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1 Introduction

1.1 Introduction and Overview

Orthogonal polynomials on the real line (OPRL) were developed in the nineteenth century and
orthogonal polynomials on the unit circle (OPUC) were initi ally developed around 1920 by Szeg}o.
Their matrix analogues are of much more recent vintage. Theywere originally developed in the
MOPUC case indirectly in the study of prediction theory [116, 117, 129, 131, 132, 138, 196] in
the period 1940{1960. The connection to OPUC in the scalar case was discovered by Krein [131].
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Much of the theory since is in the electrical engineering literature [36, 37, 38, 39, 40, 41, 120, 121,
122, 123, 203]; see also [84, 86, 87, 88, 142].

The corresponding real line theory (MOPRL) is still more recent: Following early work of Krein
[133] and Berezan'ski [9] on block Jacobi matrices, mainly as applied to self-adjoint extensions, there
was a seminal paper of Aptekarev{Nikishin [4] and a 
urry of papers since the 1990s [10, 11, 12,
14, 16, 17, 19, 20, 21, 22, 29, 35, 43, 45, 46, 47, 48, 49, 50, 51,52, 53, 54, 55, 56, 57, 58, 59, 60, 61,
62, 64, 65, 66, 67, 68, 69, 71, 73, 74, 75, 76, 77, 79, 83, 85, 102, 103, 104, 105, 106, 107, 108, 109,
110, 111, 112, 113, 137, 139, 140, 143, 144, 145, 148, 149, 150, 155, 156, 157, 154, 161, 162, 179,
186, 198, 200, 201, 202, 204]; see also [7].

There is very little on the subject in monographs | the more cl assical ones (e.g., [23, 82, 93, 184])
predate most of the subject; see, however, Atkinson [5, Section 6.6]. Ismail [118] has no discussion
and Simon [167, 168] has a single section! Because of the use of MOPRL in [33], we became
interested in the subject and, in particular, we needed somebasic results for that paper which
we couldn't �nd in the literature or which, at least, weren't very accessible. Thus, we decided to
produce this comprehensive review that we hope others will �nd useful.

As with the scalar case, the subject breaks into two parts, conveniently called the analytic theory
(general structure results) and the algebraic theory (the set of non-trivial examples). This survey
deals entirely with the analytic theory. We note, however, that one of the striking developments in
recent years has been the discovery that there are rich classes of genuinely new MOPRL, even at
the classical level of Bochner's theorem; see [20, 55, 70, 72, 102, 109, 110, 111, 112, 113, 156, 161]
and the forthcoming monograph [63] for further discussion of this algebraic side.

In this introduction, we will focus mainly on the MOPRL case. For scalar OPRL, a key issue
is the passage from measure to monic OPRL, then to normalizedOPRL, and �nally to Jacobi
parameters. There are no choices in going from measure to monic OP, Pn (x). They are determined
by

Pn (x) = xn + lower order; hx j ; Pn i = 0 j = 1 ; : : : ; n � 1: (1.1)

However, the basic condition on the orthonormal polynomials, namely,

hpn ; pm i = � nm (1.2)

does not uniquely determine thepn (x). The standard choice is

pn (x) =
Pn (x)
kPnk

:

However, if � 0; � 1; : : : are arbitrary real numbers, then

~pn (x) =
ei� n Pn (x)

kPnk
(1.3)

also obey (1.2). If the recursion coe�cients (aka Jacobi parameters), are de�ned via

xpn = an+1 pn+1 + bn+1 pn + anpn� 1; (1.4)

then the choice (1.3) leads to

~bn = bn ; ~an = ei� n ane� i� n � 1 : (1.5)
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The standard choice is, of course, most natural here; for example, if

pn (x) = � nxn + lower order; (1.6)

then an > 0 implies � n > 0. It would be crazy to make any other choice.
For MOPRL, these choices are less clear. As we will explain inSection 1.2, there are now two

matrix-valued \inner products" formally written as

hhf; g ii R =
Z

f (x)y d� (x)g(x); (1.7)

hhf; g ii L =
Z

g(x) d� (x)f (x)y; (1.8)

where now� is a matrix-valued measure andy denotes the adjoint, and corresponding two sets of
monic OPRL: PR

n (x) and PL
n (x). The orthonormal polynomials are required to obey

hhpR
n ; pR

m ii R = � nm 1: (1.9)

The analogue of (1.3) is
~pR

n (x) = PR
n (x)hhPR

n ; PR
n ii � 1=2� n (1.10)

for a unitary � n . For the immediately following, use pR
n to be the choice � n � 1. For any such

choice, we have a recursion relation,

xpR
n (x) = pR

n+1 (x)Ay
n+1 + pR

n (x)Bn+1 + pR
n� 1(x)An (1.11)

with the analogue of (1.5) (comparing � n � 1 to general � n )

~Bn = � y
nBn � n ~An = � y

n� 1An � n : (1.12)

The obvious analogue of the scalar case is to pick� n � 1, which makes� n in

pR
n (x) = � nxn + lower order (1.13)

obey � n > 0. Note that (1.11) implies

� n = � n+1 Ay
n+1 (1.14)

or, inductively,
� n = ( Ay

n : : : Ay
1) � 1: (1.15)

In general, this choice does not lead toAn positive or even Hermitian. Alternatively, one can pick
� n so ~An is positive. Besides these two \obvious" choices,� n > 0 or An > 0, there is a third that
An be lower triangular that, as we will see in Section 1.4, is natural. Thus, in the study of MOPRL
one needs to talk about equivalent sets ofpR

n and of Jacobi parameters, and this is a major theme
of Chapter 2. Interestingly enough for MOPUC, the commonly picked choice equivalent toAn > 0
(namely, � n > 0) seems to su�ce for applications. So we do not discuss equivalence classes for
MOPUC.

Associated to a set of matrix Jacobi parameters is a block Jacobi matrix, that is, a matrix
which when written in l � l blocks is tridiagonal; see (2.29) below.

In Chapter 2, we discuss the basics of MOPRL while Chapter 3 discusses MOPUC. Chapter 4
discusses the Szeg}o mapping connection of MOPUC and MOPRL.Finally, Chapter 5 discusses the
extension of the theory of regular OPs [180] to MOPRL.

While this is mainly a survey, it does have numerous new results, of which we mention:
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(a) The clari�cation of equivalent Jacobi parameters and several new theorems (Theorems 2.8 and
2.9).

(b) A new result (Theorem 2.28) on the order of poles or zeros of m(z) in terms of eigenvalues of
J and the once strippedJ (1) .

(c) Formulas for the resolvent in the MOPRL (Theorem 2.29) and MOPUC (Theorem 3.24) cases.
(d) A theorem on zeros of det(� R

n ) (Theorem 3.7) and eigenvalues of a cuto� CMV matrix (The-
orem 3.10).

(e) A new proof of the Geronimus relations (Theorem 4.2).
(f) Discussion of regular MOPRL (Chapter 5).

There are numerous open questions and conjectures in this paper, of which we mention:
(1) We prove that type 1 and type 3 Jacobi parameters in the Nevai class haveAn ! 1 but do

not know if this is true for type 2 and, if so, how to prove it.
(2) Determine which monic matrix polynomials, �, can occur a s monic MOPUC. We know

det(�( z)) must have all of its zeros in the unit disk in C, but unlike the scalar case where
this is su�cient, we do not know necessary and su�cient condi tions.

(3) Generalize Khrushchev theory [125, 126, 101] to MOPUC; see Section 3.13.
(4) Provide a proof of Geronimus relations for MOPUC that uses the theory of canonical moments

[43]; see the discussion at the start of Chapter 4.
(5) Prove Conjecture 5.9 extending a result of Stahl{Totik [180] from OPRL to MOPRL.

1.2 Matrix-Valued Measures

Let M l denote the ring of all l � l complex-valued matrices; we denote by� y the Hermitian
conjugate of � 2 M l . (Because of the use of� for Szeg}o dual in the theory of OPUC, we do not
use it for adjoint.) For � 2 M l , we denote byk� k its Euclidean norm (i.e., the norm of � as a linear
operator on Cl with the usual Euclidean norm). Consider the set P of all polynomials in z 2 C
with coe�cients from M l . The set P can be considered either as a right or as a left module over
M l ; clearly, conjugation makes the left and right structures isomorphic. For n = 0 ; 1; : : : , Pn will
denote those polynomials inP of degree at mostn. The set V denotes the set of all polynomials in
z 2 C with coe�cients from Cl . The standard inner product in Cl is denoted by h�; �i Cl .

A matrix-valued measure, � , on R (or C) is the assignment of a positive semi-de�nite l � l
matrix � (X ) to every Borel set X which is countably additive. We will usually normalize it by
requiring

� (R) = 1 (1.16)

(or � (C) = 1) where 1 is the l � l identity matrix. (We use 1 in general for an identity operator,
whether in M l or in the operators on some other Hilbert space, and0 for the zero operator
or matrix.) Normally, our measures for MOPRL will have compact support and, of course, our
measures for MOPUC will be supported on all or part of@D (D is the unit disk in C).

Associated to any such measures is a scalar measure

� tr (X ) = Tr( � (X )) (1.17)

(the trace normalized by Tr( 1) = l). � tr is normalized by � tr (R) = l .
Applying the Radon{Nikodym theorem to the matrix elements o f � , we see there is a positive

semi-de�nite matrix function M ij (x) so

d� ij (x) = M ij (x) d� tr (x): (1.18)
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Clearly, by (1.17),
Tr( M (x)) = 1 (1.19)

for d� tr -a.e. x. Conversely, any scalar measure with� tr (R) = l and positive semi-de�nite matrix-
valued function M obeying (1.19) de�ne a matrix-valued measure normalized by (1.16).

Given l � l matrix-valued functions f; g , we de�ne the l � l matrix hhf; g ii R by

hhf; g ii R =
Z

f (x)yM (x)g(x) d� tr (x); (1.20)

that is, its ( j; k ) entry is
X

nm

Z
f nj (x) M nm (x)gmk (x) d� tr (x): (1.21)

Sincef yMf � 0, we see that
hhf; f ii R � 0: (1.22)

One might be tempted to think of hhf; f ii 1=2
R as some kind of norm, but that is doubtful. Even if �

is supported at a single point, x0, with M = l � 11, this \norm" is essentially the absolute value of
A = f (x0), which is known not to obey the triangle inequality! (See [169, Sect. I.1] for an example.)

However, if one looks at
kf kR = (Tr hhf; f ii R )1=2; (1.23)

one does have a norm (or, at least, a semi-norm). Indeed,

hf; g i R = Tr hhf; g ii R (1.24)

is a sesquilinear form which is positive semi-de�nite, so (1.23) is the semi-norm corresponding to
an inner product and, of course, one has a Cauchy{Schwarz inequality

jTr hhf; g ii R j � k f kRkgkR : (1.25)

We have not speci�ed which f 's and g's can be used in (1.20). We have in mind mainly
polynomials in x in the real case and Laurent polynomials inz in the @D case although, obviously,
continuous functions are okay. Indeed, it su�ces that f (and g) be measurable and obey

Z
Tr( f y(x)f (x)) d� tr (x) < 1 (1.26)

for the integrals in (1.21) to converge. The set of equivalence classes underf � g if kf � gkR = 0
de�nes a Hilbert space,H , and hf; g i R is the inner product on this space.

Instead of (1.20), we use the suggestive shorthand

hhf; g ii R =
Z

f (x)y d� (x)g(x): (1.27)

The use ofR here comes from \right" for if � 2 M l ,

hhf; g� ii R = hhf; g ii R �; (1.28)

hhf �; g ii R = � yhhf; g ii R ; (1.29)
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but, in general, hhf; �g ii R is not related to hhf; g ii R .
While (Tr hhf; f ii R )1=2 is a natural analogue of the norm in the scalar case, it will sometimes be

useful to instead consider
[dethhf; f ii R ]1=2: (1.30)

Indeed, this is a stronger \norm" in that det > 0 ) Tr > 0 but not vice-versa.
When d� is a \direct sum," that is, each M (x) is diagonal, one can appreciate the di�erence.

In that case, d� = d� 1 � � � � � d� l and the MOPRL are direct sums (i.e., diagonal matrices) of
scalar OPRL

PR
n (x; d� ) = Pn (x; d� 1) � � � � � Pn (x; d� l ): (1.31)

Then

kPR
n kR =

� lX

j =1

kPn (�; d� j )k2
L 2 (d� j )

� 1=2

; (1.32)

while

(dethhPR
n ; PR

n ii R )1=2 =
lY

j =1

kPn (�; d� j )kL 2 (d� j ) : (1.33)

In particular, in terms of extending the theory of regular measures [180],kPR
n k1=n

R is only sensitive to

maxkPn (�; d� j )k1=2
L 2 (d� j ) while (dethhPR

n ; PR
n ii R )1=2 is sensitive to them all. Thus, det will be needed

for that theory (see Chapter 5).
There will also be a left inner product and, correspondingly, two sets of MOPRL and MOPUC.

We discuss this further in Sections 2.1 and 3.1.
Occasionally, for Cl vector-valued functions f and g, we will want to consider the scalar

X

k;j

Z
f k (x) M kj (x)gj (x) d� tr (x); (1.34)

which we will denote Z
dhf (x); � (x)g(x)i Cl : (1.35)

We next turn to module Fourier expansions. A set f ' j gN
j =1 in H (N may be in�nite) is called

orthonormal if and only if
hh' j ; ' k ii R = � jk 1: (1.36)

This natural terminology is an abuse of notation since (1.36) implies orthogonality in h�; �i R but
not normalization, and is much stronger than orthogonality in h�; �i R .

Suppose for a moment thatN < 1 . For any a1; : : : ; aN 2 M l , we can form
P N

j =1 ' j aj and, by
the right multiplication relations (1.28), (1.29), and (1. 36), we have

�� NX

j =1

' j aj ;
NX

j =1

' j bj

��

R
=

NX

j =1

ay
j bj : (1.37)

We will denote the set of all such
P N

j =1 ' j aj by H ( ' j ) |it is a vector subspace of H of dimension
(over C) Nl 2.
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De�ne for f 2 H ,

� ( ' j ) (f ) =
NX

j =1

' j hh' j ; f ii R : (1.38)

It is easy to see it is the orthogonal projection in the scalarinner product h�; �i R from H to H ( ' j ) .
By the standard Hilbert space calculation, taking care to only multiply on the right, one �nds

the Pythagorean theorem,

hhf; f ii R = hhf � � ( ' j ) f; f � � ( ' j ) f ii R +
NX

j =1

hh' j ; f ii y
Rhh' j ; f ii R : (1.39)

As usual, this proves for in�nite N that

NX

j =1

hh' j ; f ii y
Rhh' j ; f ii R � hh f; f ii R (1.40)

and the convergence of
NX

j =1

' j hh' j ; f ii R � � ( ' j ) (f ) (1.41)

allowing the de�nition of � ( ' j ) and of H ( ' j ) � Ran � ( ' j ) for N = 1 .
An orthonormal set is called complete ifH ( ' j ) = H. In that case, equality holds in (1.40) and

� ( ' j ) (f ) = f .
For orthonormal bases, we have the Parseval relation from (1.39)

hhf; f ii R =
1X

j =1

hh' j ; f ii y
Rhh' j ; f ii R (1.42)

and

kf k2
R =

1X

j =1

Tr( hh' j ; f ii y
Rhh' j ; f ii R ): (1.43)

1.3 Matrix M•obius Transformations

Without an understanding of matrix M•obius transformation s, the form of the MOPUC Geronimus
theorem we will prove in Section 3.10 will seem strange-looking. To set the stage, recall that scalar
fractional linear transformations (FLT) are associated to matrices T =

�
a b
c d

�
with det T 6= 0 via

f T (z) =
az + b
cz + d

: (1.44)

Without loss, one can restrict to
det(T) = 1 : (1.45)

Indeed, T 7! f T is a 2 to 1 map ofSL(2; C) to maps of C [ f1g to itself. One advantage of the
matrix formalism is that the map is a matrix homomorphism, th at is,

f T � S = f T � f S; (1.46)
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which shows that the group of FLTs is SL(2; C)=f 1; � 1g.
While (1.46) can be checked by direct calculation, a more instructive way is to look at the

complex projective line. u; v 2 C2 n f 0g are called equivalent if there is� 2 C n f 0g so that u = �v .
Let [�] denote equivalence classes. Except for [

� 1
0

�
], every equivalence class contains exactly one

point of the form
� z

1

�
with z 2 C. If [

� 1
0

�
] is associated with1 , the set of equivalence classes is

naturally associated with C [ f1g . f T then obeys
�
T

�
z
1

��
=

��
f T (z)

1

��
(1.47)

from which (1.46) is immediate.
By M•obius transformations we will mean those FLTs that map D onto itself. Let

J =
�

1 0
0 � 1

�
: (1.48)

Then [u] = [
� z

1

�
] with jzj = 1 (resp. jzj < 1) if and only if hu; Jui = 0 (resp. hu; Jui < 0). From

this, it is not hard to show that if det( T) = 1, then f T maps D invertibly onto D if and only if

T yJT = J: (1.49)

If T has the form
�

a b
c d

�
, this is equivalent to

jaj2 � j cj2 = 1 ; jbj2 � j dj2 = � 1; �ab� �cd = 0 : (1.50)

The set of T 's obeying det(T) = 1 and (1.49) is called SU(1; 1). It is studied extensively in [168,
Sect. 10.4].

The self-adjoint elements ofSU(1; 1) are parametrized by � 2 D via � = (1 � j � j2)1=2,

T� =
1
�

�
1 �
�� 1

�
(1.51)

associated to
f T� (z) =

z + �
1 + ��z

: (1.52)

Notice that
T � 1

� = T� � (1.53)

and that
8z 2 D; 9 ! � such that T� (0) = z;

namely, � = z.
It is a basic theorem that every holomorphic bijection of D to D is an f T for someT in SU(1; 1)

(unique up to � 1).
With this in place, we can turn to the matrix case. Let M l be the space ofl � l complex

matrices with the Euclidean norm induced by the vector norm h�; �i 1=2
Cl . Let

Dl = f A 2 M l : kAk < 1g: (1.54)

We are interested in holomorphic bijections ofDl to itself, especially via a suitable notion of FLT.
There is a huge (and di�use) literature on the subject, starting with its use in analytic number
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theory. It has also been studied in connection with electrical engineering �lters and inde�nite
matrix Hilbert spaces. Among the huge literature, we mention [1, 3, 78, 99, 114, 166]. Especially
relevant to MOPUC is the book of Bakonyi{Constantinescu [6].

Consider M l � M l = M l [2] as a right module overM l . The M l -projective line is de�ned by
saying

�
X
Y

�
�

�
X 0

Y 0

�
, both in M l [2] n f 0g, if and only if there exists � 2 M l , � invertible so that

X = X 0� ; Y = Y 0� : (1.55)

Let T be a map ofM l [2] of the form

T =
�

A B
C D

�
(1.56)

acting on M l [2] by

T
�
X
Y

�
=

�
AX + BY
CX + DY

�
: (1.57)

Because this acts on the left and � equivalence on the right,T maps equivalence classes to them-
selves. In particular, if CX + D is invertible, T maps the equivalence class of

�
X
1

�
to the equivalence

class of
h

f T [X ]
1

i
, where

f T [X ] = ( AX + B )(CX + D) � 1: (1.58)

So long asCX + D remains invertible, (1.46) remains true. Let J be the 2l � 2l matrix in l � l
block form

J =
�

1 0
0 � 1

�
: (1.59)

Note that (with
�

X
1

� y = [ X y1])

�
X
1

� y

J
�
X
1

�
� 0 , X yX � 1 , k X k � 1: (1.60)

Therefore, if we de�ne SU(l; l ) to be those T's with det T = 1 and

T yJT = J; (1.61)

then
T 2 SU(l; l ) ) f T [Dl ] = Dl as a bijection: (1.62)

If T has the form (1.56), then (1.61) is equivalent to

AyA � CyC = D yD � B yB = 1; (1.63)

AyB = CyD (1.64)

(the fourth relation B yA = D yC is equivalent to (1.64)).
This depends on

Proposition 1.1. If T =
�

A B
C D

�
obeys(1.61) and kX k < 1, then CX + D is invertible.
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Proof. (1.61) implies that

T � 1 = JT yJ (1.65)

=
�

Ay � Cy

� B y D y

�
: (1.66)

Clearly, (1.61) also impliesT � 1 2 SU(l; l ). Thus, by (1.63) for T � 1,

DD y � CCy = 1: (1.67)

This implies �rst that DD y � 1, so D is invertible, and second that

kD � 1Ck � 1: (1.68)

Thus, kX k < 1 implies kD � 1CX k < 1 so1 + D � 1CX is invertible, and thus so isD(1 + D � 1CX ).

It is a basic result of Cartan [18] (see Helgason [114] and thediscussion therein) that

Theorem 1.2. A holomorphic bijection, g, of Dl to itself is either of the form

g(X ) = f T (X ) (1.69)

for some T 2 SU(l; l ) or
g(X ) = f T (X t ): (1.70)

Given � 2 M l with k� k < 1, de�ne

� L = ( 1 � � y� )1=2; � R = ( 1 � �� y)1=2: (1.71)

Lemma 1.3. We have

�� L = � R �; � y� R = � L � y; (1.72)

� (� L ) � 1 = ( � R ) � 1�; � y(� R ) � 1 = ( � L ) � 1� y: (1.73)

Proof. Let f be analytic in D with f (z) =
P 1

n=0 cnzn its Taylor series at z = 0. Since k� y� k < 1,
we have

f (� y� ) =
1X

n=0

cn (� y� )n (1.74)

norm convergent, so� (� y� )n = ( �� y)n � implies

�f (� y� ) = f (�� y)�; (1.75)

which implies the �rst halves of (1.72) and (1.73). The other halves follow by taking adjoints.

Theorem 1.4. There is a one-one correspondence between� 's in M l obeyingk� k < 1 and positive
self-adjoint elements ofSU(l; l ) via

T� =
�

(� R ) � 1 (� R ) � 1�
(� L ) � 1� y (� L ) � 1

�
: (1.76)
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Proof. A straightforward calculation using Lemma 1.3 proves thatT� is self-adjoint andT y
� JT� = J .

Conversely, if T is self-adjoint, T =
�

A B
C D

�
and in SU(l; l ), then T y = T ) Ay = A, B y = C, so

(1.63) becomes
AA y � BB y = 1; (1.77)

so if
� = A � 1B; (1.78)

then (1.77) becomes
A � 1(A � 1)y + �� y = 1: (1.79)

SinceT � 0, A � 0 so (1.79) impliesA = ( � R ) � 1, and then (1.78) implies B = ( � R ) � 1� .
By Lemma 1.3,

C = B y = � y(� R ) � 1 = ( � L ) � 1� y (1.80)

and then (by D = D y, Cy = B , and (1.63)) DD y � CCy = 1 plus D > 0 implies D = ( � L ) � 1.

Corollary 1.5. For each � 2 Dl , the map

f T� (X ) = ( � R ) � 1(X + � )(1 + � yX ) � 1(� L ) (1.81)

takesDl to Dl . Its inverse is given by

f � 1
T�

(X ) = f T� � (X ) = ( � R ) � 1(X � � )(1 � � yX ) � 1(� L ): (1.82)

There is an alternate form for the right side of (1.81).

Proposition 1.6. The following identity holds true for any X , kX k � 1:

� R (1 + X� y) � 1(X + � )( � L ) � 1 = ( � R ) � 1(X + � )(1 + � yX ) � 1� L : (1.83)

Proof. By the de�nition of � L and � R , we have

X (� L ) � 2(1 � � y� ) = ( � R ) � 2(1 � �� y)X:

Expanding, using (1.73) and rearranging, we get

X (� L ) � 2 + � (� L ) � 2� yX = ( � R ) � 2X + X� y(� R ) � 2�:

Adding � (� L ) � 2 + X (� L ) � 2� yX to both sides and using (1.73) again, we obtain

X (� L ) � 2 + � (� L ) � 2 + X (� L ) � 2� yX + � (� L ) � 2� yX

= ( � R ) � 2X + ( � R ) � 2� + X� y(� R ) � 2X + X� y(� R ) � 2�;

which is the same as

(X + � )( � L ) � 2(1 + � yX ) = (1 + X� y)( � R ) � 2(X + � ):

Multiplying by (1 + X� y) � 1 and (1 + � yX ) � 1, we get

(1 + X� y) � 1(X + � )( � L ) � 2 = ( � R ) � 2(X + � )(1 + � yX ) � 1

and the statement follows.
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1.4 Applications and Examples

There are a number of simple examples which show that beyond their intrinsic mathematical
interest, MOPRL and MOPUC have wide application.

(a) Jacobi matrices on a strip

Let � � Z � be a subset (perhaps in�nite) of the � -dimensional lattice Z � and let `2(�) be square
summable sequences indexed by �. Suppose a real symmetric matrix � ij is given for all i; j 2 �
with � ij = 0 unless ji � j j = 1 (nearest neighbors). Let � i be a real sequence indexed byi 2 �.
Suppose

sup
i;j

j� ij j + sup
i

j� i j < 1 : (1.84)

De�ne a bounded operator, J , on `2(�) by

(Ju) i =
X

j

� ij uj + � i ui : (1.85)

The sum is �nite with at most 2 � elements.
The special case � = f 1; 2; : : : g with bi = � i , ai = � i;i +1 > 0 corresponds precisely to classical

semi-in�nite tridiagonal Jacobi matrices.
Now consider the situation where � 0 � Z � � 1 is a �nite set with l elements and

� = f j 2 Z � : j 1 2 f 1; 2; : : : g; (j 2; : : : j � ) 2 � 0g; (1.86)

a \strip" with cross-section � 0. J then has a blockl � l matrix Jacobi form where (
; � 2 � 0)

(B i ) 
� = b(i;
 ) ; (
 = � ); (1.87)

= a(i;
 )( i;� ) ; (
 6= � ); (1.88)

(A i ) 
� = a(i;
 )( i +1 ;� ) : (1.89)

The nearest neighbor condition says (A i ) 
� = 0 if 
 6= � . If

a(i;
 )( i +1 ;
 ) > 0 (1.90)

for all i; 
 , then A i is invertible and we have a block Jacobi matrix of the kind described in Section 2.2
below.

By allowing generalA i ; B i , we obtain an obvious generalization of this model|an inter pretation
of general MOPRL.

Schr•odinger operators on strips have been studied in part as approximations to Z � ; see [31, 95,
130, 134, 151, 164]. From this point of view, it is also natural to allow periodic boundary conditions
in the vertical directions. Furthermore, there is closely related work on Schr•odinger (and other)
operators with matrix-valued potentials; see, for example,[8, 24, 25, 26, 27, 28, 30, 96, 97, 165].
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(b) Two-sided Jacobi matrices

This example goes back at least to Nikishin [153]. Consider the case� = 2, � 0 = f 0; 1g � Z, and
� as above. Suppose (1.90) holds, and in addition,

a(1;0)(1;1) > 0; (1.91)

a(i; 0)( i; 1) = 0 ; i = 2 ; 3; : : : : (1.92)

Then there are no links between the rungs of the \ladder," f 1; 2; : : : g � f 0; 1g except at the end
and the ladder can be unfolded toZ! Thus, a two-sided Jacobi matrix can be viewed as a special
kind of one-sided 2� 2 matrix Jacobi operator.

It is known that for two-sided Jacobi matrices, the spectral theory is determined by the 2� 2
matrix

d� =
�

d� 00 d� 01

d� 10 d� 11

�
; (1.93)

where d� kl is the measure with

h� k ; (J � � ) � 1� l i =
Z

d� kl (x)
x � �

; (1.94)

but also that it is very di�cult to specify exactly which d� correspond to two-sided Jacobi matrices.
This di�culty is illuminated by the theory of MOPRL. By Favar d's theorem (see Theorem 2.11),

every suchd� (given by (1.93) and positive de�nite and non-trivial in a sense we will describe in
Lemma 2.1) yields a unique block Jacobi matrix with A j > 0 (positive de�nite). This d� comes
from a two-sided Jacobi matrix if and only if
(a) B j is diagonal for j = 2 ; 3; : : : .
(b) A j is diagonal for j = 1 ; 2; : : : .
(c) B j has strictly positive o�-diagonal elements.

These are very complicated indirect conditions ond� !

(c) Banded matrices

Classical Jacobi matrices are semi-in�nite symmetric tridiagonal matrices, that is,

Jkm = 0 if jk � mj > 1 (1.95)

with
Jkm > 0 if jk � mj = 1 : (1.96)

A natural generalization are (2l + 1)-diagonal symmetric matrices, that is,

Jkm = 0 if jk � mj > l; (1.97)

Jkm > 0 if jk � mj = l: (1.98)

Such a matrix can be partitioned into l � l blocks, which is tridiagonal in block. The conditions
(1.97) and (1.98) are equivalent toAk 2 L , the set of lower triangular matrices; and conversely,
Ak 2 L , with Ak ; Bk real (and Bk symmetric) correspond precisely to such banded matrices. This
is why we introduce type 3 MOPRL.

Banded matrices correspond to certain higher-order di�erence equations. Unlike the second-
order equation (which leads to tridiagonal matrices) whereevery equation with positive coe�cients
is equivalent via a variable rescaling to a symmetric matrix, only certain higher-order di�erence
equations correspond to symmetric block Jacobi matrices.
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(d) Magic formula

In [33], Damanik, Killip, and Simon studied perturbations of Jacobi and CMV matrices with
periodic Jacobi parameters (or Verblunsky coe�cients). Th ey proved that if � is the discriminant
of a two-sided periodicJ0, then a bounded two-sidedJ has �( J ) = Sp + S� p ((Su)n � un+1 ) if
and only if J lies in the isospectral torus ofJ0. They call this the magic formula.

This allows the study of perturbations of the isospectral torus by studying �( J ) which is a
polynomial in J of degreep, and so a 2p + 1 banded matrix. Thus, the study of perturbations of
periodic problems is connected to perturbations ofSp + S� p as block Jacobi matrices. Indeed, it
was this connection that stimulated our interest in MOPRL, a nd [33] uses some of our results here.

(e) Vector-valued prediction theory

As noted in Section 1.1, both prediction theory and �ltering theory use OPUC and have natural
MOPUC settings that motivated much of the MOPUC literature.

2 Matrix Orthogonal Polynomials on the Real Line

2.1 Preliminaries

OPRL are the most basic and developed of orthogonal polynomials, and so this chapter on the
matrix analogue is the most important of this survey. We present the basic formulas, assuming
enough familiarity with the scalar case (see [23, 82, 167, 176, 184, 185]) that we do not need to
explain why the objects we de�ne are important.

2.1.1 Polynomials, Inner Products, Norms

Let d� be an l � l matrix-valued Hermitian positive semi-de�nite �nite measur e on R normalized
by � (R) = 1 2 M l . We assume for simplicity that � has a compact support. However, many of
the results below do not need the latter restriction and in fact can be found in the literature for
matrix-valued measures with unbounded support.

De�ne (as in (1.20))

hhf; g ii R =
Z

f (x)y d� (x) g(x); kf kR = (Tr hhf; f ii R )1=2; f; g 2 P ;

hhf; g ii L =
Z

g(x) d� (x) f (x)y; kf kL = (Tr hhf; f ii L )1=2; f; g 2 P :

Clearly, we have

hhf; g ii y
R = hhg; f ii R ; hhf; g ii y

L = hhg; f ii L ; (2.1)

hhf; g ii L = hhgy; f yii R ; kf kL = kf ykR : (2.2)

As noted in Section 1.2, we have the left and right analogues of the Cauchy inequality

jTr hhf; g ii R j � k f kRkgkR ; jTr hhf; g ii L j � k f kL kgkL :

Thus, k�kR and k�kL are semi-norms inP. Indeed, as noted in Section 1.2, they are associated
to an inner product. The sets f f : kf kR = 0g and f f : kf kL = 0g are linear subspaces. LetPR
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be the completion of P=f f : kf kR = 0g (viewed as a right module overM l ) with respect to the
norm k�kR . Similarly, let PL be the completion ofP=f f : kf kL = 0g (viewed as a left module) with
respect to the norm k�kL .

The set V de�ned in Section 1.2 is a linear space. Let us introduce a semi-norm in V by

jjjf jjj =
� Z

dhf (x); � (x)f (x)i Cl

� 1=2

: (2.3)

Let V0 � V be the linear subspace of all polynomials such thatjjjf jjj = 0 and let V1 be the completion
of the quotient spaceV=V0 with respect to the norm jjj � jjj.

Lemma 2.1. The following are equivalent:
(1) kf kR > 0 for every non-zero f 2 P .
(2) For all n, the dimension in PR of the set of all polynomials of degree at mostn is (n + 1) l2.
(3) kf kL > 0 for every non-zero f 2 P .
(4) For all n, the dimension in PL of the set of all polynomials of degree at mostn is (n + 1) l2.
(5) For every non-zerov 2 V , we have thatjjjvjjj 6= 0 .
(6) For all n, the dimension in V1 of all vector-valued polynomials of degree at mostn is (n + 1) l .
The measured� is called non-trivial if these equivalent conditions hold.

Remark. If l = 1, these are equivalent to the usual non- triviality condit ion, that is, supp(� ) is
in�nite. For l > 1, we cannot de�ne triviality in this simple way, as can be seen by looking at the
direct sum of a trivial and non-trivial measure. In that case, the measure is not non-trivial in the
above sense but its support is in�nite.

Proof. The equivalences (1), (2), (3) , (4), and (5) , (6) are immediate. The equivalence (1)
, (3) follows from (2.2). Let us prove the equivalence (1), (5). Assume that (1) holds and let
v 2 V be non-zero. Letf 2 M l denote the matrix that has v as its leftmost column and that has
zero columns otherwise. Then, 06= kf k2

R = Tr hhf; f ii R = jjjvjjj2 and hence (5) holds. Now assume
that (1) fails and let f 2 P be non-zero with kf kR = 0. Then, at least one of the column vectors
of f is non-zero. Suppose for simplicity that this is the �rst column and denote this column vector
by v. Let t 2 M l be the matrix t ij = � i 1� j 1; then we have

kf kR = 0 ) hh f; f ii R = 0 ) 0 = Tr( t � hhf; f ii R t) = jjjvjjj2

and hence (5) fails.

Throughout the rest of this chapter, we assume the measured� to be non-trivial.

2.1.2 Monic Orthogonal Polynomials

Lemma 2.2. Let d� be a non-trivial measure.
(i) There exists a unique monic polynomialPR

n of degreen, which minimizes the norm kPR
n kR .

(ii) The polynomial PR
n can be equivalently de�ned as the monic polynomial of degreen which

satis�es
hhPR

n ; f ii R = 0 for any f 2 P ; degf < n: (2.4)

(iii) There exists a unique monic polynomialPL
n of degreen, which minimizes the norm kPL

n kL .
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(iv) The polynomial PL
n can be equivalently de�ned as the monic polynomial of degreen which

satis�es
hhPL

n ; f ii L = 0 for any f 2 P ; degf < n: (2.5)

(v) One hasPL
n (x) = PR

n (x)y for all x 2 R and

hhPR
n ; PR

n ii R = hhPL
n ; PL

n ii L : (2.6)

Proof. As noted, P has an inner product h�; �i R , so there is an orthogonal projection� (R)
n onto Pn

discussed in Section 1.2. Then
PR

n (x) = xn � � (R)
n� 1(xn ): (2.7)

As usual, in inner product spaces, this uniquely minimizesxn � Q over all Q 2 P n� 1. It clearly
obeys

Tr( hhPR
n ; f ii R ) = 0 (2.8)

for all f 2 P n� 1. But then for any matrix � ,

Tr( hhPR
n ; f ii R � ) = Tr( hhPR

n ; f � ii R ) = 0

so (2.4) holds.
This proves (i) and (ii). (iii) and (iv) are similar. To prove (v), note that PL

n (x) = PR
n (x)y

follows from the criteria (2.4), (2.5). The identity (2.6) f ollows from (2.2).

Lemma 2.3. Let � be non-trivial. For any monic polynomial P, we havedethhP; Pii R 6= 0 and
dethhP; Pii L 6= 0 .

Proof. Let P be a monic polynomial of degreen such that hhP; Pii R has a non-trivial kernel. Then
one can �nd � 2 M l , � 6= 0, such that � yhhP; Pii R � = 0. It follows that kP � kR = 0. But since
P is monic, the leading coe�cient of P � is � , so P � 6= 0, which contradicts the non-triviality
assumption. A similar argument works for hhP; Pii L .

By the orthogonality of Qn � PR
n to PR

n for any monic polynomial Qn of degreen, we have

hhQn ; Qn ii R = hhQ � PR
n ; Q � PR

n ii R + hhPR
n ; PR

n ii R (2.9)

and, in particular,
hhPR

n ; PR
n ii R � hh Qn ; Qn ii R (2.10)

with (by non-triviality) equality if and only if Qn = PR
n . Since Tr and det are strictly monotone

on strictly positive matrices, we have the following variational principles ((2.11) restates (i) of
Lemma 2.2):

Theorem 2.4. For any monic Qn of degreen, we have

kQnkR � k PR
n kR ; (2.11)

dethhQn ; Qn ii R � dethhPR
n ; PR

n ii R (2.12)

with equality if and only if PR
n = Qn .
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2.1.3 Expansion

Theorem 2.5. Let d� be non-trivial.
(i) We have

hhPR
k ; PR

n ii R = 
 n � kn (2.13)

for some positive invertible matrices
 n .
(ii) f PR

k gn
k=0 are a right-module basis forPn ; indeed, any f 2 P n has a unique expansion,

f =
nX

j =0

PR
j f R

j : (2.14)

Indeed, essentially by(1.38),
f R

j = 
 � 1
j hhPR

j ; f ii R : (2.15)

Remark. There are similar formulas for hh�; �ii L . By (2.6),

hhPL
k ; PL

n ii L = 
 n � kn (2.16)

(same
 n , which is why we use
 n and not 
 R
n ).

Proof. (i) (2.13) for n < k is immediate from (2.5) and for n > k by symmetry. 
 n � 0 follows
from (1.22). By Lemma 2.3, det(
 n ) 6= 0, so 
 n is invertible.

(ii) Map ( M l )n+1 to Pn by

h� 0; : : : ; � n i 7!
nX

j =0

PR
j � j � X (� 0; : : : ; � n ):

By (2.13),
� j = 
 � 1

j hhPR
j ; X (� 0; : : : ; � n )ii

so that map is one-one. By dimension counting, it is onto.

2.1.4 Recurrence Relations for Monic Orthogonal Polynomials

Denote by � R
n (resp. � L

n ) the coe�cient of xn� 1 in PR
n (x) (resp. PL

n (x)), that is,

PR
n (x) = xn1 + � R

n xn� 1 + lower order terms;

PL
n (x) = xn1 + � L

n xn� 1 + lower order terms:

SincePR
n (x)y = PL

n (x), we have (� R
n )y = � L

n . Using the parameters
 n of (2.13) and � R
n , � L

n one can
write down recurrence relations forPR

n (x), PL
n (x).

Lemma 2.6. (i) We have a commutation relation


 n� 1(� R
n � � R

n� 1) = ( � L
n � � L

n� 1)
 n� 1: (2.17)

(ii) We have the recurrence relations

xP R
n (x) = PR

n+1 (x) + PR
n (x)( � R

n � � R
n+1 ) + Pn� 1(x)
 � 1

n� 1
 n ; (2.18)

xP L
n (x) = PL

n+1 (x) + ( � L
n � � L

n+1 )PL
n (x) + 
 n 
 � 1

n� 1PL
n� 1(x): (2.19)
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Proof. (i) We have

PR
n (x) � xP R

n� 1(x) = ( � R
n � � R

n� 1)xn� 1 + lower order terms

and so

(� L
n � � L

n� 1)
 n� 1 = ( � R
n � � R

n� 1)yhhPR
n� 1; PR

n� 1ii R

= ( � R
n � � R

n� 1)yhhxn� 1; PR
n� 1ii R

= hhPR
n � xP R

n� 1; PR
n� 1ii R

= hhPR
n ; PR

n� 1ii R � hh xP R
n� 1; PR

n� 1ii R

= �hh xP R
n� 1; PR

n� 1ii R

= �hh PR
n� 1; xP R

n� 1ii R

= hhPR
n� 1; PR

n � xP R
n� 1ii R

= hhPR
n� 1; xn� 1(� R

n � � R
n� 1)ii R

= hhPR
n� 1; xn� 1ii R (� R

n � � R
n� 1)

= 
 n� 1(� R
n � � R

n� 1):

(ii) By Theorem 2.5,

xP R
n (x) = PR

n+1 (x)Cn+1 + PR
n (x)Cn + PR

n� 1(x)Cn� 1 + � � � + PR
0 C0

with some matricesC0; : : : ; Cn+1 . It is straightforward that Cn+1 = 1 and Cn = � R
n � � R

n+1 . By the
orthogonality property (2.4), we �nd C0 = � � � = Cn� 2 = 0. Finally, it is easy to calculate Cn� 1:


 n = hhPR
n ; xP R

n� 1ii R = hhxP R
n ; PR

n� 1ii R

= hhPR
n+1 + PR

n (� R
n � � R

n+1 ) + PR
n� 1Cn� 1; PR

n� 1ii R

= Cy
n� 1
 n� 1

and so, taking adjoints and using self-adjointness of
 j , Cn� 1 = 
 � 1
n� 1
 n . This proves (2.18); the

other relation (2.19) is obtained by conjugation.

2.1.5 Normalized Orthogonal Polynomials

We call pR
n 2 P a right orthonormal polynomial if deg pR

n � n and

hhpR
n ; f ii R = 0 for every f 2 P with deg f < n; (2.20)

hhpR
n ; pR

n ii R = 1: (2.21)

Similarly, we call pL
n 2 P a left orthonormal polynomial if deg pL

n � n and

hhpL
n ; f ii L = 0 for every f 2 P with deg f < n; (2.22)

hhpL
n ; pL

n ii L = 1: (2.23)
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Lemma 2.7. Any orthonormal polynomial has the form

pR
n (x) = PR

n (x)hhPR
n ; PR

n ii � 1=2
R � n ; pL

n (x) = � nhhPL
n ; PL

n ii � 1=2
L PL

n (x) (2.24)

where � n ; � n 2 M l are unitaries. In particular, degpR
n = deg pL

n = n.

Proof. Let K n be the coe�cient of xn in pR
n . Consider the polynomial q(x) = PR

n (x)K n � pR
n (x),

where PR
n is the monic orthogonal polynomial from Lemma 2.2. Then degq < n and so from (2.4)

and (2.20), it follows that hhq; qii R = 0 and so q(x) vanishes identically. Thus, we have

1 = hhpR
n ; pR

n ii R = K y
nhhPR

n ; PR
n ii RK n (2.25)

and so det(K n ) 6= 0. From (2.25) we get (K y
n ) � 1K � 1

n = hhPR
n ; PR

n ii R , and soK nK y
n = hhPR

n ; PR
n ii � 1

R .

From here we getK n = hhPR
n ; PR

n ii � 1=2
R � n with a unitary � n . The proof for pL

n is similar.

By Theorem 2.5, the polynomialspR
n form a right orthonormal module basis in PR . Thus, for

any f 2 P R , we have

f (x) =
1X

m=0

pR
m f m ; f m = hhpR

m ; f ii R (2.26)

and the Parseval identity
1X

m=0

Tr( f m f y
m ) = kf k2

R (2.27)

holds true. Obviously, sincef is a polynomial, there are only �nitely many non-zero terms in (2.26)
and (2.27).

2.2 Block Jacobi Matrices

The study of block Jacobi matrices goes back at least to Krein[133].

2.2.1 Block Jacobi Matrices as Matrix Representations

Suppose that a sequence of unitary matrices1 = � 0; � 1; � 2; : : : is �xed, and pR
n are de�ned according

to (2.24). As noted above,pR
n form a right orthonormal basis in PR .

The map f (x) 7! xf (x) can be considered as a right homomorphism inPR . Consider the matrix
Jnm of this homomorphism with respect to the basispR

n , that is,

Jnm = hhpR
n� 1; xpR

m� 1ii R : (2.28)

Following Killip{Simon [128] and Simon [167, 168, 176], ourJacobi matrices are indexed with
n = 1 ; 2; : : : but, of course, pn has n = 0 ; 1; 2; : : : . That is why (2.28) has n � 1 and m � 1.

As in the scalar case, using the orthogonality properties ofpR
n , we get that Jnm = 0 if jn� mj > 1.

Denote
Bn = Jnn = hhpR

n� 1; xpR
n� 1ii R

and
An = Jn;n +1 = J y

n+1 ;n = hhpR
n� 1; xpR

n ii R :
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Then we have

J =

0

B
B
B
@

B1 A1 0 � � �
Ay

1 B2 A2 � � �
0 Ay

2 B3 � � �
...

...
...

. . .

1

C
C
C
A

(2.29)

Applying (2.26) to f (x) = xpR
n (x), we get the recurrence relation

xpR
n (x) = pR

n+1 (x)Ay
n+1 + pR

n (x)Bn+1 + pR
n� 1(x)An ; n = 1 ; 2; : : : : (2.30)

If we set pR
� 1(x) = 0 and A0 = 1, the relation (2.30) also holds forn = 0. By (2.2), we can always

pick pL
n so that for x real, pL

n (x) = pR
n (x)y, and thus for complex z,

pL
n (z) = pR

n (�z)y (2.31)

by analytic continuation. By conjugating (2.30), we get

xpL
n (x) = An+1 pL

n+1 (x) + Bn+1 pL
n (x) + Ay

npL
n� 1(x); n = 0 ; 1; 2; : : : : (2.32)

Comparing this with the recurrence relations (2.18), (2.19), we get

An = � y
n� 1
 � 1=2

n� 1 
 1=2
n � n ; Bn = � y

n� 1
 1=2
n� 1(� R

n� 1 � � R
n )
 � 1=2

n� 1 � n� 1: (2.33)

In particular, det An 6= 0 for all n.
Notice that since � n is unitary, jdet(� n )j = 1, so (2.33) implies det(
 1=2

n ) = det( 
 1=2
n� 1)jdet(An )j

which, by induction, implies that

dethhPR
n ; PR

n ii = jdet(A1 � � � An )j2: (2.34)

Any block matrix of the form (2.29) with Bn = B y
n and detAn 6= 0 for all n will be called a

block Jacobi matrix corresponding to the Jacobi parametersAn and Bn .

2.2.2 Basic Properties of Block Jacobi Matrices

Suppose we are given a block Jacobi matrixJ corresponding to Jacobi parametersAn and Bn ,
where Bn = B y

n and detAn 6= 0 for each n.
Consider the Hilbert spaceH v = `2(Z+ ; Cl ) (here Z+ = f 1; 2; 3; : : : g) with inner product

hf; g i H v =
1X

n=1

hf n ; gn i Cl

and orthonormal basis f ek;j gk2 Z+ ;1� j � l , where

(ek;j )n = � k;n vj

and f vj g1� j � l is the standard basis ofCl . J acts on H v via

(Jf )n = Ay
n� 1f n� 1 + Bn f n + An f n+1 ; f 2 H v (2.35)
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(with f 0 = 0) and de�nes a symmetric operator on this space. Note that using invertibility of the
An 's, induction shows

spanf ek;j : 1 � k � n; 1 � j � lg = spanf J k� 1e1;j : 1 � k � n; 1 � j � lg (2.36)

for every n � 1. We want to emphasize that elements ofH v and H are vector-valued and matrix-
valued, respectively. For this reason, we will be interested in both matrix- and vector-valued
solutions of the basic di�erence equations.

We will consider only bounded block Jacobi matrices, that is, those corresponding to Jacobi
parameters satisfying

sup
n

Tr( Ay
nAn + B y

nBn ) < 1 : (2.37)

Equivalently,
sup

n
(kAnk + kBnk) < 1 : (2.38)

In this case,J is a bounded self-adjoint operator. This is equivalent to� having compact support.
We call two Jacobi matricesJ and ~J equivalent if there exists a sequence of unitariesun 2 M l ,

n � 1, with u1 = 1 such that ~Jnm = uy
nJnm um . From Lemma 2.7 it is clear that if pR

n , ~pR
n

are two sequences of normalized orthogonal polynomials, corresponding to the same measure (but
having di�erent normalization), then the Jacobi matrices Jnm = hhpR

n� 1; xpR
m� 1ii R and ~Jnm =

hh~pR
n� 1; x ~pR

m� 1ii R are equivalent (un = � y
n� 1~� n� 1). Thus,

~Bn = uy
nBnun ; ~An = uy

nAnun+1 : (2.39)

Therefore, we have a map

� : � 7!f J : Jmn = hhpR
n� 1; xpR

m� 1ii R ; pR
n

correspond tod� for some normalizationg
(2.40)

from the set of all Hermitian positive semi-de�nite non-trivi al compactly supported measures to
the set of all equivalence classes of bounded block Jacobi matrices. Below, we will see how to invert
this map.

2.2.3 Special Representatives of the Equivalence Classes

Let J be a block Jacobi matrix with the Jacobi parametersAn , Bn . We say that J is:

� of type 1, if An > 0 for all n;

� of type 2, if A1A2 � � � An > 0 for all n;

� of type 3, if An 2 L for all n.

Here, L is the class of all lower triangular matrices with strictly p ositive elements on the diagonal.
Type 3 is of interest because they correspond precisely to bounded Hermitian matrices with 2l + 1
non-vanishing diagonals with the extreme diagonals strictly positive; see Section 1.4(c). Type 2 is
the case where the leading coe�cients ofpR

n are strictly positive de�nite.

Theorem 2.8. (i) Each equivalence class of block Jacobi matrices contains exactly one element
each of type 1, type 2, or type 3.
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(ii) Let J be a block Jacobi matrix corresponding to a sequence of polynomials pR
n as in (2.24).

Then J is of type 2 if and only if � n = 1 for all n.

Proof. The proof is based on the following two well-known facts:
(a) For any t 2 M l with det( t) 6= 0, there exists a unique unitary u 2 M l such that tu is Hermitian

positive semi-de�nite: tu � 0.
(b) For any t 2 M l with det( t) 6= 0, there exists a unique unitary u 2 M l such that tu 2 L .

We �rst prove that every equivalence class of block Jacobi matrices contains at least one element
of type 1. For a given sequenceAn , let us construct a sequenceu1 = 1; u2; u3; : : : of unitaries such
that uy

nAnun+1 � 0. By the existence part of (a), we �nd u2 such that A1u2 � 0, then �nd u3

such that uy
2A2u3 � 0, etc. This, together with (2.39), proves the statement. In order to prove the

uniqueness part, suppose we haveAn � 0 and uy
nAnun+1 � 0 for all n. Then, by the uniqueness

part of (a), A1 � 0 and A1u2 � 0 imply u2 = 1; next, A2 � 0 and uy
2A2u3 = A2u3 � 0 imply

u3 = 1, etc.
The statement (i) concerning type 3 can be proven in the same way, using (b) instead of (a).
The statement (i) concerning type 2 can be proven similarly. Existence: �nd u2 such that

A1u2 � 0, then u3 such that (A1u2)(uy
2A2u3) = A1A2u3 � 0, etc. Uniqueness: ifA1 : : : An � 0

and A1 � � � Anun+1 � 0, then un+1 = 1.
By (2.33), we haveA1A2 � � � An = 
 1=2

n � n and the statement (ii) follows from the positivity of

 n .

We say that a block Jacobi matrix J belongs to the Nevai class if

Bn ! 0 and Ay
nAn ! 1 as n ! 1 :

It is clear that J is in the Nevai class if and only if all equivalent Jacobi matrices belong to the
Nevai class.

Theorem 2.9. If J belongs to the Nevai class and is of type 1 or type 3, thenAn ! 1 as n ! 1 .

Proof. If J is of type 1, thenAy
nAn = A2

n ! 1 clearly implies An ! 1 since square root is continuous
on positive Hermitian matrices.

SupposeJ is of type 3. We shall prove that An ! 1 by considering the rows of the matrix An

one by one, starting from the lth row. Denote (An ) jk = a(n)
j;k . We have

(Ay
nAn ) ll = ( a(n)

l;l )2 ! 1; and soa(n)
l;l ! 1:

Then, for any k < l , we have

(Ay
nAn ) lk = a(n)

l;l a(n)
l;k ! 0; and soa(n)

l;k ! 0:

Next, consider the (l � 1)st row. We have

(Ay
nAn ) l � 1;l � 1 = ( a(n)

l � 1;l � 1)2 + ja(n)
l;l � 1j2 ! 1

and so, using the previous step,a(n)
l � 1;l � 1 ! 1 asn ! 1 . Then for all k < l � 1, we have

(Ay
nAn ) l � 1;k = a(n)

l � 1;l � 1 a(n)
l � 1;k + a(n)

l;l � 1 a(n)
l;k ! 0

and so, using the previous steps,al � 1;k ! 0. Continuing this way, we get a(n)
j;k ! � j;k as required.

It is an interesting open question if this result also applies to the type 2 case.
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2.2.4 Favard's Theorem

Here we construct an inverse of the mapping � (de�ned by (2.40)). Thus, � sets up a bijection
between non-trivial measures of compact support and equivalence classes of bounded block Jacobi
matrices.

Before proceeding to do this, let us prove:

Lemma 2.10. The mapping � is injective.

Proof. Let � and ~� be two Hermitian positive semi-de�nite non-trivial compactl y supported mea-
sures. Suppose that �(� ) = �(~ � ).

Let pR
n and ~pR

n be normalized orthogonal polynomials corresponding to� and ~� . Suppose that
the normalization both for pR

n and for ~pR
n has been chosen such that� n = 1 (see (2.24)), that

is, type 2. From Lemma 2.8 and the assumption �(� ) = �(~ � ) it follows that the corresponding
Jacobi matrices coincide, that is,hhpR

n ; xpR
m ii R = hh~pR

n ; x ~pR
m ii R for all n and m. Together with the

recurrence relation (2.30) this yieldspR
n = ~pR

n for all n.
For any n � 0, we can representxn as

xn =
nX

k=0

pR
k (x)C(n)

k =
nX

k=0

~pR
k (x) ~C(n)

k :

The coe�cients C(n)
k and ~C(n)

k are completely determined by the coe�cients of the polynomials pR
n

and ~pR
n and soC(n)

k = ~C(n)
k for all n and k.

For the moments of the measure� , we have
Z

xnd� (x) = hh1; xn ii R =
nX

k=0

hh1; pR
k C(n)

k ii R = hh1; 1ii R C(n)
0 = C(n)

0 :

Since the same calculation is valid for the measure ~� , we get
Z

xnd� (x) =
Z

xnd~� (x)

for all n. It follows that Z
f (x)d� (x)g(x) =

Z
f (x)d~� (x)g(x)

for all matrix-valued polynomials f and g, and so the measures� and ~� coincide.

We can now construct the inverse of the map �. Let a block Jacobi matrix J be given. By
a version of the spectral theorem for self-adjoint operatorswith �nite multiplicity (see, e.g., [2,
Sect. 72]), there exists a matrix-valued measured� with

he1;j ; f (J )e1;k i H v =
Z

f (x) d� j;k (x) (2.41)

and an isometry
R : H v ! L 2(R; d� ; Cl )

such that (recall that f vj g is the standard basis inCl )

[Re1;j ](x) = vj ; 1 � j � l; (2.42)



Matrix Orthogonal Polynomials 25

and, for any g 2 H v , we have
(RJg)(x) = x(Rg)(x): (2.43)

If the Jacobi matrices J and ~J are equivalent, then we have ~J = U �JU for some U = � 1
n=1 un ,

u1 = 1. Thus,
he1;j ; f ( ~J )e1;k i H v = hUe1;j ; f (J )Ue1;k i H v = he1;j ; f (J )e1;k i H v

and so the measures corresponding toJ and ~J coincide. Thus, we have a map

	 : f ~J : ~J is equivalent to J g 7! � (2.44)

from the set of all equivalence classes of bounded block Jacobi matrices to the set of all Hermitian
positive semi-de�nite compactly supported measures.

Theorem 2.11. (i) All measures in the image of the map	 are non- degenerate.
(ii) � � 	 = id.

(iii) 	 � � = id.

Proof. (i) To put things in the right context, we �rst recall that k�kH v is a norm (rather than a
semi-norm), whereasjjj � jjj on V (cf. (2.3)) is, in general, a semi-norm. Using the assumptionthat
det(Ak ) 6= 0 for all k (which is included in our de�nition of a Jacobi matrix), we wi ll prove that jjj � jjj
is in fact a norm. More precisely, we will prove that jjjpjjj > 0 for any non-zero polynomialp 2 V ; by
Lemma 2.1 this will imply that � is non-degenerate.

Let p 2 V be a non-zero polynomial, degp = n. Notice that (2.42) and (2.43) give

[RJ ke1;j ](x) = xkvj (2.45)

for every k � 0 and 1 � j � l . This shows that p can be represented asp = Rg, where g =P n
k=0 J k f k , and f 0; : : : ; f n are vectors in H v such that hf i ; ej;k i H v = 0 for all i = 0 ; : : : ; n, j � 2,

k = 1 ; : : : ; l (i.e., the only non-zero components off j are in the �rst Cl in H v). Assumption
degp = n meansf n 6= 0.

SinceR is isometric, we havejjjpjjj = kgkH v , and so we have to prove thatg 6= 0. Indeed, suppose
that g = 0. Using the assumption det(Ak ) 6= 0 and the tri-diagonal nature of J , we see thatP n

k=0 J k f k = 0 yields f n = 0, contrary to our assumption.

(ii) Consider the elementsRen;k 2 L 2(R; d� ; Cl ). First note that, by (2.36) and (2.45), Ren;k is
a polynomial of degree at mostn � 1. Next, by the unitarity of R, we have

hRen;k ; Rem;j i L 2 (R;d� ;Cl ) = � m;n � k;j : (2.46)

Let us construct matrix-valued polynomials qn (x), using Ren;1; Ren;2; : : : ; Ren;l as columns of
qn� 1(x):

[qn� 1(x)] j;k = [ Ren;k (x)] j :

We have degqn � n and hhqm ; qn ii R = � m;n 1; the last relation is just a reformulation of (2.46).
Hence theqn 's are right normalized orthogonal polynomials with respect to the measure d� . We
�nd

Jnm = [ hen;j ; Jem;k i H v ]1� j;k � l

= [ hRen;j ; RJem;k i L 2 (R;d� ;Cl ) ]1� j;k � l
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= [ hRen;j ; xRem;k i L 2 (R;d� ;Cl ) ]1� j;k � l

= [ h[qn� 1(x)] � ;j ; x[qm� 1(x)] � ;k i L 2 (R;d� ;Cl ) ]1� j;k � l

= hhqn� 1; xqm� 1ii R

as required.

(iii) Follows from (ii) and from Lemma 2.10.

2.3 The m-Function

2.3.1 The De�nition of the m-Function

We denote the Borel transform ofd� by m:

m(z) =
Z

d� (x)
x � z

; Im z > 0: (2.47)

It is a matrix-valued Herglotz function, that is, it is analyt ic and obeys Imm(z) > 0. For in-
formation on matrix-valued Herglotz functions, see [98] andreferences therein. Extensions to
operator-valued Herglotz functions can be found in [94].

Lemma 2.12. Supposed� is given, pR
n are right normalized orthogonal polynomials, andJ is the

associated block Jacobi matrix. Then,

m(z) = hhpR
0 ; (x � z) � 1pR

0 ii R (2.48)

and
m(z) = he1;� ; (J � z) � 1e1;� i H v : (2.49)

Proof. Since pR
0 = 1, (2.48) is just a way of rewriting the de�nition of m. The second identity,

(2.49), is a consequence of (2.41) and Theorem 2.11(iii).

2.3.2 Coe�cient Stripping

If J is a block Jacobi matrix corresponding to invertible An 's and Hermitian Bn 's, we denote the
k-times stripped block Jacobi matrix, corresponding to f Ak+ n ; Bk+ ngn� 1, by J (k) . That is,

J (k) =

0

B
B
B
@

Bk+1 Ak+1 0 � � �
Ay

k+1 Bk+2 Ak+2 � � �
0 Ay

k+2 Bk+3 � � �
...

...
...

. . .

1

C
C
C
A

:

The m-function corresponding to J (k) will be denoted by m(k) . Note that, in particular, J (0) = J
and m(0) = m.

Proposition 2.13. Let J be a block Jacobi matrix with� ess(J ) � [a; b]. Then, for every " > 0,
there is k0 � 0 such that for k � k0, we have that� (J (k) ) � [a � "; b + " ].

Proof. This is an immediate consequence of (the proof of) [42, Lemma1].
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Proposition 2.14 (Due to Aptekarev{Nikishin [4]). We have that

m(k) (z) � 1 = Bk+1 � z � Ak+1 m(k+1) (z)Ay
k+1

for Im z > 0 and k � 0.

Proof. It su�ces to handle the case k = 0. Given (2.49), this is a special case of a general formula
for 2 � 2 block operator matrices, due to Schur [163], that reads

�
A B
C D

� � 1

=
�

(A � BD � 1C) � 1 � A � 1B (D � CA � 1B ) � 1

� D � 1C(A � BD � 1C) � 1 (D � CA � 1B ) � 1

�

and which is readily veri�ed. Here A = B1 � z, B = A1, C = Ay
1, and D = J (1) � z.

2.4 Second Kind Polynomials

De�ne the second kind polynomials by qR
� 1(z) = � 1,

qR
n (z) =

Z

R
d� (x)

pR
n (z) � pR

n (x)
z � x

; n = 0 ; 1; 2; : : : :

As is easy to see, forn � 1, qR
n is a polynomial of degreen � 1. For future reference, let us display

the �rst several polynomials pR
n and qR

n :

pR
� 1(x) = 0; pR

0 (x) = 1; pR
1 (x) = ( x � B1)A � 1

1 ; (2.50)

qR
� 1(x) = � 1; qR

0 (x) = 0; qR
1 (x) = A � 1

1 : (2.51)

The polynomials qR
n satisfy the equation (same form as (2.30))

xqR
n (x) = qR

n+1 (x)Ay
n+1 + qR

n (x)Bn+1 + qR
n� 1(x)An ; n = 0 ; 1; 2; : : : : (2.52)

For n = 0, this can be checked by a direct substitution of (2.51). For n � 1, as in the scalar case,
this can be checked by taking (2.30) forx and for z, subtracting, dividing by x � z, integrating
over d� , and taking into account the orthogonality relation

Z
d� (x)pR

n (x) = 0; n � 1:

Finally, let us de�ne
 R

n (z) = qR
n (z) + m(z)pR

n (z):

According to the de�nition of qR
n , we have

 R
n (z) = hhf z; pR

n ii R ; f z(x) = ( x � �z) � 1:

By the Parseval identity, this shows that for all Im z > 0, the sequence R
n (z) is in `2, that is,

1X

n=0

Tr(  R
n (z)y R

n (z)) < 1 : (2.53)

In the same way, we de�neqL
� 1(z) = � 1,

qL
n (z) =

Z

R

pL
n (z) � pL

n (x)
z � x

d� (x) ; n = 0 ; 1; 2; : : :

and  L
n (z) = qL

n (z) + pL
n (z)m(z).
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2.5 Solutions to the Di�erence Equations

For Im z > 0, consider the solutions to the equations

zun (z) =
1X

m=1

um (z)Jmn ; n = 2 ; 3; : : : ; (2.54)

zvn (z) =
1X

m=1

Jnm vm (z); n = 2 ; 3; : : : : (2.55)

Clearly, un (z) solves (2.54) if and only if vn (z) = ( un (�z)) y solves (2.55). In the above, we normally
intend z as a �xed parameter but it then can be used as a variable. That is, z is �xed and un (z)
is a �xed sequence, not az-dependent function. A statement like vn (z) = ( un (�z)) y means ifun is a
sequence solving (2.54) forz = �z0, then vn obeys (2.55) forz = z0. Of course, if un (z) is a function
of z in a region, we can apply our estimates to allz in the region. For any solution f un (z)g1

n=1 of
(2.54), let us de�ne

u0(z) = zu1(z) � u1(z)B1 � u2(z)Ay
1: (2.56)

With this de�nition, the equation (2.54) for n = 1 is equivalent to u0(z) = 0. In the same way, we
set

v0(z) = zv1(z) � B1v1(z) � A1v2(z):

Lemma 2.15. Let Im z > 0 and supposef un (z)g1
n=0 solves (2.54) (for n � 2) and (2.56) and

belongs to`2. Then

(Im z)
1X

n=1

Tr( un (z)yun (z)) = � Im Tr( u1(z)u0(z)y): (2.57)

In particular, un (z) = �p R
n� 1(z) is in `2 only if � = 0.

Proof. Denote sn = Tr( un (z)Ay
n� 1un� 1(z)y). Here A0 = 1. Multiplying (2.54) for n � 2 and (2.56)

for n = 1 by un (z)y on the right, taking traces, and summing overn, we get

z
NX

n=1

Tr( un (z)un (z)y) =
NX

n=1

sn+1 +
NX

n=1

Tr( un (z)Bn+1 un (z)y) +
NX

n=1

sn :

Taking imaginary parts and letting N ! 1 , we obtain (2.57) since the middle sum is real and the
outer sums cancel up to boundary terms. Applying (2.57) toun (z) = �p R

n� 1(z), we get zero in the
right-hand side:

(Im z)
1X

n=1

Tr( �p R
n� 1(z)pR

n� 1(z)y� y) = 0

and hence� = 0 sincepR
0 = 1.

Theorem 2.16. Let Im z > 0.
(i) Any solution f un (z)g1

n=0 of (2.54) (for n � 2) can be represented as

un (z) = apR
n� 1(z) + bqR

n� 1(z) (2.58)

for suitable a; b2 M l . In fact, a = u1(z) and b = � u0(z).
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(ii) A sequence(2.58) satis�es (2.54) for all n � 1 if and only if b = 0 .
(iii) A sequence(2.58) belongs to`2 if and only if un (z) = c R

n� 1(z) for somec 2 M l . Equivalently,
a sequence(2.58) belongs to`2 if and only if u1(z) + u0(z)m(z) = 0 .

Proof. (i) Let un (z) be a solution to (2.54). Consider

~un (z) = un (z) � u1(z)pR
n� 1(z) + u0(z)qR

n� 1(z):

Then ~un (z) also solves (2.54) and ~u0(z) = ~u1(z) = 0. It follows that ~un (z) = 0 for all n. This
proves (i).

(ii) A direct substitution of (2.58) into (2.54) for n = 1 yields the statement.

(iii) We already know that c R
n� 1 is an `2 solution. Suppose that un (z) is an `2 solution to

(2.54). Rewrite (2.58) as

un (z) = ( a � bm(z))pR
n� 1(z) + b R

n� 1(z):

Since R
n is in `2 and cpR

n is not in `2, we geta = bm(z), which is equivalent to u1(z)+ u0(z)m(z) = 0
or to un (z) = b R

n� 1(z).

By conjugation, we obtain:

Theorem 2.17. Let Im z > 0.
(i) Any solution f vn (z)g1

n=0 of (2.55) (for n � 2) can be represented as

vn (z) = pL
n� 1(z)a + qL

n� 1(z)b: (2.59)

In fact, a = v1(z) and b = � v0(z).
(ii) A sequence(2.59) satis�es (2.55) for all n � 1 if and only if b = 0 .
(iii) A sequence(2.59) belongs to`2 if and only if vn (z) =  L

n� 1(z)c for somec 2 M l . Equivalently,
a sequence(2.59) belongs to`2 if and only if v1(z) + m(z)v0(z) = 0 .

2.6 Wronskians and the Christo�el{Darboux Formula

For any two M l -valued sequencesun , vn , de�ne the Wronskian by

Wn (u; v) = unAnvn+1 � un+1 Ay
nvn : (2.60)

Note that Wn (u; v) = � Wn (vy; uy)y. If un (z) and vn (z) are solutions to (2.54) and (2.55), then
by a direct calculation, we see that Wn (u(z); v(z)) is independent of n. Put di�erently, if both
un (z) and vn (z) are solutions to (2.54), then Wn (u(z); v(�z)y) is independent ofn. Or, if both un (z)
and vn (z) are solutions to (2.55), then Wn (u(�z)y; v(z)) is independent of n. In particular, by a
direct evaluation for n = 0, we get

Wn (pR
� � 1(z); pR

� � 1(�z)y) = Wn (qR
� � 1(z); qR

� � 1(�z)y) = 0;

Wn (pL
� � 1(�z)y; pL

� � 1(z)) = Wn (qL
� � 1(�z)y; qL

� � 1(z)) = 0;

Wn (pR
� � 1(z); qR

� � 1(�z)y) = Wn (pL
� � 1(�z)y; qL

� � 1(z)) = 1:

Let both u(z) and v(z) be solutions to (2.54) of the type (2.58), namely,

un (z) = apR
n� 1(z) + bqR

n� 1(z); vn (z) = cpR
n� 1(z) + dqR

n� 1(z):
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Then the above calculation implies

Wn (u(z); v(�z)y) = ady � bcy:

Theorem 2.18 (CD Formula). For any x; y 2 C and n � 1, one has

(x � y)
nX

k=0

pR
k (x)pL

k (y) = � Wn+1 (pR
� � 1(x); pL

� � 1(y)) : (2.61)

Proof. Multiplying (2.30) by pL
n (y) on the right and (2.32) (with y in place of x) by pR

n (x) on the
left and subtracting, we get

(x � y)pR
n (x)pR

n (y) = Wn (pR
� � 1(x); pL

� � 1(y)) � Wn+1 (pR
� � 1(x); pL

� � 1(y)) :

Summing over n and noting that W0(pR (x); pL (y)) = 0, we get the required statement.

2.7 The CD Kernel

The CD kernel is de�ned for z; w 2 C by

K n (z; w) =
nX

k=0

pR
k (z)pR

k ( �w)y (2.62)

=
nX

k=0

pL
k (�z)ypL

k (w): (2.63)

(2.63) follows from (2.62) and (2.31). Notice that K is independent of the choices� n ; � n in
(2.24) and that (2.61) can be written

(z � �w)K n (z; w) = � Wn+1 (pR
� � 1(z); pR

� � 1( �w)y): (2.64)

The independence ofK n of �; � can be understood by noting that if f m is given by (2.26), then

Z
K n (z; w) d� (w)f (w) =

nX

m=0

pR
m (z)f m (2.65)

soK is the kernel of the orthogonal projection onto polynomialsof degree up ton, and so intrinsic.
Similarly, if f (L )

m = hhf; p L
m ii L , so

f (x) =
1X

m=0

f (L )
m pL

m (x); (2.66)

then, by (2.63),
Z

f (z) d� (z)K n (z; w) =
nX

m=0

f (L )
m pL

m (w): (2.67)

One has Z
K n (z; w) d� (w)K n (w; � ) = K n (z; � ) (2.68)
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as can be checked directly and which is an expression of the fact that the map in (2.65) is a
projection, and so its own square.

We will let � n be the map ofL 2(d� ) to itself given by (2.65) (or by (2.67)). (2.64) can then be
viewed (for z; w 2 R) as an expression of the integral kernel of the commutator [J; � n ], which leads
to another proof of it [175].

Let Jn;F be the �nite nl � nl matrix obtained from J by taking the top leftmost n2 blocks. It
is the matrix of � n� 1M x � n� 1 where M x is multiplication by x in the f pR

j gn� 1
j =0 basis. Fory 2 C and


 2 Cl , let ' n;
 (y) be the vector whose components are

(' n;
 (y)) j = pL
j � 1(y)
 (2.69)

for j = 1 ; 2; : : : ; n. We claim that

[(Jn;F � y)' n;
 (y)] j = � � jn AnpL
n (y)
 (2.70)

as follows immediately from (2.32).
This is intimately related to (2.61) and (2.64). For recalli ng J is the matrix in pR basis, ' n;
 (y)

corresponds to the function

n� 1X

j =0

pR
j (x)( ' n;
 (y)) j � 1 = K n (x; y)
:

As we will see in the next two sections, (2.70) has important consequences.

2.8 Christo�el Variational Principle

There is a matrix version of the Christo�el variational prin ciple (see Nevai [152] for a discussion of
uses in the scalar case; this matrix case is discussed by Duran{Polo [76]):

Theorem 2.19. For any non-trivial l � l matrix- valued measure,d� , on R, we have that for any
n, any x0 2 R, and matrix polynomials Qn (x) of degree at mostn with

Qn (x0) = 1; (2.71)

we have that
hhQn ; Qn ii R � K n (x0; x0) � 1 (2.72)

with equality if and only if
Qn (x) = K n (x; x 0)K n (x0; x0) � 1: (2.73)

Remark. (2.72) also holds forhh�; �ii L but the minimizer is then K n (x0; x0) � 1K n (x; x 0).

Proof. Let Q(0)
n denote the right-hand side of (2.73). Then for any polynomial Rn of degree at

most n, we have
hhQ(0)

n ; Rn ii R = K n (x0; x0) � 1Rn (x0) (2.74)

because of (2.65). SinceQn (x0) = Q(0)
n (x0) = 1, we conclude

hhQn � Q(0)
n ; Qn � Q(0)

n ii R = hhQn ; Qn ii R � K n (x0; x0) � 1 (2.75)

from which (2.72) is immediate and, given the supposed non- triviality, the uniqueness of minimizer.
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With this, one easily gets an extension of a result of M�at�e{ Nevai [146] to MOPRL. (They had
it for scalar OPUC. For OPUC, it is in M�at�e{Nevai{Totik [14 7] on [� 1; 1] and in Totik [187] for
general OPRL. The result below can be proven using polynomial mappings �a la Totik [188] or Jost
solutions �a la Simon [174].)

Theorem 2.20. Let d� be a non-trivial l � l matrix-valued measure onR with compact support,
E . Let I = ( a; b) be an open interval withI � E . Then for Lebesgue a.e.x 2 I ,

lim sup(n + 1) K n (x; x ) � 1 � w(x): (2.76)

Remark. This is intended in terms of expectations in any �xed vector.

We state this explicitly since we will need it in Section 5.4,but we note that the more detailed
results of M�at�e{Nevai{Totik [147], Lubinsky [141], Simo n [173], and Totik [189] also extend.

2.9 Zeros

We next look at zeros of det(PL
n (z)), which we will prove soon is also det(PR

n (z)). Following
[66, 177], we will identify these zeros with eigenvalues ofJn;F . It is not obvious a priori that
these zeros are real and, unlike the scalar situation, wherethe classical arguments on the zeros
rely on orthogonality, we do not know how to get reality just f rom that (but see the remark after
Theorem 2.25).

Lemma 2.21. Let C(z) be an l � l matrix-valued function analytic near z = 0 . Let

k = dim(ker( C(0))) : (2.77)

Then det(C(z)) has a zero atz = 0 of order at least k.

Remarks. 1. Even in the 1� 1 case, wherek = 1, the zeros can clearly be of higher order thank
sincec11(z) can have a zero of any order!

2. The temptation to take products of eigenvalues will lead at best to a complicated proof as
the casesC(z) = ( 0 z

1 0 ) and C(z) =
�

0 z2

1 0

�
illustrate.

Proof. Let e1; : : : ; el be an orthonormal basis with e1; : : : ; ek 2 ker(C(0)). By Hadamard's inequal-
ity (see Bhatia [13]),

jdet(C(z)) j � k C(z)e1k � � � kC(z)el k

� Cjzjk

sincekC(z)ej k � Cjzj if j = 1 ; : : : ; k and kC(z)ej k � d for j = k + 1 ; : : : ; l .

The following goes back at least to [34]; see also [66, 165, 177, 178].

Theorem 2.22. We have that

detCl (PL
n (z)) = det Cnl (z � Jn;F ): (2.78)
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Proof. By (2.70), if 
 is such that pL
n (y)
 = 0, then ' n;
 (y) is an eigenvector forJn;F with eigenvalue

y. Conversely, if ' is an eigenvector and
 is de�ned as that vector in Cl whose components are the
�rst l components of' , then a simple inductive argument shows' = ' n;
 (y) and then, by (2.70)
and the fact that An is invertible, we see that pL

n (y)
 = 0. This shows that for any y,

dim ker(PL
n (y)) = dim ker( Jn;F � y): (2.79)

By Lemma 2.21, if y is any eigenvalue ofJn;F of multiplicity k, then det(PL
n (z)) has a zero

of order at least k at y. Now let us consider the polynomials inz on the left and right in (2.78).
Since Jn;F is Hermitian, the sum of the multiplicities of the zeros on the right is nl . Since the
polynomial on the left is of degreenl , by a counting argument it has the same set of zeros with
the same multiplicities as the polynomial on the right. Since both polynomials are monic, they are
equal.

Corollary 2.23. All the zeros of det(PL
n (z)) are real. Moreover,

det(PR
n (z)) = det( PL

n (z)) : (2.80)

Proof. SinceJn;F is Hermitian, all its eigenvalues are real, so (2.78) implies the zeros of det(PL
n (z))

are real. Thus, since the polynomial is monic,

det(PL
n (�z)) = det( PL

n (z)) : (2.81)

By Lemma 2.2(v), we have
PR

n (z) = PL
n (�z)y (2.82)

since both sides are analytic and agree ifz is real. Thus,

det(PR
n (z)) = det( PL

n (�z)y) = det(PL
n (�z))

proving (2.80).

The following appeared before in [178]; see also [165].

Corollary 2.24. Let f xn;j gnl
j =1 be the zeros ofdet(PL

n (x)) counting multiplicity ordered by

xn;1 � xn;2 � � � � � xn;nl : (2.83)

Then
xn+1 ;j � xn;j � xn+1 ;j + l : (2.84)

Remarks. 1. This is interlacing if l = 1 and replaces it for generall .

2. Using An invertible, one can show the inequalities in (2.84) are strict.

Proof. The min-max principle [159] says that

xn;j = max
L � Cnl

dim( L )� j � 1

min
f 2 L ?

kf k=1

hf; J n;F f i Cnl : (2.85)

If P : C(n+1) l ! Cnl is the natural projection, then hP f; J n+1; F Pf i C( n +1) l = hP f; J n;F Pf i Cnl and
asL runs through all subspaces ofC(n+1) l dimension at most j � 1, P[L ] runs through all subspaces
of dimension at most j � 1 in Cnl , so (2.85) implies xn+1 ;j � xn;j . Using the same argument
on � Jn;F and � Jn+1; F shows x j (� Jn;F ) � x j (� Jn+1; F ). But x j (� Jn;F ) = � xnl +1 � j (Jn;F ) and
x j (� Jn+1; F ) = � x(n+1) l+1 � j (Jn+1; F ). That yields the other inequality.
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2.10 Lower Bounds on p and the Stieltjes{Weyl Formula for m

Next, we want to exploit (2.70) to prove uniform lower bounds on kpL
n (y)
 k when y =2 cvh(� (J )),

the convex hull of the support of J , and thereby uniform bounds kpL
n (y) � 1k. We will then use that

to prove that for z =2 � (J ), we have

m(z) = lim
n!1

� pL
n (z) � 1qL

n (z) (2.86)

the matrix analogue of a formula that spectral theorists associate with Weyl's de�nition of the
m-function [193], although for the discrete case, it goes backat least to Stieltjes [181].

We begin by mimicking an argument from [171]. LetH = cvh( � (J )) = [ c � D; c + D] with

D = 1
2 diam(H ): (2.87)

By the de�nition of An ,
kAnk = khhpR

n� 1; (x � c)pR
n ii Rk � D: (2.88)

Supposey =2 H and let
d = dist( y; H ): (2.89)

By the spectral theorem, for any vector ' 2 H v ,

jh'; (J � y)' i H v j � dk' k2: (2.90)

By (2.70), with ' = ' n;
 (y),

jh'; (J � y)' ij � k Ank kpL
n (y)
 k kpL

n� 1(y)
 k (2.91)

while

k' k2 =
n� 1X

j =0

kpL
j (y)
 k2: (2.92)

As in [171, Prop. 2.2], we get:

Theorem 2.25. If y =2 H , for any 
 ,

kpL
n (y)
 k �

� d
D

��
1 +

� d
D

� 2� (n� 1)=2k
 k: (2.93)

In particular,
kpL

n (y) � 1k � D
d : (2.94)

Remark. (2.93) implies det(pL
n (y)) 6= 0 if Im y > 0, providing another proof that its zeros are real.

By the discussion after (2.52), if Imz > 0, qL
n (z) + pL

n (z)m(z) is in `2, so goes to zero. Since
pL

n (z) � 1 is bounded, we obtain:

Corollary 2.26. For any z 2 C+ = f z : Im z > 0g,

m(z) = lim
n!1

� pL
n (z) � 1qL

n (z): (2.95)

Remark. This holds for z =2 H .

Taking adjoints using (2.82) and m(z)y = m(�z), we see that

m(z) = lim
n!1

� qR
n (z)pR

n (z) � 1: (2.96)

(2.95) and (2.96) are due to [47], which uses the proof based on the Gauss{Jacobi quadrature
formula.
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2.11 Wronskians of Vector-Valued Solutions

Let �; � be two vector-valued solutions (Cl ) of (2.55) for n = 2 ; 3; : : : . De�ne their scalar Wronskian
as (Euclidean inner product onCl )

Wn (�; � ) = h� n ; An � n+1 i � h An � n+1 ; � n i (2.97)

for n = 2 ; 3; : : : . One can obtain two matrix solutions by using � or � for one column and 0 for the
other columns. The scalar Wronskian is just a matrix elementof the resulting matrix Wronskian,
so Wn is constant (as can also be seen by direct calculation). Hereis an application:

Theorem 2.27. Let z0 2 R n� ess(J ). For k = 0 ; 1, let qk be the multiplicity of z0 as an eigenvalue
of J (k) . Then, q0 + q1 � l .

Proof. If ~� is an eigenfunction forJ (1) and we de�ne � by

� n =

(
0; n = 1 ;
~� n� 1; n � 2;

(2.98)

then � solves (2.55) forn � 2. If � is an eigenfunction for J = J (0) , it also solves (2.55). Since
� n ! 0, � n ! 0, and An is bounded, Wn (�; � ) ! 0 as n ! 1 and so it is identically zero. But
since � 1 = 0,

0 = W1(�; � ) = h� 1; A1� 2i = h� 1; A1 ~� 1i : (2.99)

Let V (k) be the set of values of eigenfunctions ofJ (k) at n = 1. (2.99) says

V (0) � [A1V (1) ]? : (2.100)

Sinceqk = dim( V (k) ) and A1 is non-singular, (2.100) implies that q0 � l � q1.

2.12 The Order of Zeros/Poles of m(z)

Theorem 2.28. Let z0 2 R n� ess(J ). For k = 0 ; 1, let qk be the multiplicity of z0 as an eigenvalue
of J (k) . If q1 � q0 � 0, then det(m(z)) has a zero atz = z0 of order q1 � q0. If q1 � q0 < 0, then
det(m(z)) has a pole atz = z0 of order q0 � q1.

Remarks. 1. To say det(m(z)) has a zero atz = z0 of order 0 means it is �nite and non-vanishing
at z0!

2. Where d� is a direct sum of scalar measures, so ism(z), and det(m(z)) is then a product.
In the scalar case,m(z) has a pole atz0 if J (0) has z0 as eigenvalue and a zero atz0 if J (1) has z0

as eigenvalue. In the direct sum case, we see there can be cancellations, which helps explain why
q1 � q0 occurs.

3. Formally, one can understand this theorem as follows. Cramer's rule suggests det(m(z)) =
det(J (1) � z)=det(J (0) � z). Even though det(J (k) � z) is not well-de�ned in the in�nite case, we
expect a cancellation of zeros of orderq1 and q0. For z0 =2 H , the convex hull of � (J (0) ), one can
use (2.95) to prove the theorem following this intuition. Spurious zeros in gaps of� (J (0) ) make this
strategy di�cult in gaps.

4. Unlike in Lemma 2.21, we can writem as a product of eigenvalues and analyze that directly
becausem(x) is self-adjoint for x real, which sidesteps some of the problems associated with non-
trivial Jordan normal forms.

5. This proof gives another demonstration that q0 + q1 � l .
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Proof. m(z) has a simple pole atz = z0 with a residue which is rank q0 and strictly negative
de�nite on its range. Let

f (z) = ( z � z0)m(z):

f is analytic near z0 and self-adjoint for z real and nearz0. Thus, by eigenvalue perturbation theory
[124, 159],f (z) has l eigenvalues� 1(z); : : : ; � l (z) analytic near z0 with � 1; � 2; : : : ; � q0 non-zero atz0

and � q0+1 ; : : : ; � l zero at z0.
Thus, m(z) has l eigenvalues nearz0, � j (z) = � j (z)=(z � z0), where � 1; : : : ; � q0 have simple

poles and the others are regular.
By Proposition 2.14, m(z) � 1 has a simple pole atz0 with residue of rank q1 (becauseA1 is

non-singular), som(z) � 1 has q1 eigenvalues with poles. That meansq1 of � q0+1 ; : : : ; � l have simple
zeros at z0 and the others are non-zero. Thus, det(m(z)) =

Q l
j =1 � j (z) has a pole/zero of order

q0 � q1.

2.13 Resolvent of the Jacobi Matrix

Consider the matrix
Gnm (z) = hhpR

n� 1; (x � z) � 1pR
m� 1ii R :

Theorem 2.29. One has

Gnm (z) =

(
 L

n� 1(z)pR
m� 1(z); if n � m;

pL
n� 1(z) R

m� 1(z); if n � m:
(2.101)

Proof. We have

1X

m=1

Gkm (z)Jmn = zGkn (z); n 6= k;

1X

m=1

Jnm Gmk (z) = zGnk (z); n 6= k:

Fix k � 0 and let um (z) = Gkm (z). Then um (z) satis�es the equation (2.54) for n 6= k, and so we
can use Theorem 2.16 to describe this solution. First suppose k > 1. As um is an `2 solution and
um satis�es (2.54) for n = 1, we have

Gkm (z) =

(
ak (z)pR

m� 1(z); m � k;

bk (z) R
m� 1(z); m � k:

(2.102)

If k = 1, (2.102) also holds true. For m � k, this follows by the same argument, and form = k = 1,
this is a trivial statement. Next, similarly, let us consider vm (z) = Gmk (z). Then vm (z) solves
(2.55) and so, using Theorem 2.17, we obtain

Gmk (z) =

(
pL

m� 1(z)ck (z); m � k;

 L
m� 1(z)dk (z); m � k:

(2.103)

Comparing (2.102) and (2.103), we �nd

ak (z)pR
m� 1(z) =  L

k� 1(z)dm (z);
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bk (z) R
m� 1(z) = pL

k� 1(z)cm (z):

As pR
0 = pL

0 = 1, it follows that

ak (z) =  L
k� 1(z)d1(z); cm (z) = b1(z) R

m� 1(z)

and so we obtain

Gnm (z) =

(
 L

n� 1(z)d1(z)pR
m� 1(z) if n � m;

pL
n� 1(z)b1(z) R

m� 1(z) if n � m:
(2.104)

It remains to prove that
b1(z) = d1(z) = 1: (2.105)

Consider the casem = n = 1. By the de�nition of the resolvent,

G11(z) = hhpR
0 ; (J � z) � 1pR

0 ii R =
Z

d� (x)
x � z

= m(z):

On the other hand, by (2.104),

G11(z) =  L
0 (z)d1(z)pR

0 (z) = m(z)d1(z);

G11(z) = pL
0 (z)b1(z) R

0 (z) = b1(z)m(z);

which proves (2.105).

3 Matrix Orthogonal Polynomials on the Unit Circle

3.1 De�nition of MOPUC

In this chapter, � is an l � l matrix-valued measure on@D. hh�; �ii R and hh�; �ii L are de�ned as in the
MOPRL case. Non-triviality is de�ned as for MOPRL. We will alw ays assume� is non-trivial. We
de�ne monic matrix polynomials � R

n ; � L
n by applying Gram{Schmidt to f 1; z1; : : : g, that is, � R

n is
the unique matrix polynomial zn1+ lower order with

hhzk1; � R
n ii R = 0 k = 0 ; 1; : : : ; n � 1: (3.1)

We will de�ne the normalized MOPUC shortly. We will only cons ider the analogue of what we
called type 1 for MOPRL because only those appear to be useful. Unlike in the scalar case, the
monic polynomials do not appear much because it is for the normalized, but not monic, polynomials
that the left and right Verblunsky coe�cients are the same.

3.2 The Szeg}o Recursion

Szeg}o [184] included the scalar Szeg}o recursion for the �rst time. It seems likely that Geronimus
had it independently shortly after Szeg}o. Not knowing of the connection with this work, Levinson
[138] rederived the recursion but with matrix coe�cients! S o the results of this section go back to
1947.

For a matrix polynomial Pn of degreen, we de�ne the reversed polynomialP �
n by

P �
n (z) = znPn (1=�z)y: (3.2)
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Notice that
(P �

n ) � = Pn (3.3)

and for any � 2 M l ,
(�P n ) � = P �

n � y; (Pn � ) � = � yP �
n : (3.4)

Lemma 3.1. We have

hhf; g ii L = hhg; f ii y
L ; hhf; g ii R = hhg; f ii y

R (3.5)

and
hhf � ; g� ii L = hhf; g ii y

R ; hhf � ; g� ii R = hhf; g ii y
L : (3.6)

Proof. The �rst and second identities follow immediately from the de�nition. The third identity is
derived as follows:

hhf � ; g� ii L =
Z

ein� g(� )y d� (� ) (ein� f (� )y)y

=
Z

ein� g(� )y d� (� ) e� in� f (� )

=
Z

g(� )y d� (� ) f (� )

= hhg; f ii R

= hhf; g ii y
R :

The proof of the last identity is analogous.

Lemma 3.2. If Pn has degreen and is left-orthogonal with respect toz1; : : : ; zn1, then Pn = c(� R
n ) �

for some suitable matrix c.

Proof. By assumption,

0 = hhPn ; zj 1ii L = hh(zj 1) � ; P �
n ii R = hhzn� j 1; P �

n ii R for 1 � j � n:

Thus, P �
n is right-orthogonal with respect to 1; z1; : : : ; zn� 11 and hence it is a right-multiple of � R

n .
Consequently,Pn is a left- multiple of (� R

n ) � .

Let us de�ne normalized orthogonal matrix polynomials by

' L
0 = ' R

0 = 1; ' L
n = � L

n � L
n and ' R

n = � R
n � R

n

where the � 's are de�ned according to the normalization condition

hh' R
n ; ' R

m ii R = � nm 1 hh' L
n ; ' L

m ii L = � nm 1

along with (a type 1 condition)

� L
n+1 (� L

n ) � 1 > 0 and (� R
n ) � 1� R

n+1 > 0: (3.7)

Notice that � L
n are determined by the normalization condition up to multipl ication on the left by

unitaries; these unitaries can always be uniquely chosen soas to satisfy (3.7).
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Now de�ne
� L

n = � L
n (� L

n+1 ) � 1 and � R
n = ( � R

n+1 ) � 1� R
n :

Notice that as inverses of positives matrices,� L
n > 0 and � R

n > 0. In particular, we have that

� L
n = ( � L

n� 1 : : : � L
0 ) � 1 and � R

n = ( � R
0 : : : � R

n� 1) � 1:

Theorem 3.3 (Szeg}o Recursion). (a) For suitable matrices � L;R
n , one has

z' L
n � � L

n ' L
n+1 = ( � L

n )y' R;�
n ; (3.8)

z' R
n � ' R

n+1 � R
n = ' L; �

n (� R
n )y: (3.9)

(b) The matrices � L
n and � R

n are equal and will henceforth be denoted by� n .

(c) � L
n = ( 1 � � y

n � n )1=2 and � R
n = ( 1 � � n � y

n )1=2.

Proof. (a) The matrix polynomial z' L
n has leading term zn+1 � L

n . On the other hand, the matrix
polynomial � L

n ' L
n+1 has leading term zn+1 � L

n � L
n+1 . By de�nition of � L

n , these terms are equal.
Consequently, z' L

n � � L
n ' L

n+1 is a matrix polynomial of degree at most n. Notice that it is left-
orthogonal with respect to z1; : : : ; zn1 since

hhz' L
n � � L

n ' L
n+1 ; zj 1ii L = hh' L

n ; zj � 11ii L � hh � L
n ' L

n+1 ; zj 1ii L = 0 � 0 = 0:

Now apply Lemma 3.2. The other claim is proved in the same way.

(b) By part (a) and identities established earlier,

(� L
n )y = 0 + ( � L

n )y1

= hh' R;�
n ; � L

n ' L
n+1 ii L + ( � L

n )yhh' R
n ; ' R

n ii R

= hh' R;�
n ; � L

n ' L
n+1 ii L + ( � L

n )yhh' R;�
n ; ' R;�

n ii L by (3.6)

= hh' R;�
n ; � L

n ' L
n+1 + ( � L

n )y' R;�
n ii L

= hh' R;�
n ; z' L

n ii L

= hhz' R
n ; ' L; �

n ii y
R (using the (n + 1)-degree *)

= hh' R
n+1 � R

n + ' L; �
n (� R

n )y; ' L; �
n ii y

R

= hh' R
n+1 � R

n ; ' L; �
n ii y

R + hh' L; �
n (� R

n )y; ' L; �
n ii y

R

= 0 + hh' L; �
n ; ' L; �

n (� R
n )yii R

= hh' L; �
n ; ' L; �

n ii R (� R
n )y

= hh' L
n ; ' L

n ii L (� R
n )y

= ( � R
n )y:

(c) Using parts (a) and (b), we see that

1 = hhz' L
n ; z' L

n ii L

= hh� L
n ' L

n+1 + � y
n ' R;�

n ; � L
n ' L

n+1 + � y
n ' R;�

n ii L
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= � L
n hh' L

n+1 ; ' L
n+1 ii L (� L

n )y + � y
nhh' R;�

n ; ' R;�
n ii L � n

= ( � L
n )2 + � y

nhh' R
n ; ' R

n ii R � n

= ( � L
n )2 + � y

n � n :

A similar calculation yields the other claim.

The matrices � n will henceforth be called the Verblunsky coe�cients associated with the mea-
sure d� . Since� L

n is invertible, we have
k� nk < 1: (3.10)

We will eventually see (Theorem 3.12) that any set of� n 's obeying (3.10) occurs as the set of
Verblunsky coe�cients for a unique non-trivial measure.

Note that the Szeg}o recursion for the monic orthogonal polynomials is

z� L
n � � L

n+1 = ( � L
n ) � 1� y

n (� R
n )y� R;�

n ;

z� R
n � � R

n+1 = � L; �
n (� L

n )y� y
n (� R

n ) � 1;
(3.11)

so the coe�cients in the L and R equations are not equal and depend on all the� j , j = 1 ; : : : ; n.
Let us write the Szeg}o recursion in matrix form, starting wi th left-orthogonal polynomials. By

Theorem 3.3,

' L
n+1 = ( � L

n ) � 1[z' L
n � � y

n ' R;�
n ];

' R
n+1 = [ z' R

n � ' L; �
n � y

n ](� R
n ) � 1;

which implies that

' L
n+1 = z(� L

n ) � 1' L
n � (� L

n ) � 1� y
n ' R;�

n ; (3.12)

' R;�
n+1 = ( � R

n ) � 1' R;�
n � z(� R

n ) � 1� n ' L
n : (3.13)

In other words, �
' L

n+1

' R;�
n+1

�
= AL (� n ; z)

�
' L

n

' R;�
n

�
(3.14)

where

AL (�; z ) =
�

z(� L ) � 1 � (� L ) � 1� y

� z(� R ) � 1� (� R ) � 1

�

and � L = ( 1 � � y� )1=2, � R = ( 1 � �� y)1=2. Note that, for z 6= 0, the inverse of AL (�; z ) is given by

AL (�; z ) � 1 =
�

z� 1(� L ) � 1 z� 1(� L ) � 1� y

(� R ) � 1� (� R ) � 1

�

which gives rise to the inverse Szeg}o recursion (�rst emphasized in the scalar and matrix cases by
Delsarte el al. [37])

' L
n = z� 1(� L

n ) � 1' L
n+1 + z� 1(� L

n ) � 1� y
n ' R;�

n+1 ;

' R;�
n = ( � R

n ) � 1� n ' L
n+1 + ( � R

n ) � 1' R;�
n+1 :
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For right-orthogonal polynomials, we �nd the following matr ix formulas. By Theorem 3.3,

' R
n+1 = z' R

n (� R
n ) � 1 � ' L; �

n � y
n (� R

n ) � 1; (3.15)

' L; �
n+1 = ' L; �

n (� L
n ) � 1 � z' R

n � n (� L
n ) � 1: (3.16)

In other words, �
' R

n+1 ' L; �
n+1

�
=

�
' R

n ' L; �
n

�
AR (� n ; z)

where

AR (�; z ) =
�

z(� R ) � 1 � z� (� L ) � 1

� � y(� R ) � 1 (� L ) � 1

�
:

For z 6= 0, the inverse of AR (�; z ) is given by

AR (�; z ) � 1 =
�

z� 1(� R ) � 1 (� R ) � 1�
z� 1(� L ) � 1� y (� L ) � 1

�

and hence

' R
n = z� 1' R

n+1 (� R
n ) � 1 + z� 1' L; �

n+1 (� L
n ) � 1� y

n ; (3.17)

' L; �
n = ' R

n+1 (� R
n ) � 1� n + ' L; �

n+1 (� L
n ) � 1: (3.18)

3.3 Second Kind Polynomials

In the scalar case, second kind polynomials go back to Geronimus [89, 91, 92]. Forn � 1, let us
introduce the second kind polynomials L;R

n by

 L
n (z) =

Z
ei� + z
ei� � z

(' L
n (ei� ) � ' L

n (z)) d� (� ); (3.19)

 R
n (z) =

Z
ei� + z
ei� � z

d� (� ) ( ' R
n (ei� ) � ' R

n (z)) : (3.20)

For n = 0, let us set  L
0 (z) =  R

0 (z) = 1. For future reference, let us display the �rst polynomials
of each series:

' L
1 (z) = ( � L

0 ) � 1(z � � y
0); ' R

1 (z) = ( z � � y
0)( � R

0 ) � 1; (3.21)

 L
1 (z) = ( � L

0 ) � 1(z + � y
0);  R

1 (z) = ( z + � y
0)( � R

0 ) � 1: (3.22)

We will also need formulas for L; �
n and  R;�

n , n � 1. These formulas follow directly from the above
de�nition and from �

ei� + 1=�z
ei� � 1=�z

�
= �

ei� + z
ei� � z

:

Indeed, we have

 L; �
n (z) = zn

Z
ei� + z
ei� � z

d� (� ) ( ' L
n (1=�z)y � ' L

n (ei� )y); (3.23)

 R;�
n (z) = zn

Z
ei� + z
ei� � z

(' R
n (1=�z)y � ' R

n (ei� )y) d� (� ): (3.24)
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Proposition 3.4. The second kind polynomials obey the recurrence relations

 L
n+1 (z) = ( � L

n ) � 1(z L
n (z) + � y

n  R;�
n (z)) ; (3.25)

 R;�
n+1 (z) = ( � R

n ) � 1(z� n  L
n (z) +  R;�

n (z)) (3.26)

and

 R
n+1 (z) = ( z R

n (z) +  L; �
n (z)� y

n )( � R
n ) � 1; (3.27)

 L; �
n+1 (z) = (  L; �

n (z) + z R
n (z)� n )( � L

n ) � 1 (3.28)

for n � 0.

Proof. 1. Let us check (3.25) forn � 1. Denote the right-hand side of (3.25) by ~ L
n+1 (z). Using

the recurrence relations for' L
n , ' R;�

n and the de�nition (3.19) of  L
n , we �nd

 L
n+1 (z) � ~ L

n+1 (z) =
Z

ei� + z
ei� � z

An (�; z ) d� (� )

where

An (�; z ) = ' L
n+1 (ei� ) � ' L

n+1 (z)

� (� L
n ) � 1[z' L

n (ei� ) � z' L
n (z) + � y

nzn ' R
n (1=�z)y � � y

nzn ' R
n (ei� )y]

= ( � L
n ) � 1[ei� ' L

n (ei� ) � � y
n ' R;�

n (ei� ) � z' L
n (z) + � y

n ' R;�
n (z)

� z' L
n (ei� ) + z' L

n (z) � � y
n ' R;�

n (z) + � y
nzn ' R

n (ei� )y]

= ( � L
n ) � 1[(ei� � z)' L

n (ei� ) + � y
n (zne� in� � 1)' R;�

n (ei� )]:

Using the orthogonality relations
Z

' L
n (ei� ) d� (� )e� im� =

Z
' R;�

n (ei� ) d� (� )e� i (m+1) � = 0; (3.29)

m = 0 ; 1; : : : ; n � 1, and the formula

ein� � zn

ei� � z
= ei (n� 1)� + ei (n� 2)� z + � � � + zn� 1

we obtain

� L
n

Z
ei� + z
ei� � z

An (�; z ) d� (� ) =
Z

(ei� ' L
n (ei� ) � � y

n ' R;�
n (ei� )) d� (� )

= � L
n

Z
' L

n+1 (ei� ) d� (� ) = 0:

2. Let us check (3.26) forn � 1. Denote the right-hand side of (3.26) by ~ R;�
n+1 (z). Similarly to

the argument above, we �nd

 R;�
n+1 (z) � ~ R;�

n+1 (z) =
Z

ei� + z
ei� � z

Bn (�; z ) d� (� );
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where

Bn (�; z ) = zn+1 ' R
n+1 (1=�z)y � zn+1 ' R

n+1 (ei� )y

� (� R
n ) � 1[z� n ' L

n (ei� ) � z� n ' L
n (z) + zn ' R

n (1=�z)y � zn ' R
n (ei� )y]

= ( � R
n ) � 1[' R;�

n (z) � � nz' L
n (z) � zn+1 e� i (n+1) � ' R;�

n (ei� ) + zn+1 e� in� � n ' L
n (ei� )

� z� n ' L
n (ei� ) + z� n ' L

n (z) � ' R;�
n (z) + zne� in� ' R;�

n (ei� )]

= ( � R
n ) � 1[z� n (zne� in� � 1)' L

n (ei� ) + zne� in� (1 � ze� i� )' R;�
n (ei� )]:

Using the orthogonality relations (3.29), we get

� R
n

Z
ei� + z
ei� � z

Bn (�; z ) d� (� ) =

= zn+1
Z

(e� i (n+1) � ' R;�
n (ei� ) � � ne� in� ' L

n (ei� )) d� (� )

= zn+1 � R
n

Z
e� i (n+1) � ' R;�

n+1 (ei� ) d� (� ) = 0:

3. Relations (3.25) and (3.26) can be checked forn = 0 by a direct substitution of (3.21) and
(3.22).

4. We obtain (3.27) and (3.28) from (3.25) and (3.26) by applying the � -operation.

Writing the above recursion in matrix form, we get
�

 L
n+1

 R;�
n+1

�
= AL (� � n ; z)

�
 L

n

 R;�
n

�
;

�
 L

0

 R;�
0

�
=

�
1
1

�

for left-orthogonal polynomials and
�

 R
n+1  L; �

n+1

�
=

�
 R

n  L; �
n

�
AR (� � n ; z);

�
 R

0  L; �
0

�
=

�
1 1

�
:

for right-orthogonal polynomials.
Equivalently,

�
 L

n+1

�  R;�
n+1

�
= AL (� n ; z)

�
 L

n

�  R;�
n

�
;

�
 L

0

�  R;�
0

�
=

�
1

� 1

�
(3.30)

and �
 R

n+1 �  L; �
n+1

�
=

�
 R

n �  L; �
n

�
AR (� n ; z);

�
 R

0 �  L; �
0

�
=

�
1 � 1

�
:

In particular, we see that the second kind polynomials L;R
n correspond to Verblunsky coe�-

cients f� � ng. We have the following Wronskian-type relations:

Proposition 3.5. For n � 0 and z 2 C, we have

2zn1 = ' L
n (z) L; �

n (z) +  L
n (z)' L; �

n (z); (3.31)

2zn1 =  R;�
n (z)' R

n (z) + ' R;�
n (z) R

n (z): (3.32)

0 = ' L
n (z) R

n (z) �  L
n (z)' R

n (z); (3.33)

0 =  R;�
n (z)' L; �

n (z) � ' R;�
n (z) L; �

n (z): (3.34)
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Proof. We prove this by induction. The four identities clearly hold for n = 0. Suppose (3.31){(3.34)
hold for somen � 0. Then,

' L
n+1  L; �

n+1 +  L
n+1 ' L; �

n+1 =

=
�
� L

n

� � 1
[(z' L

n � � y
n ' R;�

n )(  L; �
n + z R

n � n )

+ ( z L
n + � y

n  R;�
n )( ' L; �

n � z' R
n � n )]

�
� L

n

� � 1

=
�
� L

n

� � 1
[z(' L

n  L; �
n +  L

n ' L; �
n ) � z� y

n ( R;�
n ' R

n + ' R;�
n  R

n )� n

+ � y
n ( R;�

n ' L; �
n � ' R;�

n  L; �
n ) + z2(' L

n  R
n �  L

n ' R
n )� n ]

�
� L

n

� � 1

=
�
� L

n

� � 1
[2zn+1 (1 � � y

n � n )]
�
� L

n

� � 1
= 2zn+1 1;

where we used (3.31){(3.34) forn in the third step. Thus, (3.31) holds for n + 1.
For (3.32), we note that

 R;�
n+1 ' R

n+1 + ' R;�
n+1  R

n+1 =

= ( � R
n ) � 1[(z� n  L

n +  R;�
n )(z' R

n � ' L; �
n � y

n )

+ ( ' R;�
n � z� n ' L

n )(z R
n +  L; �

n � y
n )]

�
� R

n

� � 1

= ( � R
n ) � 1[z( R;�

n ' R
n + ' R;�

n  R
n ) � z� n ( L

n ' L; �
n + ' L

n  L; �
n )� y

n

+ z2� n ( L
n ' R

n � ' L
n  R

n ) � ( R;�
n ' L; �

n � ' R;�
n  L; �

n )� y
n ]

�
� R

n

� � 1

= ( � R
n ) � 12zn+1 (1 � � n � y

n )
�
� R

n

� � 1
= 2zn+1 1;

again using (3.31){(3.34) for n in the third step.
Next,

' L
n+1  R

n+1 �  L
n+1 ' R

n+1 =

= ( � L
n ) � 1[(z' L

n � � y
n ' R;�

n )(z R
n +  L; �

n � y
n )

� (z L
n + � y

n  R;�
n )(z' R

n � ' L; �
n � y

n )]( � R
n ) � 1

= ( � L
n ) � 1[z2(' L

n  R
n �  L

n ' R
n ) � � y

n (' R;�
n  L; �

n �  R;�
n ' L; �

n )� y
n

� z� y
n (' R;�

n  R
n +  R;�

n ' R
n ) + z(' L

n  L; �
n +  L

n ' L; �
n )� y

n ](� R
n ) � 1

= 0

which implies �rst (3.33) for n +1 and then, by applying the � -operation of order 2n +2, also (3.34)
for n + 1. This concludes the proof of the proposition.

3.4 Christo�el{Darboux Formulas

Proposition 3.6. (a) (CD)-left orthogonal

(1 � ��z )
nX

k=0

' L
k (� )y' L

k (z) = ' R;�
n (� )y' R;�

n (z) � ��z' L
n (� )y' L

n (z)

= ' R;�
n+1 (� )y' R;�

n+1 (z) � ' L
n+1 (� )y' L

n+1 (z):
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(b) (CD)-right orthogonal

(1 � ��z )
nX

k=0

' R
k (z)' R

k (� )y = ' L; �
n (z)' L; �

n (� )y � ��z' R
n (z)' R

n (� )y

= ' L; �
n+1 (z)' L; �

n+1 (� )y � ' R
n+1 (z)' R

n+1 (� )y:

(c) (Mixed CD)-left orthogonal

(1 � ��z )
nX

k=0

 L
k (� )y' L

k (z) = 2 � 1 �  R;�
n (� )y' R;�

n (z) � ��z L
n (� )y' L

n (z)

= 2 � 1 �  R;�
n+1 (� )y' R;�

n+1 (z) �  L
n+1 (� )y' L

n+1 (z):

(d) (Mixed CD)-right orthogonal

(1 � ��z )
nX

k=0

' R
k (z) R

k (� )y = 2 � 1 � ' L; �
n (z) L; �

n (� )y � ��z' R
n (z) R

n (� )y

= 2 � 1 � ' L; �
n+1 (z) L; �

n+1 (� )y � ' R
n+1 (z) R

n+1 (� )y:

Remark. Since the 's are themselves MOPUCs, the analogue of (a) and (b), with all ' 's replaced
by  's, holds.

Proof. (a) Write

F L
n (z) =

�
' L

n (z)
' R;�

n (z)

�
; J =

�
1 0
0 � 1

�
; ~J =

� ��z 1 0
0 � 1

�
:

Then,
F L

n+1 (z) = AL (� n ; z)F L
n (z)

and

AL (�; � )yJA L (�; z ) =

=
� �� (� L ) � 1 � ��� y(� R ) � 1

� � (� L ) � 1 (� R ) � 1

� �
z(� L ) � 1 � (� L ) � 1� y

z(� R ) � 1� � (� R ) � 1

�

=
� ��z (� L ) � 2 � ��z� y(� R ) � 2� � �� (� L ) � 2� y + ��� y(� R ) � 2

� z� (� L ) � 2 + z(� R ) � 2� � (� L ) � 2� y � (� R ) � 2

�

=
� ��z 1 0

0 � 1

�
= ~J:

Thus,

F L
n+1 (� )yJF L

n+1 (z) = F L
n (� )yAL (� n ; � )yJA L (� n ; z)F L

n (z)

= F L
n (� )y ~JF L

n (z)

and hence

' L
n+1 (� )y' L

n+1 (z) � ' R;�
n+1 (� )y' R;�

n+1 (z) = ��z' L
n (� )y' L

n (z) � ' R;�
n (� )y' R;�

n (z)
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which shows that the last two expressions in (a) are equal. Denote their common value byQL
n (z; � ).

Then,

QL
n (z; � ) � QL

n� 1(z; � ) = ' R;�
n (� )y' R;�

n (z) � ��z' L
n (� )y' L

n (z)

� ' R;�
n (� )y' R;�

n (z) + ' L
n (� )y' L

n (z)

= (1 � ��z )' L
n (� )y' L

n (z):

Summing over n completes the proof sinceQL
� 1(z; � ) = 0.

(b) The proof is analogous to (a): Write F R
n (z) =

�
' R

n (z) ' L; �
n (z)

�
. Then, F R

n+1 (z) =

F R
n (z)AR (� n ; z) and AR (�; z )JA R (�; � )y = ~J . Thus,

F R
n+1 (z)JF R

n+1 (� )y = F R
n (z)AR (� n ; z)JA R (� n ; � )yF R

n (� )y

= F R
n (z) ~JF R

n (� )y

and hence

' R
n+1 (z)' R

n+1 (� )y � ' L; �
n+1 (z)' L; �

n+1 (� )y = ��z' R
n (z)' R

n (� )y � ' L; �
n (z)' L; �

n (� )y

which shows that the last two expressions in (b) are equal. Denote their common value byQR
n (z; � ).

Then,
QR

n (z; � ) � QR
n� 1(z; � ) = (1 � ��z )' R

n (z)' R
n (� )y

and the assertion follows as before.

(c) Write

~F L
n (z) =

�
 L

n (z)
�  R;�

n (z)

�

with the second kind polynomials  L;R
n . As in (a), we see that

~F L
n+1 (� )yJF L

n+1 (z) = ~F L
n (� )yAL (� n ; � )yJA L (� n ; z)F L

n (z)

= ~F L
n (� )y ~JF L

n (z)

and hence

 L
n+1 (� )y' L

n+1 (z) +  R;�
n+1 (� )y' R;�

n+1 (z) = ��z L
n (� )y' L

n (z) +  R;�
n (� )y' R;�

n (z):

Denote
~QL

n (z; � ) = 2 � 1 �  R;�
n+1 (� )y' R;�

n+1 (z) �  L
n+1 (� )y' L

n+1 (z):

Then,

~QL
n (z; � ) � ~QL

n� 1(z; � ) = �  R;�
n (� )y' R;�

n (z) � ��z L
n (� )y' L

n (z)

+  R;�
n (� )y' R;�

n (z) +  L
n (� )y' L

n (z)

= (1 � ��z ) L
n (� )y' L

n (z)

and the assertion follows as before.
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(d) Write ~F R
n (z) =

�
 R

n (z) �  L; �
n (z)

�
. As in (b), we see that

F R
n+1 (z)J ~F R

n+1 (� )y = F R
n (z)AR (� n ; z)JA R (� n ; � )y ~F R

n (� )y

= F R
n (z) ~J ~F R

n (� )y

and hence

' R
n+1 (z) R

n+1 (� )y + ' L; �
n+1 (z) L; �

n+1 (� )y = ��z' R
n (z) R

n (� )y + ' L; �
n (z) L; �

n (� )y:

With ~QR
n (z; � ) = 2 � 1 � ' L; �

n+1 (z) L; �
n+1 (� )y � ' R

n+1 (z) R
n+1 (� )y, we have

~QR
n (z; � ) � ~QR

n� 1(z; � ) = (1 � ��z )' R
n (z) R

n (� )y

and we conclude as in (c).

3.5 Zeros of MOPUC

Our main result in this section is:

Theorem 3.7. All the zeros of det(' R
n (z)) lie in D = f z : jzj < 1g.

We will also prove:

Theorem 3.8. For each n,
det(' R

n (z)) = det( ' L
n (z)) : (3.35)

The scalar analogue of Theorem 3.7 has seven proofs in [167]!The simplest is due to Landau
[135] and its MOPUC analogue is Theorem 2.13.7 of [167]. There is also a proof in Delsarte et al.
[37] who attribute the theorem to Whittle [194]. We provide t wo more proofs here, not only for
their intrinsic interest: our �rst proof we need because it depends only on the recursion relation
(it is related to the proof of Delsarte et al. [37]). The second proof is here since it relates zeros to
eigenvalues of a cuto� CMV matrix.

Theorem 3.9. We have
(i) For z 2 @D, all of ' R;�

n (z), ' L; �
n (z), ' R

n (z), ' L
n (z) are invertible.

(ii) For z 2 @D, ' L
n (z)( ' R;�

n (z)) � 1 and (' � ;L
n (z)) � 1' R

n (z) are unitary.
(iii) For z 2 D, ' R;�

n (z) and ' L; �
n (z) are invertible.

(iv) For z 2 D, ' L
n (z)( ' R;�

n (z)) � 1 and (' � ;L
n (z)) � 1' R

n (z) are of norm at most 1 and, for n � 1,
strictly less than 1.

(v) All zeros of det(' R;�
n (z)) and det(' L; �

n (z)) lie in C n D.
(vi) All zeros of det(' R

n (z)) and det(' L
n (z)) lie in D.

Remark. (vi) is our �rst proof of Theorem 3.7.

Proof. All these results are trivial for n = 0, so we can hope to use an inductive argument. So
suppose we have the result forn � 1.

By (3.13),
' R;�

n = ( � R
n� 1) � 1(1 � z� n� 1' L

n� 1(' R;�
n� 1) � 1)' R;�

n� 1: (3.36)
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Since j� n� 1j < 1, if jzj � 1, each factor on the right of (3.36) is invertible. This proves (i) and
(iii) for ' R;�

n and a similar argument works for ' L; �
n . If z = ei� , ' R

n (ei� ) = ein� ' R;�
n (ei� )y is also

invertible, so we have (i) and (iii) for n.
Next, we claim that if z 2 @D, then

' R;�
n (z)y' R;�

n (z) = ' L
n (z)y' L

n (z): (3.37)

This follows from taking z = � 2 @D in Proposition 3.6(a). Given that ' R;�
n (z) is invertible, this

implies
1 = ( ' L

n (z)' R;�
n (z) � 1)y(' L

n (z)' R;�
n (z) � 1) (3.38)

proving the �rst part of (ii) for n. The second part of (ii) is proven similarly by using Proposi-
tion 3.6(b).

For z 2 D, let
F (z) = ' L

n (z)' R;�
n (z) � 1:

Then F is analytic in D, continuous in D, and kF (z)k = 1 on @D, so (iv) follows from the maximum
principle.

Since ' R;�
n (z) is invertible on D, its det is non-zero there, proving (v). (vi) then follows from

det(' R
n (z)) = znl det(' R;�

n (1=�z)) : (3.39)

Let V be the Cl -valued functions on@D and Vn the span of theCl -valued polynomials of degree
at most n, so

dim(Vn ) = Cl (n+1) :

Let V1 be the set [ nVn of all Cl -valued polynomials. Let � n be the projection onto Vn in the V
inner product (1.35).

It is easy to see that
Vn \ V ?

n� 1 = f � R
n (z)v : v 2 Cl g (3.40)

sincehzl ; � R
n (z)vi = 0 for l = 0 ; : : : ; n � 1 and the dimensions on the left and right of (3.40) coincide.

Vn \ V ?
n� 1 can also be described as the set of (vy� L

n (z)) y for v 2 Cl .
We de�ne M z : Vn� 1 ! V n or V1 ! V 1 as the operator of multiplication by z.

Theorem 3.10. For all n, we have

detCl (� R
n (z)) = det Vn � 1 (z1 � � n� 1M z� n� 1): (3.41)

Remarks. 1. SincekM zk � 1, (3.41) immediately implies zeros of det(' R
n (z)) lie in D, and a small

additional argument proves they lie in D. As we will see, this also implies Theorem 3.8.
2. Of course,� n� 1M z� n� 1 is a cuto� CMV matrix if written in a CMV basis.

Proof. If Q 2 Vn� k , then by (3.40),

� n� 1[(z � z0)kQ] = 0 , (z � z0)kQ = � R
n (z)v (3.42)

for somev 2 Cl . Thus writing det(� R
n (z)) = � R

n (z)v1 ^ � � � ^ � R
n (z)vl in a Jordan basis for � R

n (z),
we see that the order of the zeros of det(�Rn (z)) at z0 is exactly the order of z0 as an algebraic
eigenvalue of� n� 1M z� n� 1, that is, the order of z0 as a zero of the right side of (3.41).

Since both sides of (3.41) are monic polynomials of degreenl and their zeros including multi-
plicity are the same, we have proven (3.41).
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Proof of Theorem 3.8. On the right side of (3.42), we can put (� L
n (z)vy)y and so conclude (3.41)

holds with � L
n (z) on the left.

This proves (3.35) if ' is replaced by �. Since � �
j � j and � j � �

j are unitarily equivalent, det( � L
j ) =

det(� R
j ). Thus, det( � L

n ) = det( � R
n ), and we obtain (3.35) for ' .

It is a basic fact (Theorem 1.7.5 of [167]) that for the scalarcase, any set ofn zeros inD are the
zeros of a unique OPUC �n and any monic polynomial with all its zeros in D is a monic OPUC.
It is easy to see that any set ofnl zeros inD is the set of zeros of an OPUC �n , but certainly not
unique. It is an interesting open question to clarify what matrix monic OPs are monic MOPUCs.

3.6 Bernstein{Szeg}o Approximation

Given f � j gn� 1
j =0 2 Dn , we use Szeg}o recursion to de�ne polynomials' R

j ; ' L
j for j = 0 ; 1; : : : ; n. We

de�ne a measured� n on @D by

d� n (� ) = [ ' R
n (ei� )' R

n (ei� )y]� 1 d�
2�

: (3.43)

Notice that (3.37) can be rewritten

' R
n (ei� )' R

n (ei� )y = ' L
n (ei� )y' L

n (ei� ): (3.44)

We use here and below the fact that the proof of Theorem 3.9 only depends on Szeg}o recursion
and not on the a priori existence of a measure. That theorem also shows the inverse in (3.43) exists.
Thus,

d� n (� ) = [ ' L
n (ei� )y' L

n (ei� )] � 1 d�
2�

: (3.45)

Theorem 3.11. The measure d� n is normalized (i.e., � n (@D) = 1) and its right MOPUC for
j = 0 ; : : : ; n are f ' R

j gn
j =0 , and for j > n ,

' R
j (z) = zj � n ' R

n (z): (3.46)

The Verblunsky coe�cients for d� n are

� j (d� n ) =

(
� j ; j � n;

0; j � n + 1 :
(3.47)

Remarks. 1. In the scalar case, one can multiply by a constant and renormalize, and then prove
the constant is 1. Because of commutativity issues, we need adi�erent argument here.

2. Of course, using (3.45),' L
n are left MOPUC for d� n .

3. Our proof owes something to the scalar proof in [80].

Proof. Let hh�; �ii R be the inner product associated with� n . By a direct computation, hh' R
n ; ' R

n ii R =
1, and for j = 0 ; 1; : : : ; n � 1,

hhzj ; ' R
n ii R =

1
2�

Z 2�

0
e� ij� (' R

n (ei� )y) � 1 d�

=
1

2�i

I
zn� j � 1(' R;�

n (z)) � 1 dz = 0
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by analyticity of ' R;�
n (z) � 1 in D (continuity in D).

This proves ' R
n is a MOPUC for d� n (and a similar calculation works for the right side of (3.46)

if j � n). By the inverse Szeg}o recursion and induction downwards,f ' R
j gn� 1

j =0 are also OPs, and
by the Szeg}o recursion, they are normalized. In particular, since ' R

0 � 1 is normalized, d� n is
normalized.

3.7 Verblunsky's Theorem

We can now prove the analogue of Favard's theorem for MOPUC; the scalar version is called
Verblunsky's theorem in [167] after [192]. A history and other proofs can be found in [167]. The
proof below is essentially the matrix analogue of that of Geronimus [90] (rediscovered in [37, 80]).
Delsarte et al. [37] presented their proof in the MOPUC case and they seem to have been the �rst
with a matrix Verblunsky theorem. One can extend the CMV and t he Geronimus theorem proofs
from the scalar case to get alternate proofs of the theorem below.

Theorem 3.12 (Verblunsky's Theorem for MOPUC). Any sequencef � j g1
j =0 2 D1 is the

sequence of Verblunsky coe�cients of a unique measure.

Proof. Uniqueness is easy, since the� 's determine the ' R
j 's and so the � R

j 's which determine the
moments.

Given a sequencef � j g1
j =0 , let d� n be the measures of the last section. By compactness ofl � l

matrix-valued probability measures on @D, they have a weak limit. By using limits, f ' R
j g1

j =0 are
the right MOPUC for d� and they determine the proper Verblunsky coe�cients.

3.8 Matrix POPUC

Analogously to the scalar case (see [15, 100, 119, 172, 197]), given any unitary � in M l , we de�ne

' R
n (z; � ) = z' R

n� 1(z) � ' L; �
n� 1(z)� y: (3.48)

As in the scalar case, this is related to the secular determinant of unitary extensions of the cuto�
CMV matrix. Moreover,

Theorem 3.13. Fix � . All the zeros of (' n (z; � )) lie on @D.

Proof. If jzj < 1, ' L; �
n� 1(z) is invertible and

' R
n (z; � ) = � ' L; �

n� 1(z)� y(1 � z� ' L; �
n� 1(z) � 1' R

n� 1(z))

is invertible since the last factor di�ers from 1 by a strict contraction. A similar argument shows
invertibility if jzj > 1. Thus, the only zeros of det(� ) lie in @D.

3.9 Matrix-Valued Carath�eodory and Schur Functions

An analytic matrix-valued function F de�ned on D is called a (matrix-valued) Carath�eodory func-
tion if F (0) = 1 and ReF (z) � 1

2(F (z) + F (z)y) � 0 for every z 2 D. The following result can be
found in [44, Thm. 2.2.2].
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Theorem 3.14 (Riesz{Herglotz). If F is a matrix-valued Carath�eodory function, then there
exists a unique positive semi-de�nite matrix measured� such that

F (z) =
Z

ei� + z
ei� � z

d� (� ): (3.49)

The measured� is given by the unique weak limit of the measuresd� r (� ) = Re F (rei� ) d�
2� as r " 1.

Moreover,

F (z) = c0 + 2
1X

n=1

cnzn

where

cn =
Z

e� in� d� (� ):

Conversely, if d� is a positive semi-de�nite matrix measure, then (3.49) de�nes a matrix-valued
Carath�eodory function.

An analytic matrix-valued function f de�ned on D is called a (matrix-valued) Schur function if
f (z)yf (z) � 1 for every z 2 D. This condition is equivalent to f (z)f (z)y � 1 for every z 2 D and
to kf (z)k � 1 for every z 2 D. By the maximum principle, if f is not constant, the inequalities are
strict. The following can be found in [167, Prop. 4.5.3]:

Proposition 3.15. The association

f (z) = z� 1(F (z) � 1)(F (z) + 1) � 1; (3.50)

F (z) = ( 1 + zf (z))( 1 � zf (z)) � 1 (3.51)

sets up a one-one correspondence between matrix-valued Carath�eodory functions and matrix-valued
Schur functions.

Proposition 3.16. For z 2 D, we have

ReF (z) = ( 1 � �zf (z)y) � 1(1 � j zj2f (z)yf (z))( 1 � zf (z)) � 1 (3.52)

and the non-tangential boundary valuesReF (ei� ) and f (ei� ) exist for Lebesgue almost every� .
Write d� (� ) = w(� ) d�

2� + d� s. Then, for almost every � ,

w(� ) = Re F (ei� ) (3.53)

and for a.e. � , det(w(� )) 6= 0 if and only if f (ei� )yf (ei� ) < 1.

Proof. The identity (3.52) follows from (3.51). The existence of the boundary values off follows by
application of the scalar result to the individual entries of f . Then (3.51) gives the boundary values
of F . We also used the following fact: Away from a set of zero Lebesgue measure, det(1 � zf (z))
has non-zero boundary values by generalH 1 theory.

(3.53) holds for h�; F (z)� i Cl and h�; d�� i Cl for any � 2 Cl by the scalar result. We get (3.53)
by polarization. From

w(� ) = ( 1 � e� i� f (ei� )y) � 1(1 � f (ei� )yf (ei� ))( 1 � ei� f (ei� )) � 1

it follows immediately that f (ei� )yf (ei� ) < 1 implies det(w(� )) > 0. Conversely, iff (ei� )yf (ei� ) � 1
but not f (ei� )yf (ei� ) < 1, then det(1 � f (ei� )yf (ei� )) = 0 and by our earlier arguments det(1 �
e� i� f (ei� )y) � 1 and det(1 � ei� f (ei� )) � 1 exist and are �nite; hence det(w(� )) = 0. All previous
statements are true away from suitable sets of zero Lebesguemeasure.
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3.10 Coe�cient Stripping, the Schur Algorithm, and Geronim us' Theorem

The matrix version of Geronimus' theorem goes back at least to the book of Bakonyi{Constantinescu
[6]. Let F (z) be the matrix-valued Carath�eodory function (3.49) (with t he same measure� as the
one used in the de�nition of hh�; �ii R ). Let us denote

uL
n (z) =  L

n (z) + ' L
n (z)F (z);

uR
n (z) =  R

n (z) + F (z)' R
n (z):

We also de�ne

uL; �
n (z) =  L; �

n (z) � F (z)' L; �
n (z);

uR;�
n (z) =  R;�

n (z) � ' R;�
n (z)F (z):

Proposition 3.17. For any jzj < 1, the sequencesuL
n (z), uR

n (z), uL; �
n (z), uR;�

n (z) are square
summable.

Proof. Denote

f (� ) =
e� i� + �z
e� i� � �z

; g(� ) =
ei� + z
ei� � z

:

By the de�nitions (3.19){(3.24), we have

uL
n (z) = hhf; ' L

n ii L ;

� uR;�
n (z) = znhh' R

n ; gii R ;

� uL; �
n (z) = znhh' L

n ; gii L ;

uR
n (z) = hhf; ' R

n ii R :

Using the Bessel inequality and the fact that jzj < 1, we obtain the required statements.

Next we will consider sequences de�ned by
�

sn

tn

�
= AL (� n� 1; z) � � � AL (� 0; z)

�
s0

t0

�
(3.54)

where sn ; tn 2 M l . Similarly, we will consider the sequences

(sn ; tn ) = ( s0; t0)AR (� 0; z) � � � AR (� n� 1; z) (3.55)

Theorem 3.18. Let z 2 D and let f be the Schur function associated withd� via (3.49) and (3.50).
Then:
(i) A solution of (3.54) is square summable if and only if the initial condition is of the form

�
s0

t0

�
=

�
c

zf (z)c

�

for some matrix c in M l .
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(ii) A solution of (3.55) is square summable if and only if the initial condition is of the form

(s0; t0) = ( c; czf (z))

for some matrix c.

Proof. We shall prove (i); the proof of (ii) is similar.
1. By Proposition 3.17 and (3.14), (3.30), we have the squaresummable solution

�
sn

tn

�
=

�
uL

n (z) � uR;�
n (z)

�
;

�
s0

t0

�
=

�
d

zf (z)d

�
; d = ( F (z) + 1): (3.56)

The matrix d = F (z) + 1 is invertible. Thus, multiplying the above solution on the r ight by d� 1c
for any given matrix c, we get the \if" part of the theorem.

2. Let us check that ' R;�
n c is not square summable for any matrixc 6= 0. By the CD formula

with � = z, we have

(1 � j zj2)
n� 1X

k=1

' L
k (z)y' L

k (z) + ' L
n (z)y' L

n (z) = ' R;�
n (z)y' R;�

n (z)

and so
' R;�

n (z)y' R;�
n (z) � (1 � j zj2)' L

0 (z)y' L
0 (z) = (1 � j zj2)1:

Thus, we get
k' R;�

n ckR2 � (1 � j zj2) Tr cyc > 0:

3. Let ( sn
tn ) be any square summable solution to (3.54). Let us write thissolution as

�
sn

tn

�
=

�
' L

n a
' R;�

n a

�
+

�
 L

n b
�  R;�

n b

�
; a =

s0 + t0

2
; b =

s0 � t0

2
: (3.57)

Multiplying the solution (3.56) by band subtracting from (3.57), we get a square summable solution

�
' L

n (z)(a � F (z)b)
' R;�

n (a � F (z)b)

�
:

It follows that a = F (z)b, which proves the \only if" part.

The Schur function f is naturally associated with d� and hence with the Verblunsky coef-
�cients � 0; � 1; � 2; : : : . The Schur functions obtained by coe�cient stripping will b e denoted by
f 1; f 2; f 3; : : : , that is, f n corresponds to Verblunsky coe�cients � n ; � n+1 ; � n+2 ; : : : . We also write
f 0 � f .

Theorem 3.19 (Schur Algorithm and Geronimus' Theorem). For the Schur functions
f 0; f 1; f 2; : : : associated with Verblunsky coe�cients � 0; � 1; � 2; : : : , the following relations hold:

f n+1 (z) = z� 1(� R
n ) � 1[f n (z) � � n ] [1 � � y

n f n (z)] � 1� L
n ; (3.58)

f n (z) = ( � R
n ) � 1[zf n+1 (z) + � n ] [1 + z� y

n f n+1 (z)] � 1� L
n : (3.59)
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Remarks. 1. See (1.81) and Theorem 1.4 to understand this result.

2. (1.83) provides an alternate way to write (3.58) and (3.59).

Proof. It clearly su�ces to consider the case n = 0. Consider the solution of (3.54) with initial
condition �

1
zf 0(z)

�
:

By Theorem 3.18, there exists a matrixc such that
�

c
zf 1(z)c

�
= AL (� 0; z)

�
1

zf 0(z)

�

=
�

z(� L
0 ) � 1 � z(� L

0 ) � 1� y
0f 0(z)

� z(� R
0 ) � 1� 0 + z(� R

0 ) � 1f 0(z)

�
:

From this we can computezf 1(z):

zf 1(z) = [ � z(� R
0 ) � 1� 0 + z(� R

0 ) � 1f 0(z)] [z(� L
0 ) � 1 � z(� L

0 ) � 1� y
0f 0(z)] � 1

= ( � R
0 ) � 1[f 0(z) � � 0] [1 � � y

0f 0(z)] � 1� L
0

which is (3.58).
Similarly, we can expressf 0 in terms of f 1. From

�
1

zf 0(z)

�
= AL (� 0; z) � 1

�
c

zf 1(z)c

�

=
�

z� 1(� L
0 ) � 1 z� 1(� L

0 ) � 1� y
0

(� R
0 ) � 1� 0 (� R

0 ) � 1

� �
c

zf 1(z)c

�

=
�

z� 1(� L
0 ) � 1c + ( � L

0 ) � 1� y
0f 1(z)c

(� R
0 ) � 1� 0c + ( � R

0 ) � 1zf 1(z)c

�

we �nd that

zf 0(z) = [( � R
0 ) � 1� 0c + ( � R

0 ) � 1zf 1(z)c] [z� 1(� L
0 ) � 1c + ( � L

0 ) � 1� y
0f 1(z)c]� 1

= [( � R
0 ) � 1� 0 + ( � R

0 ) � 1zf 1(z)] [z� 1(� L
0 ) � 1 + ( � L

0 ) � 1� y
0f 1(z)] � 1

= ( � R
0 ) � 1[� 0 + zf 1(z)] [z� 11 + � y

0f 1(z)] � 1� L
0

which gives (3.59).

3.11 The CMV Matrix

In this section and the next, we discuss CMV matrices for MOPUC. This was discussed �rst by
Simon in [170], which also has the involved history in the scalar case. Most of the results in this
section appear already in [170]; the results of the next section are new here|they parallel the
discussion in [167, Sect. 4.4] where these results �rst appeared in the scalar case.
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3.11.1 The CMV basis

Consider the two sequences� n , xn 2 H , de�ned by

� 2k (z) = z� k ' L; �
2k (z); � 2k� 1(z) = z� k+1 ' R

2k� 1(z);

x2k (z) = z� k ' R
2k (z); x2k� 1(z) = z� k ' L; �

2k� 1(z):

For an integer k � 0, let us introduce the following notation: i k is the (k +1)th term of the sequence
0; 1; � 1; 2; � 2; 3; � 3; : : : , and j k is the (k+1)th term of the sequence 0; � 1; 1; � 2; 2; � 3; 3; : : : . Thus,
for example, i 1 = 1, j 1 = � 1.

We use the right module structure of H . For a set of functions f f k (z)gn
k=0 � H , its module

span is the set of all sums
P

f k (z)ak with ak 2 M l .

Proposition 3.20. (i) For any n � 1, the module span off � kgn
k=0 coincides with the module

span of f zi k gn
k=0 and the module span off xkgn

k=0 coincides with the module span off zj k gn
k=0 .

(ii) The sequencesf � kg1
k=0 and f xkg1

k=0 are orthonormal:

hh� k ; � m ii R = hhxk ; xm ii R = � km : (3.60)

Proof. (i) Recall that

' R
n (z) = � R

n zn + linear combination of f 1; : : : ; zn� 1g;

' L; �
n (z) = ( � L

n )y + linear combination of f z; : : : ; zng;

where both � R
n and (� L

n )y are invertible matrices. It follows that

� n (z) = 
 nzi n + linear combination of f zi 0 ; : : : ; zi n � 1 g;

xn (z) = � nzj n + linear combination of f zj 0 ; : : : ; zj n � 1 g;

where 
 n , � n are invertible matrices. This proves (i).

(ii) By the de�nition of ' L
n and ' R

n , we have

hh' R
n ; ' R

m ii R = hh' L; �
n ; ' L; �

m ii R = � nm ; (3.61)

hh' R
n ; zm ii R = 0; m = 0 ; : : : ; n � 1; hh' L; �

n ; zm ii R = 0; m = 1 ; : : : ; n: (3.62)

From (3.61) with n = m, we get

hh� n ; � n ii R = hhxn ; xn ii R = 1:

Considering separately the cases of even and oddn, it is easy to prove that

hh� n ; zm ii R = 0; m = i 0; i 1; : : : ; i n� 1; (3.63)

hhxn ; zm ii R = 0; m = j 0; j 1; : : : ; j n� 1: (3.64)

For example, for n = 2k, m 2 f i 0; : : : ; i 2k� 1g we havem + k 2 f 1; 2; : : : ; 2kg and so, by (3.62),

hh� n ; zm ii R = hhz� k ' L; �
2k ; zm ii R = hh' L; �

2k ; zm+ k ii R = 0:

The other three cases are considered similarly. From (3.63), (3.64), and (i), we get (3.60) for
k 6= m.
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From the above proposition and the k�k1 -density of Laurent polynomials in C(@D), it follows
that f � kg1

k=0 and f xkg1
k=0 are right orthonormal modula bases inH , that is, any element f 2 H

can be represented as a

f =
1X

k=0

� khh� k ; f ii R =
1X

k=0

xkhhxk ; f ii R : (3.65)

3.11.2 The CMV matrix

Consider the matrix of the right homomorphism f (z) 7! zf (z) with respect to the basis f � kg.
Denote Cnm = hh� n ; z� m ii R . The matrix C is unitary in the following sense:

1X

k=0

Cy
kn Ckm =

1X

k=0

Cnk Cy
mk = � nm 1:

The proof follows from (3.65):

� nm 1 = hhz� n ; z� m ii R =
�� 1X

k=0

� khh� k ; z� n ii R ; z� m

��

R
=

1X

k=0

Cy
kn Ckm ;

� nm 1 = hh�z� n ; �z� m ii R =
�� 1X

k=0

� khh� k ; �z� n ii R ; �z� m

��

R
=

1X

k=0

Cnk Cy
mk :

We note an immediate consequence:

Lemma 3.21. Let jzj � 1. Then, for every m � 0,
1X

n=0

� n (z)Cnm = z� m (z);
1X

n=0

Cmn � n (1=�z)y = z� m (1=�z)y:

Proof. First note that the above series contains only �nitely many non-zero terms. Expanding
f (z) = z� n according to (3.65), we see that

z� n (z) =
1X

k=0

� k (z)hh� k ; z� n ii R =
1X

k=0

� k (z)Ckn

which is the �rst identity. Next, taking adjoints, we get

�z� n (z)y =
1X

k=0

Cy
kn � k (z)y

which yields

�z
1X

n=0

Cmn � n (z)y =
1X

n=0

Cmn

1X

k=0

Cy
kn � k (z)y

=
1X

k=0

� 1X

n=0

Cmn Cy
kn

�
� k (z)y

=
1X

k=0

� mk � k (z)y = � m (z)y:

Replacing z by 1=�z, we get the required statement.
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3.11.3 The LM -representation

Using (3.65) for f = � m , we obtain:

Cnm = hh� n ; z� m ii R =
1X

k=0

hh� n ; zxk ii Rhhxk ; � m ii R =
1X

k=0

L nk M km : (3.66)

Denote by �( � ) the 2l � 2l unitary matrix

�( � ) =
�

� y � L

� R � �

�
:

Using the Szeg}o recursion formulas (3.15) and (3.18), we get

z' R
n = ' R

n+1 � R
n + ' L; �

n � y
n ; (3.67)

' L; �
n+1 = ' L; �

n � L
n � ' R

n+1 � n : (3.68)

Taking n = 2k and multiplying by z� k , we get

zx2k = � 2k � y
2k + � 2k+1 � R

2k ;

zx2k+1 = � 2k � L
2k � � 2k+1 � 2k :

It follows that the matrix L has the structure

L = �( � 0) � �( � 2) � �( � 4) � � � � :

Taking n = 2k � 1 in (3.67), (3.68) and multiplying by z� k , we get

� 2k� 1 = x2k� 1� y
2k� 1 + x2k � R

2k� 1;

� 2k = x2k� 1� L
2k� 1 � x2k � 2k� 1:

It follows that the matrix M has the structure

M = 1 � �( � 1) � �( � 3) � � � � : (3.69)

Substituting this into (3.66), we obtain:

C =

0

B
B
B
B
B
B
B
B
@

� y
0 � L

0 � y
1 � L

0 � L
1 0 0 � � �

� R
0 � � 0� y

1 � � 0� L
1 0 0 � � �

0 � y
2� R

1 � � y
2� 1 � L

2 � y
3 � L

2 � L
3 � � �

0 � R
2 � R

1 � � R
2 � 1 � � 2� y

3 � � 2� L
3 � � �

0 0 0 � y
4� R

3 � � y
4� 3 � � �

...
...

...
...

...
. . .

1

C
C
C
C
C
C
C
C
A

: (3.70)

We note that the analogous formula to this in [170], namely, (4.30), is incorrect! The order of the
factors below the diagonal is wrong there.
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3.12 The Resolvent of the CMV Matrix

We begin by studying solutions to the equations
1X

k=0

Cmk wk = zwm ; m � 2; (3.71)

1X

k=0

~wkCkm = z ~wm ; m � 1: (3.72)

Let us introduce the following functions:

~xn (z) = � n (1=�z)y;

� 2n (z) = � z� n  L; �
2n (z);

� 2n� 1(z) = z� n+1  R
2n� 1(z);

y2n (z) = � � 2n (1=�z)y = z� n  L
2n (z);

y2n� 1(z) = � � 2n� 1(1=�z)y = � z� n  R;�
2n� 1(z);

pn (z) = yn (z) + ~xn (z)F (z);

� n (z) = � n (z) + F (z)� n (z):

Proposition 3.22. Let z 2 D n f 0g.
(i) For each n � 0, a pair of values ( ~w2n ; ~w2n+1 ) uniquely determines a solution ~wn to (3.72).

Also, for any pair of values ( ~w2n ; ~w2n+1 ) in M l , there exists a solution ~wn to (3.72) with these
values at(2n; 2n + 1) .

(ii) The set of solutions ~wn to (3.72) coincides with the set of sequences

~wn (z) = a� n (z) + b� n (z) (3.73)

where a; b range overM l .
(iii) A solution (3.73) is in `2 if and only if a = 0 .
(iv) A solution (3.73) obeys(3.72) for all m � 0 if and only if b = 0 .

Proposition 3.23. Let z 2 D n f 0g.
(i) For each n � 1, a pair of values (w2n� 1; w2n ) uniquely determines a solutionwn to (3.71).

Also, for any pair of values (w2n� 1; w2n ) in M l , there exists a solutionwn to (3.71) with these
values at(2n � 1; 2n).

(ii) The set of solutionswn to (3.71) coincides with the set of sequences

wn (z) = ~xn (z)a + pn (z)b (3.74)

where a; b range overM l .
(iii) A solution (3.74) is in `2 if and only if a = 0 .
(iv) A solution (3.74) obeys(3.71) for all m � 0 if and only if b = 0 .

Proof of Proposition 3.22. (i) The matrix C � z can be written in the form

C � z =

0

B
B
B
@

A0 B0 0 0 � � �
0 A1 B1 0 � � �
0 0 A2 B2 � � �
...

...
...

...
. . .

1

C
C
C
A

(3.75)



Matrix Orthogonal Polynomials 59

where

A0 =
�

� y
0 � z
� R

0

�
An =

�
� y

2n � R
2n� 1 � � y

2n � 2n� 1 � z
� R

2n � R
2n� 1 � � R

2n � 2n� 1

�

Bn =

 
� L

2n � y
2n+1 � L

2n � L
2n+1

� � 2n � y
2n+1 � z � � 2n � L

2n+1

!

:

De�ne fWn = ( ~w2n ; ~w2n+1 ) for n = 0 ; 1; 2; : : : . Then (3.72) for m = 2n + 1, 2n + 2 is equivalent to

fWnBn + fWn+1 An+1 = 0:

It remains to prove that the 2 l � 2l matrices A j , B j are invertible. Suppose that for somex; y 2 Cl ,
An

� x
y

�
=

� 0
0

�
. This is equivalent to the system

� y
2n � R

2n� 1x � � y
2n � 2n� 1y � zy = 0;

� R
2n � R

2n� 1x � � R
2n � 2n� 1y = 0:

The second equation of this system yields� R
2n� 1x = � 2n� 1y (since � R

2n is invertible), and upon
substitution into the �rst equation, we get y = x = 0. Thus, ker( An ) = f 0g. In a similar way, one
proves that ker(Bn ) = f 0g.

(ii) First note that ~wn = � n is a solution to (3.72) by Lemma 3.21. Let us check that ~wn = � n

is also a solution. If Ukm = ( � 1)k � km , then (UCU)km for m � 1 coincides with the CMV matrix
corresponding to the coe�cients f� � ng. Recall that  L;R

n are the orthogonal polynomials ' L;R
n ,

corresponding to the coe�cients f� � ng. Taking into account the minus signs in the de�nition of
� n , we see that ~wn = � n solves (3.72) form � 1. It follows that any ~wn of the form (3.73) is a
solution to (3.72).

Let us check that any solution to (3.72) can be represented as(3.73). By (i), it su�ces to show
that for any ~w0; ~w1, there exist a; b2 M l such that

a� 0(z) + b� 0(z) = ~w0;

a� 1(z) + b� 1(z) = ~w1:

Recalling that � 0 = 1, � 0 = � 1, � 1(z) = ( z + � y
0)( � R

0 ) � 1, � 1(z) = ( z � � y
0)( � R

0 ) � 1, we see that the
above system can be easily solved fora; b if z 6= 0.

(iii) Let us prove that the solution � n is square integrable. We will consider separately the
sequences� 2n and � 2n� 1 and prove that they both belong to `2. By (3.20) and (3.23), we have

 R
n (z) + F (z)' R

n (z) =
Z

ei� + z
ei� � z

d� (� )' R
n (ei� ); (3.76)

 L; �
n (z) � F (z)' L; �

n (z) = � zn
Z

ei� + z
ei� � z

d� (� )' L
n (ei� )y: (3.77)

Taking n = 2k in (3.77) and n = 2k � 1 in (3.76), we get

� 2k (z) = zk
Z

ei� + z
ei� � z

d� (� )' L
2k (ei� )y; (3.78)
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� 2k� 1(z) = z� k+1
Z

ei� + z
ei� � z

d� (� )' R
2k� 1(ei� ): (3.79)

As ' L
2k is an orthonormal sequence, using the Bessel inequality, from (3.78) we immediately get

that � 2k is in `2.
Consider the odd terms� 2k� 1. We claim that

z� k+1
Z

ei� + z
ei� � z

d� (� )' R
2k� 1(ei� ) =

Z
ei� + z
ei� � z

d� (� )ei ( � k+1) � ' R
2k� 1(ei� ): (3.80)

Indeed, using the right orthogonality of ' R
2k� 1 to eim� , m = 0 ; 1; : : : ; 2k � 2, we get

Z
ei� + z
ei� � z

d� (� )' R
2k� 1(ei� ) =

��
1 + 2

1X

m=1

�zm eim� ; ' R
2k� 1

��

R

=
��

2
1X

m=2 k� 1

�zm eim� ; ' R
2k� 1

��

R

and
Z

ei� + z
ei� � z

zk� 1 ei ( � k+1) � d� (� )' R
2k� 1(ei� ) =

=
��

�zk� 1ei (k� 1)�
�

1 + 2
1X

m=1

�zm eim�
�

; ' R
2k� 1

��

R

=
��

2
1X

m=2 k� 1

�zm eim� ; ' R
2k� 1

��

R

which proves (3.80). The identities (3.80) and (3.79) yield

� 2k� 1(z) =
��

e� i� + �z
e� i� � �z

; � 2k� 1

��

R

and, since� 2k� 1 is a right orthogonal sequence, the Bessel inequality ensures that � 2k� 1(z) is in
`2. Thus, � k (z) is in `2.

Next, as in the proof of Theorem 3.18, using the CD formula, wecheck that the sequence
k' L; �

n (z)kR is bounded below and therefore the sequence� 2n (z) is not in `2. This proves the
statement (iii).

(iv) By Lemma 3.21, the solution � n (z) obeys (3.72) for all m � 0. It is easy to check directly
that the solution � n (z) does not obey (3.72) for m = 0 if z 6= 0. This proves the required
statement.

Proof of Proposition 3.23. (i) For j = 1 ; 2; : : : , de�ne Wj = ( w2j � 1; w2j ). Then, using the block
structure (3.75), we can rewrite (3.71) for m = 2 j; 2j + 1 as A j Wj + B j Wj +1 = 0. By the proof of
Proposition 3.22, the matricesA j and B j are invertible, which proves (i).

(ii) Lemma 3.21 ensures that ~xn (z) is a solution of (3.71). As in the proof of Proposition 3.22,
by considering the matrix (UCU)km , one checks thatyn (z) is also a solution to (3.71).
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Let us prove that any solution to (3.71) can be represented inthe form (3.74). By (i), it su�ces
to show that for any w1, w2, there exist a; b2 M l such that

~x1(z)a + p1(z)b = w1;

~x2(z)a + p2(z)b = w2:

We claim that this system of equations can be solved fora, b. Here are the main steps. Substituting
the de�nitions of ~xn (z) and pn (z), we rewrite this system as

' R;�
1 (a + F (z)b) �  R;�

1 (z)b = zw1;

' L
2 (a + F (z)b) +  L

2 (z)b = zw2:

Using Szeg}o recurrence, we can substitute the expressionsfor ' L
2 ,  L

2 , which helps rewrite our
system as

' R;�
1 (a + F (z)b) �  R;�

1 (z)b = zw1;

' L
1 (a + F (z)b) +  L

1 (z)b = � L
1 w2 + � y

1w1:

Substituting explicit formulas for ' R;�
1 , ' L

1 ,  R;�
1 ,  L

1 , and expressingF (z) in terms of f (z), we can
rewrite this as

(� R
0 ) � 1(1 � � 0z)a + 2z(� R

0 ) � 1(f (z) � � 0)(1 � zf (z)) � 1b = zw1;

(� L
0 ) � 1(z � � y

0)a + 2z(� L
0 ) � 1(1 � � y

0f (z))( 1 � zf (z)) � 1b = � L
1 w2 + � y

1w1:

Denote

a1 = ( � R
0 ) � 1(1 � � 0z)a;

b1 = 2z(� L
0 ) � 1(1 � � y

0f (z))( 1 � zf (z)) � 1b:

Then in terms of a1, b1, our system can be rewritten as

a1 + X 1b1 = zw1;

X 2a1 + b1 = � L
1 w2 + � y

1w1;

where

X 1 = ( � R
0 ) � 1(f (z) � � 0)(1 � � 0f (z)) � 1� L

0 ;

X 2 = ( � L
0 ) � 1(z � � y

0)(1 � � 0z) � 1� R
0 :

Sincekf (z)k < 1 and jzj < 1, we can apply Corollary 1.5, which yieldskX 1k < 1 and kX 2k < 1. It
follows that our system can be solved fora1, b1.

(iii) As pn (z) = � � n (1=�z)y, by Proposition 3.22, we get that pn (z) is in `2. In the same way, as
~xn (z) = � n (1=�z)y, we get that ~xn (z) is not in `2.

(iv) By Lemma 3.21, the solution ~xn (z) obeys (3.71) for all m � 0. Using the explicit formula
for yn (z), one easily checks that the solutionyn (z) does not obey (3.71) form = 0 ; 1.
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Theorem 3.24. We have for z 2 D,

[(C � z) � 1]k;l =

(
(2z) � 1~xk (z)� l (z); l > k or k = l even;

(2z) � 1pk (z)� l (z); k > l or k = l odd:

Proof. Fix z 2 D. Write Gk;l (z) = [( C � z) � 1]k;l . Then G� ;l (z) is equal to (C � z) � 1� l , which means
that Gk;l (z) solves (3.71) form 6= l. SinceG� ;l (z) is `2 at in�nity and obeys the equation at m = 0,
we see that it is a right-multiple of p for large k and a right-multiple of ~x for small k. Thus,

Gk;l (z) =

(
~xk (z)al (z); k < l or k = l even;

pk (z)bl (z); k > l or k = l odd:

Similarly,

Gk;l (z) =

(
~bk (z)� l (z); k < l or k = l even;

~ak (z)� l (z); k > l or k = l odd:

Equating the two expressions, we �nd

~xk (z)al (z) = ~bk (z)� l (z) k < l or k = l even; (3.81)

pk (z)bl (z) = ~ak (z)� l (z) k > l or k = l odd: (3.82)

Putting k = 0 in (3.81) and setting ~b0(z) = c1(z), we �nd al (z) = c1(z)� l (z). Putting l = 0 in
(3.82) and setting b0(z) = c2(z), we �nd pk (z)c2(z) = ~ak (z). Thus,

Gk;l (z) =

(
~xk (z)c1(z)� l (z); k < l or k = l even;

pk (z)c2(z)� l (z); k > l or k = l odd:

We claim that c1(z) = c2(z) = (2 z) � 11. Consider the casek = l = 0. Then, on the one hand, by
the de�nition,

G0;0(z) =
Z

1
ei� � z

d� (ei� )

=
Z

(2z) � 1
�

ei� + z
ei� � z

� 1
�
d� (ei� )

= (2 z) � 1(F (z) � 1) (3.83)

and on the other hand,

G0;0(z) = ~x0(z)c1(z)� 0(z) = c1(z)(F (z) � 1):

This shows c1(z) = (2 z) � 11. Next, consider the casek = 1, l = 0. Then, on the one hand, by the
de�nition,

G1;0(z) = hh� 1; (ei� � z) � 1� 0ii R

and on the other hand,
G1;0(z) = p1(z)c2(z)� 0(z):
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Let us calculate the expressions on the right-hand side. We have

p1(z)c2(z)� 0(z) = ( � R
0 ) � 1(� z� 1 � � 0 + ( z� 1 � � 0)F (z))c2(z) (3.84)

and

hh� 1;(ei� � z) � 1� 0ii R =

= ( � R
0 ) � 1

Z
(e� i� � � 0)d� (� )(ei� � z) � 1

= ( � R
0 ) � 1

Z
[z� 1(ei� � z) � 1 � z� 1e� i� � � 0(ei� � z) � 1] d� (� )

= ( � R
0 ) � 1

�
1

2z2
(F (z) � 1) �

1
2z

� 0(F (z) � 1) �
1
z

Z
e� i� d� (� )

�
:

Taking into account the identity Z
e� i� d� (� ) = � 0

(which can be obtained, e.g., by expandinghh' R
1 ; ' R

0 ii R = 0), we get

hh� 1; (ei� � z) � 1� 0ii R =
1
2z

(� R
0 ) � 1(� z� 1 � � 0 + ( z� 1 � � 0)F (z)) :

Comparing this with (3.84), we get c2(z) = (2 z) � 11.

As an immediate corollary, evaluating the kernel on the diagonal for even and odd indices, we
obtain the formulas

Z
' L

2n (ei� )
d� (� )
ei� � z

' L
2n (ei� )y = �

1
2z2n+1 ' L

2n (z)uL; �
2n (z); (3.85)

Z
' R

2n� 1(ei� )y d� (� )
ei� � z

' R
2n� 1(ei� ) = �

1
2z2n uR;�

2n� 1(z)' R
2n� 1(z): (3.86)

Combining this with (3.31) and (3.32), we �nd

uL
n (z)' L; �

n (z) + ' L
n (z)uL; �

n (z) = 2 zn ; (3.87)

' R;�
n (z)uR

n (z) + uR;�
n (z)' R

n (z) = 2 zn : (3.88)

3.13 Khrushchev Theory

Among the deepest and most elegant methods in OPUC are those of Khrushchev [125, 126, 101].
We have not been able to extend them to MOPUC! We regard their extension as an important
open question; we present the �rst very partial steps here.

Let

 = f � : det w(� ) > 0g:

Theorem 3.25. For every n � 0,

f � : f n (ei� )yf n (ei� ) < 1g = 


up to a set of zero Lebesgue measure.
Consequently, Z

kf n (ei� )k
d�
2�

� 1 �
j
 j
2�

: (3.89)
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Proof. Recall that, by Proposition 3.16, up to a set of zero Lebesguemeasure,

f � : f 0(ei� )yf 0(ei� ) < 1g = f � : det w(� ) > 0g

so, by induction, it su�ces to show that, up to a set of zero Lebesgue measure,

f � : f 0(ei� )yf 0(ei� ) < 1g = f � : f 1(ei� )yf 1(ei� ) < 1g:

This in turn follows from the fact that the Schur algorithm, w hich relates the two functions,
preserves the propertygyg < 1.

Notice that away from 
, f n (ei� ) has norm one and therefore,
Z

kf n (ei� )k
d�
2�

�
Z


 c
kf n (ei� )k

d�
2�

=
Z


 c
1

d�
2�

which yields (3.89).

De�ne
bn (z; d� ) = ' L

n (z; d� )' R;�
n (z; d� ) � 1:

Proposition 3.26. (a) bn+1 = ( � L
n ) � 1(zbn � � y

n )(1 � z� nbn ) � 1� R
n .

(b) The Verblunsky coe�cients of bn are (� � y
n� 1; � � y

n� 2; : : : ; � � y
0; 1).

Proof. (a) By the Szeg}o recursion, we have that

bn+1 = ' L
n+1 (' R;�

n+1 ) � 1

= (( � L
n ) � 1z' L

n � (� L
n ) � 1� y

n ' R;�
n )(( � R

n ) � 1' R;�
n � z(� R

n ) � 1� n ' L
n ) � 1

= ( � L
n ) � 1(z' L

n � � y
n ' R;�

n )( ' R;�
n � z� n ' L

n ) � 1� R
n

= ( � L
n ) � 1(z' L

n (' R;�
n ) � 1 � � y

n ' R;�
n (' R;�

n ) � 1)

(' R;�
n (' R;�

n ) � 1 � z� n ' L
n (' R;�

n ) � 1) � 1� R
n

= ( � L
n ) � 1(zbn � � y

n )(1 � z� nbn ) � 1� R
n :

(b) It follows from part (a) that the �rst Verblunsky coe�cie nt of bn is � � y
n� 1 and that its �rst

Schur iterate is bn� 1; compare Theorem 3.19. This gives the claim by induction andthe fact that
b0 = 1.

4 The Szeg}o Mapping and the Geronimus Relations

In this chapter, we present the matrix analogue of the Szeg}omapping and the resulting Geron-
imus relations. This establishes a correspondence betweencertain matrix-valued measures on the
unit circle and matrix-valued measures on the interval [� 2; 2] and, consequently, a correspondence
between Verblunsky coe�cients and Jacobi parameters. Throughout this chapter, we will denote
measures on the circle byd� C and measures on the interval byd� I .

The scalar versions of these objects are due to Szeg}o [182] and Geronimus [90]. There are four
proofs that we know of: the original argument of Geronimus [90] based on Szeg}o's formula in [182],
a proof of Damanik{Killip [32] using Schur functions, a proof of Killip{Nenciu [127] using CMV
matrices, and a proof of Faybusovich{Gekhtman [81] using canonical moments.
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The matrix version of these objects was studied by Yakhlef{Marcell�an [199] who proved The-
orem 4.2 below using the Geronimus{Szeg}o approach. Our proof uses the Killip{Nenciu{CMV
approach. In comparing our formula with [199], one needs thefollowing dictionary (their objects
on the left of the equal sign and ours on the right):

Hn = � � y
n+1 ;

Dn = An ;

En = Bn+1 :

Dette{Studden [43] have extended the theory of canonical moments from OPRL to MOPRL.
It would be illuminating to use this to extend the proof that F aybusovich{Gekhtman [81] gave of
Geronimus relations for scalar OPUC to MOPUC.

Supposed� C is a non-trivial positive semi-de�nite Hermitian matrix meas ure on the unit circle
that is invariant under � 7! � � (i.e., z 7! �z = z� 1). Then we de�ne the measured� I on the interval
[� 2; 2] by Z

f (x) d� I (x) =
Z

f (2 cos� ) d� C (� )

for f measurable on [� 2; 2]. The map

Sz :d� C 7! d� I

is called the Szeg}o mapping.
The Szeg}o mapping can be inverted as follows. Supposed� I is a non-degenerate positive semi-

de�nite matrix measure on [� 2; 2]. Then we de�ne the measured� C on the unit circle which is
invariant under � 7! � � by

Z
g(� ) d� C (� ) =

Z
g(arccos(x=2)) d� I (x)

for g measurable on@D with g(� ) = g(� � ).
We �rst show that for the measures on the circle of interest in this section, the Verblunsky

coe�cients are always Hermitian.

Lemma 4.1. Supposed� C is a non-trivial positive semi-de�nite Hermitian matrix mea sure on the
unit circle. Denote the associated Verblunsky coe�cients by f � ng. Then, d� C is invariant under
� 7! � � if and only if � y

n = � n for every n.

Proof. For a polynomial P, denote ~P(z) = P(�z)y.
1. Suppose thatd� C is invariant under � 7! � � . Then we have

hhf; g ii L = hh~g; ~f ii R

for all f , g. Inspecting the orthogonality conditions which de�ne � L
n and � R

n , we see that

~� L
n = � R

n and hh� L
n ; � L

n ii L = hh� R
n ; � R

n ii R : (4.1)

Next, we claim that
� L

n = � R;y
n : (4.2)
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Indeed, recall the de�nition of � L
n , � R

n :

� L
n = unhh� L

n ; � L
n ii � 1=2

L ; un is unitary, � L
n+1 (� L

n ) � 1 > 0; � L
0 = 1 ;

� R
n = hh� R

n ; � R
n ii � 1=2

R vn ; vn is unitary, ( � R
n ) � 1� R

n+1 > 0; � R
0 = 1 :

Using this de�nition and (4.1), one can easily prove by induction that vn = uy
n and therefore (4.2)

holds true.
Next, taking z = 0 in (3.11), we get

� n = � (� R
n ) � 1� L

n+1 (0)y(� L
n )y;

� n = � (� R
n )y� R

n+1 (0)y(� L
n ) � 1:

From here and (4.1), (4.2), we get� n = � y
n .

2. Assume� y
n = � n for all n. Then, by Theorem 3.3(c), we have� L

n = � R
n . It follows that in

this case the Szeg}o recurrence relation is invariant with respect to the change' L
n 7! ~' R

n , ' R
n 7! ~' L

n .
It follows that ' L

n = ~' R
n , ' R

n = ~' L
n . In particular, we get

hh' L
n ; ' L

m ii L = hh~' R
m ; ~' R

n ii R : (4.3)

Now let f and g be any polynomials; we have

f (z) =
X

n

f n ' L
n (z); ~f (z) =

X

n

~' L
n (z)f y

n ;

and a similar expansion forg. Using these expansions and (4.3), we get

hhf; g ii L = hh~g; ~f ii R for all polynomials f , g.

From here it follows that the measure d� C is invariant under � 7! � � .

Now consider two measuresd� C and d� I = Sz(d� C ) and the associated CMV and Jacobi
matrices. What are the relations between the parameters of these matrices?

Theorem 4.2. Given d� C and d� I = Sz(d� C ) as above, the coe�cients of the associated CMV
and Jacobi matrices satisfy the Geronimus relations:

Bk+1 =
p

1 � � 2k� 1 � 2k
p

1 � � 2k� 1 �
p

1 + � 2k� 1 � 2k� 2
p

1 + � 2k� 1 ; (4.4)

Ak+1 =
p

1 � � 2k� 1

q
1 � � 2

2k

p
1 + � 2k+1 : (4.5)

Remarks. 1. For these formulas to hold fork = 0, we set � � 1 = � 1.

2. There are several proofs of the Geronimus relations in thescalar case. We follow the proof
given by Killip and Nenciu in [127].

3. TheseA's are, in general, not type 1 or 2 or 3.
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Proof. For a Hermitian l � l matrix � with k� k < 1, de�ne the unitary 2 l � 2l matrix S(� ) by

S(� ) =
1

p
2

� p
1 � � �

p
1 + �p

1 + �
p

1 � �

�
:

Since� y = � , the associated� L and � R coincide and will be denoted by� . We therefore have

�( � ) =
�

� �
� � �

�

and hence, by a straightforward calculation,

S(� )�( � )S(� ) � 1 =
1
2

� p
1 � � �

p
1 + �p

1 + �
p

1 � �

� �
� �
� � �

� � p
1 � �

p
1 + �

�
p

1 + �
p

1 � �

�

=
�

� 1 0
0 1

�
:

Thus, if we de�ne
S = 1 � S(� 1) � S(� 3) � : : :

and
R = 1 � (� 1) � 1 � (� 1) � : : : ;

it follows that (see (3.69))
SMS y = R:

The matrix LM + ML is unitarily equivalent to

A = S(LM + ML )Sy = SLSyR + RSLS y:

Observe that A is the direct sum of two block Jacobi matrices. Indeed, it follows quickly from
the explicit form of R that the even-odd and odd-even block entries ofA vanish. Consequently,A
is the direct sum of its odd-odd and even-even block entries. Wewill call these two block Jacobi
matrices J and ~J , respectively.

Consider C as an operator onH v . Then d� C is the spectral measure ofC in the following sense:

[Cm ]0;0 =
Z

eim� d� C (� );

see (3.83). Then, by the spectral theorem,d� C (� � ) is the spectral measure ofC� 1 and so d� I is
the spectral measure ofC+ C� 1 = LM +( LM ) � 1 = LM + ML . SinceS leaves

�
1 0 0 0 � � �

� t

invariant, we see that d� I is the spectral measure ofJ .
To determine the block entries ofJ , we only need to compute the odd-odd block entries ofA .

For k � 0, we have

A 2k+1 ;2k+1 =
� p

1 + � 2k� 1
p

1 � � 2k� 1
�

�
� � 2k� 2 0

0 � 2k

� � p
1 + � 2k� 1p
1 � � 2k� 1

�

=
p

1 � � 2k� 1 � 2k
p

1 � � 2k� 1 �
p

1 + � 2k� 1 � 2k� 2
p

1 + � 2k� 1
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and

A 2k+1 ;2k+3 =
� p

1 + � 2k� 1
p

1 � � 2k� 1
�

�
0 0

� 2k 0

� � p
1 + � 2k+1p
1 � � 2k+1

�

=
p

1 � � 2k� 1

q
1 � � 2

2k

p
1 + � 2k+1 :

The result follows.

As in [127, 168], one can also use this to get Geronimus relations for the second Szeg}o map.

5 Regular MOPRL

The theory of regular (scalar) OPs was developed by Stahl{Totik [180] generalizing a de�nition
of Ullman [190] for [� 1; 1]. (See Simon [171] for a review and more about the history.)Here we
develop the basics for MOPRL; it is not hard to do the same for MOPUC.

5.1 Upper Bound and De�nition

Theorem 5.1. Let d� be a non-trivial l � l matrix-valued measure onR with E = supp( d� )
compact. Then (with C(E) = logarithmic capacity of E )

lim sup
n!1

jdet(A1 � � � An )j1=n � C(E) l : (5.1)

Remarks. 1. jdet(A1 � � � An )j is constant over equivalent Jacobi parameters.

2. For the scalar case, this is a result of Widom [195] (it might be older) whose proof extends
to the matrix case.

Proof. Let Tn be the Chebyshev polynomials forE (see [171, Appendix B] for a de�nition) and let
T (l )

n be Tn 
 1, that is, the l � l matrix polynomial obtained by multiplying Tn (x) by 1. T (l )
n is

monic so, by (2.12) and (2.34),

jdet(A1 � � � An )j1=n �

�
�
�
�det

� Z
jT (l )

n (x)j2 d� (x)
� �

�
�
�

1=2n

� sup
n

jTn (x)j l=n :

By a theorem of Szeg}o [183], supn jTn (x)j1=n ! C(E), so (5.1) follows.

De�nition. Let d� be a non-trivial l � l matrix-valued measure with E = supp( d� ) compact. We
say � is regular if equality holds in (5.1).

5.2 Density of Zeros

The following is a simple extension of the scalar results (see [74] or [171, Sect. 2]):
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Theorem 5.2. Let d� be a regular measure withE = supp( d� ). Let d� n be the zero counting
measure fordet(pL

n (x)) , that is, if f x(n)
j gnl

j =1 are the zeros of this determinant(counting degenerate
zeros multiply), then

d� n =
1
nl

nlX

j =1

�
x ( n )

j
: (5.2)

Then d� n converges weakly tod� E , the equilibrium measure forE .

Remark. For a discussion of capacity, equilibrium measure, quasi-every (q.e.), etc., see [171, Ap-
pendix A] and [115, 136, 158].

Proof. By (2.80) and (2.93),

jdet(pR
n (x)) j �

� d
D

� l � 1 +
� d

D

� 2� (n� 1)l=2 (5.3)

so, in particular,
lim inf

n
jdet(pR

n (x)) j1=nl �
�
1 +

� d
D

� 2� 1=2 � 1: (5.4)

But
jdet(pR

n (x)) j = jdet(A1 � � � An )j � 1 exp(� nl � � n (x)) (5.5)

where � � is the potential of the measure� . Let � 1 be a limit point of � n and use equality in (5.1)
and (5.4) to conclude, for x =2 cvh(E),

exp(� � � 1 (x)) � C(E)

which, as in the proof of Theorem 2.4 of [171], implies that� 1 = � e.

The analogue of the almost converse of this last theorem has an extra subtlety relative to the
scalar case:

Theorem 5.3. Let d� be a non-trivial l � l matrix-valued measure onR with E = supp( d� )
compact. If d� n ! d� E , then either � is regular or else, with d� = M (x) d� tr (x), there is a setS
of capacity zero, sodet(M (x)) = 0 for d� tr -a.e. x =2 S.

Remark. By taking direct sums of regular point measures, it is easy to�nd regular measures where
det(M (x)) = 0 for d� tr -a.e. x.

Proof. For a.e. x with det( M (x)) 6= 0, we have (see Lemma 5.7 below)

pR
n (x) � C(n + 1) 1:

The theorem then follows from the proof of Theorem 2.5 of [171].
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5.3 General Asymptotics

The following generalizes Theorem 1.10 of [171] from OPRL toMOPRL|it is the matrix analogue
of a basic result of Stahl{Totik [180]. Its proof is essentially the same as in [171]. By� ess(� ), we
mean the essential spectrum of the block Jacobi matrix associated to � .

Theorem 5.4. Let E � R be compact and let� be an l � l matrix-valued measure of compact
support with � ess(� ) = E . Then the following are equivalent:
(i) � is regular, that is, limn!1 jdet(A1 � � � An )j1=n = C(E) l .

(ii) For all z in C, uniformly on compacts,

lim supjdet(pR
n (z)) j1=n � eGE (z) : (5.6)

(iii) For q.e. z in E , we have
lim supjdet(pR

n (z)) j1=n � 1: (5.7)

Moreover, if (i){(iii) hold, then
(iv) For every z 2 C n cvh(supp(d� )) , we have

lim
n!1

jdet(pR
n (z)) j1=n = eGE (z) : (5.8)

(v) For q.e. z 2 @
 ,
lim sup

n!1
jdet(pR

n (z)) j1=n = 1 : (5.9)

Remarks. 1. GE , the potential theorists' Green's function for E , is de�ned by GE (z) =
� log(C(E)) � � � E (z).

2. There is missing here one condition from Theorem 1.10 of [171] involving general polynomials.
Since the determinant of a sum can be much larger than the sum of the determinants, it is not
obvious how to extend this result.

5.4 Weak Convergence of the CD Kernel and Consequences

The results of Simon in [174] extend to the matrix case. The basic result is:

Theorem 5.5. The measuresd� n and 1
(n+1) l Tr( K n (x; x )) d� (x) have the same weak limits. In

particular, if d� is regular,
1

(n + 1) l
Tr( K n (x; x )d� (x)) w�! d� E : (5.10)

As in [174], (� nM x � n ) j and (� nM j
x � n ) have a di�erence of traces which is bounded asn ! 1 ,

and this implies the result. Once one has this, combining it with Theorem 2.20 leads to:

Theorem 5.6. Let I = [ a; b] � E � R with E compact. Let � ess(d� ) = E for an l � l matrix-valued
measure, and supposed� is regular for E and

d� = W (x) dx + d� s (5.11)

where d� s is singular and det(W (x)) > 0 for a.e. x 2 I . Then,

(1) lim
n!1

Z

I
pR

n (x)y d� s(x)pR
n (x) ! 0; (5.12)

(2)
Z

I










1
n + 1

nX

j =0

pR
j (x)yW (x)pj (x) � � E (x)1








 dx ! 0: (5.13)
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5.5 Widom's Theorem

Lemma 5.7. Let d� be an l � l matrix-valued measure supported on a compactE � R and let d�
be a scalar measure onR so

d� (x) = W (x) d� (x) + d� s(x) (5.14)

where d� s is d� singular. Suppose ford� -a.e. x,

det(W (x)) > 0: (5.15)

Then for d� -a.e. x, there is a positive real function C(x) so that

kpR
n (x)k � C(x)(n + 1) 1: (5.16)

In particular,
jdet(pR

n (x)) j � C(x) l (n + 1) l : (5.17)

Proof. SincekpR
n k2

R = 1, we have

1X

n=0

(n + 1) � 2kpR
n k2

R < 1 (5.18)

so
1X

n=0

(n + 1) � 2 Tr( pR
n (x)yW (x)pR

n (x)) < 1

for d� -a.e. x. Since (5.15) holds, for a.e.x,

W (x) � b(x)1

for some scalar functionb(x). Thus, for a.e. x,

1X

n=0

(n + 1) � 2 Tr( pR
n (x)ypR

n (x)) � C(x)2:

SincekAk2 � Tr( AyA), we �nd (5.16), which in turn implies (5.17).

This lemma replaces Lemma 4.1 of [171] and then the proof there of Theorem 1.12 extends to
give (a matrix version of the theorem of Widom [195]):

Theorem 5.8. Let d� be anl � l matrix-valued measure with� ess(d� ) = E � R compact. Suppose

d� (x) = W (x) d� E (x) + d� s(x) (5.19)

with d� s singular with respect to d� E . Suppose ford� E -a.e. x, det(W (x)) > 0. Then � is regular.
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5.6 A Conjecture

We end our discussion of regular MOPRL with a conjecture|an a nalog of a theorem of Stahl{Totik
[180]; see also Theorem 1.13 of [171] for a proof and references. We expect the key will be some
kind of matrix Remez inequality. For direct sums, this conjecture follows from Theorem 1.13 of
[171].

Conjecture 5.9. Let E be a �nite union of disjoint closed intervals in R. Suppose� is an l � l
matrix-valued measure onR with � ess(d� ) = E . For each � > 0 and m = 1 ; 2; : : : , de�ne

Sm;� = f x : � ([x � 1
m ; x + 1

m ]) � e� �m 1g: (5.20)

Suppose that for each� (with j�j = Lebesgue measure)

lim
m!1

jE n Sm;� j = 0 :

Then � is regular.
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