 1. Further note
that if n = 0 and the co-analytic part of f = h + Jis zero, then the classVg(n; )
reducesto the classstudied in [6].
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In this paper, we will give the su cien t condition for f = h + g given by (1)
to bein the classRy (n; ); and it is showvn that thesecoe cien t condition is also
necessaryfor functions in the classVg(n; ): Finally we obtain distortion theorems
and characterize the extreme points for functions in Vg(n; ):

2.Coecien t Bounds

In our rst theorem we obtain a su cien t coe cien t bound for harmonic func-
tions in Ry (n; )

Theorem 1. Letf = h+ ggivenby (1). If

X m m + 1+
1—jamj+ 1—jbmj C(mym) 1 I by (5)
m=2
wherea; = 1and 0 1;thenf 2 Ry (n; ):

Pro of. Toprovef 2 Ry (n; ); by de nition of Ry (n; ) we only needto show
that if (5) holds then the required condition (3 ) satis ed. For (3) we can write

( )
@ n _ z(D"h(z))° z(D"9(2)° _ .. AQ@).
@(argD f(2)) = Re Dih(z) D"g(2) = Re B
Using the fact that Re w if and only if j1 +wj jl+ wj; it suces to
show that
jA()+ (1 )B(2)] jA(z) (1+ )B(2)) O (6)

Substituting for A(z) and B(z) in (6), which yields
jA()+ (1 )B(2) jA(z) (1+ )B(2)]

P
2 iz 2[mC(r1:m)+(1 )C(n; m)ljamjjzj™

m=

°

l[mC(n:m) @ )C(nm)libnj jzi™  jzj

m

, [mC(n;m) (1+ )C(n;m)ljamjizj™

m

. [MC(n;m) + (1+ )C(n;m)ljbmj jzj™

m

L P o P
21 )izj 1 T —jamjizi™ 'C(n;m) M jbnjjzi™ 1C(n; m)

m=2 m=1
( )
.. 1+ % m L % m+ o
21 )jzj 1 1 by 1—C(n;m)JamJ+ 1—C(n;m)Jth
m=2 m=2

7
The last expressionis non negative by (5), and sof 2 Ry (n; ):
Now we obtain the necessaryand su cien t conditions for function f = h+ g be
given with (4).
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Theorem 2. Letf = h+ gbegivenby (1). Then f 2 Vig(n; ) if and only if

A m . m+ 1+
7 iamit 1—me1 C(n;m) 1 1 by (8)
m=2
wherea; = 1and 0 < 1

Pro of. SinceViz(n; ) Ry (n; ); weonly needto prove the "only if" part of
the theorem. To this end, for functions f 2 Vir-(n; ); we notice that the condition
S(argD"f (2)) is equivalert to

( z(D"h(2))° z(D"g(2))°

@ n - :
@(argD f (2)) = Re Dih(z) D"g(2) 0:
That is
2 P P 3
ax )z+ (m  )C(n; m)jamjz™ (m+ )C(n; m)jb jz™
Reg =2 ) ] mel o:
z+ C(n; m)jamjzm + C(n; m)jly,jz™
m=2 m=1

9)
The above condition must hold for all valuesof z in U: Upon choosing according
to (4) we must have

P . P I
@ ) A+ )b (m )C(mm)jamjr™ *+ = (m+ )C(n;m)jbyjrm *
=2

m=2 m

P P

1+ jbyj+ C(n;m)jamj + C(n;m)jbyj rm 1
m=2 m=2

(10)

If the condition (8) does not hold then the numerator in (10) is negative for r

sucien tly closeto 1. Hencethere exist a zo = rg in (0,1) for which quotient of

(10) is negative. This cortradicts the fact f 2 V5(n; ) and so proof is complete.

Corollary 1. A necessaryand su cien t condition for f = h+ g satisfying (8) to
bestarlikeis that arg(am) = 2(m 1) =k;andarg(bn)=2 2(m 1) =k;(k=
1;,2;3;::0):

Our next theorem on distortion bounds for functions in Vi-(n; ) which yields a
covering result for the family Vig-(n; ):

Theorem 3. If f 2 Viz(n; ) then

if (2)j 1+ jbyj)r+ - 1+ jbij r2jzi=r<1
J J 15 Cn2 2 > J01) 2] =
and
1 1+

NN L NP _
t@ A+ =57 2 oy b 15z =r< I (11)
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Pro of. We will only prove the right hand inequality in (11). The argumert for
the left hand inequality is similar. Let f 2 Vi-(n; ) taking the absolute value of f;
we obtain

X
if(2)j @+ jbyj)jrj+ (jamj + jbmj)jrj™
m=2
b3
@+ b)r+r?  (jamj+ jbm]
m=2
That is
|
N L 1 X 2 Hyem?2. . 2 H)cm?2). .
if (2)j (1+JQJ)V+W - %Jaml'k%lbml r?
. 1 1+ .
(1+Jb.LJ)f+C(n;2)(2 ) 1 1 joj T
. 1 1+ .,
(1+Jbu)r+c(n;2) 3 > jbij r?:

Corollary 2. Let f of the form (1) be sothat f 2 Vi(n; ): Then

2C(n;2) 1 [C(n;2) 1] 2C(n;2) 1 [C(n;2) 1]

wew < @ )cn2) @+ )cn: 2)

b f(U):

12)
We usethe coe cien t boundsto examine the extreme points for V4(n; ) and
determine extreme points of Viz-(n; ):

Theorem 4. Set , = m and ., = Mw For b; xed, the

extreme points for Vig(n; ) are
fz+ mxz™+ bzg[ fz+ biz+ nxzMg (13)
wherem 2andjxj=1 jbj:

Pro of. Any function f in Vz(n; ) may expressedas

R _ _ X _
f(z)=2z+ jamj€ mzM + bz + jbnje mzm;

m=2 m=2

where the coe cien ts satisfy the inequality (5). Set

hi(z) = z; 01(2) = biz; hm(2) = z+ me "z™; gn(z) = biz+ me "z™ form= 2;3;::::

. . P
Writing X, = Boloy = Bolom = 2:3:::-andX; = 1 XmiYi=1 Ym

" " m=2 m=2

we have,

X
f(z) = (Xmhm (2) + Ym g (2)):

m=1
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In particular, setting
fi(z) = z+ iz and f i (2) = z+ mxz™ +biz+ yzZ™ (M 2Zjxj+jyj= 1 jbij)

we seethat extreme points of Vii(n; ) are contained in ffn, (z)g:

To seethat f;(z) is not an extreme point, note that f1(z) may be written as

M@= 510h@+ o0 2o+ 5@ 0 i)y

a corvex linear combination of functions in Vig-(n; ):

To seethat is not an extreme point if both jxj 6 0 and jyj 6 0; we will show
that it can then also be expressedas a cornvex linear combinations of functions in
V(n; ): Without lossof generality, assumejxj  jyj: Choose > 0 small enough
sothat < }% SetA=1+ andB=1 j%j. We then seethat both

t1(z) = z+ nmAXZ™ + bz+ RHyBzM

and

t2(2)=z+ (@2 Axz"+biz+ ny(2 B)zM;

arein Vg(n; ) and note that

f0(2) = 31ta(2) + t(2)g

The extremal coe cient bounds shows that functions of the form (13) are the
extreme points for Vz-(n; ); and sothe proof is complete.
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MUL TIPLE RADIAL SYMMETRIC
SOLUTIONS FOR NONLINEAR BOUND ARY
VALUE PROBLEMS OF p-LAPLA CIAN
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Abstra ct. We discussthe existence of multiple radial symmetric solutions for non-
linear boundary value problems of p-Laplacian, based on Leggett-Williams's xed
point theorem.
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1. Intr oduction.

In this paper, we consider the existenceof multiple radial symmetric solutions
of the p-Laplacian equation

(1.1) div(jr uj® ?r u) = g(x)f (x;u); x2 ;

subject to the nonlinear boundary value condition

@
1.2 B — +u=0 x2@
(1-2) @
where R" is the unit ball certered at the origin, denotesthe unit outward

normal to the boundary @, g(x), f (x;s) and B(s) are all the given functions. In
order to discussthe radially symmetric solutions, we assumethat g(x) and f (x; s)
are radially symmetric, namely, g(x) = g(jxj), f (x; s) = f (jxj;s). Let w(t) u(jxj)
with t = jxj be a radially symmetric solution. Then a direct calculation shows that

(1.3) (" @A)+t tgf (bw(t) =0, 0<t<L;
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where' (s) = jsjP 2s and p> 1, with the boundary value condition

(1.4) w%0) = ©;

(1.5) w(l) + B(w%1)) = 0:

Sud a problem arisesin many di erent areasof applied mathematics and the elds
of mechanics, physics and has been studied extensively, see[1[{[6]. In particular,
the Leggett-Williams xed point theorem hasbeenusedto discussthe multiplicit y
of solutions. For example, He, Ge and Peng [1] consideredthe following ordinary
di erential equation

C YN+ g (ty) =0 O<t<

which correspondsto the special casen = 1 of the equation (1.3), with the boundary
value conditions

y(0) Bo(yX0)) = 0;
y(1) Bi(yYD) = o

They usedthe Leggett-Williams xed point theorem and proved the existence of
multi-nonnegativ e solutions.

In this paper, we extent the results in [1] with n 1. We want to use Leggett-
Williams's xed-p oint theorem to seard for solutions of the problem (1.3){(1.5)
too.

This paper is organized as follows. Section 2 collects the preliminaries and
statemerts of results. The proofs of theoremswill be given subsequetly in Section
3.

2. Preliminaries and Main Results

As a preliminary, we rst assumethat the given functions satisfy the following
conditions Preliminaries and Main Results

(A1) f :[0;1] [O;+1)! [O;+1) isa cortinuousfunction.

(A2) g:(0;1)! [0;+1 ) iscortinuousand is allowedto be singular at the end
points of (0; 1), g(t) 6 0 on any subinterval of (0;1). In addition,

Zl
0< g(r)dr < +1 :
0

(A3) B(s) is acontinuous, nondecreasingodd function, dened on(1 ;+1).
And there exists a constart m > 0, suc that

0 B(s) ms; s O

In order to prove the existenceof the multi-radially symmetric solutions of the
problem (1.3){(1.5), we needsomelemmas.

First, we introduce somedenotations. Let E = (E;k k) be a Banach space,
P  E isacone. By a nonnegative cortinuous concave functional on P, we mean
amapping :P! [0;+1)that is is continuousand

(twy + (1 twy) t (wp)+ (1 t) (wy);
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for all wi;w, 2 P, andall t 2 [0;1]. Let 0< a< b, r > 0 be constarts. Denote
P, =fw2 Pjkwk < rg;

and
P(; a;b=fw2 Pja (w); kwk  bg:

We needthe following two useful lemmas.

Lemma 2.1 (Leggett-Williams's xed point theorem)Let T : P.! P, be com-
pletely continuous and  be a nonnegative continuous concave functional on P such
that (w) kwk, for all w2 P.. Supmsethere exist0< a< b< d c suchthat

B1) fw2P(; b;d)j (w)>hbg6 ; and (Tw)> b, for w2 P(; b;d),

(B2) kTwk< a, for kwk a, and

(B3) (Tw) > b, for w2 P(; b;c) with kTwk > d.

Then, T hasat least three xed points wy, w, and ws satisfying

kwik < a; b< (wp); and kwsk> a; (wz) < b:

Lemma 2.2 Letw2 P and 2 (0;1=2). Then
(Cl) Ifo< <1,

8
3 kwk(l t)
)

(C2) w(t) kwk, forallt2[;1 ]

(C3) w(t) kwkt,0 t 1,if =1.

(C4) w(t) kwk(l t),0 t 1,if =0
Here 2 [0;1], suchthat

w(t)
; t 1L

w( )= kwk  sup jw(t)j:
t2[0;1]

We want to usethe xed-p oint theorem in Lemma 2.1 to seard for solutions of
the problem (1.3){(1.5). By (A2), there existsa constart 2 (0; 1=2), sothat

Z, Z,
L(x) g(t)ydt + g(t)dt ; x 1

X

is a positive and continuous function in [ ;1 ], where (s) jsj ® 0 sgns is the
inversefunction of ' (s) = jsjP ?s. For corvenience,we set

L min L (x);
x 1
and Z,
=(m+ 1) g(r)dr :
0
And in this paper, we set the Banach spaceE = C[0; 1] with the norm de ned by

kwk = sup jw(t)j; w2 E:
t2[0;1]
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The coneP  E is specied as,
P = fw 2 Ejw is a nonnegative concave function in [0; 1]g:

Furthermore, we de ne the nonnegative and cortin uous concave function  satis-
fying
w()+wd ),

w2 P:
2 1

(w) =

Obviously,
(w) kwk; forall w2 P:

Under all the assumptions(A1){(A3), we can get the main result as follows
Theorem 2.1 Leta, b, d, be givenconstantswith 0< a< b< b< b= d,
and let the following conditions on f and' are ful | led:

(O1) Forall (tw)2[0;1] [0;a], f(tw)<' 2 :

(D2) Either
i) lim supfv\ffjwl) <' 1 uniformly all t 2 [0;1], or
w! +1
i) f(t,w) ' —,forall (t;w)2][0;1] [O; ] with some d >0;

2 .
(D3) f(t;w)>" —f yfor (bw)2[;1 ] [ b;d] with somelL > O.
Then, the problem (1.3){(1.5) have at least three radially symmetric solutions wy,
wy and wz, suchthat

kwik < a; (w2) > b; and kwgk > a; (wz) < b:

3. Pro ofs of the Main Results
We are now in a position to prove our main results.
Pro of of Theorem 2.1. Dene T : P! E,w7! W, whereW is determined
by
W (t) =(Tw)(1)
z 1
, B r™ Lg(r)f (r;w(r))dr
z,° Z,
+ s M D" Ig)f (r;w(r))dr ds;  t2[0;1];
t 0
for eadw 2 P.
First we prove eath xed point of W in P is a solution of (1.3){ (1.5). By the
de nition of W, we have
Z

wo) = (Tw)ty= ¢t ™ o Yg(r)f (r;w(r))dr :
0
Noticing that 7
t
t (™D Tgr)f (r;w(r))dr
z, °
r nl1
= T 9OF(rnw(r)dr

ZO
t

g(n)f (rw(r))dr
0
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and by the integrability of g and f , we have

z t
(3.1) lim Wo%t) = lim a(r)f (r;w(r))dr = 0:
tl o tl o 0
Considering
woo) = im Y WO,
tr o t
and

w(t) Ww(0)
VA 1 z s
= s (™MD " Igr)f (r;w(r))dr ds
z, ° z.
s (™D " Ign)f (r;w(r))dr ds
7 0
S

t
= s M D Igr)f (r;w(r))dr ds;
0 0

0

and by using L%ospital's rule, we get

MOCERC)

O —_
o) = jm,

0
lim W(t) W(0)
tr 0
Zt
= lim (D Igr)f (r;w(r))dr ds
: 0

=0:
Recalling (3.1), we know that WYt) is right-continuous at the point t = 0, and
WY%0) = 0, namely, the xed point of W satis es (1.4). By the assumption (A1)
and (A2), we also have
wot) = (Tw)%t) ©:
Then kTwk = (Tw)(0). On the other hand, since
z 1
W(1) =B r" Lg(n)f (r;w(r))dr
0

and Z,
B(WY1)= B " tg(nf (riw(r))dr
0
we seethat
W (1) + B(w%1)) = 0;

namely, the xed point of W also satis es (1.5).
Next we show that the conditions in Lemma 2.1 are satis ed. We rst prove
that condition (D2) implies the existenceof a number c wherec > d suc that

W :P.! P
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If ii) of (D2) holds, by the condition (A3), we seethat

KT wk =( Tw)(0)
VA 1

=B r" Tg(r)f (r; w(r))dr
Zol z S
+ s (™MD " Ign)f (r;w(r))dr ds
0 0
m lrn Ya(r)f (r;w(r))dr
Ozl Zs r n1l
+ — g(r)f (r;w(r))dr ds
0o . o S
(m+ 1) g(r)f (r;w(r))dr
0
Z,
(m+ 1) g(r) — dr
yal
=(m+ 1) g(r)dr Y-
1

=-(m+1) g(r)dr
0

= forw2 P :

Then, if we selectc= , there must he W : P.! P..

If i) of (D2) is satis ed, then there must existD > Oand < ' (1= ), sothat

f(t; w)
wp 1

(3.2) < ; for(tw)2[0;1] [D;+1):
Let M = maxff(t;w)jO t 1,0 w Dg. By (3.2), we obtain

(3.3) f(tw) M+ wP L for(tbw)2[0;1] [0;+1):

Selectinga proper real number c, sothat

n 1 10
(3.4) "(¢)> max ' (d;M ' = :
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Utilizing (3.2), (3.3) and (3.4), we have

KT wk = (Tw)(0)
z 1

=B r™ Lg(r)f (r; w(r))dr
Zol z S
+ s (™D " Ig(r)f (r;w(r))dr ds
0 0
m lrn Ya(r)f (r;w(r))dr
2, z. .
r n
+ — o(r)f (r;w(r))dr ds
o 5 . o S
(m+ 1) g(r)f (r;w(r))dr
yal
(m+ 1) g(r)(M + wP Hdr
0 loo
Z 1
:(m+ ]_) lg(r) M ! E E + wP 1 dr
Zol
(m+ 1) g(r) ' (© - +cPlodr
z°
=(m+ 1) g(r)dr e c; for w2 Py:
0

Sowe obtain kWk ¢, that isW :P.! P..
Then we want to verify that W satis es the condition (B2) in Lemma 2.1. If
kwk a, then by the condition (D1), we know

f(w)<"' E; foro t 1, 0 w a

We usethe methods similarly to the above, and can get kWk = kTwk < a, that is,
W satis es (B2).

To fulll condition (B1) of Lemma 2.1, we note that w(t) (b+ d)=2 > b,
0o t 1, is the member of P(; b;d) and (w) = ((b+ d)=2) > b, hence
fw2 P(; b;d)j (w)>bg6 ;. Now assumew 2 P(; b;d). Then

w)+wld )

(w) = 5 b; andb kwk d:
Utilizing the condition (C2) in Lemma 2.2, we know that for all s, which satisfying
s 1 ,therehas

b kwk w(s) d:

And meanwhile, we can selecta proper ", sothat
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Combining the condition (D3), we can see

Ow()+ Tw)@ )

(Tw) = 5
(Tw)(x )
Zl S r n 1
— g(r)f (r;w(r))dr ds
1 o S
zZ, VAR Fona
s g(r)f (r;w(r))dr ds
1
Zl ZS " n 1
- g(r)f (r;w(r))dr ds
1 S |
Zl - 121 "
- o(r)f (r;w(r))dr ds
1 s
!
>Zl }Zl (r) 20 dr ds
) > 9 L
|
1 4 '
=3 g)dr ==
b

That is (B1) is well veri ed.
Finally, we prove (B3) of Lemma2.1is alsosatis ed. Forw 2 P(; b;c), we have
kTwk > d. By using the condition (C2) in Lemma 2.2, we get

_w(O)+ (Twa )

> kTwk> d> b:

(Tw)

Then, the condition (B3) in Leggett-Williams's xed point theorem is well veri ed.

Using the above results and applying Leggett-Williams's xed point theorem,
we can seethat the operator W has at leastthree xed points, that is the problem
(2.3){(1.5) have at least three radially symmetric solutions wy;w, and ws, which
satisfying

kwik < a; (w2) > b; and kwsk> a; (wz) < b:

The proof is complete.
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ANAL YTIC UNIV ALENT FUNCTIONS
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Abstra ct. A classof univalent functions is de ned by making useof the Ruscheweyh
derivatives. This class provides an interesting transition from starlik e functions to
convex functions. In special casesit has close inter-relations with uniformly starlik e
and uniformly convex functions. We study the e ects of certain integral transforms
and convolutions on the functions in this class.
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1. Intr oduction

Let A denote the family of functions f that are analytic in the open unit disk
U = fz:jzj < 1g and normalized by f (0) = fY0) 1= 0: Consider the subclass
T consistipg of functions f in A, which are univalert in U and are of the form
f(z)=z }_, anz", wherea, 0. Such functionswere rst studied by Silverman
[6]. For 0,0 dand xed > 1, weletD(; ; ) denotethe setof all
functions in T for which

z(D f(2))° . z0D f(2))°

Re 5709 D f(2)

1+

Here, the operator D f (z) is the Ruscheweyh derivative of f , (see[4]), given by

z

®
a o f(z) =z anBn( )z";

n=2

D f(z) =

where stands for the convolution or Hadamard product of two power seriesand

_+DC+2) (+n 1)

Bn() D
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The family D(; ; ), which has been studied in [5], is of special interest for it
contains many well-known aswell as new classef analytic univalent functions. In
particular, for = 0andO0 1it provides a transition from starlik e functions

to convexfunctions. More speci cally, D(0; ;0) isthe family of functions starlik e of
order and D(0; ;1) is the family of functions corvex of order . For D(; 0;0),
we obtain the class of uniformly -starlike functions introduced by Kanas and

Wisniowski [2], which can be generalizedto D(; ;0), the classof uniformly -
starlike functions of order . Generally speaking, D(; ; ) consistsof functions
F(z) = D f(z) which are uniformly -starlike functions of order inU. In Section
2 we study the e ects of certain integral operators on the classD(; ; ): Section
3 dealswith the corvolution properties of the classD(; ; ) in connection with
Gaussianhypergeometric functions.

2. Integral transform of the class D(; ; ).

For f 2 A we de ne the integral transform

z 1
f (tz) dt

vV (f)(2) = . (1) —

R
where is areal-valued, non-negative weight function normalized sothat 01 (t)dt =
1. Somespecial casesof (t) areparticularly interesting such as (t) = (1+ c)t¢;c>
1, for which V is known asthe Bernardi operator, and

(c+1) . 1 !
t¢ log - pc> 1 0
() t
which givesthe Komatu operator. For more details see[3].
First we show that the classD(; ; ) isclosedunderV (f):
Theorem 1. Letf 2D(; ; ):ThenV (f)2D(; ; ).
Pro of. By de nition, we have

(t) =

Zl X
(C+( ? ( 1) YC(logt) ' z a,z"t" 1 dt
0

" . L o#
1 1
= M |I|no-]+ tc(log t) 1 z an Zntn 1 dt :

()

A simple calculation gives

vV (f)(2)

c+1
c+n

V (f)(2)=2 anz":

n=2
We needto prove that

X on+ ) (+ ) c+1
1 c+n

anBn( )<L (2:1)
n=2

On the other hand (see[5], Theorem 1), f 2 D(; ; ) if and only if

Xon@+ ) (+)
1

aZBn( )<L

n=2
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Hence gj:ln < 1: Therefore (2.1) holds and the proof is complete.

The above theorem yields the following two special cases.
then V (f) is also starlike of order

Corollary 1. If f is starlike of order
then V (f) is also corvex of order .
; )underV (f):

Corollary 2. If f is convex of order
Next we provide a starlik enesscondition for functions in D ( ;
Theorem 2. Letf 2 D(; ; ): ThenV (f) is starlike of order O <1lin
jzj < Ry where
" # 1
: c+n (1 D@+ ) ( + )l "t
Ry = inf B
U n H)a ) n()
Pro of. It issucient to prove
(2:2)

2(V (£)(2))°
vie -t

For the left hand side of (2.2) we have

P
1
(1 ) & @zt

2V ()2)° . _

V (f)(2) 1 Pi:z g:ln a,z" 1
P11 e g
R
since.

This last expressionis lessthan 1

_n c+tn (1 )@+ ) (+ ) .
iZ" T o a ) Bn( ):

Therefore, the proof is complete.
Using the fact that f is convex if and only if zf ° is starlike, we obtain the

following
Theorem 3. Letf 2 D(; ; ): Then V (f) is corvex of order O < 1lin
jzj < R, where
" 4
_ ctn @ )in@+ ) (C+ )] n
Rz = inf c+ 1 nn 1 ) Bn()
3. A Convolution Operator on D(; ; ):
Denote by Fi(a;b;c; z) the usual Gaussianhypergeometricfunctions de ned by
Fabcn=  onOugn o, (3:1)
_, (©Onn!
n=0
where
+
(a+n). c>b>0andc> a+ b:

@n = =g
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It is well known (see[1]) that under the condition c> b> 0 and c> a+ bwe have

A @n(Bn _ (9(c a b
©an! ~ (c a(c b

n=0
For every f 2 T we de ne the convolution operator Hap.c (f )(z) as
Habc (f)(2) =2 Fi(a;bic;z) f(2);

where >F;(a; b;c; z) is the Gaussianhypergeometricfunction de ned in (3.1). For
determining the resultant of Ha.p.c(f )(z) if we set

(9
(a(b(c a b+1)

then we have p

P
Hape(f)(2) = z+ [ @5Dp2ns -z ho1 @ns 2"
1 (a)a(b)n - (9 1 (at+n)( b+n)
2 nsd @yt Ot 2" =2 iy e Cormne @2
=7 k 1 (c Am(@_a)m Librn 11 )¢ @ brmgg

1 n+1
n=1 @n+17Z n=0 (c a btl) ,m! O
b 1

R P
= z+k Plett (1 )¢ 2 P,F(c a;1 ajc a b+l;1 t) ,11:1 ans "1 z2"* dt
=z+ kF@1tb 1 t)° 2 5,F(c a1l ac a b+1;1 t)lE) Zgp
= 24k g UL 1F A P,F(c al ac a b+ 11 t)Hgr

zk Oltb 1 t° 2b,F(c al ac a b+1;1 t)dt
If we set

()= kt® Y@ t)° 2 P,F(c a1l ac a b+1;1 t) (3:2)

R
then it is easyto seethat 01 (t)dt = 1. Consequetly
V4 1

Hane (1)) = (2

t

dt;

where (t) is asin (3.2).
This pavesthe way to state and prove our next theorem.
Theorem 4. Letf 2 D(; ; ): ThenHapc(f)2D(; ; 1) where

. (©)n 1(n 1) )
ro @ . o)

Pro of. Since

(@n 1(Dn 1 n

HereE =2 O an ™

we needto show that

* nE+ )+ Ol@n 1B
n=2 (T )Yn 1(n 1)

anBn( 1)< L (3:3)
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The inequality (3.3) holds if
(@n 1(0n 1 .
O B ) < Ba();
Therefore ©n 1y
C)n 1(N !
-——* B 1
L @ 200 1 )
which completesthe proof.
The starlikenessof the functionsin D(; ; ) under Hapc is investigatedin the
following theorem.
Theorem 5. Letf 2D(; ; ): ThenHapc(f)2 S () forjzj< R and
@+ )+ Ol )(9a a(n 1)
R = inf B
g ()@ )@n 10n 1 nC)
Pro of. We needto shaow that
zZHO, (f)(z
a,b,c( )( ) 1 (3:4)
Hapc (F)(2)
For the left hand side of (3.4) we have
P 1 1 n_1 bn 1 171
ZHe?;b;c(f )(2) n=2, %aﬂzf‘ ' i
TN AT P - .
Hape (F)(2) 1, @Dzt 1
This last expressionis lessthan 1 if
A (0 )@ 1B s
anjzi” < 1 3:5
@ O an i (3:9)
Using the fact, see[1],that f 2 D(; ; ) if and only if
R n(l+ +
( 1) L JaBa()< 1,
n=2
we can sa (3.5) is true if
(. )@n 1@ 1 . _nA+ ) (C+ )
z < B :
@ ) a0 D17 1 ")
Or equivalertly
gr 1< D@ ) (£ )@ atn D

(n A )@ 1(Dn 1

which yields the starlikenessof the family Ha.p.c (f ):
For = =0and = we obtain the following
Corollary 3. Letf 2S ( ): ThenHape(f)2 S () in jzj < Ry for

L (On 1(n T
R= I @ 1O
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