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1 Introduction

1.1 Introduction and Overview

Orthogonal polynomials on the real line (OPRL) were develomd in the nineteenth century and
orthogonal polynomials on the unit circle (OPUC) were initi ally developed around 1920 by Szeg).
Their matrix analogues are of much more recent vintage. Theywere originally developed in the
MOPUC case indirectly in the study of prediction theory [116, 117, 129, 131, 132, 138, 196] in
the period 1940{1960. The connection to OPUC in the scalar cae was discovered by Krein [131].
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Much of the theory since is in the electrical engineering lierature [36, 37, 38, 39, 40, 41, 120, 121,
122, 123, 203]; see also [84, 86, 87, 88, 142].

The corresponding real line theory (MOPRL) is still more recent: Following early work of Krein
[133] and Berezan'ski [9] on block Jacobi matrices, mainly aapplied to self-adjoint extensions, there
was a seminal paper of Aptekarev{Nikishin [4] and a urry of papers since the 1990s [10, 11, 12,
14, 16, 17, 19, 20, 21, 22, 29, 35, 43, 45, 46, 47, 48, 49, 50,4, 53, 54, 55, 56, 57, 58, 59, 60, 61,
62, 64, 65, 66, 67, 68, 69, 71, 73, 74, 75, 76, 77, 79, 83, 85,,1123, 104, 105, 106, 107, 108, 109,
110, 111, 112, 113, 137, 139, 140, 143, 144, 145, 148, 149, 156, 156, 157, 154, 161, 162, 179,
186, 198, 200, 201, 202, 204]; see also [7].

There is very little on the subject in monographs | the more cl assical ones (e.g., [23, 82, 93, 184])
predate most of the subject; see, however, Atkinson [5, Seicin 6.6]. Ismail [118] has no discussion
and Simon [167, 168] has a single section! Because of the ufeMOPRL in [33], we became
interested in the subject and, in particular, we needed somebasic results for that paper which
we couldn't nd in the literature or which, at least, weren't very accessible. Thus, we decided to
produce this comprehensive review that we hope others will nd useful.

As with the scalar case, the subject breaks into two parts, caveniently called the analytic theory
(general structure results) and the algebraic theory (the €t of non-trivial examples). This survey
deals entirely with the analytic theory. We note, however, that one of the striking developments in
recent years has been the discovery that there are rich class of genuinely new MOPRL, even at
the classical level of Bochner's theorem; see [20, 55, 70,,7802, 109, 110, 111, 112, 113, 156, 161]
and the forthcoming monograph [63] for further discussion 6this algebraic side.

In this introduction, we will focus mainly on the MOPRL case. For scalar OPRL, a key issue
is the passage from measure to monic OPRL, then to normalize®PRL, and nally to Jacobi
parameters. There are no choices in going from measure to manOP, P,(x). They are determined
by

Pn(x) = x" + lower order; b ;Phi=0 j=1;:::;n 1 (1.1)

However, the basic condition on the orthonormal polynomiak, namely,
Mon; Pmi = nm (1.2)

does not uniquely determine thep,(x). The standard choice is

_ Pn(x).
pn (X) - kpnk .
However, if ¢; 1;::: are arbitrary real numbers, then
_ € "Py(x)
Pn(X) = TKPK (1.3)
also obey (1.2). If the recursion coe cients (aka Jacobi pammeters), are de ned via
XPn = @n+1Pn+1 + Bh+1Pn + @npn 1 (1.4)

then the choice (1.3) leads to

o, = b a, = € "a,e ' " 1 (1.5)
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The standard choice is, of course, most natural here; for exaple, if
pn(X) = nx" +lower order; (1.6)

then a, > 0 implies , > 0. It would be crazy to make any other choice.
For MOPRL, these choices are less clear. As we will explain itsection 1.2, there are now two
matrix-valued \inner products" formally written as
Z

hi; gi g f(x)’d (x)g(x); (1.7)

z

i gi L g(x)d (x)f (x)”; (1.8)
where now is a matrix-valued measure and¥ denotes the adjoint, and corresponding two sets of
monic OPRL: PR(x) and P\ (x). The orthonormal polynomials are required to obey

HpR:pRiR = aml: (1.9)
The analogue of (1.3) is
BR(x) = PR(x)HPT; PRI =2 (1.10)

for a unitary . For the immediately following, use p} to be the choice , 1. For any such
choice, we have a recursion relation,

Xpr(X) = Pres (AT + PR(X)Bns1 + Py 1(X)An (1.11)
with the analogue of (1.5) (comparing , 1 to general ,)
Bo= YBnn An= Y JAn n (1.12)
The obvious analogue of the scalar case is to pick, 1, which makes , in
pR(x) = nx" +lower order (1.13)
obey , > 0. Note that (1.11) implies
n= 1Al (1.14)

or, inductively,
n=(AY::AY) L (1.15)

In general, this choice does not lead toA, positive or even Hermitian. Alternatively, one can pick

n SO A, is positive. Besides these two \obvious" choices, , > 0 or A, > 0, there is a third that
A, be lower triangular that, as we will see in Section 1.4, is natral. Thus, in the study of MOPRL
one needs to talk about equivalent sets op} and of Jacobi parameters, and this is a major theme
of Chapter 2. Interestingly enough for MOPUC, the commonly picked choice equivalent toA, > 0
(namely, , > 0) seems to su ce for applications. So we do not discuss equalence classes for
MOPUC.

Associated to a set of matrix Jacobi parameters is a block Jawbi matrix, that is, a matrix
which when written in | | blocks is tridiagonal; see (2.29) below.

In Chapter 2, we discuss the basics of MOPRL while Chapter 3 dicusses MOPUC. Chapter 4
discusses the Szegd mapping connection of MOPUC and MOPRLFinally, Chapter 5 discusses the
extension of the theory of regular OPs [180] to MOPRL.

While this is mainly a survey, it does have numerous new rests, of which we mention:
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(&) The clari cation of equivalent Jacobi parameters and several new theorems (Theorems 2.8 and
2.9).

(b) A new result (Theorem 2.28) on the order of poles or zerosfom(z) in terms of eigenvalues of
J and the once strippedJ @,

(c) Formulas for the resolvent in the MOPRL (Theorem 2.29) and MOPUC (Theorem 3.24) cases.

(d) A theorem on zeros of det( R) (Theorem 3.7) and eigenvalues of a cuto CMV matrix (The-
orem 3.10).

(e) A new proof of the Geronimus relations (Theorem 4.2).

(f) Discussion of regular MOPRL (Chapter 5).

There are numerous open questions and conjectures in this par, of which we mention:

(1) We prove that type 1 and type 3 Jacobi parameters in the Newi class haveA, ! 1 but do
not know if this is true for type 2 and, if so, how to prove it.

(2) Determine which monic matrix polynomials, , can occur as monic MOPUC. We know
det( ( z)) must have all of its zeros in the unit disk in C, but unlike the scalar case where
this is su cient, we do not know necessary and su cient condi tions.

(3) Generalize Khrushchev theory [125, 126, 101] to MOPUC; ee Section 3.13.

(4) Provide a proof of Geronimus relations for MOPUC that uses the theory of canonical moments
[43]; see the discussion at the start of Chapter 4.

(5) Prove Conjecture 5.9 extending a result of Stahl{Totik [180] from OPRL to MOPRL.

1.2 Matrix-Valued Measures

Let M| denote the ring of all | | complex-valued matrices; we denote by Y the Hermitian
conjugate of 2 M |. (Because of the use of for Szegd dual in the theory of OPUC, we do not
use it for adjoint.) For 2 M |, we denote byk Kk its Euclidean norm (i.e., the norm of as alinear
operator on C' with the usual Euclidean norm). Consider the setP of all polynomials in z 2 C
with coe cients from M |. The set P can be considered either as a right or as a left module over
M ; clearly, conjugation makes the left and right structures isomorphic. Forn =0;1;:::, Py will
denote those polynomials inP of degree at mostn. The setV denotes the set of all polynomials in
z 2 C with coe cients from C'. The standard inner product in C' is denoted byh; i

A matrix-valued measure, , on R (or C) is the assignment of a positive semi-de nitel |
matrix (X) to every Borel set X which is countably additive. We will usually normalize it by
requiring

(R =1 (1.16)

(or (C)= 1) wherelisthel I identity matrix. (We use 1 in general for an identity operator,
whether in M| or in the operators on some other Hilbert space, and0 for the zero operator
or matrix.) Normally, our measures for MOPRL will have compact support and, of course, our
measures for MOPUC will be supported on all or part of @ (D is the unit disk in C).

Associated to any such measures is a scalar measure

r (X) =Tr( (X)) (1.17)

(the trace normalized by Tr(1) = I). ¢ is normalized by (R) = 1.
Applying the Radon{Nikodym theorem to the matrix elements of , we see there is a positive

semi-de nite matrix function Mj (X) so

d 5 ()= My ()d u(x): (1.18)
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Clearly, by (1.17),

TT(M(x))=1 (1.19)
for d -a.e.x. Conversely, any scalar measure with ¢ (R) = | and positive semi-de nite matrix-
valued function M obeying (1.19) de ne a matrix-valued measure normalized by {.16).

Given | | matrix-valued functions f;g, we de ne the| | matrix H;gir by
z
Hi;gir = f(X)’M(x)g(x)d (x); (1.20)
that is, its (j; k) entry is 5 Z
fnj (X) M nm (X)gmk (X) d tr (X): (1-21)
nm
Sincef YMf 0, we see that
Hi;fir O (1.22)

One might be tempted to think of Hf;f i ,fz as some kind of norm, but that is doubtful. Even if
is supported at a single point,xo, with M = | 11, this \norm" is essentially the absolute value of
A = f (Xp), which is known not to obey the triangle inequality! (See [169, Sect. 1.1] for an example.)
However, if one looks at
kf kg = (Tr Hi; f i )Y (1.23)

one does have a norm (or, at least, a semi-norm). Indeed,
H;gir =Tr Hi;gi g (1.24)

is a sesquilinear form which is positive semi-de nite, so (123) is the semi-norm corresponding to
an inner product and, of course, one has a Cauchy{Schwarz imgiality

jTrii;gi rj k f krkgkg: (1.25)

We have not specied which f's and g's can be used in (1.20). We have in mind mainly
polynomials in x in the real case and Laurent polynomials inz in the @ case although, obviously,
continuous functions are okay. Indeed, it su ces that f (and g) be measurable and obey

Z

T(fY0)f (x)) d v (x) < 1 (1.26)

for the integrals in (1.21) to converge. The set of equivaleoe classes undef gif kf gkr =0
de nes a Hilbert space,H, and Hf; gir is the inner product on this space.
Instead of (1.20), we use the suggestive shorthand
z

hi;gir = f(x)¥d (x)g(x): (1.27)

The use ofR here comes from \right" forif 2 M |,

hi;g ir = Hijgigr; (1.28)
YHi; gi gr; (1.29)

g iR
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but, in general, Hf; g i r is not related to hi;gi .
While (Tr hi;f i )12 is a natural analogue of the norm in the scalar case, it will smetimes be
useful to instead consider
[detHi; f i r]¥2: (1.30)

Indeed, this is a stronger \norm" in that det > 0) Tr > O but not vice-versa.
When d is a \direct sum,"” that is, each M (x) is diagonal, one can appreciate the di erence.

In that case,d = d 1 d | and the MOPRL are direct sums (i.e., diagonal matrices) of
scalar OPRL
PR(x;d )= Pa(x;d 1) Pn(x;d 1): (1.31)
Then
X 1=2
kPRkr = KPn(id Kz ) (1.32)
i=1
while
Y
(dethP; PRiR)™ = kPa(;d j)kizq ) (1.33)

=1

In particular, in terms of extending the theory of regular measures [180]kP R ké:” is only sensitive to

maxkP,, ( ;d j)kﬁ:f(d ) while (dethPR; PRi g)172 is sensitive to them all. Thus, det will be needed
for that theory (see Chapter 5).

There will also be a left inner product and, correspondingly two sets of MOPRL and MOPUC.
We discuss this further in Sections 2.1 and 3.1.

Occasionally, for C' vector-valued functions f and g, we will want to consider the scalar
x Z

f () My (x)gj (x) d 1 (x); (1.34)

Kij

which we will denote Z
dif (x); (X)g(X)ici: (1.35)

We next turn to module Fourier expansions. A setf' ,-ngzl in H (N may be in nite) is called
orthonormal if and only if

H’I,-;' kiR = jkli (1.36)
This natural terminology is an abuse of notation since (1.3¢ implies orthogonality in h; ir but
not normalization, and is much stronger than orthogonality in h; iR. =
Suppose for a moment thatN < 1 . Forany a;;:::;ay 2 M |, we can form szl ' j& and, by
the right multiplication relations (1.28), (1.29), and (1. 36), we have
X X X y
i i = alb: (1.37)
j =1 J =1 R J =1

P
We will denote the set of all such szl "ja by H¢ litis a vector subspace of H of dimension
(over C) NI2.
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Denefor f 2H,
X
¢ )= i fig: (1.38)
j=1
It is easy to see it is the orthogonal projection in the scalarinner product h; ir from H to H ).
By the standard Hilbert space calculation, taking care to orly multiply on the right, one nds
the Pythagorean theorem,

X
Mifig=H  ( 6Ef o fig+  Mpfikhhifig (1.39)
=1

As usual, this proves for in nite N that

X
i fikth;fig Mffig (1.40)
=1

and the convergence of
X
tithgifir () (1.41)
j=1
allowing the de nition of (- andofH¢ ) Ran ( ,forN=1.
An orthonormal set is called complete ifH ;) = H. In that case, equality holds in (1.40) and

¢ n(f)="*.
JFor orthonormal bases, we have the Parseval relation from (139)

pS

Hi;f i g = thj;figh;fig (1.42)
j=1

and
ps
kf k& = Tr(hhj;figh;fig): (1.43)

j=1

1.3 Matrix Mebius Transformations

Without an understanding of matrix Mebius transformation s, the form of the MOPUC Geronimus
theorem we will prove in Section 3.10 will seem strange-lookig. To set the stage, recall that scalar
fractional linear transformations (FLT) are associated to matrices T = gg with det T 6 0 via

az+ b
f = : 1.44
1(2) oz+ d ( )
Without loss, one can restrict to
det(T)=1: (1.45)

Indeed, T 7! ft isa 2 to 1 map of SL(2;C) to maps of C[flg to itself. One advantage of the
matrix formalism is that the map is a matrix homomorphism, th at is,

fT s = fT fg; (1.46)
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which shows that the group of FLTs is SL(2;C)=f1; 1g.

While (1.46) can be checked by direct calculation, a more inguctive way is to look at the
complex projective line. u;v 2 C2nf0g are called equivalent if there is 2 CnfOgsothatu= v .
Let [ ] denote equivalence classes. Except for%{ ], every equivalence class contains exactly one
point of the form § with z 2 C. If [ é ] is associated with1 , the set of equivalence classes is
naturally associated with C[flg . f1 then obeys

z fr(2)
T = 1.47
from which (1.46) is immediate.

By Mebius transformations we will mean those FLTs that map D onto itself. Let

_ 1 0 |
J= 0o 1 ° (1.48)
Then [u] = [ 7] with jzj =1 (resp. jzj < 1) if and only if hu;Jui = 0 (resp. hu;Jui < 0). From
this, it is not hard to show that if det( T) = 1, then ft mapsD invertibly onto D if and only if

TOT = J: (1.49)
If T has the form gg , this is equivalent to
jai® j g2=1: jb% j d?= 1 ab cd=0: (1.50)

The set of T's obeying det(T) = 1 and (1.49) is called SU(1; 1). It is studied extensively in [168,
Sect. 10.4].
The self-adjoint elements ofSU(1; 1) are parametrized by 2 Dvia =(1 | j9)¥?,

11

T =~ 1 (1.51)
associated to

fr ()= 2. (1.52)

T l+ Z . .
Notice that

Til=T7 (1.53)
and that
8z2 D; 9! suchthatT (0)= z;

namely, = z.

It is a basic theorem that every holomorphic bijection of D to D is anft for someT in SU(1;1)
(uniqgue up to  1).

With this in place, we can turn to the matrix case. Let M| be the space ofl | complex
matrices with the Euclidean norm induced by the vector normh; igz. Let
D=fA2M,:kAk< 1g: (1.54)

We are interested in holomorphic bijections ofD; to itself, especially via a suitable notion of FLT.
There is a huge (and di use) literature on the subject, starting with its use in analytic number
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theory. It has also been studied in connection with electri@al engineering Iters and inde nite
matrix Hilbert spaces. Among the huge literature, we mentian [1, 3, 78, 99, 114, 166]. Especially
relevant to MOPUC is the book of Bakonyi{Constantinescu [6].

ConsiderM | M | = M [2] as a right module overM |. The M |-projective line is de ned by
saying >§ ¢8 , both in M |[2]nf0Og, if and only if there exists 2 M |, invertible so that
X=X%; vy=vY"; (1.55)

Let T be a map ofM |[2] of the form

A B
C D (1.56)
acting on M [2] by

X AX + BY

T Y = CX + DY : (1.57)

Because this acts on the left and equivalence on the right, T maps equivalence classes to them-
selves. H1 particular, if CX + D is invertible, T maps the equivalence class ofX to the equivalence

class of fT{X] , where
fr[X]=(AX + B)(CX + D) % (1.58)

So long asCX + D remains invertible, (1.46) remains true. LetJ be the 2 2| matrixin | |
block form

J= é 2 : (1.59)
Note that (with X ¥ =[XV1])
y

>i J>; 0, X¥YX 1,k Xk 1 (1.60)

Therefore, if we de ne SU(l;1) to be those T's with det T = 1 and
TIT = J; (1.61)

then
T2 SUl;1)) fr[D)]= D as a bijection: (1.62)

If T has the form (1.56), then (1.61) is equivalent to
AYA CYC=DYD BYB-=1; (1.63)
AYB = CYD (1.64)

(the fourth relation BYA = DYC is equivalent to (1.64)).
This depends on

Proposition 1.1. If T= 28 obeys(1.61) and kXk < 1, then CX + D is invertible.
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Proof. (1.61) implies that

T1=J0TY (1.65)

AY CY

5y Dy (1.66)

Clearly, (1.61) also impliesT %2 SU(I;1). Thus, by (1.63) for T 1,
DDY CCY= 1 (1.67)

This implies rstthat DDY 1, soD is invertible, and second that

kD ck 1 (1.68)
Thus, kX k < 1 implieskD 'CXk< 1sol+ D I1CX isinvertible, and thus soisD(1+ D 1CX).
O
It is a basic result of Cartan [18] (see Helgason [114] and thdiscussion therein) that
Theorem 1.2. A holomorphic bijection, g, of D, to itself is either of the form
g(Xx) = fr(X) (1.69)
for some T 2 SU(I;1) or
g(X) = fr(X"h: (1.70)
Given 2M | with k k< 1, dene
L=(1 v )¥2 R=(1 y)1=2. (1.71)
Lemma 1.3. We have
L= R, yR= L (1.72)
(=R =ty (1.73)

P
Proof. Let f be analytic in D with f (z) = ﬁzo cnz" its Taylor series atz =0. Sincek Y k< 1,
we have

3
f(Y)=a(?) (1.74)
n=0

norm convergent,so ( ¥ )"=( Y)" implies
fFOY)="1(C"; (1.75)
which implies the rst halves of (1.72) and (1.73). The other halves follow by taking adjoints. [

Theorem 1.4. There is a one-one correspondence betweeris in M | obeyingk k < 1 and positive
self-adjoint elements ofSU(I; 1) via

Ry 1 Ry 1
T = ((L))l y (( L)) 1 (176)
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Proof. A straightforward calculation using Lemma 1.3 proves thatT is self-adjointand TYJT = J.
Conversely, if T is self-adjoint, T = 28 and in SU(;1), then TY = T) AY= A, BY = C, so
(1.63) becomes

AAY BBY=1; (1.77)
so if
= A 1B; (1.78)
then (1.77) becomes
A YA Y+ V=1 (1.79)

SinceT 0,A 0 so (1.79) impliesA = ( R) 1, and then (1.78) impliesB =( R) 1 .
By Lemma 1.3,
C=BY= Y(R)yt=(hH tV (1.80)

and then (by D = DY, CY= B, and (1.63)) DDY CCY=1plusD> OimpliesD=( %) 1. O
Corollary 1.5. For each 2 D, the map
fr (X)=( F) *x+ )2+ ¥X) (Y (1.81)
takesD, to D,. Its inverse is given by
frro0="fr )= F x  Ha  ¥x) (1.82)
There is an alternate form for the right side of (1.81).
Proposition 1.6.  The following identity holds true for any X, kXk 1:
Ra+x ) I+ () TR X e e )t (1.83)
Proof. By the de nition of - and R, we have
X(Hx Y)=cHa I
Expanding, using (1.73) and rearranging, we get
X(L) 2+ (L) 29X =(R)2x+x YRy 2;
Adding (%) 2+ X( ') 2 YX to both sides and using (1.73) again, we obtain
X(L) 2+ (L) 24 X(L) 2+ (L) 2x
=(R)Y2X+( R) 2 +X Y(R) 2x + X Y( Ry 2,
which is the same as
X+ )5 2@+ X)=@+ X N(F) Ax+ )
Multiplying by (L+ X Y) tand (1+ YX) 1, we get
(L+X ) MX+ )(h) 2= 7 X+ )+ Yx) !

and the statement follows. O
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1.4 Applications and Examples

There are a number of simple examples which show that beyondheir intrinsic mathematical
interest, MOPRL and MOPUC have wide application.

(a) Jacobi matrices on a strip

Let Z be a subset (perhaps in nite) of the -dimensional lattice Z and let “?() be square
summable sequences indexed by . Suppose a real symmetric rtr&x  j; is given for all i;j 2
with 5 =0 unlessji jj =1 (nearest neighbors). Let ; be a real sequence indexed by 2 .
Suppose

si_ljlpj ijJ'+SL:IOJ' ij<1: (1.84)

De ne a bounded operator, J, on “2() by
X
(Ju)i = juj + Ui (1.85)
j
The sum is nite with at most 2 elements.
The special case =1f1;2;:::gwith b = , & = ii+1 > 0 corresponds precisely to classical
semi-in nite tridiagonal Jacobi matrices.
Now consider the situation where © Z 1is a nite set with | elements and

= fj22Z j12f12:::9. (G225 )2 Y (1.86)
a \strip" with cross-section 2 J then has a blockl | matrix Jacobi form where (; 2 9
(Bi) =y (=) (1.87)
= A )(i; ) ( 6 ) (1.88)
(Ai) = agi; y(i+1; ) (1.89)

The nearest neighbor condition saysAj) =0if 6 . If

aG; y(i+1;) > 0 (1.90)

forall i; ,then Aj is invertible and we have a block Jacobi matrix of the kind desribed in Section 2.2
below.

By allowing general A;; B;, we obtain an obvious generalization of this model|an inter pretation
of general MOPRL.

Schredinger operators on strips have been studied in part a approximations to Z ; see [31, 95,
130, 134, 151, 164]. From this point of view, it is also naturato allow periodic boundary conditions
in the vertical directions. Furthermore, there is closely related work on Schmdinger (and other)
operators with matrix-valued potentials; see, for example,[8, 24, 25, 26, 27, 28, 30, 96, 97, 165].
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(b) Two-sided Jacobi matrices

This example goes back at least to Nikishin [153]. Considerhte case =2, %= f0;1g Z, and
as above. Suppose (1.90) holds, and in addition,

a0 > 0 (1.91)

aioyiy =0; 1=2;3: (1.92)
Then there are no links between the rungs of the \ladder,"f1;2;:::g f 0;1g except at the end
and the ladder can be unfolded toZ! Thus, a two-sided Jacobi matrix can be viewed as a special
kind of one-sided 2 2 matrix Jacobi operator.

It is known that for two-sided Jacobi matrices, the spectral theory is determined by the 2 2
matrix

_ do do .
d = dio dqg (1.93)
whered ; is the measure with
% d
hia@ ) M= 5 (1.94)

but also that it is very di cult to specify exactly which d correspond to two-sided Jacobi matrices.
This di culty is illuminated by the theory of MOPRL. By Favar d's theorem (see Theorem 2.11),

every suchd (given by (1.93) and positive de nite and non-trivial in a sense we will describe in

Lemma 2.1) yields a unique block Jacobi matrix with A; > 0 (positive de nite). This d comes

from a two-sided Jacobi matrix if and only if

(a) Bj is diagonal forj =2;3;:::.

(b) Aj is diagonal forj =1;2;:::.

(c) Bj has strictly positive o -diagonal elements.

These are very complicated indirect conditions ond !

(c) Banded matrices

Classical Jacobi matrices are semi-in nite symmetric tridiagonal matrices, that is,

Jkm =0 if jk mj>1 (1.95)
with
Jkm > 0 ifjk mj=1: (1.96)
A natural generalization are (2l + 1)-diagonal symmetric matrices, that is,
Jkm =0 if jk mj>1; (1.97)
Jkm >0 ifjk mj=1: (1.98)
Such a matrix can be partitioned into | | blocks, which is tridiagonal in block. The conditions

(1.97) and (1.98) are equivalent toAx 2 L, the set of lower triangular matrices; and conversely,
Ax 2 L, with Ag; By real (and B, symmetric) correspond precisely to such banded matrices. fis
is why we introduce type 3 MOPRL.

Banded matrices correspond to certain higher-order di ererce equations. Unlike the second-
order equation (which leads to tridiagonal matrices) whereevery equation with positive coe cients
is equivalent via a variable rescaling to a symmetric matrix only certain higher-order di erence
equations correspond to symmetric block Jacobi matrices.
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(d) Magic formula

In [33], Damanik, Killip, and Simon studied perturbations of Jacobi and CMV matrices with
periodic Jacobi parameters (or Verblunsky coe cients). They proved that if is the discriminant
of a two-sided periodicJg, then a bounded two-sidedJ has (J)= SP+ S P ((Su), Unp+1) if
and only if J lies in the isospectral torus ofJg. They call this the magic formula.

This allows the study of perturbations of the isospectral tarus by studying ( J) which is a
polynomial in J of degreep, and so a »+ 1 banded matrix. Thus, the study of perturbations of
periodic problems is connected to perturbations ofSP + S P as block Jacobi matrices. Indeed, it
was this connection that stimulated our interest in MOPRL, and [33] uses some of our results here.

(e) Vector-valued prediction theory

As noted in Section 1.1, both prediction theory and ltering theory use OPUC and have natural
MOPUC settings that motivated much of the MOPUC literature.

2 Matrix Orthogonal Polynomials on the Real Line

2.1 Preliminaries

OPRL are the most basic and developed of orthogonal polynonais, and so this chapter on the
matrix analogue is the most important of this survey. We presnt the basic formulas, assuming
enough familiarity with the scalar case (see [23, 82, 167, 67 184, 185]) that we do not need to
explain why the objects we de ne are important.

2.1.1 Polynomials, Inner Products, Norms

Let d be anl | matrix-valued Hermitian positive semi-de nite nite measur e on R normalized
by (R)= 12M ;. We assume for simplicity that has a compact support. However, many of
the results below do not need the latter restriction and in fact can be found in the literature for
matrix-valued measures with unbounded support.

De ne (as in (1.20))
Z

f(x)Yd (x)g(x); kfkg =(Tr Hi;f ig)¥2 f,g2P;
Z

gx)d (x)f(x)Y; kfk.=(Tr Hi;f i )% f,g2P:

hi, gir

hi, gi L

Clearly, we have

Hi;gi & = hy;fig; Hi; gi {
hi;gi L = hoifYig; kf ki

Hy; fi; (2.1)
kf Ykg: (2.2)

As noted in Section 1.2, we have the left and right analoguesfahe Cauchy inequality
jTri; gi rj k fkrkgkr; |jTrh;gij k fk_ kgky:

Thus, kkr and k k. are semi-norms inP. Indeed, as noted in Section 1.2, they are associated
to an inner product. The setsff : kf kg = 0g and ff : kf k. = 0g are linear subspaces. LePr
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be the completion of P=ff : kf kg = 0g (viewed as a right module overM |) with respect to the
norm k kr. Similarly, let P. be the completion of P=ff : kf k. = 0g (viewed as a left module) with
respect to the normkk .

The setV de ned in Section 1.2 is a linear space. Let us introduce a seamorm in V by

Z 1=2
ifi = dhf (x); (X)f (X)icl : (2.3)

Let Vo V be the linear subspace of all polynomials such thaf j = 0 and let V; be the completion
of the quotient spaceV=V, with respect to the normj j.

Lemma 2.1. The following are equivalent:

(1) kf kg > O for every non-zerof 2 P.

(2) For all n, the dimension in Pg of the set of all polynomials of degree at most is (n + 1) 2.
(3) kf k. > 0O for every non-zerof 2 P.

(4) For all n, the dimension in P_ of the set of all polynomials of degree at most is (n + 1) 2.
(5) For every non-zerov 2 V, we have thatjvj 6 0.

(6) For all n, the dimension in V; of all vector-valued polynomials of degree at most is (n+1)1.
The measured is called non-trivial if these equivalent conditions hold.

Remark. If | = 1, these are equivalent to the usual non- triviality condition, that is, supp( ) is
in nite. For 1> 1, we cannot de ne triviality in this simple way, as can be sea by looking at the
direct sum of a trivial and non-trivial measure. In that case, the measure is not non-trivial in the
above sense but its support is in nite.

Proof. The equivalences (1), (2), (3), (4), and (5), (6) are immediate. The equivalence (1)

, (3) follows from (2.2). Let us prove the equivalence (1), (5). Assume that (1) holds and let

v 2V be non-zero. Letf 2 M | denote the matrix that has v as its leftmost column and that has

zero columns otherwise. Then, 068 kf k% =Trhi;fig = jvj2 and hence (5) holds. Now assume
that (1) fails and let f 2 P be non-zero with kf kg = 0. Then, at least one of the column vectors

of f is non-zero. Suppose for simplicity that this is the rst column and denote this column vector

by v. Let t 2 M | be the matrix tj; = i1 j1; then we have

kfke =0 )bhf;f ig=0) 0=Tr(t Hi;f igt)= jvj?
and hence (5) fails. O

Throughout the rest of this chapter, we assume the measure to be non-trivial.

2.1.2 Monic Orthogonal Polynomials

Lemma 2.2. Letd be a non-trivial measure.
(i) There exists a unique monic polynomialPX of degreen, which minimizes the norm kPRkg.
(i) The polynomial PR can be equivalently de ned as the monic polynomial of degree which
satis es
HPR:fir=0 foranyf 2P; degf<n: (2.4)

(iii) There exists a unique monic polynomialP} of degreen, which minimizes the normkP} ki .
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(iv) The polynomial P} can be equivalently de ned as the monic polynomial of degree which
satis es
hHPl:fi_=0 foranyf 2P; degf<n: (2.5)

(v) One hasP}(x) = PR(x)Y for all x 2 R and
PR PRig = HPL PLiL: (2.6)
Proof. As noted, P has an inner producth; ir, so there is an orthogonal projection ﬁ,R) onto P

discussed in Section 1.2. Then
PR(x)= x" (R (x"): 2.7)

As usual, in inner product spaces, this uniquely minimizesx” Q over all Q 2 P, 1. It clearly
obeys
Tr(HPR:fig)=0 (2.8)

forall f 2 P, 1. But then for any matrix
Tr(hPR:fig )=Tr( HPR;f ig)=0

so (2.4) holds.
This proves (i) and (ii). (iii) and (iv) are similar. To prove (v), note that P,'; x) = an(X)y
follows from the criteria (2.4), (2.5). The identity (2.6) f ollows from (2.2). O

Lemma 2.3. Let be non-trivial. For any monic polynomial P, we havedethP;Pir 6 0 and
dethP;Pi | 60.

Proof. Let P be a monic polynomial of degreen such that HP; Pi g has a non-trivial kernel. Then
onecan nd 2M,, 6 0, suchthat YhP;Pir = 0. It follows that kP kr = 0. But since
P is monic, the leading coecient of P is , soP 6 0, which contradicts the non-triviality
assumption. A similar argument works for hP; Pi | . O

By the orthogonality of Q, P[RR to PR for any monic polynomial Q,, of degreen, we have
HQn;Qnir = HQ PF;Q PRig+ PR Plir (2.9)

and, in particular,
HPR:PRig hQn;Qnir (2.10)

with (by non-triviality) equality if and only if Q, = PR. Since Tr and det are strictly monotone
on strictly positive matrices, we have the following variational principles ((2.11) restates (i) of
Lemma 2.2):

Theorem 2.4. For any monic Q, of degreen, we have

kQnkr k PRkg; (2.11)
dethQn; Qnir  dethPR;PRig (2.12)

with equality if and only if PR = Q.
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2.1.3 Expansion

Theorem 2.5. Letd be non-trivial.
() We have
PR PRiR = (2.13)

for some positive invertible matrices .
(i) fPRgR-, are a right-module basis forPy,; indeed, anyf 2 P, has a unique expansion,

X
f= PR (2.14)
j=0
Indeed, essentially by(1.38),
fR=; PR fig: (2.15)
Remark. There are similar formulas forhh; i | . By (2.6),

HPCPLiL = ko (2.16)
(same n, which is why we use , and not R).

Proof. (i) (2.13) for n < k is immediate from (2.5) and for n > k by symmetry. , 0 follows
from (1.22). By Lemma 2.3, det( ,) 6 0, so , is invertible.

(i) Map (M )"*1 to P, by

X R
hoiiiy nil 7! P X( oty n)
j=0
By (2.13),
i = tPRIX (g )i
so that map is one-one. By dimension counting, it is onto. O

2.1.4 Recurrence Relations for Monic Orthogonal Polynomials
Denote by R (resp. ) the coe cient of x" 1in PR(x) (resp. Pt (x)), that is,
PR(x)= x"1+ Rx" !+lower order terms;

P-(x)= x"1+ Lx" +lower order terms:

SincePR(x)Y = PL(x), we have ( R)Y = L. Using the parameters , of (2.13) and R, . one can
write down recurrence relations forP R (x), Pt (x).

Lemma 2.6. (i) We have a commutation relation
iR RD=(n F)n g (2.17)
(i) We have the recurrence relations

XPR(x)= PRI+ PROOC R R)+ Pnoa(¥) % (2.18)
XPE(X) = Pra () +( 5 ma)Pr()+ 0 1Pr 1(X): (2.19)
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Proof. (i) We have

PR(x) xPR.x)=( R R px" +lower order terms

and so

(f s dn1=(F FOMPRPRIR

(K R LPRir

PR xPR PR iR
HPR: PR ig thxPR ;PR Jig
thxPR ;PR Jir
thPR ;xPR Jigr
HPR ;PR xPR iR
H’Pf ;X" 1(5 r?l)iR
H’Pf 1 X" 1iR(rﬁe r?l)

R R .
nl(n nl)-

(i) By Theorem 2.5,
xPR(x)= PR, (X)Chs1 + PR(X)Ch + PR ((x)Ch 1+  + PRCo

with some matricesCo;:::; Cn+1 . Itis straightforward that Cpy = 1andC,= R R, . Bythe
orthogonality property (2.4), we nd Cp = = C, 2= 0. Finally, it is easy to calculate C, 1:
PR xPR jir = IXPR;PR Jig

PR + PROS  fa)+ PRaCa 1;PR iR

Cr),/lnl

=]
1 1

and so, taking adjoints and using self-adjointness of j, C, 1 = | 11 n. This proves (2.18); the

other relation (2.19) is obtained by conjugation. O

2.1.5 Normalized Orthogonal Polynomials

We call pR 2 P a right orthonormal polynomial if deg pR  n and
hpR;fig = O for every f 2 P with degf <n; (2.20)
HpR; pRi R = 1 (2.21)
Similarly, we call p5 2 P a left orthonormal polynomial if degp; n and

th;fi L = O for everyf 2 P with degf <n; (2.22)
hps;pri L = 1 (2.23)
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Lemma 2.7. Any orthonormal polynomial has the form
PR(X) = PROOHPTPRi '™ a1 ph() = oftPL;PRi Py (X) (2.24)
where ,; 5 2 M | are unitaries. In particular, degp, =degp; = n.

Proof. Let K, be the coe cient of x" in pR. Consider the polynomial g(x) = PR(X)Kn  pR(x),
where PR is the monic orthogonal polynomial from Lemma 2.2. Then degj < n and so from (2.4)
and (2.20), it follows that hu; g r = 0 and so g(x) vanishes identically. Thus, we have

1= hpR;pRir = KPR PRI gK (2.25)
and so detK ,) 6 0. From (2.25) we get (K¥) 'K, ! = HPR;PRig, and soK,K¥ = HPR; PRi 1.
From here we getK,, = iPR; PRi R1=2 n With a unitary . The proof for p} is similar. O

By Theorem 2.5, the polynomialspR form a right orthonormal module basis in Pr. Thus, for
any f 2 P, we have

R
f(x)=  pRfm;  fm=HpRifig (2.26)
m=0
and the Parseval identity
Tr(fmfd) = kf k3 (2.27)
m=0

holds true. Obviously, sincef is a polynomial, there are only nitely many non-zero terms in (2.26)
and (2.27).

2.2 Block Jacobi Matrices

The study of block Jacobi matrices goes back at least to Kreir[133].

2.2.1 Block Jacobi Matrices as Matrix Representations

Suppose that a sequence of unitary matriced = o; 1; 2;:::is xed, and pR are de ned according
to (2.24). As noted above,pR form a right orthonormal basis in Pg.

The mapf (x) 7! xf (x) can be considered as a right homomorphism ifPr. Consider the matrix
Jnm of this homomorphism with respect to the basispR, that is,

Jnm = HPY 1XPR 1i R: (2.28)

Following Killip{Simon [128] and Simon [167, 168, 176], ourJacobi matrices are indexed with
n=1;2;::: but, of course,p, hasn =0;1;2;:::. Thatis why (2.28) hasn 1andm 1.
As in the scalar case, using the orthogonality properties opR, we get that Jnm = 0if jn mj > 1.
Denote
Bn = Jm = HPF 1;XpR 10 R
and
An = Jdnnsr = Jr¥+1;n = H|')rF1e 1;Xp§i R:
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Then we have
0 By A1 O 1
Al By A, §
J=8 g A} B (2.29)
Applying (2.26) to f (x) = xpR(x), we get the recurrence relation
XPR(X) = PRes OOANL1 + PROOBnsa + PR 1(0)An; n=1;200 (2.30)

If we setpR;(x) = 0 and Ag = 1, the relation (2.30) also holds forn = 0. By (2.2), we can always
pick p5 so that for x real, p5(x) = pR(x)Y, and thus for complexz,

pr(2) = P (2) (2:31)
by analytic continuation. By conjugating (2.30), we get
XPR(X) = Ans1Phet (X) + Bnaa PR () + A¥ph 1(x); n=0;12:::: (2.32)
Comparing this with the recurrence relations (2.18), (2.19, we get

Y 1=2 1=2 . Y 1=2 , R R 1=2 .
An_nlnln n» Bn_nlnl(nl n)nl n 1 (2-33)

In particular, det A, 6 O for all n.
Notice that since , is unitary, jdet( n)j =1, so (2.33) implies det( %:2) = det( rfzzl)jdet(An)j
which, by induction, implies that

dethPX;PRi = jdet(A; Ap)j% (2.34)
Any block matrix of the form (2.29) with B, = B and detA, 6 O for all n will be called a
block Jacobi matrix corresponding to the Jacobi parametersA,, and B,,.

2.2.2 Basic Properties of Block Jacobi Matrices

Suppose we are given a block Jacobi matrixJ corresponding to Jacobi parametersA,, and B,
where B, = B}, and detA, 6 O for each n.
Consider the Hilbert spaceH, = “3(Z.:C') (here Z, = f1;2;3;:::g) with inner product

. X .
W, gin, = Hn;Onic
n=1
and orthonormal basisf e Ok2z,:1 j 1, Where
(ek;j n = kn Vj
and fvjg; j | is the standard basis ofC'. J acts onHy via

(If)n = A?r/\ 1fn 1+ Bnfn+ Apfpaa; £ 2Hy (2.35)
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(with fo = 0) and de nes a symmetric operator on this space. Note that wsing invertibility of the
An's, induction shows

sparfeg; :1 k n;1 lg = spanfJk 1e]_;j:1 k nl1 j g (2.36)

for everyn 1. We want to emphasize that elements oH, and H are vector-valued and matrix-
valued, respectively. For this reason, we will be interestd in both matrix- and vector-valued
solutions of the basic di erence equations.
We will consider only bounded block Jacobi matrices, that is those corresponding to Jacobi
parameters satisfying
sup Tr(AYA, + BYBp) < 1: (2.37)
n

Equivalently,
sup(kApk+ kBpk) < 1 : (2.38)
n

In this case,J is a bounded self-adjoint operator. This is equivalent to having compact support.
We call two Jacobi matricesJ and J” equivalent if there exists a sequence of unitaries, 2 M |,
n 1, with uy = 1 such that Jom = UhJnmUm. From Lemma 2.7 it is clear that if pR, pR
are two sequences of normalized orthogonal polynomials, o@sponding to the same measure (but
having di erent normalization), then the Jacobi matrices Jym = prf 1;xpﬁ1 Jdr and Jym =

hpR ;xpR ;i r are equivalent Un = ) ;~n 1). Thus,
Bn = u%BnUn, Kn = u%AnUn+1: (239)
Therefore, we have a map

7 Jmn = HER 11 xpR i g; PR

- (2.40)
correspond tod for some normalizatiorg

from the set of all Hermitian positive semi-de nite non-trivi al compactly supported measures to
the set of all equivalence classes of bounded block Jacobi miaes. Below, we will see how to invert
this map.
2.2.3 Special Representatives of the Equivalence Classes
Let J be a block Jacobi matrix with the Jacobi parametersAn, Bn. We say that J is:

of type 1, if A, > 0 for all n;

of type 2, if A;jA, A, > 0 forall n;

of type 3, if A, 2L for all n.

Here, L is the class of all lower triangular matrices with strictly p ositive elements on the diagonal.
Type 3 is of interest because they correspond precisely to mmded Hermitian matrices with 2| +1
non-vanishing diagonals with the extreme diagonals stricty positive; see Section 1.4(c). Type 2 is
the case where the leading coe cients ofpR are strictly positive de nite.

Theorem 2.8. (i) Each equivalence class of block Jacobi matrices containsaetly one element
each of type 1, type 2, or type 3.
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(i) Let J be a block Jacobi matrix corresponding to a sequence of polymials pR as in (2.24).
Then J is of type 2 if and only if , = 1 for all n.

Proof. The proof is based on the following two well-known facts:

(8) Foranyt 2 M | with det(t) 6 0, there exists a unique unitary u 2 M | such that tu is Hermitian
positive semi-de nite: tu 0.

(b) Forany t 2 M | with det(t) 6 0, there exists a unique unitary u2 M | such thattu 2 L.

We rst prove that every equivalence class of block Jacobi m#&ices contains at least one element
of type 1. For a given sequencé\,, let us construct a sequencel; = 1;u»; us;::: of unitaries such
that uhbAnun+1 0. By the existence part of (a), we nd u such that Aju, 0, then nd us
such that u‘z’A2u3 0, etc. This, together with (2.39), proves the statement. In arder to prove the
uniqueness part, suppose we havd, 0 and u}A,un+1 O for all n. Then, by the uniqueness
part of (a), A; 0 and Aiup O imply us, = 1; next, A, 0 and u32’AZU3 = Aouz 0 imply
us = 1, etc.

The statement (i) concerning type 3 can be proven in the same @y, using (b) instead of (a).

The statement (i) concerning type 2 can be proven similarly. Existence: nd u, such that
Ajius 0, then uz such that (Aluz)(ugAqu = A1Anuz 0, etc. Uniqueness: ifA;:::A, O
and Ay  Apup+1 0, thenups+g = 1.

By (2.33), we haveA1A>, Ap = r1]=2 n and the statement (ii) follows from the positivity of

n- O

We say that a block Jacobi matrix J belongs to the Nevai class if
Bn! Oand AYA,! lasn!l

It is clear that J is in the Nevai class if and only if all equivalent Jacobi matices belong to the
Nevai class.

Theorem 2.9. If J belongs to the Nevai class and is of type 1 or type 3, theh, ! lasn!l

Proof. If J is oftype 1, then A} A, = A21 1 clearlyimpliesA, ! 1 since square root is continuous
on positive Hermitian matrices.
Supposel is of type 3. We shall prove that A, ! 1 by considering the rows of the matrix Ap,

one by one, starting from the Ith row. Denote (Ap)jx = aj(;rll). We have

(AYAn = (a")?! 1; and soa]’ ! L
Then, for any k <, we have

(AYAnK = a’ay) | 0; and soaly) ! O:
Next, consider the (  1)st row. We have

(AYAD 1 1= (" )2+ jal) 42! 1

and so, using the previous s,tepal(”)l;I 1! lasn!l . Thenforall k<l 1, we have

(A%An)l 1k = aI(n)l;l 1al(n)1;k + a‘I(;?) 1al(;rll) o
and so, using the previous stepsa; 1.« ! 0. Continuing this way, we getaj(;rll) ! jk asrequired. [J

It is an interesting open question if this result also applies to the type 2 case.
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2.2.4 Favard's Theorem

Here we construct an inverse of the mapping (de ned by (2.40)). Thus, sets up a bijection
between non-trivial measures of compact support and equivance classes of bounded block Jacobi
matrices.

Before proceeding to do this, let us prove:

Lemma 2.10. The mapping is injective.

Proof. Let and ~be two Hermitian positive semi-de nite non-trivial compactl y supported mea-
sures. Suppose that ( )= (~ ).

Let pR and p} be normalized orthogonal polynomials corresponding to and ~. Suppose that
the normalization both for pR and for pR has been chosen such that, = 1 (see (2.24)), that
is, type 2. From Lemma 2.8 and the assumption ( ) = (~ ) it follows that the corresponding
Jacobi matrices coincide, that is, HpR; xpRi g = HpR;xpRi g for all n and m. Together with the
recurrence relation (2.30) this yieldspR = gR for all n.

Forany n 0, we can represenix" as

n X R (n) X R (n).
X" = P (X)C 7 = B (X)Cy
k=0 k=0

The coe cients cﬁ”) and C&n) are completely determined by the coe cients of the polynomials pR
and p§ and soC{" = c!™ for all n and k.
For the moments of the measure , we have
Z
; X R~(N); ; (n) (n)
x"d (x)= h;x"ir = hi;prClir=M,;1lirCy = Cy:
k=0
Since the same calculation is valid for the measure ,~we get
Z Z
x"d (x)=  x"d~(x)

for all n. It follows that Z Z
f(x)d (x)g(x) = f(x)d~(x)g(x)

for all matrix-valued polynomials f and g, and so the measures and ~ coincide. O

We can now construct the inverse of the map . Let a block Jacolh matrix J be given. By
a version of the spectral theorem for self-adjoint operatorswith nite multiplicity (see, e.g., [2,
Sect. 72)), there exists a matrix-valued measura@ with
Z

ey f ()ewking = F(X)d jk (X) (2.41)
and an isometry
R:Hy! L%R;d ;C")
such that (recall that fv; g is the standard basis inC'")

[Reyjl(x)=v;; 1 j | (2.42)
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and, for any g2 H, we have
(RIQ)(x) = x(RY)(x): (2.43)

If the Jacobi matrices J and J are equivalent, then we haveJ = U JU for someU = 1_ up,
ui = 1. Thus,
hey;j; f (ewkin, = ey f (I)Uenkin, = heyj;f (I)ewxin,

and so the measures corresponding td and J coincide. Thus, we have a map
fJ Jis equivalent to Jg 7! (2.44)

from the set of all equivalence classes of bounded block Jdmomatrices to the set of all Hermitian
positive semi-de nite compactly supported measures.

Theorem 2.11. (i) All measures in the image of the map are non- degenerate.
(i) = id.
(iii) = id.

Proof. (i) To put things in the right context, we rst recall that kky, is a norm (rather than a
semi-norm), whereasj j on V (cf. (2.3)) is, in general, a semi-norm. Using the assumptiorthat
det(Ay) 6 0 for all k (which is included in our de nition of a Jacobi matrix), we wi Il prove that j j
is in fact a norm. More precisely, we will prove thatjpj > 0 for any non-zero polynomialp 2 V; by
Lemma 2.1 this will imply that is non-degenerate.

Let p2V be a non-zero polynomial, degp = n. Notice that (2.42) and (2.43) give

[RI¥er;1(x) = x*y (2.45)

f_f,)r everyk Oand 1 | I. This shows that p can be represented ap = Rg, where g =
k 0 kak, and fo;:::;f, are vectors inH, such that Hi;gxiny, =0 forall i =0;:::;n, ] 2,

k = 1;:::;1 (i.e., the only non-zero components off; are in the rst C' in Hy). Assumptlon

degp- n meansf 6 0.
SinceR is isometric, we havejpj = kgky,, and so we have to prove thatg 6 0. Indeed, suppose
H,lat g = 0. Using the assumption det(Ax) 6 0 and the tri-diagonal nature of J, we see that
k=0 J Kf =0 yields f,, = 0, contrary to our assumption.

(ii) Consider the elementsRe,x 2 L2(R;d :C"). First note that, by (2.36) and (2.45), Ren is
a polynomial of degree at mostn 1. Next, by the unitarity of R, we have

hRenw; RemjiLzra iy = min k! (2.46)

Let us construct matrix-valued polynomials g,(x), using Ren.1;Ren.2;:::;Re, as columns of
G 1(x):
[h 1(¥)]jx = [Renxk (X)];:

We have degy, n and Hgn;0ni R = mnl; the last relation is just a reformulation of (2.46).
Hence theq,'s are right normalized orthogonal polynomials with respet to the measured . We
nd

Jnm = [Pen;j s J€muin,u jx
= [men;j ;RJem;kiLZ(R;d ;C')]l ik 1
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= [PRen; ; XRemki 2R ;chlt jik 1
= [H:q’l l(X)] i ,X[Ch] 1(X)] ikiLz(R;d ;C')]l ik
= hth 1;X0m 10 R
as required.
(i) Follows from (ii) and from Lemma 2.10. 0

2.3 The m-Function
2.3.1 The De nition of the m-Function

We denote the Borel transform ofd by m:

z
m(z) = ()j( (Xz) ; Imz> 0 (2.47)

It is a matrix-valued Herglotz function, that is, it is analyt ic and obeys Imm(z) > 0. For in-
formation on matrix-valued Herglotz functions, see [98] andreferences therein. Extensions to
operator-valued Herglotz functions can be found in [94].

Lemma 2.12. Supposed is given, pR are right normalized orthogonal polynomials, andJ is the
associated block Jacobi matrix. Then,

m(z) = hpf;(x  2) 'pfir (2.48)

and
m(z)= bey,; (3 2) Tepin,: (2.49)

Proof. Sincepy = 1, (2.48) is just a way of rewriting the de nition of m. The second identity,
(2.49), is a consequence of (2.41) and Theorem 2.11(iii). O

2.3.2 Coe cient Stripping

If J is a block Jacobi matrix corresponding to invertible A,'s and Hermitian B,'s, we denote the
k-times stripped block Jacobi matrix, corresponding tof Ax+ n;BkinGn 1, by JK). That is,

0 1
Bk+1 Ak+1 0

J(k)_%A{ﬂ Birz  Aks2 §
- 0 Ai+2 Bk+s .

The m-function corresponding to J ) will be denoted by m(). Note that, in particular, J© = J
and m©@ = m,

Proposition 2.13. Let J be a block Jacobi matrix with ¢s{(J) [a;b]. Then, for every " > 0,
there isko O such that fork ko, we have that (J®K)) [a "b+"].

Proof. This is an immediate consequence of (the proof of) [42, Lemma]. O
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Proposition 2.14 (Due to Aptekarev{Nikishin [4]). We have that
m(k)(z) 1= Bk+1 z Axn m(k+1) (Z)A¥+1
forImz>0andk O.

Proof. It su ces to handle the case k = 0. Given (2.49), this is a special case of a general formula
for 2 2 block operator matrices, due to Schur [163], that reads

AB ' (A BD lC) ! A B(D CA 1B) !
C D - D !cA BD 0)t (D CA 1B) 1!
and which is readily veried. Here A= B; z,B=A;,C=A),andD =J® gz 0

2.4 Second Kind Polynomials

De ne the second kind polynomials by q?,(z) = 1,

y4
R(2) = d(x)—pﬁ(zi Sﬁ(x); n=0;1,2::::
R

As is easy to see, fon 1, ¢} is a polynomial of degreen 1. For future reference, let us display
the rst several polynomials pR and of:

PRux) =0, pF()=1; pf(x)=(x B)AY (2.50)
)= L G)=0 (x)= A" (2.51)

The polynomials g} satisfy the equation (same form as (2.30))
XOR(X) = g OAY ., + QR(X)Bnsr + G 1(X)An; n=0;1,2:::; (2.52)

For n =0, this can be checked by a direct substitution of (2.51). Fao n 1, as in the scalar case,
this can be checked by taking (2.30) forx and for z, subtracting, dividing by x z, integrating
overd , and taking into account thg orthogonality relation

d x)pR(x)=0; n 1
Finally, let us de ne
n(2) = @)+ m@)p;(2):
According to the de nition of ¢}, we have
R(z)= nigpRir;, f2(x)=(x 2z .
By the Parseval identity, this shows that for all Im z > 0, the sequence R(z) is in “?, that is,

pS
T R@)Y R@)<1: (2.53)
n=0

In the same way, we de neq-,(z) = 1,
Z L
o (2) = Pr(2)  Pr(x) (x); n=0;12:::
R z X

and 5(2)= o5 (2) + p(2)m(2).
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2.5 Solutions to the Di erence Equations

For Im z > 0, consider the solutions to the equations

bS

zZun(z) = Un(2)Imn; N=2;3;:::; (2.54)
m=1

zZVh(2) = JamVm(Z); n=2;3;:::: (2.55)
m=1

Clearly, un(z) solves (2.54) if and only ifv,(z) = (un(2))Y solves (2.55). In the above, we normally
intend z as a xed parameter but it then can be used as a variable. That §, z is xed and u,(2)
is a xed sequence, not az-dependent function. A statement like v,(z) = (un(2))Y means ifu, is a
sequence solving (2.54) for = zp, then v, obeys (2.55) forz = zg. Of course, ifu,(z) is a function
of z in a region, we can apply our estimates to aliz in the region. For any solution fu,(z)gi-; of
(2.54), let us de ne

Uo(z) = zui(z) ui(z)B1 ux(z)Al: (2.56)

With this de nition, the equation (2.54) for n =1 is equivalent to ug(z) = 0. In the same way, we
set
Vo(z) = zv1(z) Bivi(z) A1ve(2):

Lemma 2.15. Let Imz > 0 and supposef un(z)gi_, solves(2.54) (for n  2) and (2.56) and
belongs to'2. Then

R
(Imz)  Tr(un(2)’un(2)) = ImTr( u(z2)ue(z)Y): (2.57)

n=1
In particular, un(z)= pR ;(2)isin “2onlyif = 0.

Proof. Denote s, = Tr( un(2)AY jun 1(z)Y). Here Ag = 1. Multiplying (2.54) for n 2 and (2.56)
for n =1 by un(2)Y on the right, taking traces, and summing overn, we get

X X X X
z Tr(un(z)un(z)’) = Sn+1 t Tr(un(z)Bn+1 un(z)Y) + Sh:
n=1 n=1 n=1 n=1

Taking imaginary parts and letting N !'1 , we obtain (2.57) since the middle sum is real and the
outer sums cancel up to boundary terms. Applying (2.57) toun(z) = p R ;(2), we get zero in the
right-hand side: @

(Imz)  Tr(p{ 1(2)pF 1(2)Y ¥)=0

n=1

and hence = 0 sincepf = 1. O

Theorem 2.16. LetIlmz > 0.
(i) Any solution fun(z)gi_, of (2.54) (for n  2) can be represented as

un(z) = apy 1(2) + b 1(2) (2.58)

for suitable a;b2 M . In fact, a= uy(z) and b= ug(2).
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(i) A sequence(2.58) satises (2.54)forall n 1ifandonlyif b=0.
(i) A sequence(2.58) belongs to'? if and only if uy(z) = ¢ R ;(z) for somec 2 M |. Equivalently,
a sequence(2.58) belongs to'? if and only if uy(z) + ug(z)m(z) =0.

Proof. (i) Let un(z) be a solution to (2.54). Consider

tn(2) = Un(2) U(Z)PRF 1(2) + Uo(2)ay 1(2):
Then b, (z) also solves (2.54) andug(z) = 11(z) = 0. It follows that ~un(z) = 0 for all n. This
proves (i).
(ii) A direct substitution of (2.58) into (2.54) for n =1 yields the statement.

(iii) We already know that ¢ R ; is an 2 solution. Suppose thatun(z) is an "2 solution to
(2.54). Rewrite (2.58) as

un(z)=(a bm(2)p} 1(2)+ b | 1(2):

Since Risin 2 andcpf is notin “2, we geta = bm(z), which is equivalent to u; (z)+ ug(z)m(z) = 0
orto un(z)= b R ,(2). O

By conjugation, we obtain:

Theorem 2.17. LetIlmz > 0.
(i) Any solution fv,(z)gi-, of (2.55) (for n  2) can be represented as

Va(2) = ph 1(2)a+ o 4(2)b: (2.59)

In fact, a= vi(z) and b= vp(2).

(i) A sequence(2.59) satises (2.55) for all n  1if and only if b=0.

(i) A sequence(2.59) belongs to'2 if and only if vq(z) = L ,(z)cfor somec2 M |. Equivalently,
a sequence(2.59) belongs to 2 if and only if vi(z) + m(z)vo(z) =0.

2.6  Wronskians and the Christo el{Darboux Formula
For any two M |-valued sequencesli, Vn, de ne the Wronskian by
Wn(U;V) = UnApVn+r  Un+r AdVp: (2.60)

Note that W, (u;v) = W, (VWY;uw)Y. If u,(z) and v,(z) are solutions to (2.54) and (2.55), then
by a direct calculation, we see that W, (u(z);v(z)) is independent of n. Put di erently, if both
un(z) and v, (z) are solutions to (2.54), then W, (u(z); v(z)?) is independent ofn. Or, if both un(z)
and v, (z) are solutions to (2.55), then W, (u(z)¥;v(z)) is independent of n. In particular, by a
direct evaluation for n = 0, we get

Wi (p? 1(2): bR 1(2)Y) = Wa (R 1(2): R 1(2)Y) = O;
Wh (" 1(2)% 0" 1(2)) = Wa(d" 1(2)%;d" 1(2) = 0;
Wa (PR 1(2);a? 1(2)Y) = Wa(pt 1(2)%id" 1(2)) = 1:
Let both u(z) and v(z) be solutions to (2.54) of the type (2.58), namely,
Un(2) = apf 1(2)+ b 1(2); Va(2) = ¢} 1(2) + A 1(2):
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Then the above calculation implies
Wh(u(z);v(z)Y) = ad b
Theorem 2.18 (CD Formula). For any x;y 2 Candn 1, one has
X0
X y)  PROIPK(Y) = Waet (PR 1(X);P" 1(Y)): (2.61)
k=0

Proof. Multiplying (2.30) by pk(y) on the right and (2.32) (with y in place ofx) by pR(x) on the
left and subtracting, we get

(x VPROIPR(Y) = Wa(p® 1(x);p" 1(¥))  Whea (PR 10X p" 1(y)):

Summing overn and noting that Wo(pR(x); p-(y)) = 0, we get the required statement. O

2.7 The CD Kernel
The CD kernel is de ned for z;w 2 C by

xo
Kn(z;w) = pR(2)PR (W)Y (2.62)
k=0
xXo
= pe(2)Ypr(w): (2.63)
k=0

(2.63) follows from (2.62) and (2.31). Notice that K is independent of the choices ,; » In
(2.24) and that (2.61) can be written

(z WKa(Z:w) = W (7 1(2);p% 1(W)"): (2.64)

The independence oK, of ; can be understood by noting that if f i, is given by (2.26), then
Z X0 .
Kn(z;w)d (w)f (w) = Pm (2)fm (2.65)
m=0
soK is the kernel of the orthogonal projection onto polynomialsof degree up ton, and so intrinsic.
Similarly, if f{) = Hi;pLi ., so

X
f(x)= f (St (x); (2.66)
m=0
then, by (2.63),
Z N
f(2)d (2)Kn(z;w) = f (Dpk (w): (2.67)
m=0
One has Z

Kn(z;w)d (WKn(w; )= Kn(z; ) (2.68)
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as can be checked directly and which is an expression of the dathat the map in (2.65) is a
projection, and so its own square.

We will let |, be the map ofL?(d ) to itself given by (2.65) (or by (2.67)). (2.64) can then be
viewed (for z;w 2 R) as an expression of the integral kernel of the commutator]; n], which leads
to another proof of it [175].

Let J,.¢ be the nite nl nl matrix obtained from J by taking the top leftmost n2 blocks. It
is the matrix of , 1My n 1 where My is multiplication by x in the prjo“:Ol basis. Fory 2 C and

2 C', let' . (y) be the vector whose components are
Co ) =0 1Y) (2.69)
forj =1;2;:::;n. We claim that
[(Ge ¥ n W= jnAnPR(Y) (2.70)

as follows immediately from (2.32).
This is intimately related to (2.61) and (2.64). For recalling J is the matrix in pR basis,' . (y)
corresponds to the function
K 1
PROOC n; ()) 1= Ka(xy)
j=0

As we will see in the next two sections, (2.70) has important onsequences.

2.8 Christo el Variational Principle

There is a matrix version of the Christo el variational prin ciple (see Nevai [152] for a discussion of
uses in the scalar case; this matrix case is discussed by DungPolo [76]):

Theorem 2.19. For any non-trivial | | matrix- valued measure,d , on R, we have that for any
n, any Xo 2 R, and matrix polynomials Qn(x) of degree at mostn with
Qn(x0) = 1; (2.71)
we have that
HQn;Qnir  Kn(Xo;Xo) * (2.72)
with equality if and only if
Qn(X) = Kn(X;X0)Kn(Xo; Xo) L (2.73)

Remark. (2.72) also holds forth; i . but the minimizer is then K,(Xo;Xo) Kn(X;Xo).

Proof. Let Qﬁo) denote the right-hand side of (2.73). Then for any polynomial R, of degree at
most n, we have

HQ{Y; Rni r = Kn(Xo;X0) 'Rn(Xo) (2.74)
because of (2.65). Sinc&,(xp) = 510) (Xp) = 1, we conclude
Hn  QP;Qn  QPir = HQniQnir  Kn(xoiXo) * (2.75)

from which (2.72) is immediate and, given the supposed non-riviality, the uniqueness of minimizer.
O
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With this, one easily gets an extension of a result of Mae{Nevai [146] to MOPRL. (They had
it for scalar OPUC. For OPUC, it is in Mae{Nevai{Totik [14 7] on [ 1;1] and in Totik [187] for
general OPRL. The result below can be proven using polynomiamappingsa la Totik [188] or Jost
solutionsa la Simon [174].)

Theorem 2.20. Let d be a non-trivial | | matrix-valued measure onR with compact support,
E. Let | =(a;b be an open interval withl E. Then for Lebesgue a.ex 2 I,

limsup(n + 1) K,(x;x) ¥ w(x): (2.76)

Remark. This is intended in terms of expectations in any xed vector.

We state this explicitly since we will need it in Section 5.4,but we note that the more detailed
results of Mak{Nevai{Totik [147], Lubinsky [141], Simo n [173], and Totik [189] also extend.

2.9 Zeros

We next look at zeros of detP} (z)), which we will prove soon is also detPR(z)). Following
[66, 177], we will identify these zeros with eigenvalues of,.r. It is not obvious a priori that
these zeros are real and, unlike the scalar situation, wheréhe classical arguments on the zeros
rely on orthogonality, we do not know how to get reality just from that (but see the remark after
Theorem 2.25).

Lemma 2.21. Let C(z) be anl | matrix-valued function analytic near z=0. Let
k = dim(ker( C(0))): (2.77)
Then det(C(z)) has a zero atz =0 of order at leastk.

Remarks. 1. Even inthe 1 1 case, wherek = 1, the zeros can clearly be of higher order thank
sincec;1(z) can have a zero of any order!

2. The temptation to take products of eigenvalues will lead & best to a complicated proof as
the casesC(z) = ( 93) and C(z) = 92 illustrate.
ity (see Bhatia [13]),
jdet(C(z))j k C(z)etk kC(2)gk
Ciz*
sincekC(z)gk Cjzjifj =1;:::;kandkC(z)gk dforj=k+1;:::;1. O
The following goes back at least to [34]; see also [66, 165,7,7178].

Theorem 2.22. We have that

deta (P (2)) =det o (z JnE): (2.78)
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Proof. By (2.70), if issuchthatps(y) =0,then' . (y)isan eigenvector ford,.r with eigenvalue
y. Conversely, if' is an eigenvector and is de ned as that vector in C' whose components are the

rst | components of' , then a simple inductive argument shows' = ' . (y) and then, by (2.70)
and the fact that A, is invertible, we see thatp(y) =0. This shows that for any v,
dim ker(Pr'; (y)) =dimker( Jn.p Y): (2.79)

By Lemma 2.21, ify is any eigenvalue of,.r of multiplicity k, then det(P\(z)) has a zero
of order at leastk at y. Now let us consider the polynomials inz on the left and right in (2.78).
Since Jn.¢ is Hermitian, the sum of the multiplicities of the zeros on the right is nl. Since the
polynomial on the left is of degreenl, by a counting argument it has the same set of zeros with
the same multiplicities as the polynomial on the right. Since both polynomials are monic, they are
equal. O

Corollary 2.23.  All the zeros ofdet(P\ (z)) are real. Moreover,
det(PR(2)) = det( P+ (2)): (2.80)

Proof. Sincel,.r is Hermitian, all its eigenvalues are real, so (2.78) implie the zeros of detP-(z))
are real. Thus, since the polynomial is monic,

det(PL (2)) = det( P} (2)): (2.81)

By Lemma 2.2(v), we have
PR(2) = Py (2)Y (2.82)

since both sides are analytic and agree it is real. Thus,
det(Pf (2)) = det( Py (2)Y) = det(P (2))
proving (2.80). O

The following appeared before in [178]; see also [165].
Corollary 2.24.  Let fXp; gj”':1 be the zeros ofdet(P-(x)) counting multiplicity ordered by
Xn:1 Xp:2 Xnenl - (2.83)
Then
Xn+lj  Xnj  Xn+lj+I (2.84)
Remarks. 1. This is interlacing if | = 1 and replaces it for generall.
2. Using A, invertible, one can show the inequalities in (2.84) are strit.

Proof. The min-max principle [159] says that

L c'  f2L?

dim(L) j 1kfk=1
If p: c*D 1 ¢l is the natural projection, then WPf;J i1 g Pfigmeyt = WP I e Pficn and
asL runs through all subspaces ofc("*D! dimension at mostj 1, P[L] runs through all subspaces
of dimension at mostj 1 in C", so (2.85) implies Xn+1j Xnj . Using the same argument
on Jnr and  Jp+y;r ShowsXj( JnF) Xj( Jn+1;F). But Xj( Jnip) = X+ j(In;Fp) and
Xj( JIn+1;F) = Xn+11+1 j(In+1;F). That yields the other inequality. O
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2.10 Lower Bounds on p and the Stieltjes{Weyl Formula for m

Next, we want to exploit (2.70) to prove uniform lower bounds on kp(y) k wheny 2 cvh( (J)),
the convex hull of the support of J, and thereby uniform bounds kpk (y) k. We will then use that
to prove that for z 2 (J), we have

M@= lim k(@) dk(2) (2.86)

the matrix analogue of a formula that spectral theorists as®eciate with Weyl's de nition of the
m-function [193], although for the discrete case, it goes bacht least to Stieltjes [181].
We begin by mimicking an argument from [171]. LetH =cvh( (J))=[c D;c+ D] with

= 1 diam(H): (2.87)
By the de nition of A,
kAnk = khpR ;;(x  o)pRirk D: (2.88)
Supposey 2 H and let
d=dist(y;H): (2.89)
By the spectral theorem, for any vector' 2 H,,
i, (3 y) g, dk K% (2.90)
By (2.70), with ' =" . (y),
i (@ v ik Ankkph(y) kkph 4(y) k (2.91)
while
X 1
K k*= kp-(y) k* (2.92)
i=0
As in [171, Prop. 2.2], we get:
Theorem 2.25. If y2H, for any ,
kph(y) k& 1+ 220 PPy (2.93)
In particular,
kph(y) 'k 5 (2.94)

Remark. (2.93) implies det(p;(y)) 6 0 if Im y > 0, providing another proof that its zeros are real.

By the discussion after (2.52), if Imz > 0, ¢5(z) + pL(z)m(z) is in "2, so goes to zero. Since
pL(z) !is bounded, we obtain:

Corollary 2.26. Forany z2 C, =fz:Imz > 0g,
m2) = lim  pr(2) 'o;(2): (2.95)

Remark. This holds forz 2 H.
Taking adjoints using (2.82) and m(z)Y = m(z), we see that

m@ = lm  @pF2) - (2.96)

(2.95) and (2.96) are due to [47], which uses the proof basechahe Gauss{Jacobi quadrature
formula.
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2.11 Wronskians of Vector-Valued Solutions

Let ; be two vector-valued solutions C') of (2.55) forn = 2;3;:::. De ne their scalar Wronskian
as (Euclidean inner product onC')

Wh(; )=hniAn nerl b Ap pez; onld (2.97)
forn =2;3;:::. One can obtain two matrix solutions by using or for one column and O for the

other columns. The scalar Wronskian is just a matrix elementof the resulting matrix Wronskian,
so W, is constant (as can also be seen by direct calculation). Heris an application:

Theorem 2.27. Let zp2 Rn ¢dJ). For k=0;1, let g be the multiplicity of zy as an eigenvalue
of JK). Then, o+ qu |

Proof. If ~is an eigenfunction forJ® and we de ne by

o; =1;
b= oo (2.98)
n1 N2
then solves (2.55) forn 2. If is an eigenfunction ford = J© it also solves (2.55). Since
n! 0, n! 0,andA, is bounded,W,(; )! Oasn!1l andso itis identically zero. But
since 1 =0,

0=Wi(; )=h 1;A1 2i = h ;A1 70 (2.99)

Let V&) be the set of values of eigenfunctions od (K) at n = 1. (2.99) says
vO A v (2.100)
Sinceq = dim( V() and A is non-singular, (2.100) implies thatgy | . O

2.12 The Order of Zeros/Poles of m(2)

Theorem 2.28. Let zp2 Rn ¢sdJ). For k=0;1, let g be the multiplicity of zy as an eigenvalue
of JK. If @ @ 0, then det(m(z)) has a zero atz = zp of order op . If @ o < O, then
det(m(z)) has a pole atz = zg of order oy .

Remarks. 1. To say det(m(z)) has a zero atz = zy of order 0 means it is nite and non-vanishing
at zp!

2. Whered is a direct sum of scalar measures, so is1(z), and det(m(z)) is then a product.
In the scalar case,m(z) has a pole atzg if J© haszy as eigenvalue and a zero at, if I has zg
as eigenvalue. In the direct sum case, we see there can be cali@tions, which helps explain why
i Qo occurs.

3. Formally, one can understand this theorem as follows. Crmer's rule suggests deth(z)) =
det(JW  2)=det(J©® z). Even though det(J()  z) is not well-de ned in the in nite case, we
expect a cancellation of zeros of ordery and ¢p. For zg 2 H, the convex hull of (J(©@), one can
use (2.95) to prove the theorem following this intuition. Spurious zeros in gaps of (J©) make this
strategy di cult in gaps.

4. Unlike in Lemma 2.21, we can writem as a product of eigenvalues and analyze that directly
becausem(x) is self-adjoint for x real, which sidesteps some of the problems associated witlon-
trivial Jordan normal forms.

5. This proof gives another demonstration thatgy + ¢n  |.



D. Damanik, A. Pushnitski, B. Simon 36

Proof. m(z) has a simple pole atz = zp with a residue which is rank gy and strictly negative
de nite on its range. Let

f(z)=(z zo)m(2):
f is analytic near zg and self-adjoint for z real and nearzgy. Thus, by eigenvalue perturbation theory

[124, 159],f (z) has| eigenvalues 1(z);:::; |(z) analytic near zo with 1; 2;:::; g non-zero atzg
and g+1;::1; | Zero at zo.
Thus, m(z) has | eigenvalues nearzo, (z) = j(z)=(z zo), where g1;:::; g have simple

poles and the others are regular.
By Proposition 2.14, m(z) ! has a simple pole atzg with residue of rank ¢ (becauseA; is

non-singular), som(z) ! hasq; eigenvalues with poles. That 61eansql of g+1::::; | have simple
zeros atzgp and the others are non-zero. Thus, detin(z)) = }:1 j(z) has a pole/zero of order
G Q. O

2.13 Resolvent of the Jacobi Matrix

Consider the matrix
Gmm (2) = H'|DrF1{ u(x 2 1pﬁq 1l R
Theorem 2.29. One has

L @R (2); ifn om;

Gnm (2) = _ (2.101)
. ph 1(2) R 1(@; ifn m
Proof. We have
s
Gkm (2)Imn = 2Gkn(2); n 6 k;
m=1
Jnm Gmk (2) = 2Gnk(2); n 6 k:
m=1

Fix k 0 and letum(z) = Gkm(2). Then uy(2) satis es the equation (2.54) for n 6 k, and so we
can use Theorem 2.16 to describe this solution. First supp@sk > 1. As up, is an 2 solution and
Um satis es (2.54) for n = 1, we have

a(2)py 1(2); m K
b(z) f 1(2); m k
If k =1, (2.102) also holds true. Form Kk, this follows by the same argument, and form = k = 1,

this is a trivial statement. Next, similarly, let us consider v (z) = Gmk(2). Then vy (z) solves
(2.55) and so, using Theorem 2.17, we obtain

Gkm(2) = (2.102)

ph 1(Dek(z); m ok

Cme(2)= L o(@)dk(z); m Kk

(2.103)

Comparing (2.102) and (2.103), we nd

a2} 1(2) = § 1(2)dm(2);
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(2 7 1(2)= P 1(2)em(2):
As pR = p5 = 1, it follows that
a(2)= « 1(2)di(2);  em(2)= (@) [ 1(2)

and so we obtain
rI? 1(Z)d1(z)p§1 1(2) ifn m;

Gnm(2) = . (2.104)
" Ph @@ § (2 ifnom:
It remains to prove that
m(z) = di(z) = L (2.105)
Consider the casem = n = 1. By the de nition of the resolvent,
‘d ()
Gu(z) = hpf; (3 2) 'pfir = = m(2):
On the other hand, by (2.104),
Gu1(2) = §(2)di(2)pg (2) = M(2)di(2);
G11(2) = ps(2D(2) §(2) = bi(ZIm(2);
which proves (2.105). O

3 Matrix Orthogonal Polynomials on the Unit Circle

3.1 De nition of MOPUC

In this chapter, isanl | matrix-valued measure on@. hh; i r and hh; i | are de ned as in the
MOPRL case. Non-triviality is de ned as for MOPRL. We will alw ays assume is non-trivial. We
de ne monic matrix polynomials R; L by applying Gram{Schmidtto f1;z1;:::g, thatis, R is
the unique matrix polynomial z"1+ lower order with

hHz“1; Rigr=0 k=0;1;:::;n 1 (3.1)

We will de ne the normalized MOPUC shortly. We will only cons ider the analogue of what we
called type 1 for MOPRL because only those appear to be usefulUnlike in the scalar case, the
monic polynomials do not appear much because it is for the nenalized, but not monic, polynomials
that the left and right Verblunsky coe cients are the same.

3.2 The Szeg} Recursion

Szegd [184] included the scalar Szeg) recursion for the st time. It seems likely that Geronimus
had it independently shortly after Szegd. Not knowing of the connection with this work, Levinson
[138] rederived the recursion but with matrix coe cients! So the results of this section go back to
1947.

For a matrix polynomial P, of degreen, we de ne the reversed polynomialP,, by

Pn(z) = z"Pn(1=2)” (3.2)



D. Damanik, A. Pushnitski, B. Simon 38

Notice that
(Pn) = Pn (3.3)
and forany 2 M,
(Pn) =P, Y; (Pn ) = yI:)n: (3.4)
Lemma 3.1. We have
Hi;gi L = hy;fiy;  Higir=Hyfi} (3.5)
and
M o;gi.=higi%; M ;gir="Higi): (3.6)

Proof. The rst and second identities follow immediately from the de nition. The third identity is
derived as follows:

z
Miosgic= € g()d () f()y
Z
= €' g()d ()e™f()
VA
= g()d ()f()
= Hy;fig
= hi; gi %:
The proof of the last identity is analogous. O
Lemma 3.2. If P, has degreen and is left-orthogonal with respect toz1;:::;z"1, thenP, = ¢( R)

for some suitable matrixc.
Proof. By assumption,

0=hPy;Z1i, = HZ1) ;Pig=He" 11;Pig forl j n

Thus, P, is right-orthogonal with respect to 1;z1;:::;z" 11 and hence it is a right-multiple of R.
Consequently, P, is a left- multiple of ( R) . O
Let us de ne normalized orthogonal matrix polynomials by
§=r8=1 k= b oad f= R R
where the 's are de ned according to the normalization condition
MR Rir= ml M5 LiL= aml

along with (a type 1 condition)

ha(r) *>0 and () 'Ry >0 3.7)

Notice that . are determined by the normalization condition up to multipl ication on the left by
unitaries; these unitaries can always be uniquely chosen sas to satisfy (3.7).
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Now de ne
L_ LgL 1 R _ 1 R
n — n( n+1) and n _( n+1)

Notice that as inverses of positives matrices, 5 > 0 and R > 0. In particular, we have that

p=(naog) boand  f=( G gk
Theorem 3.3 (Szeg} Recursion). (a) For suitable matrices FR one has
Zp o= )R (38)
' g 'nR+1 h=n () (3.9)

(b) The matrices L and R are equal and will henceforth be denoted byy,.

© 5=(1 ¥ mand F=(1 o N2

Proof. (a) The matrix polynomial z'% has leading termz"** L. On the other hand, the matrix
polynomial L'L., has leading termz"** L L .. By denition of L, these terms are equal.
Consequently, z' & L+ L, is a matrix polynomial of degree at mostn. Notice that it is left-
orthogonal with respect to z1;:::;z"1 since

't L L Adlip=mbZd Wi mLbh A1 =0 0=o0:

Now apply Lemma 3.2. The other claim is proved in the same way.

(b) By part (a) and identities established eatrlier,

(R)Y=0+( )1
= aio+ (R Rk
=T Rl (R T iL by (3.6)
=M PRt R R L
Mz i
Hz' R;' 5 i) (using the (n + 1)-degree *)
S e R i
MR, R nig+my (Y5 ik
=0+thy 5 (R)ir
=g R iR R
:mh’leL(n)y

-( B

(c) Using parts (a) and (b), we see that

1=hr 5z Siy

nl
— L+ L y+ R, . L+ L yr R; 3
- I"hn nt1 T nn et oA lL
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L L o H L R; .+ R; :
nmn+1’ n+l|L( n)y+ %mn von L n
L R.+ R:
( n)2+ %mnv nlR n

=( p)2+ %o

A similar calculation yields the other claim. O

The matrices ,, will henceforth be called the Verblunsky coe cients assocated with the mea-

sured . Since | is invertible, we have
K k< 1 (3.10)

We will eventually see (Theorem 3.12) that any set of ,'s obeying (3.10) occurs as the set of
Verblunsky coe cients for a unique non-trivial measure.
Note that the Szeg) recursion for the monic orthogonal polynomials is

Z 5 ona=Cn) DRCRY R
R R — L Ly ysRy L (3.11)
Z q n+l = n'(n) n(n)1
so the coe cients in the L and R equations are not equal and depend on all the j, j =1;:::;n.

Let us write the Szegd recursion in matrix form, starting with left-orthogonal polynomials. By
Theorem 3.3,

v L — Ly 1, L v R; .

n+1l _( n) [Z n % n ]1

'+ R —_ 1 R 1 L, R 1
n+l — [Z n n %]( n)

which implies that

SR () B () B SN (3.12)
ENPIE S QI A O B (3.13)
In other words,
v L v L
R =AY LR (3.14)
n+1 n
where (41 (L1
z
At(;z)= 2( Ry 1 (R) 1
and “=(1 Y )2 R=(1 ¥Y)1=2, Note that, for z 6 0, the inverse of AL (;z ) is given by
10 Ly 1 1Ly 1y
AL(;Z) 1: z ( ) z ( )

(%) ! (%) *
which gives rise to the inverse Szeg) recursion ( rst emphaized in the scalar and matrix cases by
Delsarte el al. [37])

vL— o, 1Ly LiL 10 Ly 1 yr R .

n_z(n) ne1 T Z (n) %n+l’

[ = S R 1 v L R L R
n _( n) n n+1+( n) n+l-
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For right-orthogonal polynomials, we nd the following matr ix formulas. By Theorem 3.3,

EIE AR G B N A M (3.15)
TR (R Z R (R h (3.16)
In other words,
‘Ra e = R R AR(n2)
where - N
AR(;z)= Z(y( ?2) 1 Z(E))l

For z 6 0, the inverse of AR(;z ) is given by

Zl(R)l (R)l

R/ . 1_
A(;z) °= 2Ly 1y (L1

and hence
Rz MR vzt oa(n (3.17)
h :'n+1(§)ln+ln;+1( h) L (3.18)

3.3 Second Kind Polynomials

In the scalar case, second kind polynom.ials go back to Geromus [89, 91, 92]. Forn 1, let us
introduce the second kind polynomials wR by

Ltz i

n(@= 5 (@) "r@)d () (3.19)
zZ .

R(2)= §+§d()tmé)'§u»: (3.20)

Forn=0, letusset §(z)= §&(z)= 1. For future reference, let us display the rst polynomials
of each series:
"T@=C8 'z H: Ff@=(z PH N (3.21)
1@=(5) “z+ ¥ t@)=(z+ (5 * (3.22)
We will also need formulas for rLﬁ and r'?; ,n 1. These formulas follow directly from the above
de nition and from

e vim _ ¢z,
e 1=z e '
Indeed, we have
24z i
P =2 STId Ockay 5E ) (329
Y@= STIeEamy RE M () (3.2
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Proposition 3.4. The second kind polynomials obey the recurrence relations

p1@=0 1) Yz @+ %K (@)

Fi@=( R Nz n t@+ F (@)
and

Ri@=(z R+ F @ N .

Fa@=( F @+z R@ ) H) !
forn O.

42

(3.25)
(3.26)

(3.27)
(3.28)

Proof. 1. Let us check (3.25) forn 1. Denote the right-hand side of (3.25) by L., (z). Using

the recurrence relations for' L, " R and the de nition (3.19) of L, we nd

zZ .
€ +z

fi@ ha@= G A2)d ()

where

An(;2)="ha(€) a2
(R 'ZnE) z5@+ ¥z f@=2)¥  ¥2" fE )
=(p) M RE) FFE) 2@+ ¥V @
)+ 5@ W R @+ 52" RE)]
=( ) MW 2 RE)F AEe™ T (E
Using the orthogonality relations

z Z
'L@)d ()e™ = Rd)yd ()e ™D =

m=0;1:::;n 1, and the formula

ei”. _d D) L dn 2,y g0l
g
we obtain
Z ., z
L ST IAGnd 0= @ hE) FFENd ()
z

= L ha@)d (=0

(3.29)

2. Let us check (3.26) forn 1. Denote the right-hand side of (3.26) by fﬂ (2). Similarly to

the argument above, we nd

e +

rFfil (2) Jn?+1 (2) = o

isn(;z)d();
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where
Bn(;z)= 2" Ra(=2)Y 2" R, ( )
(R) Mz o' h(€) za v@+ 2" RA=2)Y 2" R(e )]
=(HDTIF @ zn@@ 2"e!™DR(d)+2"e™ ' 1(e)
z o n(E€)+z 0 5@ 'R @+z"e™ R ()]
=(f) Mz n(@e™ 1 gpE)+e™ @ zel) ()
Using the orthogonality relations (3.29), we get

z e +z
A o ZBn(JZ)d()=
Z

=" (e D Ry e Ld))d ()
z
=" R i) R )d ()= o0

3. Relations (3.25) and (3.26) can be checked fon = 0 by a direct substitution of (3.21) and
(3.22).

4. We obtain (3.27) and (3.28) from (3.25) and (3.26) by applyng the -operation. O
Writing the above recursion in matrix form, we get
I_+1 L rIT |5 1
%; =A~( n2) R, R, =~ 1
n+l n 0
for left-orthogonal polynomials and
R ma = Ron ARC n2) R =11:
for right-orthogonal polynomials.
Equivalently,
I_+1 L r% |5 1
nR; = A ( ni Z) R X R; = 1 (330)
n+1 n 0
and
R aa = R 0w ARCm2) L= 1

In particular, we see that the second kind polynomials wR correspond to Verblunsky coe -
cientsf  ,g. We have the following Wronskian-type relations:

Proposition 3.5. Forn O0Oandz2 C, we have
22"1="Y@ Y @+ @'Y (2); (3.31)
22"1= F (@) @+ 'F (@ F@: (3.32)
0="%(2) R@ L@ R@; (3.33)
F@y@ "Ry (3.34)
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Proof. We prove this by induction. The four identities clearly hold for n = 0. Suppose (3.31){(3.34)
hold for somen 0. Then,

'rI;+1 rI;;+1+ h+1lh;+1:
= L M@y Ry +z Ry
H(z 5+ YRS zRa s !
= LML Y oe B ) oz W RRe R OBy,
PR R bye e b RO LRy L
= L ™M@ a1 § T=2z2miy

where we used (3.31){(3.34) fom in the third step. Thus, (3.31) holds for n + 1.
For (3.32), we note that

R, +R +-R; R _
n+l n+1 n+l n+l1 —

=(n) Mznn*t F)XZ7 5 W)

Rz R E o R
=(R) A RER R zaln syt h )
+2.( R R (FE R R
=(H 2t W) § =2y
again using (3.31){(3.34) for n in the third step.
Next,
'h+1 rF12+1 rL1+1' §+1 =
=(R MR ¥ RE R FoD
CAR AR TN €A ) (I B
=(n) 2205 §F &R WK F RTE)
ZICR R+ B+t §or R emt

=0
which implies rst (3.33) for n+1 and then, by applying the -operation of order 2n+2, also (3.34)
for n + 1. This concludes the proof of the proposition. O
3.4 Christo e{Darboux Formulas
Proposition 3.6. (a) (CD)-left orthogonal

X
@ z) "O@="F @ ()@
k=0

= n;+1( )yl nirl (Z) ' n+1( )yl h+1 (Z):



Matrix Orthogonal Polynomials 45

(b) (CD)-right orthogonal
X
@ z) "R@ROY="F @57 ()Y zi @)
k=0

= @ Fa ()Y R @ R ()
(c) (Mixed CD)-left orthogonal

xXn
1 z) (Y k@=2 1 F(YVF@ z 50)502
k=0

=2 1 () 1a@ 5O @)
(d) (Mixed CD)-right orthogonal

xn
1 z) 'R@R)Y=21 'F @ §F)Y zR@ Y
k=0

=2 1 "5a@ an () Ri@ Raoy

Remark. Since the 's are themselves MOPUCS, the analogue of (a) and (b), with dl' 's replaced
by 's, holds.

Proof. (a) Write

'k .. 1 0 _ __ z1 o0
Fr@= g 3% o 1 T g g
Then,
Fr (2) = AS( ni2)FF(2)
and
AL(; YWIAL(;z)=
_ (5! YRyt o5t (hty
- (51 (R’ ! z( Ryt (™!
z(h) 2 zYR)?2 (h)2Y+ YRz
Z(L)2+Z(R)2 (L)Zy(R)Z
z1 0 _
0 1 =T
Thus,
Fro ( )YIFma (2) = Fr(O)YAS( n; IA( i 2)FR (2)
= Fy( YIFL (2)
and hence

(V@ RO @ 2 5O ROV R @
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which shows that the last two expressions in (a) are equal. Deote their common value by QY (z; ).
Then,

Qi(z:) Qv iz )="F (VY F @ z:0) @
NN @+ () 5@
=1 z) () (@
Summing overn completes the proof sinceQ",(z; ) =0.
(b) The proof is analogous to (a): Write FR(z) = 'R(z) '§ (z) . Then, FR,(2) =
FR(2)AR( n;z) and AR(;z )JAR(; )Y = J. Thus,

FR1@IFRL ()Y = FR@AR( n;2)IAR( oy WER()Y
= FR@IFR( )Y

and hence
"RA@ R THa@ R (Y= 2 R@RY S @)y

which shows that the last two expressions in (b) are equal. Deote their common value by QR (z; ).
Then,
Qn(z; ) Qf 1z )= z) 7@ {()
and the assertion follows as before.
(c) Write
5 (2)
n(2)

with the second kind polynomials SR Asin (a), we see that

Fr(z) =

Fr( YAN( n; WIAN( ni2)FL(2)
Fr( YIFE(2)

Fra ( )IFL. (2)

and hence
La(Vha@+ ROy Ri@=z 50 k@+ Bk (@
Denote ' '
Qiz;)=2 1 F(VR@ () hi@):
Then,

oY@+ 1) 5@

Az ) Qaiz)= FOF@ z ()@
R;
z) 5( ) 52

:(l

and the assertion follows as before.
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(d) write FR(z)= R(2) 5 (z) . Asin (b), we see that

FRa@IFRL ()Y = FR@AR( ni2)IAR(C oy WER()Y
= FR@JIFR( )Y

and hence
@ R (VY Ha@ a ()= 2 R@ RO @ F (O
With QR(z; )=2 1 '@ fu( ) " Ra(@ R ()Y, we have
Qi) QR )= 2)RE@ R

and we conclude as in (c). O

3.5 Zeros of MOPUC

Our main result in this section is:
Theorem 3.7. All the zeros ofdet(' R(z)) liein D= fz:jzj < 1g.
We will also prove:

Theorem 3.8. For each n,
det(' R(2)) = det( ' 5 (2)): (3.35)

The scalar analogue of Theorem 3.7 has seven proofs in [167[he simplest is due to Landau
[135] and its MOPUC analogue is Theorem 2.13.7 of [167]. Theris also a proof in Delsarte et al.
[37] who attribute the theorem to Whittle [194]. We provide two more proofs here, not only for
their intrinsic interest: our rst proof we need because it depends only on the recursion relation
(it is related to the proof of Delsarte et al. [37]). The secoml proof is here since it relates zeros to
eigenvalues of a cuto CMV matrix.

Theorem 3.9. We have

() Forz2 @, allof ' ' (2),' & (2), "' R(2), "' L(z) are invertible.

iy Forz2 @, ' L2 ¥ (2) Yand (" v"(2)) ¥ R(z) are unitary.

@iy Forz2D,' R (z) and' & (z) are invertible.

(iv) For z2 D, ' 5(2)( ® (2)) *and (" w5 (2)) ' R(z) are of norm at most 1 and, for n 1,
strictly less than 1.

(v) All zeros of det(' ' (z)) and det(' & (z)) lie in CnD.

(vi) All zeros of det(' R(z)) and det(* 5(2)) lie in D.

Remark. (vi) is our rst proof of Theorem 3.7.

Proof. All these results are trivial for n = 0, so we can hope to use an inductive argument. So
suppose we have the result fon 1.
By (3.13),
R=(RDM oz ) Yy (3.36)
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Sincej  1j < 1,if jzj 1, each factor on the right of (3.36) is invertible. This proves (i) and
(iii) for ' ¥ and a similar argument works for' & . If z= € , ' R(d )= &' ' (¢ )V is also
invertible, so we have (i) and (iii) for n.

Next, we claim that if z 2 @D, then

@R (@)= 52" (2 (3.37)
This follows from taking z= 2 @ in Proposition 3.6(a). Given that ' Ri (2) is invertible, this
implies
1=("r@' R @ V(i@ 7@ N (3.38)
proving the rst part of (i) for n. The second part of (ii) is proven similarly by using Propost
tion 3.6(b).
For z2 D, let

F@="r@'7 @ "
Then F is analytic in D, continuous in D, and kF (z)k = 1 on @, so (iv) follows from the maximum
principle.
Since' }' (2) is invertible on D, its det is non-zero there, proving (v). (vi) then follows from

det(' R(2)) = z" det(' ¥ (1=2)): (3.39)
O

Let V be the C'-valued functions on @ and V, the span of the C'-valued polynomials of degree
at most n, so
dim(V,) = c'("*D)
Let V; be the set[ ,V, of all C'-valued polynomials. Let , be the projection onto V, in the V
inner product (1.35).
It is easy to see that
Va\W?  =f R@zv:v2Clg (3.40)

Vo \V 7 | can also be described as the set of{ %(z))Y for v 2 C'.
We dene M;:V, 1!V orV; 'V ; asthe operator of multiplication by z.

Theorem 3.10. For all n, we have
deta( n(2)=dety, ,(z1 o 1Mz q 1) (3.41)

Remarks. 1. SincekM k 1, (3.41) immediately implies zeros of det( R(z)) lie in D, and a small
additional argument proves they lie in D. As we will see, this also implies Theorem 3.8.

2. Of course, , 1M;  1is acuto CMV matrix if written in a CMV basis.
Proof. If Q 2V, «, then by (3.40),

n 1lz 20)“Q1=0, (z z)"Q= F(2)v (3.42)

for somev 2 C'. Thus writing det( R(z))= R(zvi* * R(z)v in a Jordan basis for R(z),
we see that the order of the zeros of det(R(z)) at z is exactly the order of zo as an algebraic
eigenvalue of , 1M, , 1, thatis, the order of zy as a zero of the right side of (3.41).

Since both sides of (3.41) are monic polynomials of degre® and their zeros including multi-
plicity are the same, we have proven (3.41). O
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Proof of Theorem 3.8. On the right side of (3.42), we can put ( L(z)v¥)Y and so conclude (3.41)
holds with L (z) on the left.

This proves (3.35) if' is replaced by . Since ; jand j ; are unitarily equivalent, det( j'-) =
det( [?). Thus, det( 1) =det( ), and we obtain (3.35) for " . O

It is a basic fact (Theorem 1.7.5 of [167]) that for the scalarcase, any set oh zeros inD are the
zeros of a unique OPUC |, and any monic polynomial with all its zeros in D is a monic OPUC.
It is easy to see that any set ofnl zeros inD is the set of zeros of an OPUC ,, but certainly not
unique. It is an interesting open question to clarify what matrix monic OPs are monic MOPUC:s.

3.6 Bernstein{Szeg} Approximation

Given f jgjr‘:ol 2 D", we use Szeg) recursion to de ne polynomials jR;' JL forj =0;1;:::;n. We
de ne a measured ,, on @ by

dn()=0' 5 ) R 1o (3.43)
Notice that (3.37) can be rewritten
"RE ) R(E ) ="HE ) R ) (3.44)

We use here and below the fact that the proof of Theorem 3.9 ogldepends on Szeg) recursion
and not on the a priori existence of a measure. That theorem &lo shows the inverse in (3.43) exists.
Thus,

d n( )= 5 )" 5] * 5 (3.45)

Theorem 3.11. The measured , is normalized (i.e., (@) = 1) and its right MOPUC for
j=0;::5naref' J_jon:O, and for j>n ,

'‘R@=72 " R@): (3.46)

The Verblunsky coe cients for d ,, are

(dp= m (3.47)

0O; j n+1:

Remarks. 1. In the scalar case, one can multiply by a constant and renanalize, and then prove
the constant is 1. Because of commutativity issues, we need @i erent argument here.

2. Of course, using (3.45), L are left MOPUC for d .
3. Our proof owes something to the scalar proof in [80].

Proof. Let th; i r be the inner product associated with ,,. By a direct computation, ﬁ;' ﬁl R =
1,and forj =0;1;:::;n 1,
Z,

el (RE)) 'd

sz;' ﬁIR
|0

oo 2 @) taz=0
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by analyticity of ' ¥ (z) 1in D (continuity in D).
This proves' R is a MOPUC for d , (and a similar calculation works for the right side of (3.46)

if j  n). By the inverse Szeg) recursion and induction downwardsf" Jjo”:Ol are also OPs, and
by the Szeg) recursion, they are normalized. In particulay since' § 1 is normalized, d , is
normalized. O

3.7 Verblunsky's Theorem

We can now prove the analogue of Favard's theorem for MOPUC; he scalar version is called
Verblunsky's theorem in [167] after [192]. A history and other proofs can be found in [167]. The
proof below is essentially the matrix analogue of that of Geonimus [90] (rediscovered in [37, 80]).
Delsarte et al. [37] presented their proof in the MOPUC case ad they seem to have been the rst
with a matrix Verblunsky theorem. One can extend the CMV and the Geronimus theorem proofs
from the scalar case to get alternate proofs of the theorem Hew.

Theorem 3.12 (Verblunsky's Theorem for MOPUC). Any sequencef jgjlzo 2 D! is the
sequence of Verblunsky coe cients of a uniqgue measure.

Proof. Uniqueness is easy, since the's determine the' J-R's and so the jR‘s which determine the
moments.
Given a sequencd jgjlzo, let d , be the measures of the last section. By compactness bf |

matrix-valued probability measures on @, they have a weak limit. By using limits, f' Rg'., are
the right MOPUC for d and they determine the proper Verblunsky coe cients. O

3.8 Matrix POPUC
Analogously to the scalar case (see [15, 100, 119, 172, 19¢iven any unitary in M |, we de ne
‘Nz )= 5@ i@ (3.48)

As in the scalar case, this is related to the secular determiant of unitary extensions of the cuto
CMV matrix. Moreover,

Theorem 3.13. Fix . All the zeros of (' 1(z; )) lie on @D.

Proof. If jzj< 1," & ,(2) is invertible and

Rz )= @0 2§ @ MR @)
is invertible since the last factor di ers from 1 by a strict contraction. A similar argument shows
invertibility if jzj > 1. Thus, the only zeros of det( ) lie in @D. O

3.9 Matrix-Valued Caratleodory and Schur Functions

An analytic matrix-valued function F de ned on D is called a (matrix-valued) Caratteodory func-
tion if F(0) = 1 and ReF(2) %(F(z) + F(z)Y) O for everyz 2 D. The following result can be
found in [44, Thm. 2.2.2].
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Theorem 3.14 (Riesz{Herglotz). If F is a matrix-valued Caratheodory function, then there
exists a unique positive semi-de nite matrix measured such that
e +z
F(z) = . d : 3.49
@= S—d() (3.49)

The measured is given by the unique weak limit of the measured ,( ) = Re F(re )g— asr " 1.
Moreover,
R
F(z)=c+2 CnZ
n=1
where Z
= e™"d()

Conversely, if d is a positive semi-de nite matrix measure, then (3.49) de nes a matrix-valued
Caratteodory function.

An analytic matrix-valued function f de ned on D is called a (matrix-valued) Schur function if
f(z)¥f (z) 1 for everyz 2 D. This condition is equivalent to f (z)f (z)Y 1 for everyz 2 D and
to kf (z)k 1 for everyz 2 D. By the maximum principle, if f is not constant, the inequalities are
strict. The following can be found in [167, Prop. 4.5.3]:

Proposition 3.15. The association
f2=2z '(F(2 DF@+1 % (3.50)
F(z)=(1+ zf () (1 zf(2) *! (3.51)
sets up a one-one correspondence between matrix-valued @tdeodory functions and matrix-valued
Schur functions.
Proposition 3.16. For z 2 D, we have
ReF(z)=(1 zf(2)Y) Y1 j z}*f (2’ () (1 zf(2)) * (3.52)

and the non-tangential boundary valueReF (¢' ) and f (€ ) exist for Lebesgue almost every.
Write d ()= w( )g— + d s. Then, for almost every

w( )=Re F(e) (3.53)
and for a.e. , det(w( )) 6 0 if and only if f (& )Yf(d )< 1.

Proof. The identity (3.52) follows from (3.51). The existence of the boundary values off follows by
application of the scalar result to the individual entries of f . Then (3.51) gives the boundary values
of F. We also used the following fact: Away from a set of zero Lebggie measure, detl zf (2))
has non-zero boundary values by generati 1 theory.

(3.53) holds forh;F (z) i andh;d iq forany 2 C' by the scalar result. We get (3.53)
by polarization. From

w()=(1 e'f(ed)) Y1 f(d ()L &fE)?
it follows immediately that f (€' )¥f (¢ ) < 1 implies det(w( )) > 0. Conversely, iff (¢ )¥f (¢ ) 1
but not f (€ )¥Yf(€' ) < 1, then det(1 f (€ )¥f (€ )) = 0 and by our earlier arguments det(1

el f(¢)) Tand det(1 € f(€)) ! exist and are nite; hence det(w( )) = 0. All previous
statements are true away from suitable sets of zero Lebesguaeasure. O
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3.10 Coe cient Stripping, the Schur Algorithm, and Geronim us' Theorem

The matrix version of Geronimus' theorem goes back at leastd the book of Bakonyi{Constantinescu
[6]. Let F(z) be the matrix-valued Caratteodory function (3.49) (with t he same measure as the
one used in the de nition of hh; i1 r). Let us denote

Ur(2)= r(2)+ " [(2F(2);
Ui (2)= @+ F@) r2):

We also de ne

ur = & (@ F@' 5 @)
uy (@)= § @ '§ (@F@):

Proposition 3.17. For any jzj < 1, the sequencesu(z), uR(z), uf (z), uy (z) are square
summable.

Proof. Denote _ _
e' +z e +z
f()= — ; = = ;
()= 7 9= 57—

By the de nitions (3.19){(3.24), we have

u-(z) = Hi; Lig;
uf (2) = z"M §; gi r;
uy (z)= z"M §igic;
uR(z) = hi;' Rig:
Using the Bessel inequality and the fact thatjzj < 1, we obtain the required statements. O

Next we will consider sequences de ned by

S S
o =AY 12 A0 (3.54)
n 0
where s, ;ty 2 M |. Similarly, we will consider the sequences
(sn;tn) = (So;to)AR( 0;2)  AR( 1 1;2) (3.55)

Theorem 3.18. Letz 2 D and letf be the Schur function associated witld via (3.49) and (3.50).
Then:
() A solution of (3.54) is square summable if and only if the initial condition is of he form

So _ C
to  zf(2)c

for some matrix cin M .
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(ii) A solution of (3.55) is square summable if and only if the initial condition is of te form
(So; to) = ( ¢; czf(2))
for some matrix c.

Proof. We shall prove (i); the proof of (i) is similar.
1. By Proposition 3.17 and (3.14), (3.30), we have the squarsummable solution

fg - zf?z)d , d=(F(2)+ 1): (3.56)

Sn

T u@ (D)

The matrix d = F(z) + 1 is invertible. Thus, multiplying the above solution on the right by d 'c
for any given matrix c, we get the \if" part of the theorem.
2. Let us check that' &' cis not square summable for any matrixc 6 0. By the CD formula
with = z, we have
K 1
iz k@ @+ @Y @="F @K @
k=1

and so
'"T@F @ QiY@ s@=0 jz)L
Thus, we get
kK Rckrg2 (1jzHTrdde>0:
3. Let (fg ) be any square summable solution to (3.54). Let us write thissolution as

Sn 'ha

th - 'rl?:a

Lh So + tp
+ n. . - . -
Rip i 8% =51 b=—

(3.57)

Multiplying the solution (3.56) by band subtracting from (3.57), we get a square summable solubin

'L(z)(a F(2)b
'F(a F(2)b

It follows that a = F(z)b, which proves the \only if" part. O
The Schur function f is naturally associated with d and hence with the Verblunsky coef-
cients o; 1; 2;:::. The Schur functions obtained by coe cient stripping will b e denoted by
f1;f2;f3;:::, that is, f, corresponds to Verblunsky coe cients n; n+1; n+2;:::. We also write
fo f.
Theorem 3.19 (Schur Algorithm and Geronimus' Theorem). For the Schur functions
fo;f1;f2;::: associated with Verblunsky coe cients ¢o; 1; 2;:::, the following relations hold:
fan ()= 2 (7)) Ufa(2)  WllL Afa(@] R (3.58)

fn@=( 1) Mzfaa @+ a1+ 2z {fna(@] 5 (3.59)
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Remarks. 1. See (1.81) and Theorem 1.4 to understand this result.
2. (1.83) provides an alternate way to write (3.58) and (3.59.

Proof. It clearly su ces to consider the case n = 0. Consider the solution of (3.54) with initial

condition
1

zfo(2)

By Theorem 3.18, there exists a matrixc such that

c
zf1(2)c

_ 1
AL( O!Z) Zfo(Z)

2(6) * z(5) * gfo(2)
2( §) * o+ z(5) o2

From this we can compute zf 1(2):
zfiz)=[ z( §) * o+ 2z( §) fo@llz( §) * z(§) ! ¥o(z)] *
=( 8) Yo oIl o2 '

which is (3.58).
Similarly, we can expressf in terms of f1. From

1 _ . c
ztoz) A (0D T e
otz ty o
(Hto (BT zf1(z)c

z Y 5) e+ ( g) * gfal2)e
(8§) * oc+( §) ‘zfi(2)c

we nd that
zfo(2) =[( §) ' oc+( §) 'zfa(2)clz *( ) 'c+( §) t i) *
=[( §) ' o+( ) "Zh1@lz () *+( 5) * Y@ *
=(8) ' o+ zh1@][z "1+ ¥1(2)] '
which gives (3.59). O

3.11 The CMV Matrix

In this section and the next, we discuss CMV matrices for MOPWC. This was discussed rst by
Simon in [170], which also has the involved history in the sckar case. Most of the results in this
section appear already in [170]; the results of the next sewn are new here|they parallel the
discussion in [167, Sect. 4.4] where these results rst appeed in the scalar case.
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3.11.1 The CMV basis

Consider the two sequences , Xp 2 H, de ned by

x(@) =2 %5 (2); x 12)=z “V' & 1(2);
xx(2)=z ¥ B@); xxk 12)=z 5 ()

For an integerk 0, let us introduce the following notation: iy is the (k+1)th term of the sequence
0;1;, 1,2, 2;3; 3;:::,andjg isthe (k+1)th term of the sequenceQ 1;1;, 2;2; 3;3;:::. Thus,
for example,i; =1, j1 = 1.

We use the right modlige structure of H. For a set of functions ffy(z)gl—., H , its module
span is the set of all sums fy(z)ax with ax 2 M .

Proposition 3.20. () For any n 1, the module span off gi_, coincides with the module
span offz'xgl_, and the module span of xgy_, coincides with the module span of Zkg,_, .
(i) The sequences «gi., and fxxgi_, are orthonormal:

i, mir=MXGXmirR= Kkm: (3.60)
Proof. (i) Recall that
'R(z)= Rz" +linear combination of f1;:::;z" 1g;
'L(z) = ( L)Y +linear combination of fz;:::;z"g;

where ,, n are invertible matrices. This proves (i).
(ii) By the de nition of ' and' R, we have

My RiR=ME D irR= ami (3.61)
mR:z"ig=0,m=0;:::;n 1; MY zZ"ig=0,m=1;:::;n: (3.62)
From (3.61) with n = m, we get
hhn, nir= MXn;Xnig = 1:
Considering separately the cases of even and odd it is easy to prove that

thnzmigr=0;, m=igit i in 1 (3.63)
hxn;z"irR=0; m=jojo;iiijn 1 (3.64)

thn;zmig=He ¥ L5 ;zMig=thy ;2™ kig =0

The other three cases are considered similarly. From (3.63)(3.64), and (i), we get (3.60) for
k6 m. O
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From the above proposition and thek k; -density of Laurent polynomials in C(@), it follows
that f «gi_, and fxygi-, are right orthonormal modula bases inH, that is, any element f 2 H
can be represented as a “

b3
f = kl"h k;fiR = XkH’Xk;fiRZ (3.65)
k=0 k=0

3.11.2 The CMV matrix

Consider the matrix of the right homomorphism f (z) 7! zf (z) with respect to the basisf g.
Denote Gy, = hh ;2 mi r. The matrix Cis unitary in the following sense:

R ps
q)(lnoxm = anan = ml
k=0 k=0
The proof follows from (3.65):
R p 3
nml=ht ;2 nig= kh;Z nir;Z m = Qi’anm;
k=0 R k=0
R xR
nml=HNE ;2 nirg= kh;Z nir;Z m = anQ);ki
k=0 R k=0

We note an immediate consequence:

Lemma 3.21. Letjzj 1. Then, for everym 0,

X S
n(2)Gm = Z m(2); G n(1=2)Y = z m(1=2)":
n=0 n=0

Proof. First note that the above series contains only nitely many non-zero terms. Expanding
f(z) = z » according to (3.65), we see that

h3 ) X
z n(2)= k(Z)h;z nig = k(2)Gn
k=0 k=0

which is the rst identity. Next, taking adjoints, we get

3
z (2= Gy k(@)

k=0
which yields
R s b3
z Gm n(z)’ = Gnn Q’(’n k(z)’
n=0 n=0 k=0
b3
= Gnn Q’(’n k(z)”
k=0 n=0
R

= mk k(2)Y= m(2)":
k=0

Replacing z by 1=z, we get the required statement. O
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3.11.3 The LM -representation
Using (3.65) forf = , we obtain:

b3 b3
Gm=Mnz nir = hh s zxed Xk mir = LakM gm: (3.66)
k=0 k=0

Denote by ( ) the 21 2| unitary matrix

y L
()= R
Using the Szeg) recursion formulas (3.15) and (3.18), we ge
ZR="Ma ot w (3.67)
'R TR R Raoa (3.68)

Taking n = 2k and multiplying by z ¥, we get

_ R .
ZX2k = 2k 32/k+ 2k+1  2k:

_ L .
ZX2k+1 = 2k 2k 2k+1  2k-

It follows that the matrix L has the structure
L=(C o ( 20 ( 4
Taking n =2k 1in (3.67), (3.68) and multiplying by z ¥, we get

— y R .
2k 1= X2k 1 ¢ 11T Xok 2k 1

_ L .
2k = X2k 1 2k 1 X2k 2k 1-

It follows that the matrix M has the structure

M=1 ( 1) ( 3) (3.69)
Substituting this into (3.66), we obtain:
0 1
bobY bt 0 o
§ o1 o1 O 0
o 37 >1 3% 5%
o FE 5. 2% L% (879
0 0 0 7 R 3

We note that the analogous formula to this in [170], namely, @.30), is incorrect! The order of the
factors below the diagonal is wrong there.
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3.12 The Resolvent of the CMV Matrix

We begin by studying solutions to the equations

b3

GikWk = ZWm, m 2 (3.71)
k=0
R

Wi Gm = ZWm, m 1 (3.72)
k=0

Let us introduce the following functions:

¥n(2) = n(1=2);

xn@)= z" 3 (2
o 1(2)=z " 5 1(2);
yan(2)=  a(172)Y=2z " 5(2);
Yo 1(2)= 0 1(172)Y= z " 5 (D)

Pn(2) = Yn(2) + %n(2)F (2);
n(2)= n(@+ F(2) n(2):
Proposition 3.22. Let z2 Dnf0g.
() For eachn 0, a pair of values (w2n;Won+1) Uniquely determines a solutionw, to (3.72).
Also, for any pair of values (wWan; Won+1) in M |, there exists a solutionw, to (3.72) with these

values at(2n;2n +1).
(i) The set of solutionsw;, to (3.72) coincides with the set of sequences

Wn(z) = @ n(2) + b n(2) (3.73)
where a; b range overM .

(iii) A solution (3.73)is in “2if and only if a=0.
(iv) A solution (3.73) obeys(3.72) for all m O if and only if b=0.

Proposition 3.23. Let z2 D nfO0g.
() For eachn 1, a pair of values (won, 1;W2n) uniquely determines a solutionw, to (3.71).
Also, for any pair of values (w2, 1;W2n) in M |, there exists a solutionw, to (3.71) with these

values at(2n 1;2n).
(i) The set of solutionswy, to (3.71) coincides with the set of sequences

Wn(z) = %Xn(2)a+ pa(2)b (3.74)

where a; b range overM .
(iii) A solution (3.74)is in “2 if and only if a=0.
(iv) A solution (3.74) obeys(3.71) for all m 0 if and only if b=0.

Proof of Proposition 3.22. (i) The matrix C z can be written in the form
Ao Bp 0 O

0 A1 By O
C z=Bq 0 A, B, (3.75)
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where
y Yy R y
An= 0 % A.= 20 2n1 2n 2n 1 2
0 R n R R R
0 2n 2n 1 %n 2n 1
Ly L L '
B. = 2n 2n+l 2n 2n+1
n y z L
2n 2n+1 2n 2n+1
De ne Wn = (wWon;Won+1) for n=0;1;2;:::. Then (3.72) form =2n+1, 2n + 2 is equivalent to

Wan + Wn+1An+1 = 0

It remains to prove that the 21 2| matrices Aj, B are invertible. Suppose that for somex;y 2 c',
An ; = 8 . This is equivalent to the system

y R y N
2n 2n 1X on 2n 1Y Zy=0;

gn 2Rn 1X 2Rn on 1y = O
The second equation of this system yields 8, ;x = 2, 1y (since §, is invertible), and upon
substitution into the rst equation, we get y = x = 0. Thus, ker(A,) = f0g. In a similar way, one
proves that ker(B,) = f0g.

(i) First note that w, = , is a solution to (3.72) by Lemma 3.21. Let us check thatwy = |
is also a solution. IfUgm = ( 1)X km, then (UCU)xm for m 1 coincides with the CMV matrix
corresponding to the coecients f g. Recall that SR are the orthogonal polynomials' LR
corresponding to the coe cients f  ,g. Taking into account the minus signs in the de nition of

n, We see thatwy = |, solves (3.72) form 1. It follows that any w, of the form (3.73) is a
solution to (3.72).
Let us check that any solution to (3.72) can be represented ag3.73). By (i), it su ces to show

that for any wy; w, there exista;b2 M | such that

a o(z) + b o(2) = wo;
a 1(z)+ b 1(z) = wi:

Recalingthat 0=1, o= 1, 1(2)=(z+ (K L 1@=(z () 1, we see that the
above system can be easily solved fa; bif z 6 0.

(iii) Let us prove that the solution | is square integrable. We will consider separately the
sequences o, and », 1 and prove that they both belong to “2. By (3.20) and (3.23), we have

n(2)+ F(2) §(2)= Z “2d () RE s (3.76)
Z .
n (D F@'§ (= 2 j “rd () ke (3.77)

Taking n =2k in (3.77) andn =2k 1in (3.76), we get

e +z
é z

x(z) = 2 d () 5 ) (3.78)
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£ g 4z -
a1(2)=z G d () 5 @) (3.79)

As ' 5 is an orthonormal sequence, using the Bessel inequality, dm (3.78) we immediately get
that o isin 2.
Consider the odd terms o 1. We claim that
Z _
k+1 € +2z e +

2 ¥ S Td () Roa€)= Sod R S @) (380)

Indeed, using the right orthogonality of * &, to e€m m=0;:1:::;2k 2, we get

Zei+z
r R i\ — mAm . R
3 Zd()zk (€)= 1+2 z'e" ok 1
m=1 R
)4 m 4im R
= 2 zve" ;o1
m=2k 1 R
and
ei+zk1i(k+1) R i
—-—Z7 "€ d ! e )=
— () 5 u(€)
_ k 14(k 1 mAm .1 R
= ZK&D 142  zMgm R
m=1 R
x m 4im R
= 2 7€ 2k 1
m=2k 1 R

which proves (3.80). The identities (3.80) and (3.79) yield

el +z

—5 - 2k 1
|

e z R

x 1(2) =
and, since . 1 is a right orthogonal sequence, the Bessel inequality ensas that o« 1(2) is in
2. Thus, k(z)isin 2.

Next, as in the proof of Theorem 3.18, using the CD formula, wecheck that the sequence
K 5 (2)kr is bounded below and therefore the sequences,(z) is not in 2. This proves the
statement (iii).

(iv) By Lemma 3.21, the solution (z) obeys (3.72) for allm 0. It is easy to check directly
that the solution ,(z) does not obey (3.72) form = 0 if z 6 0. This proves the required
statement. O

Proof of Proposition 3.23. (i) For j = 1;2;:::, dene W = (wy 1;Wy). Then, using the block
structure (3.75), we can rewrite (3.71) form = 2j; 2j +1 as Aj W, + BjW;+1 = 0. By the proof of
Proposition 3.22, the matricesA; and B; are invertible, which proves (i).

(i) Lemma 3.21 ensures thatxy (z) is a solution of (3.71). As in the proof of Proposition 3.22,
by considering the matrix (UCU)«mn, one checks thaty,(z) is also a solution to (3.71).
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Let us prove that any solution to (3.71) can be represented irthe form (3.74). By (i), it su ces
to show that for any w1, wo, there exista;b2 M | such that

x1(z)a+ pi(z)b= wy;

x2(2)a+ p(z)b= wa:

We claim that this system of equations can be solved fog, b. Here are the main steps. Substituting
the de nitions of %, (z) and pn(z), we rewrite this system as

R@+F@bh T (b= zwi;
'5(@a+ F(2)b)+ 5(2)b= zwy:

Using Szeg) recurrence, we can substitute the expressiorfer ' 5, 5, which helps rewrite our
system as

'R@a+F@b T (2)b= zwi;
‘Tt F(b+ f(2)b= fwa+ Jwi

Substituting explicit formulas for * "L, % L and expressingF (z) in terms of f (z), we can
rewrite this as

(&) '@ o»a+2z(§) (@ o1 zf(2) b= zwi;
(o) Mz Da+2z(g) '@ @)W1 zf(2) b= fwa+ Iwi
Denote
a=(§H ' o
bb=2z(5) "1 @)1 zf(z) ‘b
Then in terms of a;, by, our system can be rewritten as
ap + Xaiby = zwy;
Xoag + b= fwo+ Jwy;
where
X1=( §) '@ o1 of(@) *s;
X2=(§) 'z DAL o2 '§:

Sincekf (z2)k < 1 andjzj < 1, we can apply Corollary 1.5, which yieldskX 1k < 1 and kX ok < 1. It
follows that our system can be solved foraz, by.

(i) As pn(2) = n(1=2)Y, by Proposition 3.22, we get that p,(z) is in “2. In the same way, as
*¥n(2) = n(1=2)Y, we get that x,(z) is not in *2.

(iv) By Lemma 3.21, the solution x,(z) obeys (3.71) for allm 0. Using the explicit formula
for y,(z2), one easily checks that the solutiony,, (z) does not obey (3.71) form = 0; 1. O
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Theorem 3.24. We have forz 2 D,

(22) Y (2) 1(2); 1>k or k=1 even

1 —
00" 2z @) \(@: k>1 ork=1oud

Proof. Fix z2 D. Write Gy, (2) =[(C z) k. Then G 4(2) is equalto (C z) !, which means
that Gy (z) solves (3.71) form 6 |. SinceG ,(z) is "2 at in nity and obeys the equation at m =0,
we see that it is a right-multiple of p for large k and a right-multiple of % for small k. Thus,

*k(2)a(z); k<l ork=1even

Gy (2) = 0(2)h(2); k> ork = | odd:

Similarly, (
B(z) 1(z); k<l ork=1even

Gki(z) = a(z) 1(2); k>1 ork=1odd:

Equating the two expressions, we nd

*k(2)a(z) = &(z) 1(z) k<l ork=1even (3.81)
pk(2)hb(z) = ak(z) ((z) k>1 or k=1 odd: (3.82)

Putting k = 0 in (3.81) and setting B(z) = c1(z), we nd a(z) = c1(z) |(z). Putting | =0 in
(3.82) and setting by(z) = c2(2), we nd px(z2)ca(z) = ax(z). Thus,

*k(2)ci(2) 1(2); k<l ork=1even

Gk (2) = _ B _
pk(z)c2(2) 1(z); k>1 ork= 1 odd:
We claim that c1(z) = c2(z) = (2z) 1. Consider the casek = | = 0. Then, on the one hand, by
the de nition,
z 1
- i
Goo(2) = R d (€)
z e +z .
= (2 ' =—= 1d(€)
e
=z (F(») 1) (3.83)

and on the other hand,
Go:0(2) = %0(2)c1(2) o(2) = a(2)(F(2) 1):

This showsci(z) = (2z) 1. Next, consider the casek = 1, | = 0. Then, on the one hand, by the
de nition, _
Gl;o(Z) = hh 1, (e' Z) 1 oi R
and on the other hand,
G1,0(2) = pa(2)c2(2) o(2):
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Let us calculate the expressions on the right-hand side. We he

P)c(2) o=(5) '(z* o+(z' F(2)xA(2) (3.84)

and
th (e 2) 1ZOiR =
=(5)* (e od ()¢ 2)°
z
=( ' 2% 2t z'e! o€ 2) 'd ()
Z

- 1 1 1 i :

=(5) ' 55F@ 1D o of(@ 1) - e'd():
Taking into account the identity 7

e'd()= o
(which can be obtained, e.g., by expandingt };' i r = 0), we get
i€ 2 o= (B 20 o+(z' JF@)
Comparing this with (3.84), we get c(z) = (2z) 1. O

As an immediate corollary, evaluating the kernel on the diagnal for even and odd indices, we
obtain the formulas

(@) L@ s @ @) (3.85)
Z
@y S8 @)= ol i@ f @ (3.86)
Combining this with (3.31) and (3.32), we nd
W@ E @+ b (2)=22" 387)
B @@ W @) R =22 (389)

3.13 Khrushchev Theory

Among the deepest and most elegant methods in OPUC are thosef &Khrushchev [125, 126, 101].
We have not been able to extend them to MOPUC! We regard their gtension as an important
open question; we present the rst very partial steps here.
Let
= f :detw( )> Og:

Theorem 3.25. For everyn 0,
f i fn(e (e )< 1g=
up to a set of zero Lebesgue measure.
Consequently, 7

oy o
Kin(€ ko 1 ’2—’: (3.89)
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Proof. Recall that, by Proposition 3.16, up to a set of zero Lebesgueneasure,
f :fo(e )fo(e' )< 1g=f : detw( )> Og
so, by induction, it su ces to show that, up to a set of zero Lebesgue measure,
f :fo(e Vo€ )< 1g=f :fi(e Yfi(e )< 1g:

This in turn follows from the fact that the Schur algorithm, w hich relates the two functions,
preserves the propertyg’g < 1.
Notice that away from , f,(€' ) has norm one and therefore,
z Z z
iy, d i, d d
| - | = -
kf (€ )k2 Ckfn(e )k2 012

which yields (3.89). O

De ne
bh(zid )= " H(z:d ) § (zzd ) b
Proposition 3.26. (@) b+ =( L) *(zth W1 z b)) ' R.
(b) The Verblunsky coe cients of by are () ;Y i & 1).

n n

Proof. (a) By the Szegd recursion, we have that

Ph+1

'n+1('ni-1)1
(258 (DYDY z2HrPapt
=(p) Y25 FRNR zan) PR
=(W) ' RCEYTONECRYY

(RCR) T zasCR) DR

=( ) Mz DLz oaby) R

(b) It follows from part (a) that the rst Verblunsky coe cie ntof by is Y ; and thatits rst
Schur iterate is b, 1; compare Theorem 3.19. This gives the claim by induction andhe fact that
= 1. ]

4 The Szeg} Mapping and the Geronimus Relations

In this chapter, we present the matrix analogue of the Szegdmapping and the resulting Geron-
imus relations. This establishes a correspondence betweeamrtain matrix-valued measures on the
unit circle and matrix-valued measures on the interval [ 2;2] and, consequently, a correspondence
between Verblunsky coe cients and Jacobi parameters. Thraughout this chapter, we will denote
measures on the circle byd ¢ and measures on the interval byd .

The scalar versions of these objects are due to Szegd [182daGeronimus [90]. There are four
proofs that we know of: the original argument of Geronimus [®] based on Szeg)'s formula in [182],
a proof of Damanik{Killip [32] using Schur functions, a proof of Killip{Nenciu [127] using CMV
matrices, and a proof of Faybusovich{Gekhtman [81] using caonical moments.
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The matrix version of these objects was studied by Yakhlef{Marcelan [199] who proved The-
orem 4.2 below using the Geronimus{Szegd approach. Our praf uses the Killip{Nenciu{CMV
approach. In comparing our formula with [199], one needs thdollowing dictionary (their objects
on the left of the equal sign and ours on the right):

Hn = ¥+1;
Dn = An;
En = Bn+1:

Dette{Studden [43] have extended the theory of canonical mments from OPRL to MOPRL.
It would be illuminating to use this to extend the proof that F aybusovich{Gekhtman [81] gave of
Geronimus relations for scalar OPUC to MOPUC.

Supposed ¢ is a non-trivial positive semi-de nite Hermitian matrix meas ure on the unit circle
that is invariant under 7! (i.e., z 7' z= z 1). Then we de ne the measured | on the interval
[ 2,2] by Z Z

fe0d ()= f(2cos)d c()

for f measurable on [ 2;2]. The map
Sz:d c7'd |

is called the Szegd mapping.

The Szeg) mapping can be inverted as follows. Suppos® | is a non-degenerate positive semi-
de nite matrix measure on [ 2;2]. Then we de ne the measured ¢ on the unit circle which is
invariant under 7! by

z z

g()d c()= g(arccosk=2)) d |(x)

for g measurable on@ with g( )= g( ).
We rst show that for the measures on the circle of interest in this section, the Verblunsky
coe cients are always Hermitian.

Lemma 4.1. Supposed ¢ is a non-trivial positive semi-de nite Hermitian matrix mea sure on the
unit circle. Denote the associated Verblunsky coe cients ly f 9. Then, d ¢ is invariant under
7! if and only if % = , for everyn.

Proof. For a polynomial P, denote P(z) = P(z)Y.
1. Suppose thatd ¢ is invariant under 7! . Then we have

hi; gi L = hy;fig
for all f, g. Inspecting the orthogonality conditions which dene L and R, we see that
~L= Randmli; Lip=mpR; Rig: (4.1)

Next, we claim that
L= R 4.2)
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Indeed, recall the de nition of L, R:

- 1=2 . .
unhh 55 Li 5 unis unitary, L (5) 1> 0;

R Ri g™ Va; Vo is unitary, ( B) * R, > 0;

1;
1:

53U S
1
om or
1

Using this de nition and (4.1), one can easily prove by indudion that v, = u} and therefore (4.2)
holds true.
Next, taking z =0 in (3.11), we get

n= (DT R0V )Y

n= ()Y ek

From here and (4.1), (4.2), we get , = 1.

2. Assume { =  for all n. Then, by Theorem 3.3(c), we have 5 = R. It follows that in
this case the Szeg) recurrence relation is invariant with espect to the change ; 7! R, ' R 71 L.
It follows that ' 5 = ~R ' R =+l In particular, we get

M i = R (4.3)
Now let f and g be any polynomials; we have
X X
f@= fu'5@ = —@f
n n

and a similar expansion forg. Using these expansions and (4.3), we get
Hi;gi | = hwg;fi g for all polynomials f, g.
From here it follows that the measured ¢ is invariant under 7! . O

Now consider two measuresd ¢ and d | = Sz(d ¢) and the associated CMV and Jacobi
matrices. What are the relations between the parameters of hese matrices?

Theorem 4.2. Givend ¢ andd |, = Sz(d ¢) as above, the coe cients of the associated CMV
and Jacobi matrices satisfy the Geronimus relations:
P — p p P —
Bker = 1 21 2« 1 21 1+ 2k 1 2k 2 1+ 2 1; (4.4)
p— p—
Asr= 1 1 1 5 1+ g (4.5)

Remarks. 1. For these formulas to hold fork =0, we set = 1.

2. There are several proofs of the Geronimus relations in thecalar case. We follow the proof
given by Killip and Nenciu in [127].

3. TheseA's are, in general, not type 1 or 2 or 3.
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Proof. For a Hermitian | | matrix  with k k< 1, de ne the unitary 21 2| matrix S( ) by
p p
1 1 1+
S()=P5 Pre— Py
Since Y= |, the associated - and R coincide and will be denoted by . We therefore have

and hence, by a straightforward calculation,

S()( )S() *=

NI
©
©
e
©

Thus, if we de ne
S=1 S(1) S(3)

and

it follows that (see (3.69))
SMSY = R:

The matrix LM + ML is unitarily equivalent to
A=S(LM + ML )SY= SLSYR + RSLS":

Observe that A is the direct sum of two block Jacobi matrices. Indeed, it folows quickly from
the explicit form of R that the even-odd and odd-even block entries oA vanish. Consequently,A
is the direct sum of its odd-odd and even-even block entries. Waill call these two block Jacobi
matrices J and J,, respectively.
Consider C as an operator onH,. Then d ¢ is the spectral measure ofC in the following sense:
z

[C"oo= €™ d c()

see (3.83). Then, by the spectral theoremd ¢( ) is the spectral measure ofC * and sod ;| is
the spectral measure oC+ C 1= LM +(LM ) 1= LM + ML . SinceSleaves 1 0 0 O ‘
invariant, we see thatd | is the spectral measure of].

To determine the block entries ofJ, we only need to compute the odd-odd block entries ofA.
For k 0, we have

P
p p x 2 O 1+ %1
A . = 1+ 1
2k+1 :2k+1 2k 1 2k 1 0 o pm
p p p p

= 1 x 1 2 1 % 1 1+ %1 2«2 1+ 21



D. Damanik, A. Pushnitski, B. Simon 68

and
p
0O O 1+
Aok+1:2k+3 = p1+ 2% 1 pl % 1 p 2k
x O 1 2k+1
p . q S —
= 1 1 1 2 1+
The result follows. O

As in [127, 168], one can also use this to get Geronimus relatns for the second Szegd map.

5 Regular MOPRL

The theory of regular (scalar) OPs was developed by Stahl{Taik [180] generalizing a de nition
of Ullman [190] for [ 1;1]. (See Simon [171] for a review and more about the history.Here we
develop the basics for MOPRL; it is not hard to do the same for MOPUC.

5.1 Upper Bound and De nition

Theorem 5.1. Let d be a non-trivial I | matrix-valued measure onR with E = supp(d )
compact. Then (with C(E) = logarithmic capacity of E)

limsupjdet(A;  Ap)j*™ C(E)": (5.1)
n'l

Remarks. 1. jdet(A;  Ay)j is constant over equivalent Jacobi parameters.

2. For the scalar case, this is a result of Widom [195] (it migh be older) whose proof extends
to the matrix case.

Proof. Let T, be the Chebyshev polynomials forE (see [171, Appendix B] for a de nition) and let
,S" beT, 1, thatis, the | | matrix polynomial obtained by multiplying Tn(x) by 1. T,ﬁ') is
monic so, by (2.12) and (2.34),

Z 1=2n
jdet(A;  Ap)it™  det T (x)j%d (x)

SUp;jTa (x)j™":
n

By a theorem of Szeg) [183], supTn(x)j*™ ! C(E), so (5.1) follows. O

De nition. Let d be a non-trivial | | matrix-valued measure with E = supp(d ) compact. We
say is regular if equality holds in (5.1).

5.2 Density of Zeros

The following is a simple extension of the scalar results (s[74] or [171, Sect. 2]):
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Theorem 5.2. Let d be a regular measure withE = supp(d ). Let d , be the zero counting

measure for det(pk (x)), that is, if ij(”)gj”'=1 are the zeros of this determinant(counting degenerate
zeros multiply), then
1 X
dn=— X.(n): (52)
=1
Then d , converges weakly ta g, the equilibrium measure forkE.

Remark. For a discussion of capacity, equilibrium measure, quasi-&ry (g.e.), etc., see [171, Ap-
pendix A] and [115, 136, 158].

Proof. By (2.80) and (2.93),

jdet(pRe)] &1+ g2 P (5.3)
S0, in particular,
liminf jdet(pf ()™ 1+ & 2= g (5.4)
But
jdet(pR (x))j = jdet(A1  An)j texp( nl (x)) (5.5)

where is the potential of the measure . Let ;1 be a limit point of , and use equality in (5.1)
and (5.4) to conclude, forx 2 cvh(E),

exp(  , (x)) C(E)
which, as in the proof of Theorem 2.4 of [171], implies that 1 = . O

The analogue of the almost converse of this last theorem hasnaextra subtlety relative to the
scalar case:

Theorem 5.3. Let d be a non-trivial | | matrix-valued measure onR with E = supp(d )
compact. Ifd ! d g, then either is regular or else, withd = M (X)d ¢ (X), there is a setS
of capacity zero, sodet(M (x)) =0 for d y-a.e.x 2 S.

Remark. By taking direct sums of regular point measures, it is easy tond regular measures where
det(M (x)) =0 for d y-a.e.x.

Proof. For a.e.x with det(M (x)) 6 0, we have (see Lemma 5.7 below)
pR(x) C(n+1)1:

The theorem then follows from the proof of Theorem 2.5 of [17]L O
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5.3 General Asymptotics

The following generalizes Theorem 1.10 of [171] from OPRL t&OPRL]|it is the matrix analogue
of a basic result of Stahl{Totik [180]. Its proof is essentidly the same as in [171]. By es{ ), We
mean the essential spectrum of the block Jacobi matrix assaated to

Theorem 5.4. Let E R be compact and let be anl | matrix-valued measure of compact
support with s ) = E. Then the following are equivalent:

() isregular, that is, limn1 jdet(A1  Ap)j¥™™ = C(E)'.

(i) For all z in C, uniformly on compacts,

lim supjdet(pR (2))j*™ %= @: (5.6)

(i) For g.e.z in E, we have
lim supjdet(pR(2))j*™" 1 (5.7)

Moreover, if (i){(iii) hold, then
(iv) For every z 2 Cncvh(supp(d )), we have

lim jdet(pR(2))j¥™" = %= @: (5.8)

(v) Forge.z2 @,
lim sup jdet(pR (2))j*™ = 1: (5.9)
n'l

Remarks. 1. Gg, the potential theorists' Green's function for E, is dened by Gg(z) =
log(C(E)) e (2).
2. There is missing here one condition from Theorem 1.10 of 7] involving general polynomials.
Since the determinant of a sum can be much larger than the sumfothe determinants, it is not
obvious how to extend this result.

5.4 Weak Convergence of the CD Kernel and Consequences

The results of Simon in [174] extend to the matrix case. The bsic result is:

Theorem 5.5. The measuresd n and iy

particular, if d is regular,

Tr(Kn(x;x)) d (x) have the same weak limits. In

1
(n+1)I

As in [174], ( My 1)} and ( M n) have a di erence of traces which is bounded as !' 1
and this implies the result. Once one has this, combining it vith Theorem 2.20 leads to:

Tr(Ka(x;x)d (x)) " d g: (5.10)

Theorem 5.6. Letl =[a;h] E R with E compact. Let ¢sdd )= E foran| | matrix-valued
measure, and supposel is regular for E and

d = Wx)dx+d s (5.11)
whered s is singular and det(W%x)) > 0 for a.e. x 2 1. Then,

1) lim PR ()Y d s(X)pR(x) ! O; (5.12)
n! I

z

X
(2) ij(x)yW(x)pj(x) e(x)1 dx! O (5.13)
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5.5 Widom's Theorem

Lemma 5.7. Letd be anl | matrix-valued measure supported on a compade R and letd
be a scalar measure orR so
d (x)= WXx)d (x)+ d s(x) (5.14)

whered g is d singular. Suppose ford -a.e. X,
det(W(x)) > O: (5.15)

Then for d -a.e. X, there is a positive real function C(x) so that

kpR(x)k  C(x)(n+1)1: (5.16)
In particular,
jdet(pf ()i C(x)'(n+1)": (5.17)
Proof. SincekpRk3 =1, we have
b
(n+1) %kpRkE < 1 (5.18)
n=0

SO

R
(n+1) 2Tr(pR(x)YW (x)pR(x)) < 1
n=0

for d -a.e.x. Since (5.15) holds, for a.ex,
W(x) b(x)1

for some scalar functionb(x). Thus, for a.e. X,

R
(n+1) >Tr(pR(x)’pR (X))  C(x)*:
n=0
SincekAk?  Tr( AYA), we nd (5.16), which in turn implies (5.17). O

This lemma replaces Lemma 4.1 of [171] and then the proof therof Theorem 1.12 extends to
give (a matrix version of the theorem of Widom [195]):

Theorem 5.8. Letd be anl | matrix-valued measure with ¢s{d )= E R compact. Suppose
d (x)= W(x)d g(x)+ d s(x) (5.19)

with d ¢ singular with respect tod g. Suppose ford g-a.e. x, det(W(x)) > 0. Then s regular.
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5.6 A Conjecture

We end our discussion of regular MOPRL with a conjecture|an a nalog of a theorem of Stahl{Totik
[180]; see also Theorem 1.13 of [171] for a proof and refereisc We expect the key will be some
kind of matrix Remez inequality. For direct sums, this conjecture follows from Theorem 1.13 of
[171].

Conjecture 5.9. Let E be a nite union of disjoint closed intervals in R. Suppose isanl |
matrix-valued measure onR with {d )= E. Foreach > Oandm=1;2;:::, dene

Sm. =fx: (x Zix+3I) e Mig (5.20)
Suppose that for each (with jj = Lebesgue measure)
mI;En JENSy j=0:
Then is regular.

Acknowledgments. It is a pleasure to thank Alexander Aptekarev, Christian Berg, Antonio

Duian, Je Geronimo, Fritz Gesztesy, Alberto Gnbaum, P aco Marcelan, Ken McLaughlin, Her-

mann Schulz-Baldes, and Walter Van Assche for useful corregsmdence. D.D. was supported in
part by NSF grants DMS{0500910 and DMS-0653720. B.S. was sumpted in part by NSF grants

DMS{0140592 and DMS-0652919 and U.S.{Israel Binational Seince Foundation (BSF) Grant No.

2002068.

References

[1] R. Ackner, H. Lev-Ari, and T. Kailath, The Schur algorithm for matrix-valued meromorphic
functions, SIAM J. Matrix Anal. Appl. 15 (1994), 140{150.

[2] N. Akhiezer and I. Glazman, Theory of Linear Operators in Hilbert Space, Dover Publications,
New York (1993).

[3] D. Alpay, The Schur Algorithm, Reproducing Kernel Spaces and System ®ory, SMF/AMS
Texts and Monographs 5, American Mathematical Society, Providence, R.l.; Socee
Mathematique de France, Paris (2001).

[4] A. Aptekarev and E. Nikishin, The scattering problem for a discrete Sturm{Liouville opeator,
Mat. Sh. 121(163) (1983), 327{358.

[5] F. V. Atkinson, Discrete and Continuous Boundary Problems Mathematics in Science and
Engineering 8, Academic Press, New York-London (1964).

[6] M. Bakonyi and T. Constantinescu, Schur's Algorithm and Several Applications Pitman
Research Notes in Math.261, Longman, Essex, U.K. (1992).

[7] S. Basu and N. K. Bose,Matrix Stieltjes series and network models SIAM J. Math. Anal.
14 (1983), 209{222.



Matrix Orthogonal Polynomials 73

[8] E. D. Belokolos, F. Gesztesy, K. A. Makarov, and L. A. Sakimovich, Matrix-valued general-
izations of the theorems of Borg and HochstadtEvolution Equations (G. Ruiz Goldstein et
al., eds.), pp. 1{34, Lecture Notes in Pure and Applied Mathenatics 234, Marcel Dekker,
New York (2003).

[9] Ju. M. Berezans'ki, Expansions in Eigenfunctions of Selfadjoint Operators Translations of
Mathematical Monographs 17, American Mathematical Society, R.l. (1968).

[10] C. Berg, The matrix moment problem to appear in Coimbra Lecture Notes on Orthogonal
Polynomials (A. Foulque Moreno and Amilcar Branquinho, e ds.).

[11] C. Berg and A. J. Duan, Measures with nite index of determinacy or a mathetmatical model
for Dr. Jekyll and Mr. Hyde, Proc. Amer. Math. Soc. 125 (1997), 523{530.

[12] C. Berg and A. J. Duan, Orthogonal polynomials and analytic functions associatedo positive
de nite matrices, J. Math. Anal. Appl. 315 (2006), 54{67.

[13] R. Bhatia, Matrix Analysis, Graduate Texts in Mathematics 169, Springer-Verlag, New York
(1997).

[14] M. J. Cantero, M. P. Ferrer, L. Moral, and L. Vehzquez, A connection between orthogonal
polynomials on the unit circle and matrix orthogonal polynamials on the real line, J. Comput.
Appl. Math. 154 (2003), 247{272.

[15] M. J. Cantero, L. Moral, and L. Velhzquez, Measures and para-orthogonal polynomials on the
unit circle, East J. Approx. 8 (2002), 447{464.

[16] M. J. Cantero, L. Moral, and L. Vehzquez, Di erential properties of matrix orthogonal poly-
nomials, J. Concr. Appl. Math. 3 (2005), 313{334.

[17] M. J. Cantero, L. Moral, and L. Vehzquez, Matrix orthogonal polynomials whose derivatives
are also orthogonaj J. Approx. Theory 146 (2007), 174{211.

[18] E. Cartan, Sur les domaines borres homogenes de l'espace de variables complexesAbh.
Math. Sem. Univ. Hamburg 11 (1935), 116{162.

[19] M. Castro and F. A. Ganbaum, Orthogonal matrix polynomials satisfying rst order dier -
ential equations: a collection of instructive examplesJ. Nonlinear Math. Physics 12 (2005),
63{76.

[20] M. Castro and F. A. Ganbaum, The algebra of di erential operators associated to a familyof
matrix valued orthogonal polynomials: ve instructive examples Int. Math. Res. Not. 2006:7
(2006), 1{33.

[21] M. Castro and F. A. Gnbaum, The noncommutative bispectral problem for operators of
order one, Constr. Approx. 27 (2008), 329{347.

[22] G. Chen and Y. Hu, The truncated Hamburger matrix moment problems in the nondegnerate
and degenerate cases, and matrix continued fractiond.inear Algebra Appl. 277 (1998), 199{
236.



D. Damanik, A. Pushnitski, B. Simon 74

[23] T. S. Chihara, An Introduction to Orthogonal Polynomials, Mathematics and Its Applications
13, Gordon and Breach, New York-London-Paris (1978).

[24] S. Clark and F. Gesztesy, Wey{Titchmarsh M -function asymptotics for matrix-valued
Schmedinger operators Proc. London Math. Soc. 82 (2001), 701{724.

[25] S. Clark and F. GesztesyWeyl{Titchmarsh M -function asymptotics, local uniqueness results,
trace formulas, and Borg-type theorems for Dirac operators Trans. Amer. Math. Soc. 354
(2002), 3475{3534.

[26] S. Clark and F. Gesztesy,On Povzner{Wienholtz-type self-adjointness results for natrix-
valued Sturm{Liouville operators, Proc. Math. Soc. Edinburgh 133A (2003), 747{758.

[27] S. Clark and F. GesztesyOn Weyl{Titchmarsh theory for singular nite di erence Hami Ito-
nian systems J. Comput. Appl. Math. 171 (2004), 151{184.

[28] S. Clark, F. Gesztesy, H. Holden, and B. M. Levitan,Borg-type theorems for matrix-valued
Schmdinger operators, J. Di. Egs. 167 (2000), 181{210.

[29] S. Clark, F. Gesztesy, and W. Renger,Trace formulas and Borg-type theorems for matrix-
valued Jacobi and Dirac nite di erence operators, J. Di. Eqs. 219 (2005), 144{182.

[30] S. Clark, F. Gesztesy, and M. ZinchenkoWeyH{Titchmarsh theory and Borg{Marchenko-type
uniqueness results for CMV operators with matrix-valued Veblunsky coe cients , Operators
and Matrices 1 (2007), 535{592.

[31] W. Craig and B. Simon, Log Helder continuity of the integrated density of states fo stochastic
Jacobi matrices Comm. Math. Phys. 90 (1983), 207{218.

[32] D. Damanik and R. Killip, Half-line Schmdinger operators with no bound states Acta Math.
193 (2004), 31{72.

[33] D. Damanik, R. Killip, and B. Simon, Perturbations of orthogonal polynomials with periodic
recursion coe cients , preprint.

[34] P. Dean and J. L. Martin, A method for determining the frequency spectra of disordert
lattices in two-dimensions Proc. Roy. Soc. (London) A 259 (1960), 409{418.

[35] A. M. Delgado, J. S. Geronimo, P. lliev, and F. Marcelan, Two variable orthogonal polyno-
mials and structured matrices SIAM J. Matrix Anal. Appl. 28 (2006), 118{147 [electronic].

[36] P. Delsarte and Y. V. Genin, On a generalization of the Szeg){Levinson recurrence andts
application in lossless inverse scatteringlEEE Trans. Inform. Theory 38 (1992), 104{110.

[37] P. Delsarte, Y. V. Genin, and Y. G. Kamp, Orthogonal polynomial matrices on the unit circle
IEEE Trans. Circuits and Systems CAS-25 (1978), 149{160.

[38] P. Delsarte, Y. V. Genin, and Y. G. Kamp, Planar least squares inverse polynomials, |I.
Algebraic properties IEEE Trans. Circuits and Systems CAS-26 (1979), 59{66.

[39] P. Delsarte, Y. V. Genin, and Y. G. Kamp, The Nevanlinna{Pick problem for matrix-valued
functions, SIAM J. Appl. Math. 36 (1979), 47{61.



Matrix Orthogonal Polynomials 75

[40] P. Delsarte, Y. V. Genin, and Y. G. Kamp, Schur parametrization of positive de nite block-
Toeplitz systems SIAM J. Appl. Math. 36 (1979), 34{46.

[41] P. Delsarte, Y. V. Genin, and Y. G. Kamp, Generalized Schur representation of matrix-valued
functions, SIAM J. Algebraic Discrete Methods 2 (1981), 94{107.

[42] S. Denisov,On Rakhmanov's theorem for Jacobi matricesProc. Amer. Math. Soc. 132 (2004),
847{852.

[43] H. Dette and W. J. Studden, Matrix measures, moment spaces and Favard's theorem for the
interval [0;1] and [0;1 ), Linear Algebra Appl. 345 (2002), 169{193.

[44] V. Dubovoj, B. Fritzsche, and B. Kirstein, Matricial Version of the Classical Schur Problem
Teubner Texts in Mathematics 129, Teubner Verlag, Stuttgart (1992).

[45] A. J. Duan, A generalization of Favard's theorem for polynomials sati$ying a recurrence
relation, J. Approx. Theory 74 (1993), 83{109.

[46] A. J. Duan, On orthogonal polynomials with respect to a positive de nie matrix of measures
Canad. J. Math. 47 (1995), 88{112.

[47] A.J. Duan, Markov's theorem for orthogonal matrix polynomials Canad. J. Math. 48 (1996),
1180{1195.

[48] A. J. Duan, Matrix inner product having a matrix symmetric second order di erential oper-
ator, Rocky Mountain J. Math. 27 (1997), 585{600.

[49] A. J. Duan, Ratio asymptotics for orthogonal matrix polynomials J. Approx. Theory 100
(1999), 304{344.

[50] A.J. Duan, How to nd weight matrices having symmetric second order di eential operators
with matrix leading coe cient , preprint.

[51] A.J. Duan, Generating weight matrices having symmetric second orderi@rential operators
from a trio of upper triangular matrices, preprint.

[52] A. J. Duan and E. Daneri, Ratio asymptotics for orthogonal matrix polynomials with un-
bounded recurrence coe cients, J. Approx. Theory 110 (2001), 1{17.

[53] A. J. Duan and E. Daneri, Weak convergence for orthogonal matrix polynomialsindag.
Math. (N.S.) 13 (2002), 47{62.

[54] A. J. Duran and E. Defez, Orthogonal matrix polynomials and quadrature formulas Linear
Algebra Appl. 345 (2002), 71{84.

[55] A. J. Duan and F. A. Grnbaum, Orthogonal matrix polynomials satisfying second order
di erential equations, Int. Math. Res. Not. 2004:10 (2004), 461{484.

[56] A. J. Duan and F. A. Gmnbaum, A survey on orthogonal matrix polynomials satisfying
second order di erential equations, J. Comput. Appl. Math. 178 (2005), 169{190.



D. Damanik, A. Pushnitski, B. Simon 76

[57] A. J. Duan and F. A. Granbaum, Structural formulas for orthogonal matrix polynomials
satysfying second order di erential equations, |, Constr. Approx. 22 (2005), 255{271.

[58] A. J. Duan and F. A. Gnanbaum, Orthogonal matrix polynomials, scalar type Rodrigues'
formulas and Pearson equationsJ. Approx. Theory. 134 (2005), 267{280.

[59] A. J. Duan and F. A. Gnbaum, A characterization for a class of weight matrices with
orthogonal matrix polynomials satisfying second order dierential equations Int. Math. Res.
Not. 23 (2005), 1371{1390.

[60] A. J. Duan and F. A. Genbaum, P. A. M. Dirac meets M. G. Krein: matrix orthogonal
polynomials and Diracs equation J. Phys. A: Math. Gen. 39 (2006), 3655{3662.

[61] A.J. Duan and F. A. Gnbaum, Matrix orthogonal polynomials satisfying second-order d
ferential equations: Coping without help from group repreentation theory, J. Approx. Theory
148 (2007), 35{48.

[62] A. J. Duan and F. A. Ganbaum, Matrix di erential equations and scalar polynomials sat-
isfying higher order recursions preprint.

[63] A. Duran, F. A. Gnbaum, |. Pacharoni, and J. A. Tirao, Matrix orthogonal polynomials
and di erential operators, with examples and applications in preparation.

[64] A. J. Duan and M. D. de la Iglesia, Some examples of orthogonal matrix polynomials satis-
fying odd order di erential equations, to appear in J. Approx. Theory.

[65] A. J. Duan and M. D. de la Iglesia, Second order di erential operators having several families
of orthogonal matrix polynomials as eigenfunctions preprint.

[66] A. J. Duan and P. lopez-Rodrguez, Orthogonal matrix polynomials: zeros and Blumenthal's
theorem, J. Approx. Theory 84 (1996), 96{118.

[67] A. J. Duan and P. lopez-Rodrguez, The LP space of a positive de nite matrix of measures
and density of matrix polynomials in L, J. Approx. Theory 90 (1997), 299{318.

[68] A. J. Duan and P. lopez-Rodrguez, Density questions for the truncated matrix moment
problem Canad. J. Math. 49 (1997), 708{721.

[69] A. J. Duan and P. lopez-Rodrguez, N -extremal matrices of measures for an indeterminate
matrix moment problem, J. Funct. Anal. 174 (2000), 301{321.

[70] A. J. Duan and P. lopez-Rodrguez, The matrix moment problem Margarita Mathematica
en memoria de Jog Javier Guadalupe (L. Espafol and J. L. Veona, eds.), pp. 333{348,
Universidad de La Rioja, Logrono (2001).

[71] A. J. Duan and P. lopez-Rodrguez, Orthogonal matrix polynomials, Laredo's SIAG Lec-
ture Notes, (R. Alvarez-Nodarse et al., eds.), pp. 11{43, Advances in the Thery of Special
Functions and Orthogonal Polynomials, Nova Science Publisers 1 (2003).

[72] A. J. Duan and P. lopez-Rodrguez, Structural formulas for orthogonal matrix polynomials
satisfying second order di erential equations, I, Constr. Approx. 26 (2007), 29{47.



Matrix Orthogonal Polynomials 77

[73] A. J. Duan and P. lopez-Rodrguez, Structural formulas for orthogonal matrix polynomials
satisfying second order di erential equations, I, Constr. Approx. 26 (2007) 29{47.

[74] A. J. Duan, P. lopez-Rodrguez, and E. B. Sa, Zero asymptotic behaviour for orthogonal
matrix polynomials, J. d'Analyse Math. 78 (1999), 37{60.

[75] A. J. Duan and B. Polo, Gaussian quadrature formulae for matrix weights Linear Algebra
Appl. 355 (2002), 119{146.

[76] A. J. Duan and B. Polo, Matrix Christo el functions , Constr. Approx. 20 (2004), 353{376.

[77] A.J. Duan and W. Van Assche, Orthogonal matrix polynomials and higher-order recurrene
relations, Linear Algebra Appl. 219 (1995), 261{280.

[78] H. Dym, J Contractive Matrix Functions, Reproducing Kernel Hilbert Spaces and Inter-
polation, CBMS Regional Conference Series in Math71, American Mathematical Society,
Providence, R.I. (1989).

[79] Yu. M. Dyukarev, De ciency numbers of symmetric operators generated by blécJacobi ma-
trices, Sb. Math. 197 (2006), 1177{1203.

[80] T. Erctlyi, P. Nevai, J. Zhang, and J. Geronimo, A simple proof of \Favard's theorem" on
the unit circle, Atti Sem. Mat. Fis. Univ. Modena 39 (1991), 551{556.

[81] L. Faybusovich and M. Gekhtman, On Schur ows, J. Phys. A 32 (1999), 4671{4680.
[82] G. Freud, Orthogonal Polynomials Pergamon Press, Oxford-New York (1971).

[83] P. A. Fuhrmann, Orthogonal matrix polynomials and system theory Rend. Sem. Mat. Univ.
Politec. Torino 1987, Special Issue, 68{124.

[84] J. S. Geronimo,Matrix orthogonal polynomials on the unit circle, J. Math. Phys. 22 (1981),
1359{1365.

[85] J. S. Geronimo,Scattering theory and matrix orthogonal polynomials on theeal line, Circuits
Systems Signal Proces4 (1982), 471{495.

[86] J. S. Geronimo, Polynomials orthogonal on the unit circle with random recurence coe -
cients, Methods of Approximation Theory in Complex Analysis and Mathematical Physics
(Leningrad, 1991), pp. 43{61, Lecture Notes in Math. 1550, Springer, Berlin (1993).

[87] J. S. Geronimo and K. M. Case,Scattering theory and polynomials orthogonal on the unit
circle, J. Math. Phys. 20 (1979), 299{310.

[88] J. S. Geronimo and H. Woerdeman,Two variable orthogonal polynomials on the bicircle and
structured matrices, SIAM J. Matrix Anal. Appl. 29 (2007), 796{825.

[89] Ya. L. Geronimus, On polynomials orthogonal on the circle, on trigonometric noment prob-
lem, and on allied Caratfeodory and Schur functions Mat. Sb. 15 (1944), 99{130 [Russian].

[90] Ya. L. Geronimus, On the trigonometric moment problem Ann. of Math. (2) 47 (1946),
742{761.



D. Damanik, A. Pushnitski, B. Simon 78

[91] Ya. L. Geronimus, Polynomials Orthogonal on a Circle and Their Applications, Amer. Math.
Soc. Translation 1954 (1954), no. 104, 79 pp.

[92] Ya. L. Geronimus, Orthogonal Polynomials: Estimates, Asymptotic Formulas, and Series of
Polynomials Orthogonal on the Unit Circle and on an Interval, Consultants Bureau, New
York (1961).

[93] Ya. L. Geronimus, Orthogonal polynomials Engl. translation of the appendix to the Russian
translation of Szegd's book [184], in \Two Papers on SpeciaFunctions,” Amer. Math. Soc.
Transl., Ser. 2, Vol. 108, pp. 37{130, American Mathematica Society, Providence, R.I. (1977).

[94] F. Gesztesy, N. J. Kalton, K. A. Makarov, and E. Tsekanowkii, Some applications of
operator-valued Herglotz functions Operator Theory, System Theory and Related Topics
(Beer-Sheva/Rehovot, 1997), pp. 271{321, Oper. Theory Adv.Appl. 123, Birkhauser, Basel
(2001).

[95] F. Gesztesy, A. Kiselev, and K. Makarov,Uniqueness results for matrix-valued Schmedinger,
Jacobi, and Dirac-type operators Math. Nachr. 239/240 (2002), 103{145.

[96] F. Gesztesy and L. A. SakhnovichA class of matrix-valued Schmdinger operators with pre-
scribed nite-band spectra, Reproducing Kernel Hilbert Spaces, Positivity, System Theory and
Related Topics (D. Alpay, ed.), pp. 213{253, Operator Theoly: Advances and Applications
143, Birkhauser, Basel (2003).

[97] F. Gesztesy and B. Simon©On local Borg{Marchenko uniqueness resultsComm. Math. Phys.
211 (2000), 273{287.

[98] F. Gesztesy and E. Tsekanovskii,On matrix-valued Herglotz functions Math. Nachr. 218
(2000), 61{138.

[99] I. Gohberg and M. Krein, Introduction to the Theory of Linear Nonselfadjoint Operators,
Translations of Mathematical Monographs 18, American Mathematical Society, Providence,
R.l. (1969).

[100] L. Golinskii, Quadrature formula and zeros of para-orthogonal polynomils on the unit circle,
Acta Math. Hungar. 96 (2002), 169{186.

[101] L. Golinskii and S. Khrushchev, Cesaro asymptotics for orthogonal polynomials on the unit
circle and classes of measures). Approx. Theory 115 (2002), 187{237.

[102] F. A. Grdnbaum, Matrix valued Jacobi polynomials Bull. Sciences Math. 127 (2003), 207{
214.

[103] F. A. Gnbaum, Random walks and orthogonal polynomials: some challenggseprint.

[104] F. A. Gnbaum and M. D. de la Iglesia, Matrix valued orthogonal polynomials related to
SU(N + 1), their algebras of di erential operators and the correspording curves Exp. Math.
16 (2007), 189{207.

[105] F. A. Granbaum and M. D. de la Iglesia, Matrix valued orthogonal polynomials arising from
group representation theory and a family of quasi-birth-an-death processespreprint.



Matrix Orthogonal Polynomials 79

[106] F. A. Ganbaum and P. lliev, A noncommutative version of the bispectral problemJ. Comput.
Appl. Math. 161 (2003), 99{118.

[107] F. A. Granbaum, I. Pacharoni, and J. A. Tirao, A matrix valued solution to Bochner's prob-
lem, J. Phys. A: Math. Gen. 34 (2001), 10647{10656.

[108] F. A. Ganbaum, I. Pacharoni, and J. A. Tirao, Matrix valued spherical functions associated
to the three dimensional hyperbolic spacenternat. J. of Math. 13 (2002), 727{784.

[109] F. A. Ganbaum, I. Pacharoni, and J. A. Tirao, Matrix valued spherical functions associated
to the complex projective planeJ. Funct. Anal. 188 (2002), 350{441.

[110] F. A. Granbaum, I. Pacharoni, and J. A. Tirao, Matrix valued orthogonal polynomials of the
Jacobi type Indag. Math. 14 (2003), 353{366.

[111] F. A. Gmanbaum, I. Pacharoni, and J. A. Tirao, An invitation to matrix-valued spherical
functions: Linearization of products in the case of complexprojective spaceP»(C), Modern
Signal Processing, pp. 147{160, Math. Sci. Res. Inst. Publ46, Cambridge University Press,
Cambridge (2004).

[112] F. A. Granbaum, I. Pacharoni, and J. A. Tirao, Matrix valued orthogonal polynomials of the
Jacobi type: The role of group representation theoryAnn. Inst. Fourier (Grenoble) 55 (2005),
2051{2068.

[113] F. A. Ganbaum and J. A. Tirao, The algebra of di erential operators associated to a weight
matrix, Integr. Equ. Oper. Th. 58 (2007), 449{475.

[114] S. Helgason,Di erential Geometry, Lie Groups, and Symmetric Spaces corrected reprint
of the 1978 original, Graduate Studies in Mathematics34, American Mathematical Society,
Providence, R.I. (2001).

[115] L. L. Helms, Introduction to Potential Theory, Pure and Applied Mathematics 22, Wiley-
Interscience, New York (1969).

[116] H. Helson and D. LowdenslagerPrediction theory and Fourier series in several variables
Acta Math. 99 (1958), 165{202.

[117] H. Helson and D. LowdenslagerPrediction theory and Fourier series in several variablesi|l ,
Acta Math. 106 (1961), 175{213.

[118] M. E. H. Ismail, Classical and Quantum Orthogonal Polynomials in One Variake, Ency-
clopedia of Mathematics and its Applications 98, Cambridge University Press, Cambridge
(2005).

[119] W. B. Jones, O. Nystad, and W. J. Thron, Moment theory, orthogonal polynomials, quadra-
ture, and continued fractions associated with the unit cirde, Bull. London Math. Soc. 21
(1989), 113{152.

[120] T. Kailath, A view of three decades of linear ltering theory, IEEE Trans. Inform. Theory
IT-20 (1974), 146{181.



D. Damanik, A. Pushnitski, B. Simon 80

[121] T. Kailath, Signal processing applications of some moment problem$/oments in Mathe-
matics, (San Antonio, Tex., 1987), Proc. Sympos. Appl. Math 37, pp. 71{109, American
Mathematical Society, Providence, R.I. (1987).

[122] T. Kailath, Norbert Wiener and the development of mathematical engine@rg, The Legacy
of Norbert Wiener: A Centennial Symposium, Proc. Sympos. Pue Math. 60, pp. 93{116,
American Mathematical Society, Providence, R.l. (1997).

[123] T. Kailath, A. Vieira, and M. Morf, Inverses of Toeplitz operators, innovations, and orthog
onal polynomials SIAM Rev. 20 (1978), 106{119.

[124] T. Kato, Perturbation Theory for Linear Operators, second edition, Grundlehren der Math-
ematischen Wissenschafteri32, Springer, Berlin-New York (1976).

[125] S. Khrushchev,Schur's algorithm, orthogonal polynomials, and convergete of Wall's contin-
ued fractions in L2(T), J. Approx. Theory 108 (2001), 161{248.

[126] S. Khrushchev,Classi cation theorems for general orthogonal polynomias on the unit circle,
J. Approx. Theory 116 (2002), 268{342.

[127] R. Killip and I. Nenciu, Matrix models for circular ensembles Int. Math. Res. Not. 2004:50
(2004), 2665{2701.

[128] R. Killip and B. Simon, Sum rules for Jacobi matrices and their applications to spetal theory,
Ann. of Math. 158 (2003), 253{321.

[129] A. N. Kolmogorov, Stationary sequences in Hilbert spaceBull. Univ. Moscow 2 (1941), 40
pp. [Russian].

[130] S. Kotani and B. Simon, Stochastic Schredinger operators and Jacobi matrices onhe strip,
Comm. Math. Phys. 119 (1988), 403{429.

[131] M. G. Krein, On a generalization of some investigations of G. Szeg), W. MSmirnov, and
A. N. Kolmogorov, Dokl. Akad. Nauk SSSR 46 (1945), 91{94.

[132] M. G. Krein, On a problem of extrapolation of A. N. Kolmogoroy Dokl. Akad. Nauk SSSR
46 (1945), 306{309.

[133] M. G. Krein, In nite J-matrices and a matrix moment problem Dokl. Akad. Nauk SSSR 69
(1949), 125{128 [Russian].

[134] J. Lacroix, The random Schmedinger operator in a strip, Probability Measures on Groups,
VII (Oberwolfach, 1983), pp. 280{297, Lecture Notes in Math 1064, Springer, Berlin (1984).

[135] H. J. Landau, Maximum entropy and the moment problemBull. Amer. Math. Soc. 16 (1987),
47{77.

[136] N. S. Landkof, Foundations of Modern Potential Theory, Springer-Verlag, Berlin-New York
(1972).



Matrix Orthogonal Polynomials 81

[137] L. Lerer and A. C. M. Ran, A new inertia theorem for Stein equations, inertia of invertible
Hermitian block Toeplitz matrices and matrix orthogonal polynomials, Integr. Equ. Oper. Th.
47 (2003), 339{360.

[138] N. Levinson, The Wiener RMS (root-mean square) error criterion in Iter d esign and pre-
diction, J. Math. Phys. Mass. Inst. Tech. 25 (1947), 261{278.

[139] P. lopez-Rodrguez, Riesz's theorem for orthogonal matrix polynomials Constr. Approx. 15
(1999), 135{151.

[140] P. lLopez-Rodrguez, Nevanlinna parametrization for a matrix moment problem, Math. Scand.
89 (2001), 245{267.

[141] D. S. Lubinsky, A new approach to universality limits involving orthogonal polynomials, to
appear in Ann. of Math.

[142] F. Marcelan and I. Rodriguez, A class of matrix orthogonal polynomials on the unit circle
Linear Algebra Appl. 121, (1989), 233{241.

[143] F. Marcelan and G. Sansigre,On a class of matrix orthogonal polynomials on the real ling
Linear Algebra Appl. 181 (1993), 97{109.

[144] F. Marcelan and H. O. Yakhlef, Recent trends on analytic properties of matrix orthonormal
polynomials, Orthogonal Polynomials, Approximation Theory, and Harmonic Analysis (Inzel,
2000), Electron. Trans. Numer. Anal. 14 (2002), 127{141 [electronic].

[145] F. Marcelan and S. M. Zagorodnyuk, On the basic set of solutions of a high-order linear
di erence equation, J. Di. Equ. Appl. 12 (2006), 213{228.

[146] A. Mak and P. Nevai, Bernstein's inequality in LP for 0 < p < 1 and (C; 1) bounds for
orthogonal polynomials Ann. of Math. (2) 111 (1980), 145{154.

[147] A. Mak, P. Nevai, and V. Totik, Strong and weak convergence of orthogonal polynomials
Am. J. Math. 109 (1987), 239{281.

[148] L. Miranian, Matrix valued orthogonal polynomials Ph.D. Thesis, University of California at
Berkeley (2005).

[149] L. Miranian, Matrix valued orthogonal polynomials on the real line: Someextensions of the
classical theory J. Phys. A: Math. Gen. 38 (2005), 5731{5749.

[150] L. Miranian, On classical orthogonal polynomials and di erential operdors, J. Phys. A: Math.
Gen. 38 (2005), 6379{6383.

[151] S. Molchanov and B. Vainberg,Schmdinger operators with matrix potentials. Transitio n from
the absolutely continuous to the singular spectrugn]. Funct. Anal. 215 (2004), 111{129.

[152] P. Nevai, Geza Freud, orthogonal polynomials and Christo el functions. A case study J.
Approx. Theory 48 (1986), 167 pp.



D. Damanik, A. Pushnitski, B. Simon 82

[153] E. M. Nikishin, The discrete Sturm{Liouville operator and some problems ofunction theory,
J. Soviet Math. 35 (1987), 2679{2744; Russian original in Trudy Sem. Petrovsk10 (1984),
3{77.

[154] I. Pacharoni and P. Roman, A sequence of matrix valued orthogonal polynomials assodé
to spherical functions Constr. Approx. 28 (2008), 127{147.

[155] I. Pacharoni and J. A. Tirao, Three term recursion relation for spherical functions asseiated
to the complex projective plane Math. Phys. Anal. Geom. 7 (2004), 193{221.

[156] I. Pacharoni and J. A. Tirao, Matrix valued orthogonal polynomials arising from the compex
projective space Constr. Approx. 25 (2007), 177{192.

[157] I. Pacharoni and J. A. Tirao, Matrix valued orthogonal polynomials associated to the gup
SU(N), in preparation.

[158] T. Ransford, Potential Theory in the Complex Plane Press Syndicate of the Univesity of
Cambridge, New York (1995).

[159] M. Reed and B. SimonMethods of Modern Mathematical Physics, I1V: Analysis of Opeators,
Academic Press, New York (1978).

[160] L. Rodman,Orthogonal matrix polynomials, Orthogonal Polynomials (Columbus, OH, 1989),
pp. 345{362, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci. 294, Kluwer, Dordrecht (1990).

[161] P. Roman and J. A. Tirao, Spherical functions, the complex hyperbolic plane and theyher-
geometric operator, Internat. J. Math. 17 (2006), 1151{1173.

[162] M. Rosenberg,The square integrability of matrix valued functions with respect to a non-
negative Hermitian measure Duke Math. J. 31 (1964), 291{298.

[163] I. Schur,Uber Potenzreihen, die im Innern des Einheitskreises besclankt sind, I, Il , J. Reine
Angew. Math. 147 (1917), 205{232; 148 (1918), 122{145; English translation in \l. Schur
Methods in Operator Theory and Signal Processing" (I. Gohbeg, ed.), pp. 31{59, 66{88,
Operator Theory: Advances and Applications 18, Birkhauser, Basel (1986).

[164] H. Schulz-Baldes,Perturbation theory for Lyapunov exponents of an Anderson rmdel on a
strip, Geom. Funct. Anal. 14 (2004), 1089{1117.

[165] H. Schulz-Baldes,Rotation numbers for Jacobi matrices with matrix entries, Math. Phys.
Electron. J. 13 (2007), 40 pp.

[166] B. Schwarz and A. Zaks,Matrix Mebius transformations , Comm. Algebra 9 (1981), 1913{
1968.

[167] B. Simon, Orthogonal Polynomials on the Unit Circle. Part 1. Classical Theory, Colloquium
Publications 54.1, American Mathematical Society, Providence, R.l. (2005).

[168] B. Simon, Orthogonal Polynomials on the Unit Circle. Part 2. Spectral Theory, Colloquium
Publications 54.2, American Mathematical Society, Providence, R.l. (2005).



Matrix Orthogonal Polynomials 83

[169] B. Simon, Trace Ideals and Their Applications, second edition, Mathematical Surveys and
Monographs 120, American Mathematical Society, Providence, R.l. (2005).

[170] B. Simon,CMV matrices: Five years after, J. Comput. Appl. Math. 208 (2007), 120{154.

[171] B. Simon,Equilibrium measures and capacities in spectral theorylnverse Problems and Imag-
ing 1 (2007), 376-382.

[172] B. Simon, Rank one perturbations and the zeros of paraorthogonal palpmials on the unit
circle, J. Math. Anal. Appl. 329 (2007), 376{382.

[173] B. Simon, Two extensions of Lubinsky's universality theoremto appear in J. Anal. Math.
[174] B. Simon,Weak convergence of CD kernels and applicationgreprint.

[175] B. Simon, The Christo e{Darboux kernel, in preparation, to appear in Maz'ya Birthday
volume.

[176] B. Simon, Szegd's Theorem and Its Descendants: Spectral Theory fot.? Perturbations of
Orthogonal Polynomials in preparation; to be published by Princeton University Press.

[177] A. Sinap,Gaussian quadrature for matrix valued functions on the realine, J. Comput. Appl.
Math. 65 (1995), 369{385.

[178] A. Sinap and W. Van Assche,Orthogonal matrix polynomials and applications J. Comput.
Appl. Math. 66 (1996), 27{52.

[179] V. N. Sorokin and J. Van IseghemMatrix continued fractions, J. Approx. Theory 96 (1999),
237{257.

[180] H. Stahl and V. Totik, General Orthogonal Polynomials Encyclopedia of Mathematics and
its Applications 43, Cambridge University Press, Cambridge (1992).

[181] T. Stieltjes, Recherches sur les fractions continugsAnn. Fac. Sci. Univ. Toulouse 8 (1894{
1895), J76{J122; ibid. 9, A5{A47.

[182] G. Szeq), Uber den asymptotischen Ausdruck von Polynomen, die durch m@ Orthogo-
naliatseigenschaft de niert sind, Math. Ann. 86 (1922), 114{139.

[183] G. Szegd, Bemerkungen zu einer Arbeit von Herrn M. Fekete: Uber die Verteilung der
Wourzeln bei gewissen algebraischen Gleichungen mit ganhigen Koe zienten , Math. Z.
21 (1924), 203{208.

[184] G. Szeg),Orthogonal Polynomials Amer. Math. Soc. Collog. Publ. 23, American Mathemat-
ical Society, Providence, R.l. (1939); third edition, (1967).

[185] G. Teschl,Jacobi Operators and Completely Integrable Nonlinear Latttes Mathematical Sur-
veys and Monographs72, American Mathematical Society, Providence, R.I. (2000).

[186] J. A. Tirao, The matrix valued hypergeometric equation Proc. Nat. Acad. Sci. U.S.A. 100
(2003), 8138{8141.



D. Damanik, A. Pushnitski, B. Simon 84

[187] V. Totik, Asymptotics for Christo el functions for general measures a the real line, J. Anal.
Math. 81 (2000), 283{303.

[188] V. Totik, Polynomial inverse images and polynomial inequalitiesActa Math. 187 (2001),
139{160.

[189] V. Totik, Universality and ne zero spacing on general setsin preparation.

[190] J. L. Ullman, On the regular behaviour of orthogonal polynomialsProc. London Math. Soc.
(3) 24 (1972), 119{148.

[191] W. Van Assche,Rakhmanov's theorem for orthogonal matrix polynomials on he unit circle,
J. Approx. Theory 146 (2007), 227{242.

[192] S. Verblunsky, On positive harmonic functions: A contribution to the algeba of Fourier
series Proc. London Math. Soc. (2) 38 (1935), 125{157.

[193] H. Weyl, Uber gewshnliche Di erentialgleichungen mit Singularitaten und die zugeherigen
Entwicklungen willkarlicher Funktionen, Math. Ann. 68 (1910), 220{269.

[194] P. Whittle, On the tting of multivariate autoregressions and the approximate canonical fac-
torization of a spectral density matrix, Biometrika 50 (1963), 129{134.

[195] H. Widom, Polynomials associated with measures in the complex pland. Math. Mech. 16
(1967), 997{1013.

[196] N. Wiener, Extrapolation, Interpolation, and Smoothing of Stationary Time Series. With
Engineering Applications, The Technology Press of the Massachusetts Institute of Teenology,
Cambridge, Mass. (1949).

[197] M.-W. L. Wong, First and second kind paraorthogonal polynomials and theizeros J. Approx.
Theory 146 (2007), 282{293.

[198] H. O. Yakhlef, Relative asymptotics for orthogonal matrix polynomials wih unbounded recur-
rence coe cients, Integral Transforms Spec. Funct. 18 (2007), 39{57.

[199] H. O. Yakhlef and F. Marcelan, Orthogonal matrix polynomials, connection between recur-
rences on the unit circle and on a nite interval, Approximation, Optimization and Mathe-
matical Economics (Pointea-Pitre, 1999), pp. 369{382, Physica, Heidelberg (2001).

[200] H. O. Yakhlef and F. Marcelan, Relative asymptotics for orthogonal matrix polynomials wih
respect to a perturbed matrix measure on the unit circle Approx. Theory Appl. (N.S.) 18
(2002), 1{19.

[201] H. O. Yakhlef, F. Marcelan, and M. A. Pinar, Perturbations in the Nevai matrix class of
orthogonal matrix polynomials, Linear Algebra Appl. 336 (2001), 231{254.

[202] H. O. Yakhlef, F. Marcelan, and M. A. Pinar, Relative asymptotics for orthogonal matrix
polynomials with convergent recurrence coe cients, J. Approx. Theory 111 (2001), 1{30.



Matrix Orthogonal Polynomials 85

[203] D. C. Youla and N. N. Kazanjian, Bauer-type factorization of positive matrices and the theoy
of matrix polynomials orthogonal on the unit circle, IEEE Trans. Circuits and Systems CAS-
25 (1978), 57{69.

[204] M. Zygmunt, Matrix Chebyshev polynomials and continued fractionsLinear Algebra Appl.
340 (2002), 155{168.

David Damanik
Department of Mathematics
Rice University

Houston, TX 77005, USA
damanik@rice.edu

Alexander Pushnitski
Department of Mathematics
King's College London

Strand, London WC2R 2LS, UK
alexander.pushnitski@kcl.ac.uk

Barry Simon

Mathematics 253{37

California Institute of Technology
Pasadena, CA 91125, USA
bsimon@caltech.edu



