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PROGRESSIVE CRUSHING OF

PLASTIC CYLINDRICAL SHELLS

UNDER AXIAL IMPACT

Abstract.
The Pogorelov geometric method in buckling of elasto-plastic shells subject to

an axial load is generalized to dynamic problems. An impact,i.e., a time depend-
ing loading device, is applied to the boundary of a cylindrical shell. The dynamic
progressive buckling is related to the static behaviour, such that the characteristics
of the crushed shell can be evaluated as well as the transition forms (namely, dia-
mond patterns). An appropriate statement of the classical Hamilton’s principle is
applied to a surface isometric to the initial cylindrical shape, according to the ge-
ometrical method, which provides an approximation of the middle surface of the
buckled shell after the axial impact. A comparison is made between theoretical
and experimental results and a good agreement is observed.

Notation

σd, Md - dynamic stress and bending moment
κ̇, ε̇ - curvature rate and strain rate
σo - uniaxial yield stress
M, vo - impacting mass and initial velocity
L , R, h - initial length, radius and thickness of cylindrical shell
Mo - σoh2/2

√
3

ε̇o, κ̇o - 3(2 +
√

3)vo/10π R, 2ε̇o/
√

3h
n - Cowper-Symonds exponent defined in equation (1)
Z - isometric map of the initial undeformed cylindrical surface
γ - deformation rib on surfaceZ
to - expected moment of forming of one lobe
m - number of waves in circumferential direction of shell
b, a - L/kd , 2π R/m
µ1 - y1(to) = 1 + µ1 - average amplitude of the deformation ribγ

E, ν - Young modulus and Poisson ratio
1b - load-shortening of shell for one lobe
P(to) - average value of crushing force per unit shell surface
δe

c, δe
d - effective crushed distance for concertina and diamond mode

2l - height of one concertina lobe
δ f

c, δ f
d - theoretical values of the final crushing distance

for concertina or diamond lobe
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K ,U , A - average values of kinetic energy, post-critical energy of
deformation and work of the crushing forceP, defined onZ

1e
c(d) - height of one concertina (diamond) lobe

L f - height of undeformed part of the shell
Pd

th - theoretical prediction for the average crushing force

All parameters here defined are listed in the same order they appear in the text.

Introduction

In recent years the number of papers on dynamic behavior of structures grew up very rapidly.
Analytical approaches for simple structures, as well as modern computer codes are applied in
order to investigate the effect of elastic, elasto-plasticand other different material properties
on the dynamic characteristics of mechanical structures. For our purposes we shall limit our
attention to papers dealing with dynamic plastic behaviourof impulsively loaded structures.

Starting from the influence of material strain rate sensitivity and its important effect on the
structural response, we take into account the results for the material constants in the Cowper-
Symonds relation obtained in [1], [2], [3], [4]. Two methods([5], [6]) will be discussed later.
The first one is a bound method which provides strict bounds onthe maximal permanent trans-
verse displacements and the response time of the structures. The second one (see [7]) is the
mode approximation method used to simplify the dynamic response dividing a motion into sev-
eral distinct phases. The behaviour of impact loaded structures (see [8]) can be classified into
two groups, depending on the values of the initial velocities. The first group refers to structures
impacted with initial velocities greater than 50 m/s and their behaviour is classified as dynamic
plastic buckling, while the behaviour of the second group ofstructures impacted with lower val-
ues of initial velocities is classified as dynamic progressive buckling. The first one is associated
with impact events, in which the inertia forces as well as thematerial strain rate sensitivity play
an important role (see [2], [9]. Many practical problems aresolved numerically (see [10] but
the results obtained are sensitive to the numerical methods, time steps, etc. The dynamic pro-
gressive buckling is closely related to static shell behaviour, hence the inertia forces are assumed
negligible. The crushing characteristics of thin-walled metal structures are obtained in [11],
[12] implying a simplified kinematic method. The basic collapse elements reported in [12] are
proposed for geometric decryption of crushing of metal tubes.

The applied method is based on the stationarity principle ofthe crushing force combined
with a modified version of Alexander’s theoretical analysis(see [13], [14], [15]).

We fix our attention to cylindrical shells within low values of initial velocities of the impact,
for which the experimental time-velocity curve (see [14]) can be mathematically approximated
(see [16]) by a straight line. In the present paper the asymmetric form of the crushed cylindrical
shell as well as the transition (mixed, concertina + diamond) forms will be studied. The effect of
the inertia forces is evaluated and used to estimate the typeof behaviour (dynamic or quasi-static)
of the crushed shell structure.

To obtain the crushing characteristics of the shell, the variational principle of Hamilton
together with the principle of stationarity of the time averaged dynamic crushing force are used.
Let us remark that the Hamilton principle is defined on a surface, isometric to the initial cylinder.
Such a transformation has been first introduced by Pogorelov(see [17]) and applied further to
many shell stability problems (see [18]). In the present work Pogorelov’s geometric method is
further developed for dynamical crushing problems: it allows us to obtain the final crushed shell
form together with the characteristics without separatingthe diamond crushed mode into several
basic collapse elements.
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The theoretical characteristics for the asymmetric and thetransition modes of crushed cylin-
drical shells are compared with the experimental data givenin [14] and [15].

1. Theoretical modeling

Let us consider a thin cylindrical shell, which is simply supported at both ends, with radiusR,
lengthL and thicknessh, subjected to an impact forcePd(t), generated by a massM hitting to
the top of the shell with initial velocityvo. We shall consider the case of low values of initial
velocitiesvo, namely not exceeding 20 m/s. For this case the experimentalvelocity-time history,
given in [14], is approximated by:

v(t) = vo(1 − t/t f ) , 0 ≤ t ≤ t f ,

wheret f is the total time of the crushing process.

We shall study both cases of the form of the crushed shell surface: the asymmetric mode
and the transition mode from axisymmetric (concertina) to asymmetric (diamond) shape.

(i) Asymmetric (diamond) mode of crushing

We suppose that at the beginning of the impact, the shell loses its static stability and enters
a post buckling regime. The behavior is not stable; the shellabsorbs the initial kinetic energy of
the striking mass and reaches a stable configuration, which significantly differs from the initial
ideal cylindrical surface. The approximation of the crushed form of the middle shell surface can
be obtained by the geometric method given in [17] and [19]. The construction of this form will
be shortly given in the next section.

It is assumed that the behaviour of the shell material is elasto-plastic. The elastic zones cover
almost the entire middle shell surface except the neighborhoods of the deformation ribsγi . These
small neighborhoods are the zones where the shell material is plastic, strain rate sensitive and the
Cowper-Symonds uniaxial constitutive equations are used to describe the material properties:

σd/σo = 1 + (ε̇/ε̇o)1/n , Md/Mo = 1 + (κ̇/κ̇o)1/n(1)

whereε̇o, κ̇o andn are material constants,σo is the uniaxial yield stress,Mo = σoh2/2
√

3, σd

andMd are the dynamic stress and the bending moment respectively.

(ii) Transition (mixed) mode of crushing

For this case of crushing we assume that the generation of thecrushing lobes on the shell
surface starts with a generation of concertina lobes, wherethe behaviour of the shell material
is assumed plastic, (see [16]). The plastic zone occupies the whole ring of the initial cylinder
which forms one concertina lobe. Here the material behaviour is described by the same equations
(1). Due to the absorption of a part of the kinetic energy the stress intensity decreases and the
behaviour of the shell material becomes elasto-plastic. Thus the mode of lobes is forced to
change from concertina to diamond form.

2. Approximation of the crushed shell middle surface

The approximation of the crushed shell middle surface for diamond mode is developed according
to the following restrictions:

1) at the beginning of the impact excitation, the shell losesits stability reaching a diamond
pattern, thus the deformation energy will be determined on the same deformed middle surfaceZ
as in the post critical (post buckling) state of a shell;
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2) the only difference arises in the case of loss of stability: the shell has another value of
axial shortening, restricted by the geometry ofZ.

Now following [17], we approximate the deformed surfaceZ, which is isometric to the
initial ideal cylindrical surface.

Consider a regular prism with a given number of sides(m). Draw on one of the lateral faces
α1 a certain regular curveγ1 which has an unique projection on the axis of the prism (Fig. 1).
Consider the mirror-image ofγ1 from the planeβ, which passes through the lateral edge ofα1
and the axis of the prism. Thus we obtain a curveγ2 on the faceα2. In a similar way curvesγi
appear on every lateral faceαi of the prism. We draw through the curvesγ1 andγ2 a cylindrical
surfaceZ12 with generators, perpendicular toβ. The cylindrical surfacesZ23, Z34, etc. can be
constructed analogically. These surfaces form a tube-likesurfaceZ, which is regular everywhere
except on the ribs (curves)γ1, γ2, etc., see (Fig. 1). It is evident that the surfaceZ is uniquely
defined byγ1 andm. It has been proved by Pogorelov [17] thatZ is isometric to a cylinder and
the radius of such cylinder, does not depend on the choice of the curveγ1 on the lateral face
α1. Moreover, ifγ1 deforms,Z deforms as well, but the radiusR and heightL of the initial
cylinder do not change, i.e. this deformation is a geometricbending. Using such a bending we
shall approximate the main picture of asymmetric deformation of a cylindrical shell.

Fig. 1

Let the curveγ1 be periodical and even, and letkd be the number of complete waves (lobes)
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in the axial(Ox) direction of the cylinder. Both the normal (alongγ ) and the radial sections
of Z divide Z into (mkd) congruent regionsQ, each of them isometric to a rectangle. It is a
consequence of the isometrical transformation of the cylindrical surface, which can be devel-
oped onto a plane. If the cylinder height isL , then the height of the rectangle, isometric to the
subdomainQ is b = L/kd, and if the radius of the cylinder isR, then the width of the rectangle
is a = 2π R/m.

In the planeα1 we introduce a Cartesian coordinate system(Oxy) taking for Ox the line
parallel to the lateral edge of the faceα1, which passes through the midpoint ofα1. The ribγ1 is
given by:

y(x, t) = ys(x)y1(t) ,

whereys(x) is a static solution for shell stability loss,y1(t) is a dynamic time amplitude. The
functionsys(x) andy1(t) are even andys(x) is periodic.

The projection of the ribγ1 from α1 on the planeβ will be given as:

yβ = sin
( π

2m

)

ys(x)y1(t) ≈ π

2m
ys(x)y1(t) ,

if the numberm in the circumferential direction is large enough. Knowingy(x, t) all differential
characteristics of the surfaceZ can be obtained and used to calculate the energy balance at the
post critical state of the shell.

REMARK 1. The transition (mixed) mode of crushing mode consists of two different geo-
metric patterns (concertina and diamond): the geometry of concertina lobes can be found in [16],
while the geometry of diamond lobes has just been decribed.

3. Asymmetric (diamond) mode of crushing - variational approach

The employment of Hamilton’s principle is grounded on the following assumptions:

1) Drucker’s postulate for stability of the shell material behaviour holds;

2) Due to the continuous contact between the shell and the impact mass, the shell kinetic
energy is included in the energy functional and there is no unloading during the formation of one
lobe;

3) The existence of the strain energy potential is guaranteed, as a consequence of the viscous
Cowper - Symonds type constitutive equations.

We define Hamilton’s functional over one ring (lobe) ofZ, consisting ofmQ subdomains in
the time interval [t1, t2].

The wave numberm in the circumferential direction has the same value as in thecase of
static stability loss.

If to is the expected moment for the generation of a lobe in the post-critical asymmetric
form Z of the middle shell surface then the time interval [t1, t2] is a small neighborhood ofto,
i.e. t1 < to < t2. It is important to note that in [t1, t2] the deformed middle shell surface keeps
the formZ = Z[y(x, t)].

In this case Hamilton’s principle states that the actual function y(x, t) can be determined by
the condition that the functionalW:

W = m
∫ t2

t1
[K (t, Q) − U(t, Q) + A(t, Q)] dt
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has a stationary value over each variations ofδy(x, t) = 0 at each pointx ∈ Q. K (t, Q) is
the kinetic energy,U(t, Q) is the post-critical energy of deformation andA(t, Q) is the work,
performed by the external load. IfK Q, U Q andAQ are the average values of the corresponding
energies in the interval [t1, t2], we can write

W = m[K Q − U Q + AQ](t1 − t2) .

The post critical strain energy consists of two parts (see Section 2). The elastic energy is dis-
tributed on the almost entire middle shell surfaceZ, except within the neighborhoods of the ribs
γi , while the plastic energy is localized in these neighborhoods ofγi . For determiningU Q we
use the way, developed in [17] and [19], taking into account that the plastic behaviour of the
material is described by (1).

Following [17] and [19], the expression for the averaged deformation energy reads:

U Q =
Dπ2a

8m2

∫

(b)
y′′2(x, to)dx +

Dπν

mR

∫

(b)
y′2(x, to)dx

+
C E1h5/2π5/2

n(2m)5/2

∫

(b)
| y′′(x, to) |1/2 [1 + y′2(x, to)]dx + const

(2)

D = Eh3/12(1 − ν2) ; C = 0.19 ; E1 = 123/4(1 − ν2)σo/(2
√

2εo)

We introduce now the following dimensionless parametersx̄, ȳs andξ :

x =
b

2
x̄ ; y(x, to) = a

(

λ

2

)1/2
ȳs(x̄)y1(to) ; ξ =

b

a
(3)

whereλ is the dimensionless parameter, which characterizes the deformation in the static case
of loading,y1(to), the average amplitude ofy1(t), can be written asy1(to) = 1 + µ1, where the
unit corresponds to a static load. In the dynamic case, if theamplitude of the diamond shape of
the deformation ribs (curves) on the shell surface differs from the diamond shape in the static
case, then the influence of inertia forces is given byµ1. Otherwise, we deal with a quasi-static
case.

After some calculations connected with the transformationof (2) together with (3), we ob-
tain:

U Q = π2Eh3

24(1 − ν2)m2

{

λ(1 + µ1)2

ξ3

∫ 1

−1
(ȳ′′

s )2dx̄ + 0.6λ(1 + µ1)2

ξ2

+
2E1λ

1/4(1 + µ1)1/2

En

∫ 1

−1
| ȳ′′

s |1/2 [1 + 2λ(1 + µ1)2(ȳ′
s)

2]dx̄

}(4)

Now the problem is reduced to the problem of selecting a proper class of functions̄ys(x̄), which
satisfy some specific conditions for the axially loaded shell. Let us consider the domainQ of
Z between two cross sections of Z at a distanceb′ from each other. The load-shortening of the
deformed shell is:

1b = b − b′ , 1b ≈ π2

8m2

∫

(b)
(y′

s)
2(x)(1 + µ1)2dx(5)

Substituting (3) into (5) we come to the restriction:
∫ 1

−1
(ȳ′

s)
2dx̄ = 1(6)
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The class of functions̄ys(x̄) satisfying (6), could be presented as follows:

ȳ′
s =

{

`s `s/ks ≤ 1 − x̄ ≤ 1

ks(1 − x̄) 0 < 1 − x̄ < `s/ks ,
(7)

where

`s = ȳ′
s(0) ; ks =| ȳ′′

s (±1) | ;
√

1/2 ≤ `s ≤
√

3/2 ; 1

ks
= 3

2`s
− 3

4`2
s

.

Replacing (7) into (4) and minimizing (4) with respect to`s at constant value ofλ, we find
that the extreme value of̀s is 0.82. Taking into account (7) we obtain for (4):

U Q =
π2Eh3

24(1 − ν2)m2

{

3.5λµ2
1

ξ3
+

0.6λµ2
1

ξ2
+

E1

nE

[

2.24λ1/4µ
1/2
1 + λ5/4µ

5/2
1

]

}

(8)

In order to find the average post critical energy of deformation in the whole ring with a heightb
we have to multiply (8) bym:

U = mU Q

The workA(t, Q) done by the impact forceP(t) (per unit shell surface) for the axial shortening
1b, is:

A(t, Q) =
∫ t2

t1
ah P(t)1b dt = AQ(t2 − t1) .(9)

Using (5) we can calculate the average workA done by impact forceP(t) applied to a cylindrical
ring with heightb.

A = mAQ(10)

where:A = π4h3EP(to)λ(1+µ1)
2

3.3ξm , 1b = π2λa2(1+µ1)
2

8m2b
, P(to) = P(to) R

Eh .

The time averaged kinetic energy for one lobe of the shell, generated bym diamond patterns
is:

m
∫ t2

t1
K (Q, t) dt = mK Q(t2 − t1) =

1

2
%ohv(to)2m(t2 − t1)

∫

Q
d Q(11)

wherev(to) = vo

(

1 − to
t f

)

≈ vo, as far asto << t f .

Now, using the dimensionless parameters (3) we obtain:

K Q = %ohv2
o

∫

(b)
2y dx

= %ohv2
oa

b

2

(

λ

2

)1/2
(1 − µ1)

∣

∣

∣

∣

∣

∫ 1

−1
ȳs dx̄

∣

∣

∣

∣

∣

= 0.27%o2π RLhv2
o
√

λ(1 + µ1) ,

(12)

where%o is the density of the shell material, 2π RLh is the shell mass.

Now, the functionalW, averaged with respect to time has the form:

W = (K − U + A)(t2 − t1)(13)
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ConsideringW as a function ofµ1, the first derivative ofW vanishes at the valueP(to) given
by:

P(to) = 3.3ξ

2π4h3Eλ







π2Eh3

12(1 − ν2)





7λ

ξ3
+ 1.2λ

ξ2
+

1.12E1λ1/4µ
−3/2
1

En

+
2.5E1λ5/4µ

1/2
1

En



 − 0.27%o2π RLhv2
o

√
λµ−1

1 m







(14)

Since the shell loses its stability during the impact, we require that alsoP(to) be stationary, as a
function ofµ1. Hence we have:

π2h3E1λ1/4

48(1 − ν2)n

[

−6.72µ−5/2
1 + 5λµ

−1/2
1

]

+ 0.27%o2π RLhv2
o

√
λµ−2

1 m = 0(15)

which provides the valuesµ1.

For cylindrical shells made of mild steel the parameters in (15) are:

n = 5, m = 0.8(R/h)1/2, λ = 1.33, εo = 2(2 +
√

3)l/R, l = 0.28978(h R)1/2,

(see [17] and [16]. Corresponding to the experimental values ofσo, h, R, L , %o, vo of specimens
made of different mild steels, given in [15], we obtain the following values forµ1:

A1T: µ1 = 0.125, BT:µ1 = 0.011, CT:µ1 = 0.002, DT:µ1 = 0.004,

D1T: µ1 = 0.025, FT:µ1 = 0.002, GT:µ1 = 0.0125.

It is evident thatµ1 << 1. On this basis we can state that the axial dynamic shortening
of the cylindrical shell for one ring has actually the same value as in the static case of crushing,
i.e. it is theoretically proved that for such kind of materials at initial velocities up to 20 m/s the
dynamic progressive crushing is a quasi-static process.

4. Characteristics of crushed shells

Two characteristics of the crushed shell do not depend on themode of crushing. The first impor-
tant characteristic is the average value of the crushing force Pd(t), in the time interval [0, t f ],

denoted byPth
d . The second one is the final crushing distanceδ f . In order to obtainPth

d the
equation of motion of the crushing mass is integrated. To obtain δ f the equation of velocity -
time curve is integrated.

M v̇(t) = −Pd(t) + Mg , v(t) = ẋ(t) = vo(1 − t/t f ) ,

v(0) = vo , v(t f ) = 0 , x(0) = 0 , x(t f ) = δ f

thus:

Pth
d = Ko/δ f + Mg , Ko = Mv2

o/2 andδ f = vot f /2(16)

Consider a group of a few shell specimens, made of the same material (mild steel, for example).
Assume that, for a given specimen of the group,(δ∗

f ) is experimentally known, at a final time

t∗f . For such a specimen the time-velocity history is approximated by a straight line:

v∗(t) = v∗
o(1 − t/t∗f ), t∗f = v∗

oδ∗

f /2
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wherev∗
o is the initial velocity of the loading mass.

Fig. 2 (A, B, C)
A) Collapse diamond mode; B) crushed diamond mode;

C) cross-sectionγ andγo M-polygon.

Then, for any other specimen of this group, the final crushingtime t f will be:

t f = vot∗f /v
∗
o ,(17)

if the shell material, the loading masses and the geometric characteristics are the same,

t f = Mvo/[M∗v∗
o/t∗f + (M∗ − M)g] ,(18)

if the shell material and geometric characteristic are the same, but the masses are different:

t f = voR∗h∗/Rh[v∗
o/t∗f + g(1 − R∗h∗/Rh)] ,(19)

if the shell material and the masses are the same, but the shell geometry parameters are different:

t f = MvoR∗h∗/Rh[M∗v∗
o/t∗f + g(M∗ − M R∗h∗/Rh)] ,(20)
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if the material is the same, but the geometric parameters andthe loading masses are different.

In (17)–(20), we have assumed that for any given material (i.e., mild steel) the shell velocity
- time histories are parallel to the basic velocity-time history, determined byt∗f andv∗

o.

To find the exact value of the axial shortening, when the shellring with m diamond patterns
Q (C1O1A1C2, see Fig. 2, A) takes the final crushed form we use the geometryof the crushed
form of the ring (see Fig. 2, B, the band betweenC′C′ − D′D′). This crushed band with
diamond patterns is generated in the following way: the shell loses stability and takes up the
diamond form (patternC1O1A1C2, see Fig. 2, A). The duration of the impact brings the vertices
(A1, O1) closer. They move up and down parallel to the axis of the shell(Ox), simultaneously
generating the short plastic ribs with midpointsC1 andC2 (Fig. 2, B). The height of these ribs is
equal to 2l as in the concertina case (see [16]). This statement is basedon the assumption that the
final height 2l of the lobe must have the same value, independently of the mode of crushing. The
difference between concertina and diamond pattern is a result of the different behaviour of the
shell material: plastic and elasto-plastic, respectively. Furthermore, we have to take into account
the shell thickness as well as the manner of bending of the surface inwards to the axis of the
shell.

Fig. 3

Now, 1b is just equal to 2A1A′

1, (see Fig. 2, A, C). Thus we obtain the chess-distributed
crushed diamond mode (Fig. 2, B). Henceforward the axial shortening of one diamond pattern
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1b is equal to:

1b = 4Rsin2(π/2m) , if m >> 1, then1b = Rπ2/m2(21)

For b′ we assume that the pure plastic zone has a heightb′ = 2l + 4h (see Fig. 2, B) - we add
4h due to the fact that the middle shell surface with thicknessh is bent inwards. Thus:

b = b′ + 1b = 4Rsin2(π/2m) + 2l + 4h(22)

which is exactly equal to the height of the rectangle, isometric to the regionQ. More precisely,b
is the part of the height of the initial cylinder, which corresponds to one diamond lobe with final
heightb′ = 2l + 4h = 1d

e. Thus, the effective crushed distance isδd
e = 1b. The way to find all

the characteristics of the shell, which crushes following the diamond mode, is constituted by the
following steps:

a) find the value of the crushing timet f

b) calculatel = 0.28978(R/h)1/2

c) calculatem = 0.8(R/h)1/2 andδd
e = 1b = 4Rsin2(π/2m)

d) calculateb = 4Rsin2(π/2m) + 2l + 4h = δd
e + 1d

e

e) calculateδ f = vot f /2 = kdδd
e ; thuskd = δ f /δ

d
e

f ) calculatePth
d = Ko/δ f + Mg

Fig. 4
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In order to illustrate the above given scheme take, for example, the specimenT44 from
Table 1 of [14] with final diamond crushing mode. The shell material is mild steel. Considering
the specimenT1 as basic for this group of specimens with final crushing timet∗f = 0.015871
s, and following the above written rulesa) to f ) we obtain the theoretical predictions for the
specimenT44:

t f = 0.01778 s, m = 3,

δd
e = 28 mm, δ f = 82.42 mm, Pth

d = 38.34 KN
kd = 3, δ

exp
f = 80.8 mm, Pexp

d = 39.1 KN

The theoretical predictions for the specimens from Table 1 of [14] are compared with the exper-
iments and are shown on Fig. 6.

Fig. 5

Now we shall investigate the transition mode of crushing, from concertina to diamond mode.
Many of the specimens tested in the Impact Research Center atthe University of Liverpool show
that the process of crushing is very complicated. For the crushed shells the transition mode of
crushing (mixed - axisymmetric + asymmetric) is more frequently observed than any of the pure
modes: concertina (axisymmetric) or diamond (asymmetric)mode. Hence, the transition mode
is of significant importance in this approach. As a matter of fact, in [21] it is mentioned that,
in the case of static stability loss, the formation of a diamond mode is experimentally observed
when the small plastic deformations are localized in the zone of deformation ribsγi , while the
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concertina mode is connected with larger plastic deformations which cover all the bandb giving
the size of the concertina lobe.

We suppose that any transition mode consists of two parts - the first is the concertina mode,
the second is the diamond mode. For the first part it is required that the value of the lobe number
kc must be integer. For the second part the corresponding restriction for kd is kd > 0.8. The last
restriction means that the diamond pattern is really generated.

On the basis of the theoretical predictions obtained in [16], for given geometry and shell
material characteristics (i.e., mild steel), we have the following formulas for concertina modes:

n = 5 ; l = 0.28978(h R)1/2 ; δc
e = 8.42l − h ; δ f = vot f /2 ;

kc = δ f /δ
c
e ; b = 10π l/3 ; 1c

e = 2l + h

The final crushed heights of the shell for pure concertina, pure diamond and transition crushing
modes are:

1c = c1c
e , 1d = d1d

e , 1t = kc1c
e + kd1d

e(23)

wherekc andkd are the numbers of concertina and diamond lobes, respectively when a transition
(t) mode is generated. To distinguish the cases of concertina and diamond modes from the
transition mode, we denote the numbers of lobes byc andd, respectively.

Fig. 6
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For a transition modeδ f = kcδc
e + kdδd

e . In (23)kc, (kd) are less thanc, (d), respectively.
We use the notations given in [15], denoting withS(kc) the form and the number of lobes for
a concertina mode and withDm(kd) the form, the numberm of corners in the circumferential
direction and the number of lobes for a diamond mode.

Now we shall try to describe how to calculate all available transition modes for a specimen,
subjected to impact load by a massM with given initial velocityvo, final timet f and geometry
(R, h).

All possible transition modes (concertina + diamond) can beobtained as follows:

Let kc = 1. Calculatingl = 0.28798(Rh)1/2 andm = 0.8(R/h)1/2 we obtainδc
e, 1c

e, δd
e ,

1d
e. Now, from the equation (24) we can obtain the numberkd

1 :

δ f = vot f /2 = δc
e + kd

1δd
e(24)

The first possible transition mode isS(1)Dm(kd
1). On next step, supposingkc = 2, we obtain

the second possible transition mode:S(2)Dm(kd
2), kd

2 = vot f /2 − 2δc
e. The procedure ends on

stepi by the restrictionkd
i ≥ 0.8.

Fig. 7
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From (23), for every specimen we calculate the final crushed height of the crushed part of
the shell for all possible modes, pure concertina, pure diamond and some transition modes:

S(c) , S(1)Dm(kd
1), . . . , S(i )Dm(kd

i ), . . . , Dm(d) .

In fact, we need an extra experimental characteristic of thecrushed shell; for example the height
of the undeformed part of the shell:L f .

L =







L f + δ f + c1c
e - concertina mode,

L f + δ f + d1d
e - diamond mode,

L f + δ f + kc1c
e + kd1d

e - transition mode.
(25)

If L f is known from experiments then for every specimen only one crushing mode will be
exactly predicted from (25).

5. Results and discussion

In Table 1 the theoretically predicted final crushing distanceδ f and the average crushing force

Pth
d are compared with the experimental data, given in Table 2, [15]. The specimens are sepa-

rated into eight groups. To obtain the needed valuest f , (δ f ) andPth
d we use (16) and the data of

eight “basic” specimens (one from each group). Any specimenfrom its group can be chosen as
basic if its mode of deformation is not like overall bending,tearing, splitting or irregular folding.
For simplicity we choose the last specimen of each group, following the order in Table 2, [15].

Let us comment Fig. 3–7, obtained on the basis of our theoretical predictions and the
experimental data given in [14] and [15] (Table 1 and Table 2,respectively). On Fig. 3–7 the
values ofK/2ph R(K = Mv2

o/2) are ranged along the abscissa and the values of the ratioδ f /h
- along the ordinate.

On Fig. 3, 4, 5 the comparison between the experimental data and the theoretical predictions
obtained here for the crushed modes are shown (steels BT, DT,IT).

On Fig. 6 the experimental results for the crushed shells, made from T - steel (Table 1 of
[14]) together with the theoretical predictions for concertina, transition and diamond modes are
shown.

On Fig. 7 the experimental results for crushed shells (concertina, transition and diamond
modes) made from mild steels (AT, BT, CT, DT, D1T, GT, FT, IT - see Table 2 of [14]) are
plotted. The specimens with irregular folding, overall bending and tearing or splitting are not
compared with the theoretical predictions. The dashed and solid lines in Fig. 7 are the best data
fits. It is important to note that the case of the transition crushing modes is bounded above by the
case of pure diamond modes, and bounded below by the pure concertina case (Fig. 6, 7).

Consider the ratio1bc(d)/bc(d) between the load-shortening and the height of thering of
the cylindrical shell for concertina and diamond cases. Theexplicit expressions of this ratio in

terms ofδc(d)
e are:

1bc/bc = δc
e/bc = 1 − 3(2l + h)/10π l

= 1 − 0.33[0.58(R/h)1/2 + 1](R/h)1/2

1bd/bd = δd
e/bd = 1 − [0.58(R/h)1/2 + 4]/[19.42+ 0.58(R/h)1/2]

(26)

The values obtained from (26) for different types of mild steels are given in Table 2. The ratio
used here has the same physical meaning as the ratioδc(d)/2H , introduced in [14], [15], [22] by
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(27):

δc
e/2H = 0.86− 0.568(h/2R)1/2

δd
e/2H = 0.73

(27)

Finally, using (16) the theoretical prediction for the structural effectivenessPth
d /2pRh (we ig-

nore the influence of inertia forceMg) and the corresponding experimental values from Table 2
of [15] are given in Table 3. In the case of progressive crushing the values of this ratio are less
than 1, except for the steel AT.

The comparisons with experimental data, discussed and graphically illustrated in Section 5,
show good agreement between theoretical and experimental results.

Acknowledgments.This research was supported by the Bulgarian National Scientific Founda-
tion through grant number MM411/94 and by the Italian GNFM ofCNR.
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Table 1: Comparison between experimental data from Table 2,[15], and theoretical predictions
for final crushing distance(δ f ) and average crushing force(Pd).

EXPERIMENTAL DATA THEORY

Spec. 2R h M Vo δ f Pd δ f Pth
d

No (mm) (mm) (kg) (m/s) (mm) (KN) (mm) (KN)

AT9 9.04 0.95 77.25 5.18 14.1 16.09 15.22 14.93
AT11 8.99 1.00 16.75 5.90 17.6 16.73 18.86 15.62
AT14 8.98 1.00 16.75 4.99 14.2 14.88 13.51 15.60
AT15 9.01 1.00 16.75 4.99 15.2 13.91 13.47 15.64
AT16 8.99 1.00 16.75 5.36 15.7 15.71 15.57 15.62
AT17∗ 8.98 1.00 16.75 4.25 9.8 (*) used as basic
BT1 24.22 1.21 77.25 6.66 68.0 25.94 62.82 28.03
BT2 24.18 1.22 77.25 4.62 31.4 27.06 30.03 28.21
BT7 24.15 1.22 16.75 9.62 34.5 22.61 27.67 28.17
BT8 24.24 1.21 16.75 11.28 41.0 26.16 38.21 28.05
BT9 24.19 1.20 16.75 9.62 28.1 27.72 27.17 28.69
BT10 24.19 1.22 16.75 11.28 41.0 26.16 37.96 28.23
BT11 24.15 1.21 16.75 10.17 30.3 28.76 31.18 27.94
BT12∗ 24.17 1.23 16.75 11.28 37.7 (*) used as basic
CT2 33.75 1.22 77.25 6.66 49.9 35.07 52.06 33.67
CT3 33.71 1.22 77.25 7.40 71.8 30.18 64.34 33.63
CT5 33.76 1.22 77.25 8.14 74.4 35.14 77.77 33.66
CT6 33.75 1.22 135.50 4.07 30.3 38.33 34.70 33.67
CT7 33.80 1.22 77.25 11.10 139.0 34.97 144.46 33.70
CT8∗ 33.77 1.20 77.25 9.25 102.1 (*) used as basic
DT1 49.25 1.53 77.25 8.14 44.9 57.73 43.57 59.50
DT2 49.29 1.54 77.25 9.25 60.3 55.61 55.85 59.93
DT5 49.30 1.55 30.50 11.10 30.1 62.68 31.30 60.33
DT6 49.30 1.54 77.25 9.25 62.3 53.78 55.84 59.94
DT7 49.37 1.53 135.50 9.62 120.8 53.20 107.52 59.64
DT8∗ 49.27 1.56 135.50 6.84 53.4 (*) used as basic
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Table 1: (Prolongation)

Spec. 2R h M Vo δ f Pd δ f Pth
d

No (mm) (mm) (kg) (m/s) (mm) (KN) (mm) (KN)

D1T1 55.64 1.54 77.25 11.10 77.4 62.23 80.90 59.58
D1T2 55.73 1.52 77.25 11.10 76.0 63.33 81.85 58.90
D1T3 55.75 1.53 77.25 11.10 77.3 62.28 81.28 59.30
D1T4 55.70 1.54 77.25 11.10 75.0 64.17 80.81 59.65
D1T5 55.69 1.53 135.50 7.58 74.3 53.75 67.20 59.25
D1T8∗ 55.73 1.52 135.50 8.98 94.9 (*) used as basic
FT1 43.93 0.87 77.25 6.66 81.4 21.79 80.80 21.96
FT2∗ 43.94 0.88 77.25 5.73 59.1 (*) used as basic
GT1 75.14 1.18 77.25 8.14 63.6 40.98 56.81 45.81
GT2 75.08 1.17 135.50 5.18 45.2 41.50 41.96 44.65
GT5 75.06 1.17 77.25 9.25 77.6 43.35 74.08 45.37
GT6 74.97 1.18 77.25 10.91 107.9 43.37 102.28 45.70
GT7 74.61 1.17 135.50 9.62 141.9 45.47 143.24 45.10
GT8∗ 75.12 1.15 135.50 6.84 73.2 (*) used as basic
I T 2 55.96 1.16 135.50 5.18 52.2 36.11 52.97 35.65
I T 3 55.99 1.18 77.25 7.95 61.4 40.55 70.42 35.42
I T 5 55.98 1.17 77.25 9.25 98.1 34.43 96.20 35.11
I T 6 56.00 1.18 77.25 11.10 143.8 33.83 137.26 35.43
I T 8∗ 55.91 1.19 135.50 6.84 92.3 (*) used as basic

Table 2: The ratioδc(d)
e /bc(d) for different types of mild steel - theoretical predictions.

Type of steel δc
e/bc δd

e/bd h/R

AT 0.6550 0.7465 0.22
BT 0.7051 0.7255 0.10
CT 0.7268 0.7145 0.072
DT 0.7272 0.7089 0.062
D1T 0.7319 0.7043 0.055
FT 0.7436 0.6904 0.039
GT 0.7511 0.6789 0.031
I T 0.7416 0.6930 0.012
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Table 3: Comparison betweenηth = Pth
d /2π Rh andηexp = Pexp

d /2π Rh, φ = 2h/R for mild
steels (Table 2, [15]).

Type of ηth ηexp φ σo

mild steel (K N/m2) (K N/m2) (M N/m2)

AT 1.02 - 1.06 1.04 - 1.10 0.44 502.2
BT 0.77 - 0.86 0.72 - 0.89 0.20 338.7
CT 0.84 - 0.85 0.74 - 0.94 0.14 313.6
DT 0.72 - 0.74 0.69 - 0.77 0.125 327.4
D1T 0.72 - 0.74 0.66 - 0.70 0.11 336.1
FT 0.47 0.47 0.08 387.7
GT 0.45 - 0.50 0.44 - 0.48 0.06 345.5
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