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ROBUST STABILIZATION OF NONLINEAR CONTROL

SYSTEMS BY MEANS OF HYBRID FEEDBACKS

Abstract. The general problem under study in this paper is the robust asymptotic stabiliza-
tion of nonlinear systems. Different types of systems are considered: the Artstein’s circles,
the systems which are asymptotically controllable to the origin and also the chained systems.
We recall some results on the stabilization by means of hybrid feedback laws (namely con-
troller with a mixed continuous/discrete component) and by means of discontinuous feed-
backs. We note that hybrid feedbacks yield a robust stabilization property with respect to
measurement noise, actuator errors and exogeneous disturbances, for a larger class of solu-
tions than those obtained with discontinuous state-feedbacks.

1. Introduction

There exists now a very large literature about the hybrid systems (i.e. control system
with a mixing discrete-continuous state) and the stability properties of these systems
see e.g. [37, 5, 6, 18]. We can use this notion of systems and their study to construct
hybrid feedback laws (i.e. state-feedback laws with an additional discrete dynamic
state variable) and to stabilize the origin of nonlinear control systems with a priori
only a continuous state. The state of the closed-loop system we get is hybrid due to
the presence of the discrete component of the hybrid feedback law. A generalization
of the Carathéodory solutions in the context of the hybrid systems is given in [5]. In
[21, 26] it is introduced a generalization of π -solutions and Euler solutions for the
hybrid systems.

It appears that this new class of feedback laws has, for some problems in control
theory, the following nice properties:

• The hybrid feedback laws could be constructed by making an “hysteresis” be-
tween different control laws. To this end, we overlap the sets of definition of
different control laws and we define the switching strategy with a suitable dy-
namical discrete variable. It is done e.g. in Section 5 for two control laws and in
Section 4 for a countable number of control laws.

• With such a strategy, the hybrid feedback laws could be guaranteed to avoid
chattering between the different control laws.

• As this chattering should be avoided to obtain a robust stability property (see
[34] for a discussion about this general idea), the hybrid feedback laws can be
naturally used for the robust stabilization of control systems.

The aim of this paper is to compare the class of hybrid feedback laws with
other class of feedback laws used in control theory. To do this we recall some results
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on stabilization by means of (dis)-continuous feedback laws and by means of hybrid
feedback laws, more precisely the following results:

• [22] The robust stabilization of the Artstein’s circles by means of a hybrid feed-
back law

• [25] The robust stabilization by a hybrid feedback law of any asymptotically
controllable system

• [28] The robust stabilization by a hybrid feedback law of the Brockett’s integrator
and more generally of the chained systems.

Note that in all control problems under study in this paper, we construct (and
even we explicit in the cases of the Artstein’s circles and the chained systems) a robust
hybrid feedback law by using different continuous feedbacks defined on subsets of
the state space. These continuous component of our hybrid feedback law are chosen
completly independently of the definition of the dynamical discrete variable. We prove
the robustness of the hybrid feedback law together with the properties inherited of
properties of the different continuous components. More precisely

• For the robust stabilization of asymptotically controllable systems, we use inde-
pendently properties of the continuous feedback laws components (namely the
“patchy feedback” built in [1]) and hybrid strategy to construct an hybrid feed-
back law which renders the origin a robust asymptically stable equilibrium. The
stabilization property is inherited from the property of the patchy feedback and
the robustness is due to the hybrid strategy.

• For the Brockett’s integrator and the chained systems, we use independently the
speed of the convergence of the stabilization of the feedback of [38] (namely the
exponential stabilization) and the hybrid feedback law to get a robust exponential
stable equilibrium for the Brockett’s integrator and the chained systems.

Thus, given a control system and continuous feedback laws defined on a cov-
ering of the state space, our technique should be seen as a new possibility to construct
simple and robust feedback laws for nonlinear systems.

The paper is organized as follows. First in Section 2 we recall some well-known
results about the stabilization of the origin of a control system by means of continuous
feedback laws. In particular we introduce the Brockett’s integrator.

Then in Section 3 we investigate the class of continuous periodic time-varying
feedback laws and we show how, in some cases, hybrid feedback laws can be used
to stabilize control systems for which there does not exist any stabilizing continuous
periodic time-varying feedback law.

In Section 4 we study the classical problem of the robust stabilization of the
origin of an asymptotically controllable system. We give the history of this problem,
in particular the state of the art of the stabilization by means of discontinuous feedback
laws. We also give a result about the robust stabilization of asymptotically controllable
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systems by means of hybrid feedback laws. We show that the class of solutions consid-
ered in our result is larger than those obtained with any discontinuous feedback laws
and thus the stabilization property is more rich.

In Section 5 we study the problem of the robust stabilization of the n-chained
systems with two controls which is a slight generalization of the Brockett’s integrator.
We state that there exists a hybrid feedback law (with only two discrete states) such
that the origin of the closed-loop system is a globally exponentially stable equilibrium
with a robustness with respect to measurement noise and external disturbances.

Section 6 summarizes the main contributions of the work and points to some
open problems and future research directions.

2. Stabilization by continuous feedback laws

Let us consider the following system:

(1) ẋ = f (x, u)

assuming that the control set K ⊂ R
m is a compact subset of R

m and that the map
f : R

n ×K → R
n is locally Lipschitz in x , uniformly with respect to u, and continuous

in u. In the following we refer very often to the asymptotically controllability property.

DEFINITION 1. The system (1) is said to be globally asymptotically controllable
to the origin if the following properties hold:

1. For each x0 in R
n , there exists an admissible control u0 (i.e. a measurable

function [0,+∞)→ K ) such that the maximal Carathéodory solution X starting
from x0 of

(2) ẋ = f (x, u0)

is defined for all t ≥ 0 and satisfies X (t) → 0 as t → +∞.

2. For each ε > 0 there exists C > 0 such that for each x0 in B(0,C), there is an
admissible control u0 as in 1. such that

X (t) ∈ B(0, ε), ∀t ≥ 0 .

The general problem under consideration in this paper is the asymptotic stabi-
lization via state-feedback. Let us recall that asymptotic stabilization means that the
following two properties hold:

• Stability of the origin of the closed-loop system.

• Convergence to the origin of all the solutions.

In this section we restrict ourself to the class of continuous feedback law i.e. of
continuous mappings u : R

n → K .
There exists a necessary condition for the existence of a continuous control law

which makes the origin locally asymptotically stable as stated by the following result:
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THEOREM 1. [7] It there exist a continuous state feedback law rendering the
origin of (1) a locally asymptotically stable equilibrium, then the map (x, u) 7→
f (x, u) is open at zero.

There exist systems which do not satisfy this necessary condition hence for
which there does not exist a continuous stabilizing feedback law (see [35, 7]). Consider
e.g. the so-called “Brockett’s integrator”:

(3)





ẋ1 = u1
ẋ2 = u2
ẋ3 = x2u1 − x1u2

3. Time-varying feedbacks and the Artstein’s circles

We can also consider the class of periodic time-varying feedback laws to make the
origin of (1) an asymptotically stable equilibrium. This class of feedback laws is suffi-
ciently large to derive an asymptotic stability property from a controllability property.
Indeed it can be proved (see the precise statement in [12], see also [11], for the mono-
dimensional case n = 1)

THEOREM 2. [12] If the origin is locally continuously reachable in small time,
if the strong algebra rank condition is satisfied and if n ≥ 4, then there exists a periodic
time-varying feedback law such that the origin of (1) in closed-loop is an asymptotically
stable equilibrium.

However let us make the following remark concerning the Artstein’s circles
(see [2] for an introduction of this system). This system is well-known and studied in
several papers as [34, 22, 8, 4]. This is the following two dimensional system:

(4)
{

ẋ1 = u(−x2
1 + x2

2)
ẋ2 = −2ux1x2

with u in R. In (4), all motions are allowed along the integral curves of g i.e.:

• the origin,

• all circles centered on the x2-axis and tangent to the x1-axis,

• the x1-axis.

With u > 0 the circle is followed clockwise if x2 > 0 and, anticlockwise if x2 < 0.
Let θ in (−π, π ] denote the polar angle of a point x 6= 0.

It can easily proved (see e.g. [34]) that the origin of this system cannot be
asymptotically stabilizable by a continuous feedback law.

It is proved in [4, page 98] that the origin of the Artstein’s circles cannot be
stabilized by a continuous time-varying feedback law. However it can be stabilized
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(even in presence of small measurement noises) by means of a hybrid feedback law.
See [22] for a precise statement of this result.

Therefore, in some cases, hybrid feedback laws can be used to stabilize control
systems for which there does not exist any stabilizing continuous periodic time-varying
feedback law.

4. Stabilization of asymptotically controllable systems

Let us assume that the system (1) is globally asymptotically controllable to the ori-
gin. We have seen in Section 2 that in many cases, we can not restrict ourself to the
class of continuous feedback laws to render the origin a locally asymptotically stable
equilibrium. The first result concerning the use of discontinuous feedback laws is [36]
but the author assumes that the system is analytic and completely controllable. The
following property is proved in [10] (see also a construction in [31] using semiconcave
control-Lyapunov function of [30])

(P) Any asymptotically controllable systems can be asymptotically stabilized by a
discontinuous controller.

The notion of solutions used by the authors is the notion of π -solutions (i.e. solutions
with a feedback law computed with an arbitrary small sampling schedule). Recently in
[1], the authors prove the property (P) for all Carathéodory solutions by exhibiting a
“patchy feedback”.

The controllers in [10, 1] are robust with respect to actuator errors and external
disturbances (i.e. all systems perturbed by small actuator errors and small external
disturbances are asymptotically stable) but are not robust with respect to arbitrary small
measurement noise. One way to robustly stabilize the system (1) is to enlarge the class
of controllers as in [17] where the authors introduce the notion of “dynamic hybrid
controller” which is computed with an “external model”. This controller compares,
at suitable sampling times, the predicted state with the measured state. Due to the
measurement noise these can differ substantially, therefore, as remarked in [33], it
requires a resetting of the controller which may be difficult to construct. Moreover,
with this controller, the origin is a robustly globally asymptotically stable equilibrium
for the π -solutions only. Here we state the existence of a hybrid feedback law which
renders the origin a robustly globally asymptotically stable equilibrium for a larger
class of solutions and, moreover, our feedback does not need a resetting.

In [33, 9], the authors prove the existence, for all asymptotically controllable
systems, of a controller which is robust with respect to measurement noise and makes
the origin of the system (1) be a semiglobal practical stable equilibrium (i.e. driving all
states in a given compact set of initial conditions into a specified neighborhood of the
origin). It is proved in [34, sec. 5.4] that one can in fact get a more general result: one
can prove the existence of a sampling feedback making the origin be a robust global
asymptotic equilibrium for all π -solutions with a sampling rate sufficiently slow. We
can exhibit a hybrid feedback law rendering the origin a robust global asymptotically
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stable equilibrium for the π -solutions with any fast enough sampling schedule, so for
a larger class of solutions.

To make more clear this fact let us define the notion of π -solutions of (1) in
closed-loop with a hybrid feedback law u : R

n × {1, 2}N → K , kd : R
n × {1, 2}N →

{1, 2}N, where {1, 2}N denotes the set of the sequences with value in {1, 2}.
Let ξ , ζ : R

n × [0,+∞) → R
n and ψ : R

n × [0,+∞) → R
m be an unkwon

measurement noise, an external disturbance and an actuator error respectively, satisfy-
ing our standing regularity assumptions, i.e.

ξ and ζ are in L∞
loc(R

n × [0,+∞); R
n) and are continuous in x in R

n for each t ≥ 0,
ψ is in L∞

loc(R
n × [0,+∞); R

m) and is continuous in x in R
n for each t ≥ 0,

The control system (1) in closed-loop with a hybrid feedback law u : R
n ×

{1, 2}N → K , kd : R
n × {1, 2}N → {1, 2}N with the perturbations ξ , ζ and ψ is

(5)
{

ẋ(t) = f (x(t), u(x(t)+ ξ(x, t), sd(t))+ ψ(x, t))+ ζ(x, t)
sd(t) = kd(x(t)+ ξ(x, t), s−

d (t))

where s−
d (t) denotes formally (see Definition 2 below for a precise meaning):

s−
d (t) = lim

s→t, s<t
sd(s) .

Let π be a sampling schedule of R, i.e. a sequence (tn)n∈N such that, for all
n in N, we have tn < tn+1 and limn→+∞ tn = +∞. Note that the upper and lower
diameters of the sampling schedule are defined by (see [33])

d(π) = sup
i∈Z

(ti+1 − ti ) , d(π) = inf
i∈Z

(ti+1 − ti ) .

We rewrite the notion of solution given in [5] in the context of the π -solutions
as follows

DEFINITION 2. Let π be a sampling schedule of R, t0 in π , T > t0, and
(x0, s0) ∈ R

n × {1, 2}N. We say that (X, Sd): [t0, T ) → R
n × {1, 2}N is a π -solution

of (5) on [t0, T ) with initial condition (x0, s0) if

1. The map X is absolutely continuous on [t0, T ).

2. We have, for all t in [t0,min(t1, T )),

(6) Sd(t) = Sd(t0) ,

for all i in N>0 and for all t in [min(ti , T ),min(ti+1, T )),

(7) Sd(t) = kd(X (ti )+ ξ(X (ti ), ti ), Sd(ti−1)) .

3. We have, for all i in N and for almost all t in [min(ti , T ),min(ti+1, T )),

Ẋ(t) = f (X (t), u(X (ti )+ ξ(X (ti ), ti ), Sd(ti ))+ ψ(X (ti ), ti ))+ ζ(X (t), t).
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4. We have

(8) X (t0) = x0 , Sd(t0) = kd(x0 + ξ(x0, t0), s0) .

By invoking Zorn’s Lemma exactly as in the proof of [32, Proposition 1], one
can prove that every π -solution can be extended to a maximal solution:

DEFINITION 3. Let t0 in R, T > t0, (x0, s0) in R
n ×{1, 2}N and d0 > 0. We say

that (X, Sd) : [t0, T ) → R
n × {1, 2}N is a d0-maximal solution starting from (x0, s0)

of (5) on [t0, T ), if the following properties hold

• for all T ′ < T , there exists a sampling schedule π of [0,+∞) such that

(9) d(π) ≤ d0 ,

and such that (X, Sd) is a π -solution starting from x0 of (5) on [t0, T ′),

• for all T ′ > T and for all sampling schedule π of [0,+∞) such that (9) holds,
there does not exist any π -solution (X ′, S′

d) starting from (x0, s0) and defined on
[t0, T ′) such that the restriction of (X ′, S′

d) to [t0, T ) is (X, Sd).

Any globally asymptotically controllable system to the origin is robustly asymp-
totically stabilizable by means of a hybrid feedback law, indeed we have

THEOREM 3. [25] Let (1) be a globally asymptotically controllable system to
the origin. Then there exists a hybrid feedback law, u : R

n × {1, 2}N → K , kd :
R

n × {1, 2}N → {1, 2}N such that the origin is a robustly globally asymptotically
stable equilibrium for the system in closed-loop with (u, kd), for any fast π -solutions.
More precisely there exists (u, kd ) such that, the following properties hold:

1. Existence of solutions: For all C > 0, there exists χ0 = χ0(C) > 0 such that for
all ξ , ζ , ψ satisfying our standing regularity assumptions and such that

supx∈Rn , t≥0 |ξ(x, t)| ≤ χ0 ,

esssupx∈Rn , t≥0|ζ(x, t)| ≤ χ0 ,(10)
esssupx∈Rn , t≥0|ψ(x, t)| ≤ χ0 ,

for all (x0, s0) in B(0,C)×{1, 2}N, and for all sampling schedules π of R, there
exists a π -solution of (5) starting from (x0, s0) at t0 = 0.

2. Completeness: Moreover, there exists d0 = d0(C) such that, all the d0-maximal
solutions of (5) are defined on [0,+∞).

3. Global stability: There exists δ of class K∞ such that, for all ε > 0, there exist
χ0 = χ0(ε) > 0 and d0 = d0(ε) > 0 such that, for all ξ , ζ , ψ satisfying our
standing regularity assumptions and (10), for all (x0, s0) in B(0, δ(ε))×{1, 2}N,
and for every d0-maximal solution (X, Sd) of (5) starting from (x0, s0) at t0 = 0,
one has

(11) X (t) ∈ B(0, ε), ∀t ≥ 0 .
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4. Global attractivity: For all ε > 0 and for all C > 0, there exist T = T (ε,C) > 0,
χ0 = χ0(ε,C) > 0 and d0 = d0(ε,C) > 0 such that, for all ξ , ζ , ψ satisfying
our standing regularity assumptions and (10), for each (x0, s0) in B(0,C) ×
{1, 2}N, and for d0-every maximal solution (X, Sd) of (5) starting from (x0, s0)
at t0 = 0, one has

(12) X (t) ∈ B(0, ε), ∀t ≥ T .

REMARK 1. Some observations are in order.

• Note that in Theorem 3 we have the robust global asymptotic stability for the
π -solutions for any fast enough sampling rate since the only constraint on the
sampling schedule under consideration in this result is (9).

In [33, 9], only for the π -solutions with a sampling rate sufficiently slow are
considered since, in these papers, it is assumed moreover that the lower diameters
of the sampling schedules have a strictly positive lower bound. See in particular
the assumption in [33, Theorem 1]

(13) |ξ(t)| ≤ d(π), ∀t ≥ 0 .

Thus the class of solutions under consideration in Theorem 3 is larger than those
considered in [33, 9].

Let us compare (10) and the inequality (13). Given a sampling schedule whose
lower diameter is close to zero, this restriction forces the measurement noise to
be close to zero. In our context the measurement noise and the lower diameter
are completely independent.

Note that the controller given by [33] is not robust with respect to noise which
does not satisfy (13) (consider the example of the Artstein’s circles given in
Section 3). See also the discussion given in [34, Section 4].

• We can reformulate Theorem 3 in terms of generalized solution as defined in
[13, 14, 23] or in terms of Euler solutions as defined in e.g. [34].

• To prove this result, we use some techniques of [1] to deduce from the asymp-
totic controllability a “family of nested patchy vector fields”, and we introduce
hysteresis between an infinite number of controllers as it is done in [22] for two
controllers. This allows us to define a hybrid patchy feedback.

• Note that Theorem 3 is false if in (10) the supremum sup is relaxed by esssup.
See [23, Theorem 4.2], where it is proved, in an analogous situation, that there
exists a noise ξ such that esssup |ξ | = 0, sup |ξ | 6= 0 and such that the origin of
the perturbed closed-loop system is not an attractive equilibrium.
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5. Stabilization of the chained systems

In this section we focus on n-dimensional chained systems with two controls, i.e. sys-
tems described by equations of the form

(14)





ẋ1 = u1
ẋ2 = u2
ẋ3 = x2u1

...

ẋn = xn−1u1

Note that the 3-chained systems is equivalent to the Brockett’s integrator intro-
duced in Section 2. (Indeed making the change of variables z1 = x1, z2 = x2 and
z3 = 2x3 − x1x2 brings the 3-chained systems into the Brockett’s integrator).

The stabilization problem of the chained systems has been widely studied in
the literature. See [20, 16] and references therein, where several control laws, yielding
diverse asymptotic properties, have been proposed.

On the contrary, the robust stabilization problem for nonholonomic systems in
the presence of measurement errors and exogenous disturbances is not yet completely
solved. Several attempts have been made to study the robustness properties of existing
control laws or to robustify given controllers, see e.g. [21] where the problem of local
robust stabilization by means of time-varying control laws have been studied. A sim-
ilar problem has been addressed in [15] using the class of discontinuous control laws
introduced in e.g. [3]. See also [19], where a discontinuous control law, possessing a
Lyapunov stability property, has been constructed.

In this section we recall a recent result about the robust exponential stabilization
of the n-chained systems, which is the following

THEOREM 4. [28] There exists a hybrid feedback law (u, kd), u : {1, 2}×R
n →

R
2 and kd : R

n×{1, 2} → {1, 2}, such that the origin of (14) in closed-loop with (u, kd)

is a robustly globally exponentially stable equilibrium.

REMARK 2. Note that chained systems are asymptotically controllable to the
origin, thus, by the general result Theorem 3, there exists a hybrid feedback rendering
the origin a robustly globally asymptotically stable equilibrium. In the present theorem
such a feedback is explicitly constructed and it is shown that only two discrete variables
are needed in the construction (instead of a countable number of discrete variables as
in Theorem 3). Moreover we have exponential stabilization.

Let us summarize the construction of this hybrid feedback law and explicit the
result claimed in Theorem 4.

Let us define the following “local” feedback, ul . This terminology has been
chosen since we can prove that the solutions of the chained systems, in closed-loop
with the hybrid feedback law defined below, starting with the global feedback law,
“switch” at finite time to the local feedback law and converges to the origin as t tends
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to +∞. See [28, Lemma 5.5] for a proof (see also the analogous result in [23]). This
local controller ul : R

n → R
2 is defined by, for all x ∈ R

n ,

(15) ul(x1, x2, . . . , xn) =




−x1

p2x2 + p3
x3
x1

+ p4
x4

x2
1

+ · · · + pn
xn

xn−2
1

,


 ,

with the pi such that the matrix

A =




p2 + 1 p3 p4 · · · pn−1 pn

−1 2 0 · · · 0 0
0 −1 3 · · · 0 0
...

...
...

...
...

...

0 0 0 · · · −1 n − 1




is Hurwitz. Let P = PT > 0 be such that AT P + P A < 0, and let z be a variable in
R ∪ {+∞} defined by

(16) z = z(x) = Y T P Y if x1 6= 0 ,
= +∞ if x1 = 0 ,

for all x in R
n , with Y ∈ R

n−1 defined by, ∀x ∈ R
n , x1 6= 0,

Y = Y (x) =
[

x2
x1

x3

x2
1

. . .
xn

xn−1
1

]T

.

Let µ > 0 and consider the “global” feedback ug : R
n → R

2, defined, for all
x ∈ R

n , by

(17) ug(x1, x2, . . . , xn) =
(

1
−µx2

)
.

To this end, for any strictly positive real number M , we define the subset 0M of
R

n as

(18) 0M = {x, x1 6= 0, z < M} ,

where z is defined by (16). In the three dimensional case, these sets are cones with axis
x1 and are symmetric with respect to {x1 = 0}. See Figure 1 for a sketch of this cone.

Let M2 > M1 > 0. For simplicity, in what follows, for all i ∈ {1, 2}, we define
0i := 0Mi . The hybrid controller (u, kd) is defined making a hysteresis between ul
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Figure 1: Sketch of one of the sets 0i , used to define the hybrid controller, in R
3. Only

the intersection with {x1 ≥ 0} is shown.

and ug on 02 and 01, i.e.

u : {1, 2} × R
n → R

2

(sd , x) 7→ ul(x) if sd = 1, x1 6= 0 ,
0 if sd = 1, x1 = 0 ,
ug(x) if sd = 2 ,

(19)

kd : R
n × {1, 2} → {1, 2}
(x, sd) 7→ 1 if x ∈ 01 ∪ {0},

sd if x ∈ 02 \ 01,
2 if x 6∈ 02 ∪ {0}.

(20)

This hybrid feedback law makes the origin of (14) in closed-loop a robustly
globally asymptotically stable equilibrium as claimed by Theorem 4. The controller u l

has been computed to make any Carathéodory solution of

ẋ = f (x, ul(x))

with an initial condition in 02, converge exponentially to the origin as t tends to +∞,
whereas the controller ug has been computed such that any Carathéodory solution of

ẋ = f (x, ug(x))
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with an initial condition in R
n \ 01, enter in finite time in 01. The discrete variable

makes an hysteresis of ul and ug on 02 and 01. This is the general idea of the proof of
Theorem 4.

Some numerical simulations illustrating this hybrid feedback law can been fo-
und in [27].

6. Conclusion

In this paper, we study different stabilization problems of some nonlinear control sys-
tems (the Artstein’s circles, the systems which are asymptotically controllable to the
origin and also the chained systems) and we compare the robustness property of the
closed-loop systems with a discontinuous state-feedback and the closed-loop systems
with a hybrid controller. We note that hybrid feedbacks yield a robust stabilization
property with respect to measurement noise, actuator errors and exogeneous distur-
bances, for a larger class of solutions than those obtained with discontinuous state-
feedbacks.

The technique used in the proof of these results should be seen as a new strategy
to construct robust controllers for nonlinear control systems.

Theorical studies with hybrid feedback laws are under actual investigation. Let
us cite [29] where the global robust stabilization of the Brockett integrator in minimal
time is addressed and solved by means of a hybrid state feedback law. This is a work at
the intersection of the optimal control theory and the robust control theory which could
be probably be generalized.

Applications of this class of hybrid feedback laws is also under investigation.
Nonholomic systems have been already studied in Section 5. Other class of mechanical
systems are under actual study.
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